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ABSTRACT
A Set Theoretic Approach to Lifting Procedures for 0,1 Integer Programming

Mark Zuckerberg

A new lifting procedure for 0,1 integer programming problems is introduced in which vari-
ables are appended to correspond to each logical statement that can be made about the
vectors in the feasible region. It is shown that this lifting generalizes the liftings of Sherali
and Adams [SA90] and Lovész and Schrijver [LS91], and that its features generalize the
features of those liftings. The new larger lifting provides a broader conceptual framework
for 0,1 integer programming that is only incompletely exploited by the techniques based
on the older liftings. We suggest several polynomial time algorithms in particular that take
advantage of the larger lifting by tailoring their choice of new variables to the structure
of the feasible set itself. One notable feature of these algorithms is that for large classes
of problems, including the “Set Covering Problem”, they produce in polynomial time a
linear system of polynomial size each of whose solutions is guaranteed to satisfy all linear

constraints on the feasible set whose coefficients are in {0,1,...,k}.
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Preface

Introduction

The general integer programming problem is to find the minimum of a function over the
set of integer vectors that satisfy a given collection of constraints. In particular, a linear

integer programming problem is a problem of the form
minimize {CT:B subject to Ax > b, x € Z"} (1)

where A is an m X n matrix of real numbers, b € R™, ¢ € R™ and Z" is the set of integer
points in R"™. The special case where z is restricted to belong to {0,1}" is known as
0,1 linear integer programming. Optimization problems concerning yes/no decisions can
often be modeled as 0,1 linear integer programming problems, and in particular, many
combinatorial and graph theoretical optimization problems can be modeled in this manner.

These problems are NP-hard, and have long been recognized as extremely difficult,
though various approaches exist for approximately (and, on occasion, exactly) solving them.
A classical enumerative approach is “branch and bound”, in which the feasible region is
broken up into progressively smaller pieces and one uses approximations of the optimal
value of the function taken over these smaller regions in order to provide increasingly better
bounds on the optimal value of the function taken over the entire region. Another standard
tool is polyhedral optimization, in which the integrality constraints are dropped, turning the
problem into a linear program (for which efficient algorithms are known). If dropping the
integrality constraints yields the “convex hull” of the original feasible set (i.e. the smallest
convex set that includes the original feasible set), then the optimal function value taken over
the relaxation is the same as the optimal function value taken over the original feasible set
itself. In general, the feasible region of the relaxation produced by dropping the integrality
constraints is considerably larger than the convex hull. However, there exist a number of
“cutting plane algorithms” that cut down the relaxation (by appending new valid linear

constraints on the original feasible region) so as to better approximate the convex hull. See



[S86] and [W98].

Another approach, conceptually related to the cutting plane approach, that has at-
tracted interest recently is that of the “lifting algorithms”, in which one appends new
variables (with certain associated constraints attached) to the problem in a systematic way
and then seeks to solve the expanded “lifted” problem (see [SA90]). Stated loosely, the
larger “lifted” formulations tend to describe the feasible region more comprehensively, and
thus lifting the problem in this way can often make the problem easier to solve. Lovasz and
Schrijver [LS91] and more recently Lasserre [Las01] have shown that the lifting procedures
can be used to impose certain semidefinite constraints. The lifting procedures are also re-
lated to “disjunctive programming” (see [BCC93]) in which the feasible region is seen as a
union of sets (we will see more on this later).

In this work we describe a new kind of lifting in which variables are appended for
each logical statement that may be made about the vectors in the feasible space (we will
quantify this idea further in the following section). We show that the liftings that have been
described in the earlier literature are all subsumed by this larger lifting. Further, we show
that this larger lifting puts all of the specific properties of the older liftings (including their
associated semidefinite constraints) in a broader and more natural context, and that much of
the potential implicit in the larger lifting goes untapped by the older liftings. In particular,
we introduce several algorithms that systematically incorporate variables of this new stripe
in ways that reflect the specific structure of the feasible region. There are significant gains
to be realized in doing this. For example, for large classes of problems one can produce
with these algorithms a linear system in polynomial time and of polynomial size whose
solutions are guaranteed to satisfy all valid linear constraints on the feasible region whose
coefficients are in {0,1,...,k}, where k is fixed. (We show in the following section that
there is actually a considerably stronger characterization of constraints guaranteed to be
satisfied.) This larger lifting will also further clarify the connection between lifting theory

and disjunctive programming.

Overview of the Thesis

One of the classical approaches for approximately solving linear integer programs in general,
and for solving them exactly in certain special cases, is polyhedral optimization. (In what
follows we will limit our discussion to bounded polyhedral sets, as these are the only sets
of interest in 0,1 programming.) The first fundamental result underlying this approach is

the fact that a linear function attains its minimum over a bounded polyhedral set at one of

vi



its vertices. (A polyhedral set is the subset of R™ that satisfies some finite system of linear
constraints.) Observe now that for any finite set of points Q C R"™, the convex hull of @ is

a bounded polyhedral set whose vertices all belong to ). Thus, in particular, where the set

T2 is minimized over

Conv(P) at one of those integer points. This integer point therefore minimizes ¢’z over

the subset P of Conv(P) as well.

of integer points that satisfy Az > b is denoted P, then the function ¢

The second fundamental result concerns “polynomial time separation oracles”. A poly-
nomial time separation oracle (on R™) for a subset @ of R™ is a function that takes a point
x € R™ as input, and outputs, in time polynomial in the size of some given representation of
Q, a “yes” if z € Q, or otherwise a vector u € R" such that vy > 3, Vy € Q but for which
uT'z < B. The second fundamental result states if a polynomial time separation oracle exists
for a set @ C R", then linear functions can be minimized over ) in polynomial time. (By
“polynomial time”, as above, we mean polynomial in the size of the given representation
of Q.) We can therefore conclude that, where the set of integer points that satisfy Az > b
is denoted P, and where by “polynomial” we mean polynomial in the size of an encoding
of the matrix A|b, if a polynomial time separation oracle exists for Conv(P), then we can
solve the linear integer programming problem in polynomial time.

Given a polyhedral set {x € R"™ : Hx > h}, it is clearly possible to separate over
this set in polynomial time. Thus general linear programming problems can be solved in
polynomial time. It has also long been known that any bounded polyhedral set in R™ is
the convex hull of a finite set of points, and vice-versa. Thus where P is, as above, the set
of integer points that satisfy Az > b, there must exist some representation of Conv(P) as
{r € R" : Hx > h}, over which we can separate in polynomial time (in the size of H|h).
The two sticking points, however, are that we do not know this representation in advance,
and that the size of the matrix H|h may be exponentially larger than that of A|b. Observe
however, that {z € R" : Az > b} D Conv(P) and, as a linear system, we can optimize
over this set in polynomial time, and thereby obtain a lower bound on the minimum over
Conv(P). Moreover, any constraint d’ z > « that is valid for Conv(P), and is not implied
by the constraints Ax > b can be appended to the system, tightening the formulation, and
improving the approximation. This gives rise to various “cutting plane algorithms” that,
through a number of techniques and heuristics, seek to derive such valid constraints, as well
as a body of theoretical work characterizing some situations in which a formulation can
be known to be convex hull defining for its set of integer points. For details see [S86] and
[W98].

A different method for dealing with integer programs is that of “lifting” the underlying

vii



set P to a higher dimension. The lifting methods append additional variables to the original
formulation, and then place new constraints on the “lifted” vector. The basic idea is that a
lifting of the set Conv(P) to a higher dimension may yield a set that has fewer facets and
is easier to characterize than the original representation. We will see examples of sets with
an exponential number of facet defining inequalities all of which are satisfied by a lifting
with a polynomial number of constraints, and similar examples have been known for some
time (see references cited in the introduction to [LS91]).

Given a 0,1 linear integer programming problem with feasible region P, Sherali and
Adams proposed a lifting technique [SA90] which by its n’th “level” (the procedure is
exponential in the value of its level), produces a system of linear constraints in the “lifted
vector” with a solution set whose projection on the original variables will be exactly the
convex hull of P. One of the noteworthy features of their technique is that it can be applied
to polynomial 0,1 programs as well. Their procedure can be thought of as a strengthening
of the “convexification” procedure described by Balas ([B74], [B79], see [BCC93]), which is
also guaranteed to obtain the convex hull by its n’th level. “Convexification” was originally
conceived as an application of “disjunctive programming”, i.e. problems in which the feasible
set is cast as a union of polyhedra, and the general notion of disjunctive programming, in
one form or another, reverberates through much of the theory of liftings (as we will see).
Lovasz and Schrijver [LS91] introduced a semidefinite constraint that can be applied to these
liftings, and they also generalized the theory that underlies them. More recently, Lasserre
[Las01] introduced an algorithm for general polynomial programming whose application to
0, 1 integer programming strengthens the semidefinite constraint of [LS91], and replaces the
linear constraints of the earlier procedures with semidefinite constraints of the same flavor
as that of [LS91] (see [Lau01]).

In Chapter 1 we will outline the basic ideas that underlie all of these algorithms, and we
will review in detail the broader theory developed in [LS91], as it serves in many ways as
the motivation for what follows. No new results are presented, but the presentation and, in
most cases, the proofs, have been altered. In Chapter 2 we will present a new interpretation
and derivation of the results of Chapter 1, by which the liftings described in the first chapter
take on a much more natural meaning. At the end of the chapter we will show how this
new interpretation suggests a much broader lifting, to O(22") dimensions.

This larger lifting, which is described in Chapter 3, is based on the notion that each
coordinate of the 0,1 vectors that belong to a set can be thought of as saying something
about the point of which it is a coordinate. For example y; = 1 says that the i’th coordinate

of y is one, or equivalently, y € {y € {0,1}" : y; = 1}. But there are many other “things”
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that may be said about a point as well, and for each such “thing” we can append a coordinate

that identifies whether or not the statement holds for that point. The logical and set

theoretic structure of P can thus be captured in the behavior of its lifted vectors.
Suppose, for example, that for every point y € P C {0,1}" for which either y; = 0 and

yo =1, or y; = 1 and y2 = 0 we must have y3 = 1. This is a logical constraint of the form
y1 XOR y2 = y3 (2)

(where the expression “XOR” means “exclusive or”). (For more on logical programming,

see for example [HOO], [BHO1].) Define the set
q = {y € P : exactly one of the two coordinates y; and y, has value 1}. (3)

Given a vector y = (y1,...,yn) € P and a set r C P, define now the 0,1 valued function
y[r] which will take the value 1 if and only if y € r. We can then think of y[g] as the
coordinate of a lifting of the vector y that “says” whether or not y is indeed such that
exactly one of its two coordinates y; and y2 has value 1. (Technically, y[g| is the boolean
function y; XOR y2.) Note also that by this definition, each variable y;, i € {1,...,n},
can be thought of as y[{y € P : y; = 1}].) Thus since P has been assumed to be such that
wherever y € ¢ then y3 = 1, it follows that for each y € P we have y[q] < y3. Thus y[q] < y3
is a linear condition on the lifted vector that encodes the logical condition (2). We could

also note that where we define

u={yeP y1 =y =1} (4)
and
v={yecP:y1=1ory =1} (5)
then it is easy to see that
y1+y2 —ylu] = y[v], and (6)
ylvl = ylu] = ylg] (7)

It is evident that by way of such constraints, an array of linear relationships can be con-
structed connecting the new variables with each other and with the original variables. We
will see an example of this point shortly.

Define now
VP={yeP:y =1} (8)

so that
w=Y"nYy, v=Y"uY, ¢=F"uv) - nYy), and 9)

X



yi=yl[{ye Py =1} =y[Y}"]. (10)

Thus the relationships (6) and (7) say that for each y € P,
y T+ 9y ] =y n Yy =y Uy (11)

and

y (Y UYF) - (v Y| = ylvP Y] -y Yy, (12)

The quantities y[-] thus seem to behave as measures, and we will develop this connection
fully in Chapters 2 and 3. Note moreover that it follows from (2) that ¢ C Y3P , 80 the
relationship y[q] < ys also reflects the measure theoretic property that for all sets A, B with
A C B, the measure of A is less than or equal to the measure of B. It is easy to see that in
general, for any sets r,s C P, r C s, we will have y[r] < y[s], and for any two disjoint sets
t,w C P we will have y[t] +y[w] = y[t Uw]. Note also that considering expressions (11) and

(12), the constraint y[q] < ys is very similar to the valid polynomial constraint

1+ y2 — 251y2 < y3. (13)

Thus the constraints that may be imposed on the lifted vectors of P can be thought of
as measure theoretic constraints, and they are closely connected with the logical constraints
and the polynomial constraints that may be imposed on the vectors of P. An important
difference however between the measure theoretic and the logical/polynomial constraints, is
that unlike the latter two, the measure theoretic constraints on the lifted vectors are linear,
and they carry over to convex combinations of the (liftings of the) points of P as well. Say

for example that P satisfies (2) as above, and define

~

P ={(y. - ynyla) € 0. 1) (g1, ya) € P (14)

Any point & = (x1,..., &, z[g]) € [0,1]""" such that & € Conv(P) will also satisfy z[q] <
x3. More generally, given y € P, let § be the lifting of the vector y obtained by appending
a coordinate of value y[u] for each set u € Q, where Q is some collection of subsets of P; let
P= {7 :y € P}, and let o’y > 8 be any valid constraint on P. Then any vector x of the
same dimension as 7, such that T € Conv(]f’), will satisfy o'z > 3 as well. (It is important

to note that though in our example we denoted the appended coordinate of z as x[q], the

value x[qg] is not a function of (x1,...,xz,), (in contradistinction to y[g|, which is a function
of (y1,...,yn)). The only constraint that we have placed on the numbers x1, ..., x,, x[q] is
that the vector (z1,...,z,,z[q]) must belong to the convex hull of P.)

We have thus seen that the lifting approach provides a means by which we may constrain

candidate vectors for membership in Conv(P) with linear constraints that reflect abstract



logical characteristics of the set P. But it is obvious that the effectiveness of the additional
variables and constraints will depend upon the quality of the network of relationships that
connect the new variables to the old. For example, where P satisfies the logical constraint

(2) as above, and say that P is given by
P={ye{0,1)": Ay >0} (15)

for some matrix A and vector b, then if we merely append the single variable x[gq] and the

single constraint x[q] < x3 to the linear relaxation
P={ze€[0,1]": Az > b} (16)

it is clear that for any # € P we could always choose z[q] = x3, and so we will not
eliminate any points from P — P. We will see however that a careful choice of new variables
and constraints, guided by the structure of P, can be used to replace an exponentially
large number of facet defining constraints on the original system with a polynomially large
number of constraints on the lifted system.

This brings us to one of the key features by which our work differs from its predecessors.
The Sherali-Adams, Lovéasz-Schrijver and Lasserre algorithms can all also be understood
within the framework that we have described, though this is not the way that they were
originally conceived. They can all be interpretted as processes that methodically append
variables corresponding to logical properties of vectors in {0,1}" (or equivalently, to sets
in {0,1}"), and which then impose linear or semidefinite constraints on the new variables.
But viewed from this perspective, we will see that all of them limit themselves to appending
variables solely for a particular class of subsets of {0, 1}". Specifically, we will see that the
variables that are appended in these algorithms all correspond (explicitly or implicitly) to
sets of the form

Ny NNy 1)

jeJ jeJ
where J and J are disjoint subsets of {1,...,n}, and Y; = {y € {0,1}" : y; = 1}. Note
moreover that there are still exponentially many such sets, and so a polynomial time algo-
rithm could at most select a sample of sets of this form. But in this selection process itself,
these algorithms also all follow the same procedure, and the procedure that they follow is
completely independent of the structure of the given feasible region P C {0, 1}". Regardless
of P, they first consider all intersections of < 2 sets of the form (17), then all intersections
of < 3 sets of the form (17), and so on. Thus while these algorithms may be understood as

applications of the framework that we have outlined, they are quite limited applications.
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In Chapter 3 we will develop the more general mathematics that characterizes the larger
liftings that we have described. We will show how this lifting establishes a natural connection
between the algebra of subsets of the feasible region P C {0,1}", the measures on that
algebra, and the convex hull of P, and we will see how the mathematical properties that
characterized the procedures described in the first two chapters are special applications.
We will also indicate a way in which these results can be generalized to arbitrary countable
sets P C R™.

In Chapter 4 we will focus specifically on the semidefinite constraint that was introduced
in [LS91], and which finds broader application in [Las01]. We will see how this constraint
also can be put into the larger context introduced in Chapter 3. This larger context will
shed a good deal of light on where, why and how positive semidefiniteness can (or cannot)
be used to advantage, and it will considerably broaden the possibilities for its application.

In Chapters 5 and 6 we will turn our attention to using the new machinery to develop
new algorithms. These algorithms, which are also guaranteed to eventually obtain the
convex hull of the feasible region P C {0,1}", will not select their new variables in any
rigid manner, rather they will use the specific structure of P as their guide in selecting
new variables. Consider, for example, P C {0,1}" defined as the set of points y € {0,1}"

satisfying the system of linear constraints given by the full circulant matrix:

y1+y2+ys>1 (18)
y1+y2t+ys>1 (19)
yi+ys+tys=>1 (20)
Y2 +ys+ys 2> 1L (21)

Recall the definition Y; = {y € {0,1}" : y; = 1}, and define

R =Y1UY2UY3) (22)
Ro = (Vi UY3 UY) (23)
Ry = (YiUYsUY)) (24)
Ry = (Y2UY3UYy) (25)
Qii=Y1, Qi2a=Ys, Qiz3=1Y3 (26)
Q21 =Y1, Q22=Y2, Q23=Y) (27)

Q31 =Y1, Q32=Y3, Q33=Y) (28)

xii



Qa1 =Y2, Qu2=Y3, Quz=Ys (29)

and note that P can also be described by
P=RiNRyNR3NRy. (30)

For each i = 1,...,4, define the sets

4
T({i,1}) :== () R; N Qi (31)
o
4
T({i2}) = (VR N Qi1 N Qi (32)
=
4

T({i,3}) = [V RiNQ51 NQSo N Qis. (33)

i=1

i#4

Note now that for each i = 1,...,4,

Ri=Qin U (Qi1NQi2) U (Q51NQI2NQ:3) (34)
and the sets in the union are pairwise disjoint. Thus for each ¢ = 1,...,4, the sets P can
be partitioned as

P=T{i1})uT{i,2}) UT{z,3}) (35)

and each set Y}p =Y; N P can also be partitioned as
= (T hny") v (T(i2hny”) u (T shny’). (30)

Note also that for each 4, j, T'({i,7}) € Qs , so that T'({7,5}) N Qs; = T'({i,j}). For each
Q;,j, define now

5]- :injﬂp. (37)

Thus where for any y = (y1,...,yn) € P, and any set t C P we define, as above, y[t] = 1 if
y € t and zero otherwise, then (noting that y[P] = 1,) for any y € P, it must be that for

eachi=1,...,4,

y[T{e, 1] +y[T{ 2] + y[T({i, 3})] = y[P] = 1 (38)
yIT({i, 1) NY, ]+ y[T {5, 20) N Y, ] +y[T({i,3) N Y] = y[¥)"] =y (39)
y[T({i, 71 NQF;] = y[T({i, j})]- (40)

xiil



(With regard to the use of the term ij rather than @; ; in (40), it may be noticed that
T({i,7}) is in fact a subset of ij as well. However, even were T'({i,j}) to be only a subset
of Q;; and not of P, we could still write (40) since y was assumed to belong to P.) One
last point to notice is that for any valid constraint Z}Ll ajyj > B on P, and any set t C P,

the constraint

> eult N Y] 2 Ayl (41)

is valid for every y € P. To see this note that if y & ¢ then every term in expression (41) has
value 0, and if y € ¢, then y[t] = 1 and each y[t N YjP] = y[YjP] = y;, so that (41) reduces
to Z}l:l a;yj > 3, which we have assumed to be valid.

Observe that the constraint
y1+y2+ys+ys =2 (42)

is valid for P. We will now show how one of our algorithms will guarantee that (42) will
in fact be satisfied. What follows is not an exact description of the algorithm (it actually

differs in some of the details), but an illustration of some of its main ideas.

Beyond the initial variables 1, ..., z,, the algorithm will introduce new variables z[P] = 1,
and z[T'({i,j})] foreachi = 1,...,4 and each j = 1,2, 3, as well as variables z[T'({i, 1 })NY;"]
for each i,j and each [ = 1,...,4. Considering that for any x € Conv(P), if we denote the
lifted version of a vector by the “bar” sign, the lifted vector Z is in the convex hull of the
lifted vectors g, we can therefore impose constraints on Z that parallel relationships (38),

(39), (40) and (41). These are namely,

o[ T({i, 1})] + =[T({i,2})] + «[T ({3, 3})] = z[P] = 1 (43)

2[T({i,1}) N Y"1 + 2[T({i,2}) N Y] + 2[T({i,3}) N Y,"] = 2[Y]"] = (44)

2[T({i,i}) N QF;) = «[T({i, j})] (45)

[T ({i,53) 0 Y]+ [T ({0, 5} N Y5 T+ 2[T({i, 1) N Y] = 2[T({i, j})] (46)

2[T({i, 5} N Y]+ 2[T({i, j}) N Y]+ 2[T({i, ) N Y{7] > @[T ({i, j})] (47)

2[T({i, 5}) N Y]+ 2[T({i, j}) N Y]+ 2[T({i, 1) N Yy"] > 2[T({i, j})] (48)

2[T({i, j3) N Y3+ 2[T({i, 3) N Y5 + 2[T({i, 33}) N Y] = 2[T({i, j})]- (49)
Consider now ¢ = j = 1. By (45) and the definition of the sets Qf ;» we have

2[T({1,13 N Y{"] = 2[T({1,1})] (50)
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and by (49) we have

2[T({1,11) N Y T+ 2[T({1, 1) N Y]+ 2[T({1,11) Y] > 2[T({1,1})].  (51)
Putting these two together we get

2[T({1, 1) NY ]+ 2T ({1, 1) N Yy [ +2[T({1, 1) Y5 ] +2[T({1, 1) NY}"] > 22[T({1,1})].
(52)
It is not hard to check that a similar argument will show that for all j = 1,...,3 we will

also have

2[T({1, ) Y+ [T({1, i) NY 1+ 2[T{1, 1) Y3 [+ 2[T({1, i) N Y] > 22T ({1, 7})].
(53)
Thus by (43), (44) and (53),

:E1+ZL‘2—|—JE3—|-£L'4—ZZ T({1,5}) ﬂYl] (54)
I=1j=1

w

3 4
> > alT({1. ) nY"] Z T({1,5})] (55)

j=11=1 j=1
which establishes (42).

It is evident that the choice of sets T'({i, j}) and T'({4,5}) NY;, corresponding to which
we assigned the new variables, depended on the specific structure of P, and these sets bear
little similarity to the sets of the form (17) that are considered by the algorithms of the
first two chapters. It should be noted that one of the other algorithms that we will suggest
does in fact introduce variables that correspond mostly (but not entirely) to sets of the
form (17), but that algorithm will not limit itself to first consider the intersections of pairs,
and then triples, and so on. When applied to the feasible region given by the general full

circulant matrix,

P={ye{o,1}": Zy>1 =1,...,n}, (56)

7
that algorithm will choose at its initial level a selection of sets of the form (17) (among
some others) that are obtained by intersections of n — 2 sets of the form Y;¥ and (V;7)c.
The algorithms of the first two chapters will also eventually consider these sets, but not
until their n — 2 level, which requires exponential time. We will see in Chapter 5 that
the Sherali-Adams and the semidefinitely constrained Lovész-Schrijver operators (and even

another theoretical operator that is vastly more powerful than either of them), when applied
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to the feasible region P given by (56), will not in fact guarantee that the valid constraint
n
> i >2 (57)
i=1

will be satisfied until their n—2 level (so they will not satisfy (57) in polynomial time) despite
the presence of the semidefinite constraint. Most of our algorithms, however, will guarantee
that (57) is satisfied at their initial (nontrivial) level. This is particularly noteworthy
considering the fact that our algorithms will obtain this result without the imposition of
any semidefinite constraints.

The satisfaction of constraint (57) in the full circulant case (56) is an example of a more
general feature that is shared by most of the algorithms that we will suggest. But before
we describe the property explicitly, we need some background.

As these algorithms are guided by the set theoretic structure of the feasible region P,
they will focus primarily on characterizations of the feasible region in terms of unions,
intersections and complementations of sets Y; (as in (30)), rather than as the set of integer
solutions to systems of linear constraints. Where f(-) is an indexing function, let the sets
Mjy(y be all either of the form Y; or Y)® for some [ € {1,...,n}. The main algorithm
presented in Chapter 5 will address sets P of the form

my t1(?) ma(-) t2() mp(-) th(’)

P= U N U~ N U Mrgiinin (58)

i1=1j1=1 ig=1 jo=1 ip=1 jp=1
where each t¢; is a function of i, » <[ and j,, r < [, and each my is a function of i, and
Jr, < l. This definition of P corresponds essentially to an arbitrary logical program. The

special case

m t(2)
P = U Y6 (59)
i=1j=1
where f(i,j) maps into {1,...,n}, characterizes feasible regions for “set covering problems”

(which will be defined soon), and the more general case

m t(’L

P = M, (60)

i=1j=1
can also be easily characterized as the solution to a system of m linear constraints. The
case (58), however, cannot in general be characterized as the solution to a polynomial size
(in the length of the set theoretic description) system of linear constraints. The algorithms
of Chapter 6 will only address problems of the forms (59) and (60), but they will address

them in a different and arguably more interesting way.
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To make matters definite, we will be referring in the forthcoming discussion to the main
algorithm of Chapter 5, but similar statements will hold for the algorithms of Chapter
6 as well. Given a set P described as per (58), for each fixed k, the main algorithm of
Chapter 5 will produce, at level k, a system of linear constraints Dz > a in the lifted
vector Z whose size is polynomial in the length of the set theoretic description (58) of P.
The projection of the solution set to this system on the original variables, i.e. the set of
subvectors {x € R" : D& > a}, will be denoted as P4*, and will constitute a valid relaxation
of Conv(P) (i.e. P4 D Conv(P)). Clearly we can optimize over P4% in polynomial time

(in the length of the set theoretic description of P), since for each ¢ € R",
min {cTa: tx € PA’“} = min {ETJE : Dz > a} , (61)

where ¢ is the lifting of ¢ to the same dimension as  that is obtained by assigning the value
0 to all of the new coordinates (“padding ¢ with zeroes”), and min{c’z : € P} is a
lower bound for the value of the integer program min{c’z : z € P}.

Let us pose now the following definition.
Definition 0.1 Given an inequality
a’z>p,a>0, 0<ar <as < < Ysupport(a)| (62)

we will say that the pitch of the inequality, to be denoted 7w(cv, 3) is

W(a,ﬂ):min{k:zk:ajZB}. (63)
j=1

Stated loosely, the pitch of an inequality may be thought of as a measure of how positive
a 0,1 vector needs to be in order for the inequality to be satisfied. Note that every valid
inequality o’z > 3, (a,3) > 0, on a set P C {0,1}" has pitch < n, and that where P
can be written as (58) with each My of the form Y, then it can be shown that every
valid constraint on P is dominated by constraints of the form a’z > 3, (o, 8) > 0. In the
general case also, we can always introduce n extra variables «, =1 —x;, i = 1,...,n and
then write any constraint a’z > 3 as a’z + (o/)T2' > 3, (&,a,3') > 0. Constraint (57)
is an example of a valid pitch 2 inequality.

Now we are ready to describe the general property of the algorithms to which we referred
above. We will show that where P is of the form (58) with each M) of the form Y}, then
all constraints of pitch < k that are valid for P (and for the general P of the form (58),
all constraints of pitch < k that are valid for a particular relaxation of P) — and there

may be exponentially many — are valid for the set P4%. This characterization shows that
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our algorithms produce relaxations of Conv(P) that telescope to Conv(P) in a concrete
manner, with measurable and concrete improvements at each stage. Again this result holds
even without the imposition of semidefinite constraints.

Define now
P*={zec0,1]":a’z >3, Vvalid a’z > g on P with (o, 8) >0, m(e, 3) < k}. (64)
Thus if P is indeed of the form (58) with each My .y of the form Y}, then for each k,
Conv(P) C P4 C P* (65)
which implies that for each ¢ € R",
min {cTa: tx € P} > min{ch tx € PA’“} > min{ch tx € Pk} : (66)

One measure of the significance of this result is as follows. Note first that a “set covering

problem” is a problem of the form
: T, .. n
m1n{c x:Ax >e, v €{0,1} } (67)

where A is a 0, 1 matrix and e is the vector of all 1’s. Note that for any set covering problem,
its feasible region is of the form (; U; Y}(; j), and therefore belongs to the class of sets P
for which P4 C Pk,

Note also that for any set P given by a system of linear constraints P = {z € R : Az >
b}, where A is an m X n matrix, the rank 1 Chvdtal-Gomory inequalities of the system are

the inequalities

AT Az] > [ATh], X e RT (68)

where for any vector x = (z1,...,x,), the expression [z] = ([x1],...,[z,]), and each
[x;] is the smallest integer > x;. It is easy to see that all of the rank 1 Chvatal-Gomory
inequalities are valid for the set P = {x € Z} : Az > b}. We will refer to the original
inequalities Az > b as the rank 0 Chvatal-Gomory inequalities. The set of points P¢~¢
that satisfies every Chvatal-Gomory inequality of rank < 1 is referred to as the Chvatal-

Gomory closure of P, and obviously,
Conv(P) C P¢~Y C P. (69)
The rank 2 Chvatal-Gomory inequalities are the inequalities

ATAz] > [ATe'], A>0 (70)
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where the matrix A! is such that for each i’th row A} of the matrix, the inequality (4})Tx >
b} is a Chvétal-Gomory inequality of rank < 1. In general, the rank r Chvétal-Gomory

inequalities are the inequalities of the form
ATA™ ] > AT 1, A>0 (71)

where the matrix A"~! is such that for each i’th row A:_l of the matrix, the inequality
(A7 1Tz > b7~ ! is a Chvétal-Gomory inequality of rank < r — 1. The rank r Chvétal-
Gomory closure PC~C¢(") of P is the set of points that satisfies every Chvétal-Gomory

inequality of rank < r, and obviously
Conv(P) C PC~C() ¢ pO-Gr=1) ¢ ... ¢ pO=GO) _ p, (72)
Given a set covering problem

(sC) min{cTac Az > e, x €0, 1}”} , (73)

denote the feasible region as P, and denote the continuous relaxation {z € [0,1]" : Az > e}

as P. Define now

&(SC) i=min {"z: 2 € PCE0} (74)
& (8C) i=min{c"z: z € P*} (75)
(SC) = min {Tz: 2z € P} (76)
¢'(SC) = min{c"z: z € P}. (77)

It can be shown ([BZ03]) that for each fixed € > 0, and each fixed integer r, there exists a
fixed integer k such that for every set covering problem (SC),

(ST > (1 —e)& (S0, (78)

so that
*(SC) > & (SC) > & (SC) > (1 — e)& (S0). (79)

Thus for each fixed r and €, we can use the algorithm to find in polynomial time a lower
bound on ¢*(SC) that can be no worse than a factor of 1 — e times the lower bound ¢"(SC)
provided by the rank r Chvatal-Gomory closure.

One final point that should be noted is that while we have referred to the algorithms
of Chapters 5 and 6 as producing systems of linear constraints, semidefinitely constrained
versions of the algorithsm can also be defined. These algorithms are in fact intended to

maximize the effect of the semidefinite constraints, as we will see in Chapter 4 that the
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effectiveness of positive semidefiniteness depends on how well the appended variables and
their associated sets characterize the structure of the feasible region. A formal study of how
to take full advantage of positive semidefiniteness in the context of the framework developed
in Chapters 3 and 4 remains an object for future research, but we will begin to show in
Chapter 6 how the specific structure of the algorithms of that chapter contributes to the
effectiveness of the semidefinite constraints.

Most importantly, however, these algorithms and the theory that underlies them point

the way to a different paradigm for addressing integer and logical programs.

Road Map

Though each chapter builds on the material of the previous chapters, the chapters are also
to a large extent self-contained, and one can in principle read much of the text out of order.
The first chapter of the thesis is an overview of earlier material and though our presentation
of that material differs in a several respects from their original presentations, the reader
familiar with that material can skip that chapter.

The second chapter reinterprets the older material and motivates the new lifting, though
once the new lifting is introduced in Chapter 3 there is very little further reference to Chapter
2.

Sections 3.1.1, 3.2, 3.4 and 3.6.2 of Chapter 3 introduce and describe the basic properties
of the larger lifting that are used most extensively in the following chapters.

Chapter 4 discusses positive semidefiniteness in detail in the context of the larger lifting,
though the only extensive use of positive semidefiniteness in the subsequent chapters is in
Section 6.6, and there also the only required prior reading is Section 4.1.1.

Chapters 5 and 6 present two different classes of algorithms and they are largely inde-
pendent of one another, though the aforementioned sections (at least) of Chapters 3 and
4 should be read first. Within Chapter 5 itself, the main algorithm is described in the
beginning of Section 5.4 and the pitch k result is proven in Section 5.5, though to properly
understand the algorithm one ought to read Sections 5.1 and 5.2.1 — 5.2.4 at least. The
main algorithm of Chapter 6 along with the associated pitch k result is located in Section
6.4.1, but Sections 6.1 — 6.3 are recommended prior reading. Section 6.6 contains a positive
semidefiniteness result for the algorithms of Chapter 6, and as noted above, one ought to

read Section 4.1.1 first.
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Chapter 1

A Survey of Lift and Project

Operators

1.1 Convexification

1.1.1 Basic Concepts

Given a set P C {0,1}", the vector x € R" belongs to its convex hull, Conv(P), if and only

if it can be written as a convex combination of points in P. Thus

x € Conv(P) iff there exist numbers A, > 0 for each p € P such that

x = Z App, where Z Ap =1 (1.1)
peP peEP

This expression is a linear system, with variables {\, : p € P} and z, that describes Conv(P)
explicitly, though the description relies on having a list of the points of P in advance.
Assume now that the set P is the set of integer points belonging to some polytope
P C[0,1]" (i.e. P=Pn{0,1}"). Then there exists an m x n matrix A and a vector b such
that for each y € {0,1}", y € P iff Ay > b. It follows then that for any number A\, > 0,

y € Piff A(\yy) > A\yb. (1.2)

This fact will allow us to remove the dependency on P from the summation above, as the
only points y € {0,1}" for which positive numbers A\, can exist that satisfy A(A\,y) > Ay
are those that belong to P. (For those y ¢ P, demanding that A(\,y) > Ayb ensures that

Ay = 0.) We can therefore rewrite the above statement as follows
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Lemma 1.1 Where P C {0,1}" and x € R", v € Conv(P) iff there exist numbers A, > 0
for each y € {0,1}" such that

T = Z Ayy, where A(A\yy) > \yb, and Z Ay=1.0 (1.3)
ye{0,1} ye{0,1}"

This is an explicit linear system in the 2" 4+ n variables z1,...,2,,{\, : y € {0,1}"}
with m(2™)+2 constraints, and the projection of the solution set on the variables x1, ..., z,
gives the convex hull of P exactly.

Obviously this system is too large for us to want to deal with, but the method used to
generate it can be relaxed, and this is the idea behind “convexification”.

Convexification seeks to ensure that x can be written as a convex combination of points
(each of which satisfy Ay > b) that have values of zero or one in some fixed sized subset
of their coordinates. It is easy to see that if the size of this subset is a fixed constant then
the resulting linear system will be of a size polynomial in the size of the linear system that
defined P. Typically the fixed subset of coordinates will be some single coordinate i, and
the procedure will thus attempt to decompose any x for which 0 < z; < 1 into a convex
combination of the two vectors v and w, each of which satisfy Ay > b, and such that v; =1
and w; = 0. More precisely, it will look to decompose any z (0 < z; < 1) into the sum of

two vectors v and w such that
Ad > Aband Aw > (1 —A\)b (1.4)

and such that

0; =X and w; = 0. (1.5)
(Note that if we are to have z = Av + (1 — A\)w we must have A = x;. Note also that where
z; = 1 then A = 1, and the decomposition is © = z, w = 0, and similarly where x; = 0 then
A =0, and the decomposition is © = 0, @ = z.) Equivalently, it attempts to decompose the
n + 1 dimensional vector (1, z) into the sum of two vectors (09, 0) (g, w) with 09 = 0; = =;
(and therefore w; = 0 and wy = 1 — ?p) such that each of which satisfy the homogenized
System

(=b ] 4) (1) > 0. (1.6)

To this end append n + 1 new variables forming the new vector (vg,v), with
do =0 =i and (=b | 4) (") >0 (1.7)

and demand that



A Survey of Lift and Project Operators 3

(i.e. x — ¥ qualifies as the vector w).

This can be made more general, but first let us suggest the following definition.

Definition 1.2 Given P C {0,1}", and any convex set Q) C [0,1]™ such that QN {0,1}" =
P, define K(Q) C R"! by

K(Q) = Cone ({z € [0,1]" two =1, (21,...,70) € Q}) (1.9)
and define K(Q) := K(P) C {0,1}"! by
K(P)={yc{0,1}"™ :yo=1,(y1,...,yn) € P} (1.10)
Note that
K(Conv(P)) = Cone(K (P)), (1.11)

that K(Q) N {0,1}"*! = K(P) U {0}, and that a polynomial time separation oracle exists
for K(Q) if and only if one exists for Q. Note also that there is a one to one correspondence
between the convex sets Q C [0,1]" with @ N {0,1}" = P and the cones K C Cone(y €
{0,1}"+ o = 1) with KN {0,1}"*! = K(P)U{0}, via the functions K(Q) (of Definition
1.2) and Q(K) := {x € [0,1]" : (1,z) € K}. Before we continue let us also point out that

Lemma 1.1 can be recast somewhat more cleanly in a conic framework as follows.

Lemma 1.3 Where P C {0,1}*, Q C [0,1]" and Q N {0,1}" = P, then (x¢,r) € R"*!
belongs to Cone(K (P)) iff there exist numbers Ay > 0 for each y € {0,1}" such that
(zo,x) = Z Ay(L,y), where \y(1,y) € K(Q) for all y. O (1.12)
ye{0,1}n
We are now in a position to give a more general definition for convexification. Given a
point = € @, convexification seeks to decompose (1, z) into two vectors (09, 0) and (g, W)

such that 99 = 9; = x; and such that each of these two vectors belong to K(Q). Formally,

Definition 1.4 For any convex set Q C [0,1]", define the “convezification operators with

respect to coordinate i” as follows:
Ci(Q)={z € Q: either z; € {0,1}, or
Jv,we Q s.t. ziv+ (1 —z)w=2z, v; =1,w; =0} (1.13)

and where x and U are each construed as n + 1 dimensional vectors,

M;(K(Q)) = {(z,0) € R*""2 . g =0 = a;, 0 € K(Q), . — v € K(Q)} (1.14)

and

Ni(K(Q)) = {z € R : 3(x,0) € My(K(Q))}. (1.15)
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Note that the convexity of @ implies that for any (zo,...,z,) € N;(K(Q)) for which
xo = 1 we must have (z1,...,z,) € Q, and therefore, since N;(K(Q)) is a cone, we conclude
that N;(K(Q)) € K(Q). The subset of Q that satisfies the convexification requirement on
coordinate i is C;(Q), and this is the projection of M;(K(Q)) on its 1,...,n coordinates,
intersected with the hyperplane x¢p = 1. The set N;(K(Q)) is the projection of M;(K(Q))
on its first n+ 1 coordinates, and therefore C;(Q) is just the projection of N;(K(Q))N{x €
R ¢ 29 = 1} on its 1,...,n coordinates. Since N;(K(Q)) is a cone and a subset of

Cone({y € {0,1}""! : yo = 1}) (so that a point z € N;(K(Q)) can be such that zg = 0

only if x = 0) it is easy to conclude that

Ni(K(Q)) = K(Ci(Q)) (1.16)

(as per Definition 1.2). Both M;(K(Q)) and N;(K(Q)) are cones, and they are easier
sets to work with than is C;(Q). In later sections we will therefore be focusing primarily
on them. In general we will also be writing M; and N, as functions of sets of the form

K C Cone({y € {0,1}"! : yy = 1}), and we will suppress the dependence on Q.

Another equivalent way to view the convexification operator, and this is the context
in which it was originally developed by Balas ([B74]), is in the setting of “disjunctive

programming”. The feasible set P is the disjoint union
P=FPn{ye{0,}":yi=1}) U (PN{y €{0,1}" : yi = 0}) (1.17)
and therefore every point x € Conv(P) can be written as a convex combination of points
ve Conv(PN{y€{0,1}" :y; =1}) and w € Conv(PN{y € {0,1}" : y; =0}). (1.18)

(More generally, where P = J; P; then any = € Conv(P) can be written as a convex com-
bination of points 2%, each of which belongs to Conv(P;), and conversely.) Obviously v and
w must both satisfy every necessity condition of P, and we must have v; = 1 and w; = 0.
(This interpretation will play a significant role in the algorithms to be introduced later.)

We have seen that where @ is a polyhedral set, then so is M;(K(Q)). This is the case
that interests us most, but it should be noted that a parallel result holds for any convex set
Q@ :QnN{0,1}™ = P for which a polynomial time separation oracle exists.

The following is an adaptation of a lemma of Lovasz and Schrijver.

Lemma 1.5 Let Q C [0,1]" be a convex set for which a polynomial time separation ora-

cle exists, then polynomial time separation oracles exist for M;(K(Q)), N;(K(Q)) and for
Gi(Q).
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Proof: We have already noted that () has a polynomial time separation oracle if and
only if K(Q) has one also. Consider a candidate point (2’,7%") € R?>"*2 for membership in
M;(K(Q)). Check first if 9/ = 6, = 4. If this fails then we trivially obtain a separating
hyperplane. Otherwise, run K (Q)’s separation oracle on z’, on ¢', and on 2’ — ©’. They all
pass iff (z/,v") € M;(K(Q)). If (z/,9") € M;(K(Q)), then at least one of these must fail and
return a hyperplane separating the point that failed from K(Q), i.e. it must return some
inequality a’y > 3 satisfied by every point in K(Q) but violated by that point. Clearly
any inequality that z’ or ¢’ must satisfy for membership in K(Q) must also be satisfied
by (z,?") for membership in M;(K(Q)). It is also clear that for any point (x,9) to be-
long to M;(K(Q)) it must also satisfy a’ (x — ©) > 3, and this expression can be trivially

recast as a valid inequality for M;(K(Q)). Thus the failure of 2’ — 9’ to belong to K(Q)
also yields a violated valid inequality for M;(K(Q)). We conclude that a polynomial time
separation oracle exists for M;(K(Q)), and by general results (see [GLS81]) a polynomial

time separation oracle must also exist for N;(K(Q)) as it is a projection of M;(K(Q)). Fi-

nally, if a polynomial time separation oracle exists for M;(K(Q)) then it is easy to see that

one exists for M;(K(Q))N{x € R>"*2: zq = 1}, and C;(Q) is just a projection of this set. O

One more trivial detail that ought to be pointed out explicitly is that convexification

does not cut off any points from Conv(P).

Lemma 1.6 Let Q be a convex set in [0,1]" such that @ N{0,1}" = P, and let C;(Q) be
defined as above, then

Conv(P) C C;(Q) C Q (1.19)

Proof: It is clear that C;(Q) preserves convexity as a convex combination of points in
C;(Q) must belong to @ by the convexity of @, and must also satisfy that it is a convex
combination of points in () with a zero or one in coordinate %, as it is defined to be a convex
combination of points that are themselves convex combinations of points with a zero or one
in the i coordinate. It is also clear that every point in P must belong to C;(Q) since P C Q

and any p € P trivially satisfies the convexification requirement. The lemma follows. O

It should also be noted that though we have stated these results with respect to the
operator C; and sets of the form @ C [0,1]", it is easy to recast them in terms of N; and

sets of the form K C Cone({y € {0,1}"*! : yg = 1}) as well (recall Definitions 1.2 and 1.4).

The following two lemmas are analogs of Lemmas 1.5 and 1.6.

Lemma 1.7 Let K C {y € {0,1}"*! : 4o = 1}, and let K C Cone({y € {0,1}"*! : ¢y =
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1}) be a cone satisfying K N {0,1}" " = K U {0}, then for anyi=1,...,n,
Cone(K) C Ni(K) C K. O (1.20)

Lemma 1.8 Let K C Cone({y € {0,1}"*! : yg = 1}) be a cone for which a polynomial

time separation algorithm exists, then for any i = 1,...,n, a polynomial time separation

algorithm exists for N;i(K) as well. O

If the convexification procedure is performed simultaneously for all n coordinates, i.e.
we demand that for each fractional coordinate j there are points v/ with vj: =1 and w’

with wg = 0 belonging to @ such that
z=z07 + (1 —zj)w’ (1.21)

then we obtain an operator that we will refer to as C°. (This is essentially the same as the

NV operator of Lovasz and Schrijver [LS91], which will also be defined here). Formally,

Definition 1.9 Given a convex set Q C [0,1]", the set C°(Q) is the set of x € Q such that

for each i =1,...,n, either z; € {0,1} or there exists a vector v € R™ satisfying
vi=1 (1.22)
v eQ (1.23)
r — xvt
— e Q. 1.24
T eq (1.24)

As above, where K is understood to mean K(Q), we will define N°(K) to be the set of

vectors x € R for which there exist n vectors 0* € R, i =1,...,n such that
=0l =x; i=1,...,n (1.25)
v'eK,i=1,...,n (1.26)
r—0eK,i=1,...,n (1.27)

As above, CY(Q) is the projection of NY(K)N{x € R"*' 1 xq = 1} on the 1,...,n coordi-

nates.
Stated in another way,

Lemma 1.10

NYK)={z € R"™ .2 =Ye} (1.28)
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where eq is the unit vector for the zero coordinate and 'Y is an n+1xn+1 matriz satisfying

}/jvo = Y]J = }/07] (1’29)
Ye, € K,Vji=1,...,n (1.30)
Y(eg—e;) €K, Vj=1,...,n. (1.31)

Proof: The zero column of Y is the vector z, and the j’th column of Y is the vector ©/. O

In parallel to the definition of M; given above, we give the following definition (again

following Lovéasz and Schrijver [LS91]).

Definition 1.11 Define the set M°(K) as the set of n + 1 x n + 1 matrices Y satisfying
constraints 1.29, 1.30, and 1.31. Note that the projection of M°(K) on its zero’th column’s
coordinates is NY(K).

1.1.2 Repeated Convexification

To give some geometric insight into the meaning of convexification, consider a diagram of

a possible choice of {v'} and {w'} for a given z in two dimensions.

T A

Z2

1 y

ol
x
wl
(0,0) 2 1 1 —
Figure 1

The simultaneous convexification operator C°(Q) will only allow choices of v’ and w’
that themselves belong to the set Q). If it is impossible to draw such lines with endpoints
in @ then the point x will be eliminated.

Naturally, the procedure can be repeated for the new vectors v/ and w/. For each
coordinate i, we can demand that there exist vectors v*(v?) and w'(v7) in Q such that

[v!(v7)]; = 1 and [w'(v7)]; = 0 and such that v/ can be written as a convex combination of
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the two. We can do something similar for w’ as well. It is important to notice that
[ (7)); = [w'(v))]; = 1 (1.32)

since otherwise the convex combination of the two could not have a j coordinate equal to 1.
Thus these new vectors will have a zero or one in at least two of their coordinates. Doing
this repeatedly we would thus expect to eventually obtain x as a convex combination of
points that are 0, 1 in all of their coordinates. This is in fact the case and we will have more
to say about this later. For the meantime, however, we shall use this idea to prove a stronger
result that does not depend on simultaneous convexification. The following theorem is due

to [BCCI3], but with a different proof.

Theorem 1.12 Let P C {0,1}", let Q C [0,1]" be a convex set for which QN {0,1}" = P,
and let C;(Q) be as in Definition 1.4, then

Co(Cri (- CL(Q)) - - -) = Conw(P). (1.33)

Proof: Define
Q) = Cj(Cj-1(---C1(Q)) - --). (1.34)
We know that for all # € C1(Q), x can be written as a convex combination of points in
Q for which their first coordinate is 0 or 1. Assume now that all points in C7(Q) can be
written as convex combinations of points in ) having 0 or 1 in their first j coordinates, and
consider
CIHQ) = G4 (CU(Q). (1.35)
By definition, all points in this set can be written as convex combinations of points in C7(Q)
with zeroes or ones in their j + 1 coordinates. But any such point v with, say v = 1,
can itself be written as a convex combination of points from () with zeroes or ones in their
first j coordinates. Moreover, all of those points must have a 1 in their j + 1 coordinate,
or else v, which is a convex combination of those points could not have a 1 in its j + 1’st
coordinate. A parallel statement holds if vj;1 = 0. We thus conclude that all points in
C711(Q) can be written as convex combinations of points from @ with zeroes or ones in

their first j + 1 coordinates. The theorem follows by induction. O

The conic analog of Theorem 1.12 is as follows.

Theorem 1.13 Let P C {0,1}", let Q C [0, 1]" be a convex set for which QN {0,1}" = P,
let C;(Q) be as in Definition 1.4, and let K(Q) and K (P) be as in Definition 1.2, then

No(Np—1(-+ N1(K(Q))) - +) = Cone(K(P)). (1.36)
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Proof: This follows from Theorem 1.12 and from expressions (1.11) and (1.16). O

Consider, for example the polytope ) defined as follows:

Figure 2a
The set C1(Q) will be
t
)
1
.3)
(0,0) 1 T —-
Figure 2b

The set C?(Q) = Co(C1(Q)) will be
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Figure 2c

and this is the convex hull of @ N {0,1}".

1.1.3 Beyond Convexification

As was noted earlier, the conic interpretation of convexification is the easier one to work
with, and from here on our focus will shift to the conic framework. The fundamental insight
that allows one to go beyond mere convexification is that where K C {y € {0,1}"*! : 9y =
1}, and K C Cone(y € {0,1}"! : yg = 1} is such that K N{0,1}"*! = K U {0}, and where
the matrix Y is as defined in Lemma 1.10, there are simple but nonobvious ways to further
constrain the matrix Y without cutting off any points from Cone(K). The proof of the
following theorem is trivial, but it has a deeper meaning that we will discuss in the next

section and chapter.

Theorem 1.14 Let K C {y € {0,1}"! : yo = 1}, and let K C Cone(y € {0,1}"+! :
yo = 1} be such that K N {0,1}" " = K U {0}, and let the matriz Y be as in Lemma 1.10.
The following two additional constraints on the matriz Y are consistent with all points in

Cone(K),
1. Y is symmetric.

2. Y is positive semidefinite.

Proof: For any point x € K, let
Y = za”. (1.37)
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Under this choice of Y, the vector x satisfies all the requirements for membership in N°(K)
as well as the two additional constraints of the theorem. These two constraints (as well as
the NY(K) constraints) are thus consistent with every point of K, and therefore with every
point of Cone(K) as well (since both are preserved under nonnegative combinations, as are

the N°(K) constraints). O

Definition 1.15 Define the set M(K) to be the set of symmetric n+ 1 x n+ 1 matrices Y
with Ye, = Diag(Y') satisfying

Ye, €K, Y(eg—e;) €K, Vi=1,...,n. (1.38)

Define N(K) to be the set
{reR"™ :2=Yey, Y € M(K)}. (1.39)

Define the set M+ (K) to be the set of matrices in M(K) that satisfy the additional require-
ment,

Y = 0. (1.40)

Define the set Nt (K) to be the set
{reR"™ :2=Yey, Y € MT(K)}. (1.41)

Geometrically, these extra requirements on the matrix Y say that the lines that we drew
in Figure 1 cannot be so freely pivoted. Before we demonstrate this explicitly, we will review
first the geometric meaning of the matrices Y. Observe from Definition 1.9 and Lemma
1.10 that the simultaneous convexification requirements for a point x € R™ with respect to
a convex set @ C [0, 1]™ are equivalent to the requirement that there exist an n+1xn+1

matrix Y with Yey = (1, z), satisfying

Ye; € K(Q),Vi=1,...,n (1.43)
Y(eo—e;) € K(Q), Vi=1,...,n. (1.44)

Specifically, given a matrix Y with Yeg = (1, z), satisfying constraints (1.42) - (1.44), for
each j € {1,...,n} such that 0 < z; < 1, define the vectors v/ and w’ in R™ by

Ye; = xj(l,vj), Y(eg—e€j) = (1— wj)(l,wj)- (1.45)

Then
T = ZL'j’Uj +(1- azj)wj, Vie{l,...,n}st. 0<z; <1 (1.46)
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and constraints (1.42) - (1.44) say that = € @, and that for each j = 1,...,n for which
0< Tj < 1,
vg =1, wg =0, v, w €Q. (1.47)

Conversely, for any = € ) that can be written as the convex combination
z =z + (1 —z)w’ (1.48)

of vectors v/, w/ € Q with vg =1, wj: =0, for each j € {1,...,n} such that 0 < z; < 1,
then the column vectors defined by Yey = (1,z), Ye; = x;(1,v7) for each j such that
0<z; <1, by Ye; =0 where z; =0, and by Ye; = (1,z) where x; = 1, satisfy constraints
(1.42) - (1.44).

The matrices Y with Yj o = 1 that satisfy constraints (1.42) - (1.44), where we construe
the column Yeq of the matrix as the vector (1, z), are thus the matrices whose columns are
the vectors x;(1,v7) for some choice of vectors v’ defining a valid simultaneous convexifi-
cation of z (and whose j'th column is (1,z) where z; = 1, and 0 where z; = 0). Turning
our attention now to Figure 1, we indicated there that given a convex set @ C [0,1]2, the
simultaneous convexification requirements for the point x drawn in that diagram were that
there be a way to select points v! with v} =1, w! with w% =0, v2 with U% =1 and w? with
w3 = 0, all of which belong to @, and such that z lies on the line between v! and w! as
well as on the line between v? and w?. It is clear from the diagram that a choice of v! fixes
the choice of w', as does the choice of v? fix the choice of w?, but notice that the choices
of v! and v? are independent. Notice now that, as above, in terms of the matrix Y, the
column Ye; = z1(1,v'), and the column Yes = x5(1,v2). Thus if we were to also impose
the symmetry requirement on the matrix Y, we will therefore have Y12 = Y51, or in terms

of the vectors v,
v = (2) 3. (1.49)

Thus (since we are already given v] = 1 = v3,) the choice of v will fix all four points

vt v? wh w? So for example, where © = (3/8,1/4) and we choose (arbitrarily) vi = 1/2,

3,1 1 3
2 1

The following figure depicts the consequent points v!, v2, w', w?. Obviously to require Y > 0

then we must have

will restrict the choices still further.
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X1 R —

Figure 3

1.2 The N, N* and N Operators

The N and N+t operators were introduced by Lovész and Schrijver. The N operator, as it
will be described in this section, is the Sherali Adams operator applied to sets P C {0,1}"
that are defined by a system of linear constraints. In this section we will describe the
Lovasz and Schrijver interpretation of these three operators. Lasserre’s algorithm applies
to general polynomial programs, of which 0,1 integer programs are a special case (i.e.
x? =z, i=1,...,n). We will also begin to show here that Lasserre’s algorithm as applied
to 0,1 integer programs can be seen as a generalization of the Nt and N operators. In the
next chapter we will reanalyze these operators from a different perspective. The original
interpretation of the Sherali Adams operator will be indicated there, and the Lasserre

algorithm will also be examined more formally. The treatment we will be giving here of

these operators parallels that given by Lovéasz and Schrijver in Section 3 of their paper, but
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with changes in presentation and proofs.

1.2.1 The Lattice L

Definition 1.16 A partially ordered set T such that for any two elements p,q € T there
exists a unique least upper bound, and a unique greatest lower bound (both in T') is called a
lattice. The least upper bound of p and q is denoted pV q and is referred to as the “join” of

p and q, and the greatest lower bound is denoted p A q, and is referred to as the “meet” of

p and q (see [Ro64]).

Lemma 1.17 Let S be a set containing n elements {s1,...,Sp}, then the powerset P(S)

partially ordered by inclusion is a lattice. We will refer to this lattice as L.

Proof: Given A C S and B C S, then AU B C S and is an upper bound on both A
and B (partial ordering by inclusion) as it includes both of them. Let C' C T be such that
C>A, C>B,then ACC, BCC=AUBCC(C = AUB <C. The proof for meets is

similar. O

The 2" elements in {0, 1}" can be thought of as incidence vectors for sets in P(.S), where
a set

B={s;,:iepC{l,...,n}} (1.51)

is represented by the vector v € {0,1}" with a 1 in coordinates i € 3 and 0 elsewhere.
Similarly the set {y € {0,1}"*! : yo = 1} can also be thought of as the set of incidence
vectors for the sets of P(S) with the zero coordinate corresponding to the empty set (so
the incidence vector for every set will have a 1 in its zero’th coordinate).

Let Z8 be the vector in {y € {0,1}"*! : yo = 1} that is the incidence vector for the set
B C S. So B has a coordinate for the empty subset and each singleton subset of S that
indicate whether or not B contains those singleton or empty sets as a subset. Consider now

expanding z° as follows.

Definition 1.18 Number the elements of P(S), i.e. establish a one-to-one correspondence
between the subsets of S and the numbers 0,1,...,2" — 1. For each B C S define 28 ¢
{0,1}%" to be the vector with a 1 in coordinate k iff the set Ay, C S corresponding to the

number k is a subset of B

Thus the vector that we called zZ is the projection of z? on its coordinates that corre-

spond to the empty and singleton subsets.
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Definition 1.19 Given a countable partially ordered set T', and some one-to-one corre-
spondence | between the elements of the set and the numbers 0,1,...,|T| —1 (if T is finite,
otherwise the correspondence will be with the nonnegative integers), so that each set element
is identified uniquely as l; for some i € {0,1,...,|T| — 1}, the zeta matrix Z of T is the
|T| x |T| matriz defined by
Zi, = sl (1.52)
0:0; £1;

where the inequality refers to the partial ordering T'.

The vectors z8

are thus just the columns of the zeta matrix of the lattice L. We will refer
to these vectors as “zeta vectors”.
We will now show that the zeta matrix Z of L is nonsingular. But for completeness, as

this is true in greater generality for zeta matrices, we will prove a stronger lemma.

Lemma 1.20 The zeta matriz of any countable locally finite partially ordered set T that

contains a zero element is nonsingular.t

Proof: “Locally finite” means that for any two elements p,q € T, the interval [p,q] =
{te T :p<t<gq}is a finite set. A zero element is an element that is less or equal to
every element in T'. Consider the following numbering procedure for T'. Let [y be the zero
element (Notice that every finite lattice has a zero, namely Ao t), and let {lp,l1,l2...} be
a complete listing of T'. Let to = lp. Reset T' := T — {to}. Begin the following procedure

with i =i = 1.

1. Consider the intersection of the open interval (¢g, ;) with 7. By hypothesis this set is
finite. If it is empty then select t; = [; and go to step (3). Otherwise, as a nonempty

finite partially ordered set, (to,/;) N T must contain a minimal element r. Set ¢; = r.
2. Reset T:=T —{r}, i :=i+ 1, and go to step (1).

3. Reset T := T — {l;}, i := i+ 1, and if there is a k > i such that Iy € T then let
i:=min {k >1i:[; € T} and go to step (1); otherwise stop.

! By nonsingular we mean that where we denote the zeta matrix as Z, there exists a unique matrix M
of real numbers such that for all numberings of the rows and columns as 0,1,2,..., and for each pair of
nonnegative integers 4, j,

> MinZys=0i5=>  ZixMy,;. (1.53)
k=0 k=0
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It is easy to see that the sequence generated, {to,t1,...}, is a complete listing of 7', and that
by construction i < j = t; # t;. Thus if the rows and columns of the matrix are numbered

according to to,t1,. .., i.e. if we refer to Z, ;. as Z; ;, then for i # j
Zi7j=1:>ti<tj=>i<j (1.54)

so the only nonzero entries in Z aside from those on the diagonal are those in the upper
triangular part (by this numbering). Moreover Z;; = 1,Vi, so Z is an upper triangular
matrix with ones along the diagonal. It is now easy to construct the unique matrix M that

satisfies

o0
Z M; 12y = 6ij, Vi, . (1.55)
k=0

This matrix M moreover is also upper triangular with ones along the diagonal, and thus by

the same reasoning it is easy to construct the unique matrix Y that satisfies

[ee]
Z Y xMy.; = 6i , Vi, j. (1.56)
k=0

But Y is also upper triangular with ones along the diagonal, and therefore for each pair of

nonnegative integers 7, j with j <1, Y; ; = 0= Z; ;, and if j > i then

J J 0 J J
Yij=> Yibe; = Yik (Z Mk,lZl,j> => Yk (Z Mk,lZl,j> = (1.57)
k=0 k=0

k=0 =0 1=0

J 7 J 00 7
S (S viang | 2,3 (z Yi,kMk,l> L=l =2y (159)
(=0

1=0 \k=0 1=0 \k=0

so Y = Z and we can indeed conclude that

[o.¢] (o]
Z M; 2y ; = 0ij = Z Zi kMg j, Vi,7 (1.59)
k=0 k=0

where the rows and columns of the matrices are numbered according to tg,%1,.... Consider

finally an arbitrary numbering ng,n1,ns ... of the elements of T. Let f be a one to one
mapping from the nonnegative integers onto the nonnegative integers that satisfies ¢ ;) = ny
for all integers [ > 0; let ¢ and j be nonnegative integers, and let i/ = f(i) and let j' = f(j).
Then

o0
Z M, iny Zngen; (1.60)
k=0
is just a rearrangement of the sum
00 J’ 00
Z Mti/,thtk,tj/ = Z Mti/,thtk,tj/ + Z 0 (161)
k=0 k=0 k=j'+1
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which is obviously absolutely convergent. Thus all rearrangements are equal (see Chapter

3 of [Ru64]) and therefore for each pair of nonnegative integers i, j,
o (0.)
Z Mnia”ankvnj = Z Mtihthtkvt]'/ = 5i’7j' = 51}]" (1‘62)
k=0 k=0

The same reasoning shows that
oo
Z Znimankmj = i (1.63)
k=0

as well. O

Corollary 1.21 The zeta matriz of the lattice L is invertible. O

Definition 1.22 The inverse matriz M of a zeta matriz Z of a partially ordered set T is

known as the Mobius matriz of T.

For more on lattices, see, for example, [Ro64].

Notation: From here on, we will begin to ignore the specific numbering of the lattice
elements. Thus given a zeta vector or matrix we will refer to its coordinates by the names
of their corresponding lattice elements rather than by their numbered positions. So if say,
p and ¢ are lattice elements, we will refer to “the p coordinate” of the vector, or “the ¢

coordinate”.

Observe that the matrix 2"(2")7 satisfies

1:p< dg<
<z’“<z7">T>p,q={ peramea=r (1.64)

0: otherwise

but this means that
l:pvg<r

(="(z")pa = { (1.65)

0 : otherwise

We conclude that (2"(2")1),4 = (2")pvq. Moreover, as this relationship is linear,

(Z arZT(ZT)T)p,q = (Z 2" )pvg- (1.66)

relL rel

Observe also that since Z is nonsingular, every # € R (i.e. with a coordinate for each

element of L) can be written as © = >,.cr a,2".
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Definition 1.23 For every x € RE define the |L| x |L| matriz W* by

Wya = Tpvg- (1.67)
The following lemma is now clear.
Lemma 1.24 For any x =) 5 o, 2",
W = Z a2 (20T O (1.68)
reL

Where p € L, denote by m? the p’th row of the M&bius matrix, i.e. the row of M for
which (mP)T2P = 1. The matrices W*" have the following inverse-type relationship with

the rows of the Mobius matrix.
Lemma 1.25 Let a and b be vectors in RY, and let p and r belong to L. Then
"W = ((z")"a) (")) (1.69)

In particular,

(mP)TW* ' mP = Opr- O (1.70)
In general,
Lemma 1.26 Where x =} o a2" and p € L, we have
(mP)TW*mP = . O (1.71)
The previous two lemmas imply the following lemma.

Lemma 1.27 The vector x € RY belongs to the cone generated by the zeta vectors (i.e. the
columns of Z) iff W* = 0

Proof: Write x = ),y o2 (this expression exists and is unique by the nonsingularity
of Z). If W* = 0 then by Lemma 1.26, o, > 0, Vr so x is in the cone of the 2" vectors.
Conversely, if & > 0 then for any v € R”,

VT Wy = Z o (’UTZT(ZT)TU> = Z ar(vT2")?2 > 0.0 (1.72)

relL relL

Observe that by Definition 1.23, every entry of the matrix W¥ is one of the coordinates

of the vector x. This gives the following lemma.
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Lemma 1.28 For every pair of vectors a,b from RY, there exists a unique vector, to be
denoted a\/ b, such that
T
a? W = (a\/b) x (1.73)

for all x € R,

Proof: Each (W?%),, = v, entry is multiplied in the expression a? W?b by a,b,. Thus

for any given r, z, will be multiplied by

> apby (1.74)

p,q€L:pVg=r

Denote the vector with this expression as its r entry as a\/b. It is clear that o’ W?%b =
(a\/ b)Tx for all z € RY. Uniqueness is also clear as u? 2" = (a\V b)T2", Vr € L = u=a\/b,

as the vectors 2" constitute a basis for RL. O

Let us now state this as a formal definition.

Definition 1.29 For every pair of vectors a,b from R", define the vector a\/ b € R" by

(aVe) = X apby (1.75)

p,q€L:pVg=r

Lemma 1.30 The binary operator \/ on R x R is commutative, associative, and dis-

tributive. Furthermore,
€p \/ €q = €pvq (1.76)

where e, is the unit vector corresponding to the lattice element p.

Proof: For each zeta vector 2",

(e)TW* e, = (ep) 2" (2") ey = ZpZq = Zpvyg = (1.77)
T
(ep \/eq) 7z = (epvq)Tzr (1.78)

Since this is true for every 2" and the {z"} constitute a basis we conclude that e, \/ e, = epvq.

The remainder of the lemma is clear by construction. O

At this point let us summarize what we know about the cone of zeta vectors.
Definition 1.31 Define

H={zeRl':2=Za, acRt a>0} (1.79)
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Lemma 1.32 The following are equivalent:
1.zeH
2. Mx >0
3. W* =0

4. (aVa)Tz >0, Yae RE

Proof: The only part of the statement that has not yet been proven explicitly is the
equivalence of Mx > 0 with the rest, so that the polar H* is generated by the rows of M.

But this follows trivially from the fact that Z and M are inverse to one another.
r=Zoa, a>0=Mr=MZa=a>0 (1.80)
and conversely,

Mr=a>0=2=ZMz=2Z(Mz)=Za, « >0.0 (1.81)

Thus the polar cone H* of H can be generated either from the rows m? of M, or from
the vectors of the form a\/ a. It therefore follows that the rows m? of M are generated by

vectors of the form a\/ a and conversely. In fact, m? = mP\/ mP, and more generally,

Lemma 1.33
mP \/mq = Op,gm? (1.82)
Proof: For every z",
(mP)TW*"'md = (mP)L 2" (2")Tm? = (1.83)
Op,rOq,r = Op,g0p,r = p,q(mp)TZr U (1.84)

Corollary 1.34 The set of idempotents of the operator \/ is exactly the set

{reRl 2z = Z m'} (1.85)
teTCL

for some subset T of L.
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Proof: Since M is nonsingular, every € RY can be written as 2 = > rer Brm” so by
Lemmas 1.30 and 1.33,
m\/szﬂzmr:Z@«mT:x iff 6, €{0,1}, Vre L. O (1.86)
rel rel
Lovéasz and Schrijver give one further characterization of the cone H in the form of a
“remark”. We will see a simple proof of their statement later on (Corollaries 2.24 and 3.20,

and Lemma 3.29).

Theorem 1.35 The vector x € RY with xy = 1 belongs to the cone H iff there exists a
probability measure X on some measure space (2, W), and sets Ay, ..., A, in W, such that
for everyr € L,
X( () 4) =20 (1.87)
irs;Er

1.2.2 Exponential Lifts and the N Operator

We now return to the set P C {0,1}". Recall that any vector 2" is an expansion of a
vector in {0,1}" to 2" dimensions, and that each vector z” is the expansion of exactly one
such point in {0,1}". Thus the points of P are each projections of exactly one vector z"
to their singleton set coordinates (and the points of K(P) C {0,1}"! as it was defined in
Definition 1.2, are the projections of those same vectors to their empty set and singleton

set coordinates).

Definition 1.36 Let P C {0,1}" and let K(P) be as in Definition 1.2. Define K¢(P) C
{0,1}|L| to be the set of zeta vectors z" whose projection to singleton sets belongs to P
(equivalently, whose projection to the empty set and singleton sets belongs to K(P)). For
the forthcoming discussion assume also that, where H is as in Definition 1.31, K¢(P) C H
is any cone satisfying

Ke(P)n{0,1}/H = Ke¢(P) U {0}. (1.88)

Where the dependence is clear or irrelevant we will drop the “P” from the notation and

write simply K, K¢ and K°.

The cone of K¢ is thus trivial to characterize. It is the set of nonnegative combinations

of those z" vectors whose projection is in P. Formally,

Lemma 1.37 Writing x = Y_,c; 02", « belongs to Cone(K®) iff « > 0, and o, = 0
wherever 2" & K€¢. Equivalently,

Cone(K®) ={z e Rl :z e H, (m")Tx=0V2 ¢ K (1.89)
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and the cone of K C {0,1}""! is the projection of this cone to the empty set and singleton

set coordinates. O

So for x = ), <1 a,2" we need to have a > 0 and o, = 0 V2" € K*, but this is equivalent
to saying that for all » € L, a,2" must be a nonnegative multiple of an element of K¢. Or

equivalently,

Lemma 1.38

Cone(K®) = {x = Z ay2" € RF : a,2" € Cone(K®) Vr € L} (1.90)
relL

Proof: Given z = )" oy 2" it is trivial that if each o,.2" € Cone(K*) then x € Cone(K*®).
Conversely if some a,.2" ¢ Cone(K*€) then either o, < 0 or if a;- > 0 then it must be that
2" & Cone(K°). In either case, by Lemma 1.37, x ¢ Cone(K°¢) O.

Claim 1.39 Let K¢ be as in Definition 1.36. For anyr € L, o, € R,
a,2" € Cone(K®) iff a,2" € K°. (1.91)

Proof: The zeta vectors 2" are all nonzero, so by hypothesis 2" € K€ iff 27 € K¢. If o, = 0
then the claim is trivial. If o, < 0 then by hypothesis and Lemma 1.37, «,.z" belongs to
neither Cone(K®) nor K¢, and if ;. > 0 then

a,2" € Cone(K®) & 2" € Cone(K®) & 2" € K¢ & a,2" € K°. (1.92)

Lemma 1.40
Cone(K®) = {z € R : W*mP € K¢, Vp € L}. (1.93)

Stated another way, since the mP generate the cone H*,
Cone(K®) = {z € Rl : W*h* ¢ K¢, Vh* € H*}. (1.94)
Proof: Where v =}, .1 a;2",

W my, = Z 2" (27T mP = 2P (1.95)
rel

The lemma follows directly now from the claim and Lemma 1.37. O

Definition 1.41 Given © € R" denote the subvector made up of only those coordinates

corresponding to the empty set, the singleton subsets, and the pairs subsets as T, and denote
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the subvector made up of only the empty set and singleton subset coordinates as . Denote
the square submatriz of W whose rows and columns correspond to the empty and singleton
subsets as W*. (Note that any entry in that submatriz is of the form xpy, where p and q
are both either singletons or empty. Thus pV q is an empty, singleton, or pairs subset, and

is therefore a coordinate of T.)
Lemma 1.42 LetY be an+ 1 x n+ 1 symmetric matriz with Diag(Y') = Yeg. Then

Y =w* (1.96)
for some x € RE.

Proof: Write xy = Yy 0. For each singleton subset {s;}, write z(s;y = Yi; and for each
pair {s;, s}, write x(,, ;3 = Yi; (this is well-defined since Y; ; = Yj;). We claim that we
now have Y = W? where the zero’th row and column correspond to the empty set, and the
i’th row and column correspond to the singleton set {s;}. For this to hold we must have

Yij = 2{s,s;} where ¢ and j are both not zero, and we must have
Yio = Tspvp = Tis;) (1.97)

where 7 # 0, and
Yo = T{s;3v0 = T{s;) (1.98)
where j # 0, and Yo = zgyp = zp. Our construction guarantees that all of these criteria

are met. O

We are now interested in relaxing the definition of Cone(K€) in Lemma 1.40 to obtain
an approximation of its n 4+ 1 dimensional projection, Cone(K). Certainly we can replace
the cone K¢ with the cone, to be denoted K, that is its projection on its empty set and
singleton set coordinates, as this cone has the same relationship with Cone(K) as K¢ has

with Cone(K*°).
Definition 1.43 Denote the collection of empty set and singleton set coordinates by I.

Observe that the projection of H on I is Cone({y € {0,1}"1 : yy = 1}).

Here, and for the remainder of this chapter, let K C Cone({y € {0,1}"*!:yq = 1}) be
a cone that satisfies

Kn{0,1}"" = K u{0}. (1.99)
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Lemma 1.44 For any projected zeta vector z" € {0,1}"*! and any number o,
a,z" € Cone(K) iff a,z2" € K (1.100)

Proof: The points z" are all nonzero, so by hypothesis z" € K iff 2" € K. Clearly if « = 0
then a,.z" is in both Cone(K) and K, and if o, < 0 then it is in neither (as both cones are

contained in R7*Y), and if ;. > 0 then

a,z" € Cone(K) < z" € Cone(K) < 2 € K& a,2" € K. O (1.101)

We will also relax W* to W2, but it is less obvious what should be the relaxation of the
term H* in Lemma 1.40. A simple suggestion would be to try the polar of the projection

of H on the empty set and singleton set coordinates.

Definition 1.45 Given a set T C R, let its projection on its I coordinates be denoted T|;.
Consider now the intersection of T with the subspace Sp' generated by the vectors of R
that have zeroes in all but their I coordinates. The projection of this intersection to the I
coordinates will be denoted Ty (so these are the projections to I coordinates of the points of

T that are zero outside of their I coordinates).

Lemma 1.46 The projection H|r is just the set

Cone({z":re L}) = (1.102)
Cone({y € {0,1}""1 . yg = 1) (1.103)

with polyhedral representation
{re R :x>0,2; <z, Vi=1,...,n}. (1.104)

The polar cone is therefore generated by the vectors
{ei,eo—e;:i=1,...,n}. (1.105)

Proof: The first statement is obvious from the discussion at the beginning of Section 1.2.1.
As for the second statement, it is clear that any vector z € H|; satisfies z > 0,2; < x¢
as this is true for every y € {0,1}"*! : y9 = 1. Conversely, any nonnegative x satisfying

z; <z, 1 =1,...,n, can be decomposed into a nonnegative combination of vectors from
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{y € {0,1}"*! . yg = 1} as follows. Arrange the 1,...,n coordinates of x such that

x1 > T9 > ---, and say that the last nonzero coordinate of x is the k’th. Then
k .
z=> Ny (1.106)
i=0
where vy’ € {0, 1}"Jrl has a 1 in coordinates 0, - - -, ¢ and zeroes elsewhere, and \; = x; — ;41

(if ¢ = n then define z,,4; =0). O

The relaxation obtained where we replace K¢ by K, W® by Y = W?, and H* by (H|;)*
is thus
{z : W*h* € K, Vh* € (H|;)*} = (1.107)

{2 : W7, e K, Wieg—e;) €K, i=1,...,n}. (1.108)

Lemma 1.47 Where M (K) is as in Definition 1.15, then

M(K)={W?*: W%, € K, W'y —e;)) €K, i=1,...,n}. (1.109)
Proof: By Lemma 1.42, this is just

{Y c R(n+1)x(n+1) .

Y =YY%, Diag(Y)=Yey, Ye, €K, Y(ep—e;) € K,i=1,...,n}. (1.110)

But this is exactly M (K). Note that the projection to I coordinates, which is N(K) (and

is obtained by taking the () column of Y') can also be written

{Z: W7, € K, W¥(ep —¢;) € K}. O (1.111)

1.2.3 The N(K, K’) and Lasserre Operators

Lovasz and Schrijver also describe the following variation of the N procedure. Consider

first the following variation of Lemma 1.40.

Lemma 1.48 If K¢ C H is any cone satisfying

Ken{o,1}H = K°cuU {0} (1.112)
and K'° C H is any cone satisfying

K n{o, 1} o> ke U {0} (1.113)

Then
Cone(K®) = {z € RL: W*(k)* € K¢, V(K')* € (K')*}. (1.114)
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Proof:
K°CH= H"C (K" = (1.115)
{z e RF: W*(K)* e K¢, Y(K')* € (K'*)*} C (1.116)
{z € Rl W*h* € K¢, Yh* € H*} = Cone(K°) (1.117)

Conversely, for any 2" € K¢, we have 2" € K'* so that for any (k')* € (K'°)*,
W= () = 2" (") (k)" (1.118)
is a nonegative multiple of 2", and therefore must belong to K. So
Cone(K®¢) C {x € R : W*(K)* € K¢, V(K')* € (K')*} (1.119)

and the lemma follows. O

If we relax (K’°)* to the polar of its projection K’ on the I coordinates in the same
manner as we did for H* then we obtain a stronger operator than N, defined by
{z WK e K, V(') € K"}, (1.120)
The projection of this set on the I coordinates is

{z € R"*! .3y € ROUX(HD) guch that Y(K)* € K, V(K')* € K*} (1.121)

where Y is symmetric with Diag(Y) = Yeg. This is the set that Lovasz and Schrijver refer
to as N(K, K').

Lemma 1.49

Cone(K) C N(K,K') C N(K) (1.122)

Proof: All references to matrices Y should be assumed to refer to n+1 x n+ 1 symmetric

matrices with Diag(Y) = Yeo.

N(K,K') = (1.123)
{z e R"' 3y e ROHDX(HD guch that Y(K)* € K, Y(k')* € K"} C (1.124)
{z € R"*! .3y € RODX(HD) guch that Yh* € K, Vh* € (H|;)*} = (1.125)

N(E) (1.126)
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because K'* D (H|7)*. And since, by construction, every z" € K also belongs to K’ (as
well as K),
W2 () =z )T (k) (1.127)

(where z" is the projection of z" to empty set, singleton and pairs coordinates) is a non-
negative multiple of z” (for every (k')* € (K’)*), and therefore belongs to K. So N(K, K')

does not cut off any points from Cone(K). O

Notice that W7 is a principal minor of W2 and therefore a necessary condition for Z to be
a projection of an z that is even in H (let alone in K) is for W¥ to be positive semidefinite.
But after relaxing the procedure we have no guarantee of this. So the procedure will be
further strengthened by insisting on positive semidefiniteness, and this gives us the N*(K)
and NT(K, K') procedures.

Letting K = Cone(K), we can see that the main idea behind the N (K, K') procedure
is that in addition to the valid conditions W¥e; € Cone(K) and W¥(eg — ¢;) € Cone(K),
for all (k')* € K’* we must also have WZ(k')* € Cone(K). Thus any necessary condition
for membership in Cone(K) can be placed on W¥(k')*. In particular there must be a
way to append coordinates (corresponding to doubles) to the vector W¥(k’)* such that the
n+ 1 X n + 1 matrix that i defines will be positive semidefinite. This is the essential idea

behind the Lasserre operator (as applied to 0, 1 integer programming). There are a number

of additional details, however, to which we will return later.

1.2.4 The N Operator

To understand this operator we need to know what the Mobius matrix M looks like. The
p’'th row of M, where p € L, has zeroes in all entries r such that |r| < |p|. For |r| = |p|
the only nonzero entry is at » = p, and that entry is 1. For |r| = |p| + 1, the nonzeroes are
only at those r for which r D p, and they are all —1. For |r| = |p| + 2, again the nonzeroes
are only at those r for which r D p, but here they are all 1. This pattern then continues,
alternating between 1’s and —1’s (i.e. (—1)I"=IP)), with 2 p always yielding value 0. For

example, where |S| = 3 and the set {s;, s;} is represented as i, j, the matrix M is as follows.
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g 1 2 3 1,2 1,3 2,3 1,2,3
0 1 -1 -1 -1 1 1 1 -1
1 o 1 0 0 -1 -1 0 1
2 o 0 1 0 -1 o0 -1 1
3 o 0 0 1 0 -1 -1 1
L2 |0 o 0o 0O 1 o0 0 -1
L3 |0 o 0o 0O 0 1 0 -1
23 |0 0 0 0 0 0 1 —-1
1,230 0 0 O 0 0 O 1

Definition 1.50 Define the vector mP4 ¢ RE by

mP . r C
mlpa = § =1 (1.128)
0: otherwise

So m!P4 is the same as mP, but with all entries r : r € ¢ zeroed out. For example,
mlPAsus2ll — (1, -1,-1,0,1,0,0,0) (1.129)

in the above case.

Observe that for any r € L,

(mlPahTr = Z mﬁp"” = Z my = (mP)T 2" = §, 0y >0 (1.130)
teL:tCr teL:tCr, tCq

so mP4 e H*. Moreover, they are idempotent with respect to the operator \/ since

(MW mlpdl = ()T )2 = (T 7 - (1.131)
mlpdl \/m[p,q] — mlpdl (1.132)
Recall that the vectors {e; : i = 1,...,n} and {eg —e; : i = 1...,n} in R""! gener-

ated the cone (H|;)* (where the zero coordinate corresponds to the emptyset and the i'th
coordinate corresponds to the i’th singleton set, i = 1,...,n). Expressed in terms of the
lattice L, these are the vectors {ef,,}} and {eg — ey, }. Notice that these are exactly the

(nonzero) vectors mP4 where |q| < 1. In particular,

efsy = mitsihlsid] (1.133)
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and

ep — Efs 1t = m04sid, 1.134
0~ Asit

Notice now that by Lemma 1.30, given some m[P4, |q| = k,

mPd \/ els) (1.135)

shifts every nonzero entry in m!»4 from position r to position r V {si}, and
mPd \/(e@ —efa)) = mpd _ plpd \/ €5} (1.136)

Looking at the matrix above, it is not difficult to see that these expressions are themselves

of the form m[ 71 for some ¢’ with |¢’| < k + 1, but here is a formal proof.

Lemma 1.51 Let p,q € L. Consider the following four cases:

Case 1: If p C q, and s; & q then

mlpdl \/ e} = mPVisitav{si}] (1.137)
mlp-dl \/(e@ —efs)) = mPal — ) [pdl \/ e} = mlpavisitl (1.138)
Case 2: If p C q, and s; € p then
mPI\/ efyy = mlPa (1.139)
mPI\/(eg — egs,y) = 0. (1.140)
Case 3: If p C q, and s; € ¢ — p then
mPad\/ery =0 (1.141)
mlpd \/(e@ —efs)) = mlPal, (1.142)
Case 4: If p Z q, then
mlPal \/ s} = mlpal \/(e@ —egs3) = 0. (1.143)

Proof:

Case 1: As we noted, m/P4 V e(s,y shifts each r’th entry to the r V {si} position. The
nonzero entries can therefore be only in positions r such that p VvV {s;} Cr C ¢V {s;}, and
since s; € ¢, the value mapped into any such r’th position is exactly that which was in the

r — {s;}’th position of m!P4. Thus the first (according to the lattice partial order) nonzero
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will be of value 1 and in position p V {s;}. The next nonzeroes will all be of value —1 and
in positions 7 : pV {s;} Cr C qV {s;} with |r| = |p| + 2. Subsequent nonzeroes will be in
r:pV{s;} Cr CqV{s;} with signs alternating for each unit increase in the cardinality of
7. This vector is exactly mPV{sihavisi}],
Consider now
mlpdl \/(6(2) —e(s)) = mPa — g pdl \/ €5} =
mPa — g [pV{si}.qvisi}] (1.144)

and observe that since s; € ¢, the nonzero entries of mlPVisihavisil] gre all of value zero in
mlP4 and conversely the nonzero entries of mP4 are all of value zero in mlPV{sihavisi}],
Thus the nonzero entries of (1.144) are of exactly one of the following two nonoverlapping

types:

1. A 1 in position p, with subsequent nonzeroes in positions r : p C r C ¢ with signs

alternating for every unit increase in |r|.

2. A —1 in position p V {s;}, with subsequent nonzeroes in positions r : p vV {s;} C r C

q V {s;} with signs alternating for every unit increase in |r|.

This defines the vector mPaVisi}],

Case 2: Equation 1.139 follows from the fact that no nonzeroes are shifted in this case,

and (1.140) follows directly from (1.139).

Case 3: In this case the only change effected by m[Pd v €{s;} is to shift the value of
each r'th position for which p C r C ¢, s; € r to the r V {s;}’th position. But for any
such r, r V {s;} C ¢, and its value in mlP4 is also nonzero. In particular its value is of
opposite sign to the value in the r’th position, and thus shifting will result in a value of zero.
Conversely, any r’th position for which p V {s;} C r C ¢, will have its value cancelled by
the shifting of the value of the r — {s;}’th position into the r’th position. This establishes
(1.141), and equation (1.142) follows directly from (1.141).

Case 4: Trivial. O

The following lemma is a consequence of Lemma 1.51.

Lemma 1.52 Every vector mP4, |q| < k > 2 satisfies

mlPal = Il \ [yl (1.145)
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for some p,q, s, t satisfying |G| < k —1, and |t| < 1. Conversely, for every p,q,s,t € L with
Gl < k and [t] <1,
mlP-dl \/ mlstl = ppd (1.146)

for some p,q € L with |¢g| <k+1. O
Before proceeding to a corollary, we need a definition.

Definition 1.53 Where J and J' are subsets of L, x is a |J| dimensional vector in R’ :=

. . . . !
RE|7, and y is a |J'| dimensional vector in R’ ,the vector

x\/y (1.147)

is defined to be the vector (x,0)\/(y,0) € RE where (x,0) and (y,0) are the |L| dimensional
vectors obtained by appending coordinates — all of value zero — to x for each r € L such that

r & J, and toy for each r € L such that v & J'. Therefore for any u € R,

(2 \/y) u= (2,0 W"(y,0) (1.148)

Observe that x\/y can only have a nonzero coordinate r where r = 5\ 7' for some j € J

and j' € J'.
Corollary 1.54 The set H', (1 < n), defined to be the I-fold product
(HI) N HDN -\ (H]D)* = (1.149)
{UERL:U:y1Vy2\/---\/yl} (1.150)
where each y* € (H|1)*, is the cone generated by the vectors

{mlPd gl < 1} (1.151)

Proof: The vectors v € H' are [-fold \/-products of nonnegative linear combinations of
the vectors m/[*!, |t| = 1 (Lemma 1.46), and therefore by Lemma 1.52, they all belong to
Cone({mP4 : |¢| < 1}). Conversely, also by Lemma 1.52, any vector m4, |q| < I, can be
decomposed as an [-fold \/-product of vectors m!5# |t| < 1, all of which belong to (H|;)*
(note that m!%?l = ey € (H|;)*, and recall that ey is the identity for \/). O

We can now rewrite Lemma 1.47 in terms of \/ notation as follows.

Lemma 1.55
N(R) = (K*\/(H)*) |1 (1.152)
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Proof:
N(K)={z:W*h* € K, Vh* € (H|;)*} = (1.153)
{Z : K*W*h* >0, Vk* € K*, Vh* € (H|;)*} (1.154)
Now observe that for all k* € K* and h* € (H|;)*,
W = (k:*\/h*)T:c (1.155)

for every expansion x of Z to R” since even when we expand k* and h* to R* they remain
zero at all but their I coordinates, so the remaining entries of W? and the remaining entries

of x are irrelevant. Therefore

AqK):{iz(m\/ijxzo,vww;Kﬂiﬁe(th}:: (1.156)

ve (K*\/(H|)*) } = (1.157)
(B*\/(H1)?) | o (1.158)

Before we can describe nested N operators we will need one more lemma. The lemma
states that if we take the projection of a cone V C R on its I coordinates, then the polar
of that projection is the intersection of the polar of the original set V with the subspace Sp’
(defined in Definition 1.45), projected on its I coordinates (which are the only coordinates

of that intersection that can be nonzero).
Lemma 1.56 For any cone V.C R*, (V|;)* = (V*)r.

Proof: It suffices to show that a vector ¢ is in the polar of the projection of V' on its [
coordinates iff the extension y of 4 obtained by appending all of the non-I coordinates to
g all with value zero (so that y € Sp’) is in the polar of V. If 7 is in the polar of the

projection, then for any x € V', where Z is its projection to I,
7z2>0=ylz=(7,0Tz=75"z>0. (1.159)
Conversely, if there is a vector € V whose projection Z is such that g7z < 0 then
yle= (7,012 =9"2<0.0 (1.160)
To reduce clutter, let us use the notation

H'=(H|)* (1.161)
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as per the definition above in Corollary 1.54. The repeated N operator thus satisfies

N*(K) = N (N(K)) = ((N(K)"\/ H') |1 (1.162)

By the lemma,
(N(R)) = (K B Iz)*z (1.163)
(£ H)") = (B \/H"), (1.164)

and so

N (N(K)) = ((K*\/Hl)]\/Hl)* = (1.165)
(R*\VHN H') |, = (1.166)
(K" \/HQ)* F (1.167)

where the containment follows from the fact that a polar of a smaller set is a larger set.
Lemma 1.57 For eachl > 1,
NYE) 2 (K*\/H') |s (1.168)

Proof: It is clear from the definition of N that for any two cones K7 and K> such that K7 C
K5 we have N(K;) C N(K3), and therefore by induction, for any j, N7(K;) C N7(Ks).
We have shown that the lemma holds for [ < 2. Assume now that it holds for some [ > 2.
Notice that the reasoning employed in deriving the result for [ = 2 did not depend on the

superscript 1 of H. Therefore by induction and by the same reasoning as above,
NFUR) =N (N(E) 2 N (R H) 1) 2 (B BN HY) | = (1.169)
(&*V Hl+1)* = (1.170)
Definition 1.58 Where [ is a positive integer < n, N'(K) is defined by
NY(E) = (K*\/ H') | (1.171)

Lemma 1.59
Cone(K) C N(K) C NY(K) (1.172)

Proof: The second inclusion has already been shown. As for the first, for any z" € K,

consider the lifting 2" € R”, then for any k € K* and h € H',

(kV h) 2= (k,0) "W h = (k072" (") Th = Mk, 0)T2", A= (z")Th>0 (1.173)
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since H' is generated by vectors in H, and
Ak, 0072 = XETZ" >0 (1.174)

since 2" e K C K. O

We will now characterize explicitly the vectors belonging to N'(K) in similar terms to
those used in the previous sections.

The cone H' is generated by the vectors m[P4, |g| < [, all of which are zero in all
coordinates r : |r| > [, so any vector in this cone is also zero in all of those coordinates. Note

further that by the definition of \/ on vectors in R’ (Definition 1.53), for any k € K*, h € H!,
(kz\/h) z = (k,0)TW=h (1.175)

where (k,0) is zero in all non-/ coordinates. So the only relevant part of W? is the rows
corresponding to I, and the columns corresponding to 7 : |r| < [. The relevant coordinates
of x are therefore those of the form rVt where |r| < [ and [¢t| < 1, i.e. the relevant coordinates
are those r with |r| <[+ 1. Let us denote by Z the projection of = on these coordinates,
by W? the relevant rectangular submatrix of W%, and by h the projection of h on the

coordinates 7 : |r| < I. Therefore, for any z € R,

(k\/h) z = KTW?h (1.176)

So the points z in the polar of K*\/ H' are those for which Weh € K for each h € H'. Since

H' is generated by the vectors m!P4, p C ¢, |g| <[ we have the following characterization.

Lemma 1.60 Let | > 1 be a fized integer, and let the vectors m!P4 be the projections of

the vectors mlP4l on the coordinates r : |r| < 1. Then
Nl(f() ={z: Wimlbd e K. Vp,q € L such that p C gq, lq| <1} (1.177)
and if a polynomial time separation oracle exists for K then one exists for N'(K) as well.

Proof: For any fixed [, W? is of polynomial size, and there are only polynomially many

pairs p,q € L with p C q, |¢| <I. O

Example: Where n = 4 and [ = 2 and where we represent the variables x(, ,, ;) as

z12,3, and xg as o, then the matrix W? is as follows.
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and the vectors mP4, p C g, |¢| < 2 are those of the form

€0, €i, €ij, €0 —€j, € —€;j, €0 — € —ej+e; ;. U

[/ 2 3 4 1,2 1,3 1,4 2,3 2,4 3,4
Olxg 1 w2 a3 x4 T12 T3  Ti4  T23 T4 T34
1@y @1 w12 713 T14 P12 T1,3 Ti4  T123 T124 T134
2|my mpo w2 w23 o4 Ti2  T123 Ti24 T23  T24  T234
3|x3 w13 T23 T3 X34 T123 T13 T1,34 T23  T234 T34
4|4 14 T24 T34 T4 Ti24 T134 T4 T234 T24 T34

(1.178)

We have now completed the survey of the convexification and Lovasz Schrijver method-

ologies. At this point we will attempt to understand why they work, so that we can see if

they can be further generalized.
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Chapter 2

Analysis of the Operators

In this chapter we will redevelop the operators of the previous chapter from a different
perspective, and we will see that the new approach suggests a much more general framework.
Note first that given a sum )., ax, a partial sum is defined to be a sum of the form

> aa (2.1)

AEI'CA

Note now that for any vector z € [0,1]" there exist scalars A\, for each y € {0,1}", such

that

= Y Ny, > M=l (2.2)

yE{O,l}” yE{O,l}”
We will see that for any z € [0,1]", and any lifting of Z to € RF, where L is the
lattice defined in Lemma 1.17, there is a representation (2.2) of Z for which each coordinate

zy, 7 € L has a value which is a partial sum of > ¢ 13n AY, Le.

T, = > Y (2.3)

yeQ(r)C{0,1}
for some subset Q(r) of {0,1}". But we will also see that there are lifted coordinates
zy, v € L only for a small portion of the partial sums of }_ . (o, AY. This provides
the first indication that a more comprehensive lifting should append a coordinate for each
partial sum.

We will see through the course of the chapter that the notion of partial summation is
central to understanding the operators of Chapter 1, and that partial summation provides a
perspective from which all of the results of Chapter 1 arise naturally. But as we indicated,
and as we will see in greater detail, the possibilities for using partial summation, and its
underlying idea of decomposition, are not exhausted by the procedures of Chapter 1, and

these ideas themselves will suggest a broader lifting. In particular we will see near the end
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of the chapter that decomposition and partial summation have a natural measure theoretic
interpretation, as do the vectors m[P of the first chapter (Definition 1.50), and we will see
that the measure theoretic connection will also point the way to a broader lifting, as well

as to a generalization (which we will begin to explore in this chapter) of the vectors mlpdl.

2.1 The Partial Sum Interpretation

2.1.1 Introduction

The fundamental idea underlying both convexification and the Lovasz Schrijver operators
is as follows. Considering that, by definition, any Z € H|; = Cone({y € {0,1}""1 : yo = 1})

can be written (not uniquely) as

il

=Y 7, a>0 (2.4)
rel

(recall from Section 1.2.1 that the projections Z" of the zeta vectors on the emptyset and
singleton set coordinates are exactly the vectors {y € {0,1}"*! : yo = 1}) the question
of whether or not z € Cone(K), where K C {y € {0,1}"*! : yo = 1}, is the question
of whether or not there exists such a representation (2.4) of & for which «, = 0 wherever
Z" ¢ K. Note that where the cone K C H|; is such that K N {0,1}""! = K U {0}, then for
each k € K*, we can multiply Z by k, and enforce that

0<k'Z=> ak"z" (2.5)

Clearly this constraint must be satisfied if there is indeed a representation (2.4) for which
a, = 0 wherever 2" ¢ K, since kTZ" > 0 for all 2" € K. But the converse does not hold,
since though kTz" > 0, Vk € K*, iff 2" € K, we may still have some of the a, > 0 even
where kTZ" < 0, and the sum can still be nonnegative, so long as the negative contributions
of a,kTZ", 7" ¢ K are offset by positive contributions from terms o, k72", z" € K.

We will see that these operators can all be understood as attempts to consider partial
sums of the sum (2.4) defining the vector Z, and to enforce membership in K for those
partial sums. That is, given the vector Z, they seek to find vectors ' such that there exists

a representation

I=)Y a2z, a>0 (2.6)

for which

=Y az (2.7)
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for some 7' C L. (We will see, however, that none of these operators is actually guaranteed
to find such vectors Z’ so long as we insist on the a > 0 requirement. But if this requirement
is eliminated then such vectors can be found.) The operators then multiply these vectors
by k € K* and enforce that

0<k'? = > k7. (2.8)
reTCL

Naturally where this is repeated over T1,...7T; C L satisfying 77 U ---UTj; = L, then
(even where we cannot ensure that the representation is via an « that is > 0) we obtain
considerably stronger conditions than the original

0<k'Z=> ak"z" (2.9)
relL

(One way to think of partial summation is as an extended version of abstract disjunctive
programming, in that the partial sums are meant to belong to the cone of particular subsets
of the integer points. We will see more on this later.)

In the extreme case where the sets T; each contain exactly one element r € L, by the

definition of K we obtain
0<k'd =a,k'Z", Vk€e K* = o, >0only if " € K (2.10)

and even without a general apriori assumption that o > 0, we still have eg € K* and

el’Z" =1 Vr, which implies that in this case o > 0 Vr. So if this were to be repeated for

all elements r € L then this would indeed guarantee that & € Cone(K).

2.1.2 N and N*

To obtain the partial sums we first construct the expression

> .z (2 'm, a >0 (2.11)
relL

where m is a vector that satisfies
(" T'm e {0,1}, Vre L (2.12)

so that
Z QTET(E’")Tm = Z a2, a>0. (2.13)

rel r:(Z2")Tm=1

Conceptually there are two steps in the procedure. The first is to figure out what the matrix

>z (Z), a>0 (2.14)
relL
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looks like, and the second is to find vectors m such that
(2")'m € {0,1}, Vr € L. (2.15)

The convexification operator (in conic form) N°, and the Lovasz Schrijver operators N and

N7 both use

{e1,...,en,e0 —€1,...,60 — €} (2.16)

as the vectors m. It is easy to see that these all satisfy (z")Tm € {0,1}, Vr € L.

Lemma 2.1

S @) a= Y aF (2.17)

rel rel:s;er
S @@ e—e)= Y i O (2.18)
relL rel:s;¢r

All three of these operators check for each ¢ = 1,...,n, that the part of x made up of
linear combinations of vectors z” where each 7 contains s; (so that zi = 1) belongs to K,
and that the part of £ made up linear combinations of vectors z" where each r does not
contain s; (so that z = 0) belongs to K.

The difference between these operators lies in the other conceptual part of the procedure,

namely how to characterize the matrices

Y=> az(E)", a>0. (2.19)
reL

The convexification operator NY notes the following.
1. Yeo = er vz =
2. Yi; = Yo=Yy, (since for all r, z{, = 1 and (2})% = 2})

(2

The N operator notes additionally
3.y =YT

(It follows from Lemma 1.42 that with this addition the matrices of the form

> oz ()" (2.20)

rel

are completely characterized.) The N operator adds the further requirement

4.Y =0
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It should be noted that this is still not enough to characterize the matrices

V=Y 0oz ()", a>0 (2.21)
rel

completely (positive semidefiniteness is a necessary but not sufficient condition for subma-
trices of W? (Definition 1.23) to correspond to projections of vectors in x € H (Definition
1.31).

The conclusion is that these three operators are all of the same type. All of them

seek to break up x into the same °

‘pieces” (partial sums), and then check those pieces for
membership in K. The difference is that N and N1 do this more rigorously. They observe
that not just any vectors can serve as these pieces of x; those pieces are interrelated, and
they place constraints accordingly.

The N (K, K') operator is a strengthening of the other type. Instead of multiplying the
matrices Y by {e;} and {ep — e;}, and checking for membership of the product in K, it
multiplies by vectors generating a cone (K’*) that includes the vectors {e;} and {ey — e;}
(subject to the condition that Cone(K) C K’). The strongest such choice is generally
N(K,K) as K is typically the smallest cone we know of (with a polynomial time separation
oracle) containing Cone(K), and so it will yield the largest K’*. The problem, as was

pointed out by Lovasz and Schrijver, is that even if polynomial time separation oracles

exist for K and K', there is no guarantee that one exists for N(K, K').
2.1.3 Reinterpreting N
The N operator is a bit more interesting.
Lemma 2.2 Let M! denote the set of vectors m that satisfy
(ZYVI'm e {0,1}, Vre L (2.22)
The cone generated by the elements of M is the cone generated by
{ej,eo—e;:i=1,...,n} (2.23)
i.e. the vectors of M"' can all be generated from the e; and eq — e; vectors.

(Actually, there are no vectors in M! other than e; and ey — e;, but we have no need to

prove that.)

Proof: Any vector that has a 0,1 dot product with every z" must belong to the polar



Analysis of the Operators 41

of the cone generated by the vectors z", and we have seen already (Lemma 1.46) that this

cone is generated by {e;,eg —e;:i=1,...,n}. O

So there are no other (relevant) vectors in M besides e; and eg — e;. But observe that

for a matrix of the form
V=> z(Z)", a>0 (2.24)
relL
the j’th column is
Yej = Z 2" (Z)e; = Z ayz" (2.25)
relL reL:s;er

which is the partial sum of x over the lattice elements containing s; (i.e. over the points in

{y:y € {0,1}"*1 yo = 1} for which y; = 1). Moreover, the i, j entry of that matrix is

eiYe; = Z apZ; = (2.26)
rcL:s;er
P (2.27)
relL:s;,s;€r

by the definition of the vectors z". Considering that each
zi= Y o (2.28)
relL:s;er

and

0= o (2.29)

rel
it therefore makes sense to think of each x; as a partial sum of zg, and then

Y = Z a, (2.30)
reL:s;,s;€r
is also a partial sum, which we will denote z4,3u¢s,}, or more briefly as z; ;, as it similarly
represents the contribution to zg of those c, where r contains both s; and s; (i.e. of those
points with a 1 in positions ¢ and j).
But then there is no reason to settle for defining only variables x; ;. We can define

variables for other partial sums as well.

Definition 2.3 Given x =3 ,c; o 2", for each q € L define
Ta= Y o (2.31)
reL:qCr
Where we are given T but not o, there can be many possible choices for x4. Note that
technically x4 is a function of «, but we will usually suppress the dependence notation, and

write merely x4. Denote the vector in RY with each q’th coordinate equal to Tq aS .
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Lemma 2.4

Tisy = Ti (2.32)
xg = Zo (2.33)

and therefore x is a lifting of . O
Clearly, as representations & = > .. 2" are not unique, neither are the possible

choices for x,. Ideally we would like to restrict ourselves to choices for z, that arise from
representations in which a > 0, but as we noted, we do not have any guaranteed way of
doing this. For the case of z", however, we know exactly what the new variables will look

like when « is constrained to be > 0.

Lemma 2.5 For all p € L, there is a unique representation
P=> i a>0 (2.34)
relL
namely, ap =1, a, =0 Vr #p. Thus for q € L, the unique choice for 2l (w.r.t. represen-
tations o > 0) is
1:qC
P = =P (2.35)
0: otherwise
Proof: This says that the vectors z" are the extreme rays of the cone they generate. To
see this, consider

7= oz, a>0 (2.36)
rel

and assume that at least two coefficients ay,, o > 0 (if only one coefficient is positive then
the result is trivial). We must have
Y ar=zh=1 (2.37)
relL
Since zP # 29, there must be some u € L such that, say, 2/ = 1 while zZ = 0, so by
construction we would have

O<ap§2ar§Z:§Z§ Z ap=1—-a,<1 (2.38)
rel reL,r#q

contradicting the fact that z' is a 0,1 vector. O

(Note that a similar statement to that of the lemma would hold for any set of 0,1 vec-

tors all of which had a 1 in some given location.)
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Now that we have generalized the lifted variables of the N operator, we will construct a
related generalization of the matrices Y. The original matrices Y had a j’th column for each
partial sum of = taken over the lattice elements containing s; (i.e. over the points in {y :
y € {0,1}"*1 yo = 1} for which y; = 1). For a given [ > 1, for each q € L, |q| < I, we will
now append a column to Y representing the partial sum of x taken over the lattice elements
containing ¢ (or, in other words, corresponding to the points in {y : y € {0,1}""! yo = 1}

for which y; =1 for each j € {1,...,n} : s; € q).

Definition 2.6 Given T =3,.; o,2", define the matriz X'(Z) to be the matriz with rows
corresponding to the empty set and to each singleton s1, ..., Sy, and a column for each ¢ € L

for which |q| < 1 where the q column of X' () is defined to be

> o (2.39)

reL:qCr

Again, where we are given Z but not a there will be many possible matrices X!(Z). As
above, technically X! is a function of . If the dependence is clear, though, we will suppress

all dependence notation and write simply X'.

Lemma 2.7 Where p,q € L, |p| <1, |q| <1 then given a representation T =) .o 2",

X}, = xpug. (2.40)
Proof:
leo,q = Z arZz, = Z Qr = Tpug U (2.41)
reL:qCr reL:qCr,pCr

So the expanded matrices generalize the rule
Yij = 2{s)0(s;)- (2.42)

Lemma 2.8 Given T = 3,y a,z", then where x € RL is an in Definition 2.3 and 2" is

as in Definition 2.5,

x = Z a2 (2.43)

rel

Proof: This is a direct consequence of the way that we constructed the expansions of the

vectors. For any q € L,

Zarzg = Z ap =x4. 0 (2.44)

rel reL:qCr
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Definition 2.9 Given & = ., o,2", define the matriz X (Z) € RE*E to be the matriz

with a row and a column for each q € L where the q’th column of X is defined to be

Z a2’ (2.45)

relL:qCr

Let X' (%) be the square submatriz of X (Z) with rows and columns corresponding to q € L :

lg| < L.

Again, where we are not given «, this matrix is not defined uniquely by Z, and again we
will suppress all dependence notation where it is not needed for clarity, and write simply X

and X'.

Consider now that for any q € L,
{rEL:qgr}:{reL:lzzg:(zr)Teq} (2.46)
where e, is the ¢’th unit vector in RY. Thus

Xeg = Z ayz’ = Z ayz’ = (2.47)

reL:qCr reL:(z")Teq=1
Z 2" (2" ey (2.48)
rel

Since this is true for all ¢ we conclude

Lemma 2.10
X = Z a2 (27T O (2.49)
rel

This generalizes the n + 1 x n 4+ 1 matrices Y from above. It is also clear that
Xp.q = Tpug (2.50)

so that this is the matrix that Lovdsz and Schrijver denoted W2, and that X' is made up
of the first 1 + n rows of X'.

Note also that given any choice of x € R, since we have seen already that the vectors 2"
form a basis of R”, there is an o such that z = > rer 02" (though we have no guarantee that
a > 0). So we can always add new variables corresponding, say, to all ¢ € L : |¢| < [+1, and
then we can use those values to fill in the entries of X!, and be guaranteed that the resulting
matrix is made up of the first 1 +n rows of X' for some representation 7 = ", a,2", i.e.

we can be sure that the resulting matrix is in fact of the form X!. Formally,
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Lemma 2.11 Given G C L, and J = {pUq : p,q € G}, and a vector & with coordinates
corresponding to J, say that the square matriz A with rows and columns corresponding to
G satisfies

Apg = Zpugs Vp,q € G. (2.51)

Then, where hat indicates projection on the J coordinates, and tilde indicates projection on

the G coordinates, there exists an o € R (not necessarily unique) such that

E=> a2 (2.52)

rel

and

A=) a7 (). (2.53)

rel
In particular, for any selection of numbers x4, |q| < [+1, the matriz with rows corresponding
to the empty set and the singleton sets, and columns corresponding to each r : |r| <1, whose
u,v entry is Tpug 15 a matriz of the form X!, Note also that where 3 is a vector with
coordinates q : |q| < 1+ 1, the matriz X' is a unique function of & (regardless of o).
Similarly, where & is a vector with coordinates q : |q| < 2l, the matriz X' is a unique

function of . O

(Note, however, that despite the formal functional dependence, we will usually suppress the

dependence notation.)

Thus where we have added sufficiently many coordinates to Z to write the matrix X'
we are assured that this matrix is the first 1 + n rows of

> oz (2" (2.54)

relL

where Z" is the projection of 2" to the coordinates ¢ € L : |¢| < [, for some a.

At this point we are no longer restricted to the vectors e; and ey = e; to obtain partial
summations. In fact, for the full matrix X = 3, o, a,-2"(2")T, the rows m,, of the Mébius
matrix of the lattice L satisfy

(2" 'my = 6y (2.55)

and therefore Xm,, is the partial sum made up of a single contribution, namely o,2".

We have seen in the previous chapter (expression 1.130) that the vectors mlwv) all satisfy

(mlhT2r € {0,1}, Vre L (2.56)
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so those among these vectors whose nonzeroes are all in coordinates ¢ : |¢| < [ will satisfy
(e hT'zm e {0,1}, Vre L (2.57)

where the tilde indicates projection to the coordinates ¢ € L : |g| < [. Specifically, all
mlevl : Ju| < 1 qualify.

Lemma 2.12 Let * = ), crpa;2" where the double bar, as usual, indicates that these
vectors have coordinates corresponding only to the empty set and singletons. Then where
u,v € L, |v| <1,

Xl = N a2 (2.58)

reL:u=rNv

where the tilde symbol indicates that the vector has coordinates corresponding to q € L :

lg| < L.

Proof: The matrix X! is the first 1 + n rows of X!, which satisfies

X'=> 027" = (2.59)
relL
Xl =3 a,z(27) Tl (2.60)
relL
But by construction
()Tl = () Tmle) = (2.61)
SToml= Y mp= Y mp= (2.62)
teL:tCr teL:tCrtCuv teL:tCrNu
(Z""YVmY = Sy = (2.63)
Xl = 5™ a2, (2.64)
reL:u=rNv

Taking projections on the first 1 4+ n rows gives the lemma. O

Corollary 2.13
(Z e RM:3X! st. Xl e K} =

{Ze R :3ac Rl sit. 7= Z arzZ" and Z az" € K} O (2.65)

reR reL:u=rNv
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The intersection of the sets (2.65) over all m[“Y, |v| < I is N'(K). Note that where
u C v, the set {r € L : w =r Nv} are those r that from among the s; in v, contain exactly

those s; that are in u. For example, if

u = {817 82}7 v = {Sla 52,53, 84} (266)

then {r € L : w = r Nwo} is the set of lattice elements that contain s; and s, but not s3 or

84. So the set
{reL:{si,s2} =rn{si,s2, s3,54}} (2.67)

is the set of lattice elements whose corresponding points in {0, 1}" have the configuration

(1,1,0,0) in their first four coordinates. In words,

Corollary 2.14 The set N'(K) is made up of those points in & € R'™™ for which a rep-
resentation exists, T = Y ,.cparz , such that for every subset of size | or smaller of the
coordinates 1,...,n, and every configuration of 0,1 values on each such subset, the part of
x (via that representation) made up of those z" that possess that configuration is a vector

belonging to K. O

Note that it is not actually necessary to consider every < [ sized subset of the coordinates.
It is easy to see that it suffices to consider merely the size [ subsets.
For any given u,v € L, u C v, consider the 0,1 points z" that have 1’s in their u

coordinates and 0’s in their v — u coordinates. These are those z" for which

[Tz II a-z)=1 (2.68)
S; €U S;€Ev—u
while for all other z" this product is zero. So therefore,
>ooow=> o | [[Z J] -7 |7 (2.69)
reLu=rNv rel S; €U S;EV—Uu

So by Lemma 2.12, demanding that
X'l e K (2.70)

is the same as demanding that

Sa | I]Z ] 0-2) |7 €K. (2.71)
rel S;EU Si€Ev—u
Notice also that for any k € K*,

oIz J] -2 ) k"2 >0} = (2.72)

Si€EU S;i€Ev—u
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{rou=rnu,kTzZ" >0} U{r:u#rnv} (2.73)

The inequality in the first expression is a valid polynomial inequality for all points z" € K.
So attempting to establish that those z" for which r : w = r N v that contribute to x satisfy
the linear inequality k72" > 0 is the same as attempting to establish that those z" that

contribute to x satisfy the polynomial inequality

S;EV—u

(H zi I a- zg)) KTz > 0. (2.74)
5;€u
This is reminiscent of the original definition given by Sherali and Adams for their procedure,
in which they linearize inequalities of this form. We will see more on this connection soon,
but we will not go through the motions of proving formal equivalence.

With this qualitative characterization of N in mind, let us compare N Z(I_( ) to the re-

peated N operator, N'(K). Let us first consider the case | = 2. Given Z € R"*!, then
T € N(N(K)) iff there exists a representation

7= a7 (2.75)

relL
such that for each i =1,...,n,
> a2 € N(K) and (2.76)
rel:s;er
> a2 € N(K). (2.77)

reLl:s;¢&r

But },cp.s,er 2" € N(K) itself means that there exists a representation

Y a =) 67 (2.78)

rel:s;er rel
such that for each j =1,...,n,
Z Brz" € K and (2.79)
reL:s;er
> 37 eK. (2.80)
reL:s;gr

The N2 procedure does not require the representation 3 to be the same as the representation

«, but if it did, then this would mean that for each ¢ and j =1,...,n,

Y wiZ ek (2.81)

reL:s;er,s;er
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> wi €K (2.82)
rel:s;€r,s;gr

Y wZ ek (2.83)
reL:s;¢r,s;er

> o eK. (2.84)

r€L:sir,s;&r
But this is exactly N2(K). The difference between the two is thus that N? insists that the
representations « and 8 must be the same, while N2 does not. It is thus possible that a
vector  for which no representation z = 3,y 2" exists that satisfies the four constraints
above may nevertheless belong to N?(K) so long as appropriate 3 representations exist.
The situation is similar for higher [ as well. Thus N! and N! both look for the same partial

sums, but N is far less consistent in the way that it constructs these partial sums.

2.1.4 Polynomial Constraints

Until this point we have been defining N with respect to integer sets that are construed
as the 0,1 solutions for systems of linear constraints. The following theorem shows that

polynomial constraints can be used just as well.

Theorem 2.15 Let K and K¢ be as in Definition 1.36. The polynomial inequality
> sl z=o0 (2.85)
Vd{l,...,n} eV
is valid for every Z" € K iff the linear inequality
> Bury >0 (2.86)
veEL
(where x,, is as in Definition 2.3) under the one to one correspondence
VC{l,....nfeovel:v= U{Sl} (2.87)
i€V

is valid for every x € K°.

Proof:

Z ﬂv H Ez = Z @,z; (288)

VC{l,...,n} eV veL
for every r € L, and (2.86) is valid for every z in the cone of z" € K€ iff it is valid for every

2" € K€ (since the z" are extreme rays of the cone they generate). O
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Thus in lifting Z to R” we obtain the opportunity to enforce a linear inequality for each
valid polynomial inequality (that does not involve powers other than 1) on K. Naturally,
so long as there are a sufficient number of rows defined in the (restrictions of the) matrices
X!, we will be able to enforce these linear inequalities on each column of the matrix as well.
(One can check that the linear constraints k72’ > 0, k € K* applied to the partial sum
column vectors T’ = X'ml®l correspond by this reasoning to the polynomial constraints
(Is,cu Zi Is,co—u(1 — 27))kTZ" > 0.) Thus for example if K is the set of solutions from

among {y € {0,1}"*! : yo = 1} to a system of quadratic constraints of the form

> Bigriz; >0 (2.89)
ij=0

and K is the relaxation of K defined as the set of points in R"t! that satisfies the constraints
(2.89) along with the constraints 0 < zj, < xg, h = 1,...,n, then the appropriate adaptation
of NY(K) is to form the submatrix X! with rows for the empty set, the singletons and the

doubles, and columns for each g € L : |g| <[, and to enforce the linear inequalities

> Bijwij >0 (2.90)

0]
on the vectors Xlmlwl, (The subscript indices “i” and “j” each refer to a lattice element,
“” to s; if i > 1 and to 0 if 7+ = 0, and similarly for “;”, and the index i, j refers to the
lattice element that is the union of the elements corresponding to ¢ and 7, so that 2,3 would
refer to the lattice element {s2,s3}, and 0,2 would refer to the lattice element {s2}, and
0,0 would refer to the lattice element ().) So where I = n and where z € R” is the (unique)
vector corresponding to X ", and x is represented (uniquely) as = Y,y o,2", then each
vector in y € {0,1}", corresponding to a lattice element r, is naturally a configuration of
0’s and 1’s in its n coordinates, and there is therefore some m[*“*! (as per Corollary 2.14)
such that X" mlwvl = a,zZ", i.e. the partial sum of & that is contributed by the single point

y € {0,1}" (where the hat indicates projection on the empty set, singletons and doubles

coordinates). So applying the constraints
0 < (X"mNy = a,55 = a, (2.91)
implies that a > 0, and then applying

0< Zﬁz’,j(f("m[u’v])i,j = Zﬁi,j(arér)i,j (2.92)
i i

for each of the constraints defining K ensures that either o = 0 or that 2" € K (where

the double bar indicates projection on the empty set and singletons coordinates), so that
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in either case

a,z" € Cone(K) (2.93)

which implies that & € Cone(K) as well. So this adaptation is also guaranteed to satisfy

N™"(K) = Cone(K).

2.1.5 Two Stepping Stones to the Lasserre Operator

Observe that N! makes no specific attempt at ensuring that the o representations satisfy
a > 0. We noted that we do not have as yet any tools that will guarantee this (for I < n),
but positive semidefiniteness can be used at least as a necessity condition. Based on the
above characterization of the difference between N and N' we can construct a new operator,
to be denoted N+t such that (N*)! is stronger than (N*)!, and such that (NT)! has the
same relationship to (N*)! as does N! to N'.

In addition to constructing the matrix X', this operator will also construct the matrix
X1 with columns corresponding to ¢ € L : |g| < I — 1, but with rows corresponding
to the pairs as well (so both of these matrices are determined by the same coordinates
Zq, q : |g| < 14 1). Notice that each column of the matrix, X'=1 and more generally
each vector y = )A(l_lﬁ%[pm, lg| < 1—1,is a vector with a coordinate for the empty set,
each singleton and each pair. Each such vector therefore uniquely determines a matrix WY
with WY, = yuuw where [uf, [v] < 1. This operator will, in addition to requiring that
Xlmlrdl ¢ K for all ¢ : |g| < 1, also require that all of the vectors y = Xi=tplpdl lg) <1-—1
satisfy WY = 0. Formally,

Definition 2.16 Let & be an expansion of the vector T with coordinates corresponding to
allq € L:|q| <1+1. Let X! and X' be as in Definitions 2.6 and 2.9 respectively, and let
X1 be the submatriz of X'=1 with rows corresponding to the empty set, singletons, and
doubles, so that both X'™1 and X' are unique functions of . Recall also that where T is
a vector with coordinates corresponding to the empty set, the singletons and the pairs, the
matriz W* is the (1 +n) x (1 + n) matriz with entries W, = Zpue, where |pl,|q] < 1.

Define the set (NT)(K) to be the set of points & € R""! that satisfy
1. 3z s.t. XY(2)mlPd € K, Vg with |q| <1 and
2. WXTH@mPY 0 g with || <11

Observe that (NT)L(K) = N*(K).
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(Naturally we could tailor the procedure to handle polynomial constraints by considering
matrices with more rows. The same will hold for the next procedure to be introduced. Note
also that we could have referred to the matrix W? as X?%(7).)

Let us now analyze (N1)! in the same manner as we analyzed N! above. Again let us

first consider the case [ = 2. A point z € N*T(NT(K)) iff there exists a representation

I=) a7 (2.94)

relL
such that for each i =1,...,n,
Z a,z" € NT(K) and (2.95)
rel:s;er
> a7 € NT(K) (2.96)

reL:s;¢r
and such that the corresponding expansion Z = )~ .7 a;-2" of Z to include pairs coordinates

(where 2z" is the expansion of Z" to include pairs coordinates) satisfies

W7 = 0. (2.97)

But Y, cr..er 2 € NT(K) itself means that there exists a representation

Y oa =) 67 (2.98)

rel:s;er rel
such that for each j =1,...,n,
Z Brz" € K and (2.99)
reL:s;er
Y B eK (2.100)
rcL:s;gr
and such that the expansion
y=>Y 67 (2.101)
relL
satisfies
WY = 0. (2.102)

As above the (N1)? procedure does not require the representation 3 to be the same as the

representation «, but if it did, then this would mean that for each ¢ and j =1,...,n,

> wZeK (2.103)

reL:s;er,s;er
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> wi €K (2.104)
rel:s;€r,s;gr

Y wZekK (2.105)
reL:s;¢r,s;er

> aF ek (2.106)

reL:s;¢r,s;¢r

(so this says exactly that there must be a matrix X? satisfying
X2l e K, Vg :|gl <2 (2.107)

as above,) and moreover the matrices determined by the vectors

> aZ and (2.108)
reL:s;er
>oooor” (2.109)
reL:s;gr

must be positive semidefinite. But (2.108) and (2.109) are just the column vectors X'e;
and X Leg — ej) whose entries are determined uniquely by X?2. Thus this says that the
matrices determined by the vectors X Liplpdl lg| < 1 must be positive semidefinite. But
this is now exactly (N1)? as we defined it. It is easy to see that the situation is the same
(by induction) for any [ > 2 as well. So, as above, the difference between (N*)! and (N 1)
lies in the fact that (N1)! is more consistent in the way it treats partial sums.

A still stronger operator, in some ways more in the spirit of N, would be obtained if

we constructed the full matrix X! and demanded X' > 0.

Definition 2.17 Let & be the expansion of T obtained by appending coordinates for all

q€ L:l|ql <2l. Thus X' is a unique function of &. Define
(NYYEK)={Z e R : 32 s.t. X'@)mlP9 e K, Vg: gl <1, X' =0} (2.110)
Observe that (N*)1(K) = N*(K).

The following theorem, which states that this new operator is stronger than (N*+)!, will

be proven later (Lemma 4.27).

Theorem 2.18
Cone(K) C (N*){(K) C (NHYK) O (2.111)
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2.1.6 The Lasserre Operator

Lasserre’s operator (as applied to 0,1 integer programs, see [Lau0l]) is a strengthening of
N* obtained by replacing the linear constraints of N* with the semidefinite constraints
suggested in the previous chapter’s discussion of N (K, K’). It can also be thought of as
generalizing the spirit of N*. Specifically, where, as above, we have expanded Z to the
vector Z with coordinates for all ¢ € L : |¢| < 2, 1 > 2, then the matrix X' is uniquely
defined. Moreover for any valid constraint (on K¢), k¥x > 0, (recall from Theorem 2.15
that these correspond to the valid polynomial constraints on K,) where k£ has nonzero
coordinates corresponding only to ¢ € L such that |¢| <[, and where k is the restriction of
k to those coordinates,
X' @)k =Y a2 (Z) k=Y (ar(z1)Tk) 2 (2.112)
rel rel
so for any x that belongs to the cone of K, and can therefore be represented as
Y aZa>0 (2.113)
rel:z"eK
we must have, for & corresponding to that representation,
X@k= > (a(F)Tk)Z, () Tk >0, ¥r (2.114)
rel:z ek
so that its projection belongs to Cone(K), and we can therefore enforce the necessary
linear(ized) constraints on the vector X'()k. This is the polynomial inequality version
of the N(K, K') operator applied to the matrix X!. But as we observed in the previous
chapter (Section 1.2.3), we can also conclude that the matriz implied by the vector X*(i)k
must also be positive semidefinite. If [ > 2 then the matrix whose rows and columns are
indexed by ¢ € L with |q| < L%j is uniquely determined by this vector. Moreover for any
mlevl |o] < | 4], where we represent T as 3_,c; a2", and where double tilde represents
projection on the coordinates ¢ € L : |g| < | £], we have (using the notation X*(z) to mean

the matrix with rows and columns corresponding to ¢ € L : |g| < t determined by the vector

z)
xlal(xX'(@)k) = 0 = (2.115)
0< (n%[“’“})T (Xt (xI(@)h)) m™ = (2.116)
(ﬁJ"’”})T (Z (ar ()T 2’“(2’”>T> " = (2.117)
relL
S @)k =KX (@)mln (2.118)

reL:u=rNv
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Thus the semidefinite constraints, X 3] (X!(#)k) = 0, dominate the linear constraints
ET XV (&)ml»v] > 0, where |v| < Léj

This gives the basic idea of Lasserre’s algorithm, but it is possible to be somewhat
more efficient in the number of variables we need to append in order to define semidefinite
constraints that can replace the linear constraints. The details are as follows. If 2" is the
projection of z" on the coordinates ¢ € L : |g| < g, for some g > 0, and kTz > 0 is valid
for the lifted K, then so long as we lift & to have coordinates for each ¢ € L : |gq| < t for
some ¢ > g + 2, then we will be able to define the rectangular matrix X () with columns
for each ¢ € L : |g| < g, and rows for each g € L : |g| < t — g. The vector X (2)k, with a
coordinate for each ¢ € L : |q| <t — g, is therefore defined, and since t — g > 2, it will imply
a square matrix with rows and columns for each ¢ € L : |¢| < Lt*TgJ, and we can demand
that this matrix be positive semidefinite (in addition to demanding that the square matrix

implied by & is positive semidefinite). Formally we have the following definition.

Definition 2.19 Let K¢ be the lifting of the set P C {0,1}" to {0, 1}\!| defined in Definition
1.36, and assume ki, . .., ky, € RY are such that K€U{0} is the set of integer solutions for the
system of constraints kI x > 0, where each k; is nonzero only in coordinates q € L : |q| < g;.
Assume 21 > max]", g;. Let the lifting Z of T be formed by appending coordinates for each
qel:|q <20+2. Foreachie {1,...,m}, define X(i) to be the matriz with entries fired
by &, with columns for each q € L : |q| < g;, and rows for each q € L : |q| <2l +2 — g;, and
define

XIS (X (2)ky) (2.119)

to be the (largest) square matriz we can generate from the vector X'(i)k;. Then where

20 > max", g;, the Lasserre operator (as per [Lau01]) at level | is defined by
La'({k1,... . km}) = {Z € R**" : 3¢ such that X'*1(2) = 0,
XIS (X @) k) =0, i =1,...,m} (2.120)

In particular, where g; = 1 then the square matrix implied by X(&)k; is X' (X% (2)k;)
which has a row and a column for each ¢ € L, |¢| < [. In the same manner as we saw
above, we will now show that constraining this matrix to be positive semidefinite will imply
that for every v € L : |v| < I, we will have &} X!ml[“*] > 0. Note first that had we lifted
Z by further appending coordinates for each ¢ € L : |q| < 41 + 2 to obtain the vector &,
then the matrix X?(z) will be the submatrix of the matrix X2+1(i) defined by its columns

q : |g| < 1. Thus where & is represented as >,.cy a,2", and where we denote the projection
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of each vector z" on the coordinates ¢ : |g| < 2]+ 1 as 27, and we let k; be the lifting of k;

obtained by appending coordinates for each ¢ : 2 < |q| < 2] + 1 all of value zero, then

Xi(@)k = X2 @)k = Y a2 ()i = Y (an(z)Thi) 27 = Y (en(Z)Thi) 27

rel rel rel
(2.121)

(where double bar indicates projection on empty set and singleton coordinates), and there-

fore where tilde denotes projection on coordinates q : |g| < I,

XX (@)ks) = Y (en(E) ki) 27 (21)T (2.122)

rel

so that positive semidefiniteness implies that for each v : |v] <,

0< (m[u,v}>T (XZ(XZ(.@‘)]@))) m[u,v] — (m[u,v})T (Z (Ozr(gr)Tk‘i) gr(ér)T> m[u,v] _
< (2.123)
> a(F) k= K (X'ml). (2.124)

reL:u=rNv

(The proof for the general case g; > 1 is similar.) This now proves the following theorem.

Theorem 2.20 As usual, let K C {y € {0,1}"" : yog = 1} and let K be a cone contained
in Cone({y € {0,1}"* : yo = 1}) such that K N {0,1}"** = K U {0}, and let K* be the

polar cone of K. Then the Lasserre operator
La/(K)={Z e R"': 32 s.t. X'"(2) = 0, X'(X(2)k) = 0, Vk € K*} (2.125)
refines N*(K). O

Note that where ki, ..., k,, generate K*, then, by (2.122), the latter condition is equivalent
to the condition X!(X (2)k;) =0, i =1,...,m.

This completes the survey and reinterpretation of the existing operators.

2.2 The Idempotents of V
Observe that the vectors [P are not the only ones in general that satisfy
mTz" € {0,1}, Vr € L. (2.126)

Say for example that n = 3 and that we have appended coordinates corresponding to each

pair, and consider the vector m
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\(7)1231,2 1,3 2,3
m‘OOOl 1 -1 -1

This vector is not of the form mP», lg] < 2, nor does it belong to their cone, but never-

theless one can easily see by inspection that it satisfies
mTz" € {0,1}, Vre L (2.127)

(where the tilde indicates projection on empty set, singletons and pairs coordinates).

The following lemma gives a characterization of the vectors with this property.
Lemma 2.21 Let the operator\/ be as defined in Definition 1.29. A vectorm € R satisfies
mT 2" € {0,1}, Vr € L iff m\/ m=m. (2.128)

Let G C L. Those vectors m satisfying (2.128) that have zeroes in all but their G coordinates

constitute the set of vectors that satisfy
mlsm e {0,1}, Vre L (2.129)

where the hat indicates projection on the G coordinates.

Proof:
m\/m =miff mTW* m =mT2", Vrc L iff (2.130)
mT2" (") 'm =mT2", Vr € L iff (2.131)
mT2" € {0,1}, Vr € L. (2.132)

Furthermore, a vector 7 satisfies (2.129) iff the vector m € R obtained by padding / with
zeroes in the L — G locations satisfies m”2" € {0,1}, Vr € L. O

Notice that given an expanded vector & with coordinates corresponding to the empty set,
the singletons and the pairs, the positive semidefiniteness condition W% = 0 is equivalent
to the infinite set of constraints

(E\/E)Tf >0 (2.133)

for every a € R (see Lemma 1.28).
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Lemma 2.22 Let J C L be the collection of lattice elements q : |q| < 2 (i.e. the empty set,
the singletons and the pairs) The expanded vector T with coordinates corresponding to J can

be represented as

=Y oz, a>0 (2.134)

iff for all vectors a € R such that a\/ a is zero in every non-J coordinate (a\/ a € Sp” in

the terminology of Definition 1.45), we have

((a\/a) \J)Taé > 0. (2.135)

Proof: The set of Z that can be represented as z = 3,y 2", o > 0 is the set H|; (where

H is as in Definition 1.31). By Lemma 1.56, the polar cone
(H|;)* = (H"). (2.136)
Since H* is generated by the vectors a\/ a, a € R* (Lemma 1.31), this gives the lemma. O
Thus positive semidefiniteness of W is the relaxation of the condition of the lemma to
only consider vectors a € Sp’, where I C L is the collection of lattice elements made up of
the empty set and the singletons alone (which guarantees a\/ a € Sp’ by Lemma 1.30). So

positive semidefiniteness could be strengthened if we were to test this condition on more

vectors a \/ a, a ¢ Sp’. In particular the idempotents
aESp‘]:a\/a:a (2.137)

satisfy a \/ a € Sp’ and therefore qualify. Thus positive semidefiniteness would be strength-

ened by insisting that for all such idempotents
alz >0 (2.138)

where the bar indicates projection on the J coordinates.

Example: Consider the idempotent m mentioned above at the beginning of the section,

and the expanded vector z

\(7) 1 2 3 1,2 1,3 2,3
Tz |1 5/6 1/3 3/4 1/6 3/4 1/4
m|{0O O 0 1 1 -1 -1
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The matrix W% =

o 1 2 3
1 5/6 1/3 3/4
5/6 5/6 1/6 3/4
1/3 1/6 1/3 1/4
3/4 3/4 1/4 3/4

w N R =

is positive semidefinite, but m”z < 0. O

Thus this test strengthens the positive semidefiniteness condition and is not specific to
any particular K. Notably this test can also be performed without appending any new
coordinates to Z. Obviously these vectors could also be used to multiply X! in the same
manner as m!P4, and we could then check the product for membership in K as we did with
mlpal

We will show now that there is a much more fundamental way to characterize these
vectors.

Recall that by Theorem 1.35, if # € R belongs to the cone H then there exists a
measure X on a measure space (2,), and sets 4; € W, ¢ = 1,...,n such that for every

rel,

1S, ET

X( N A,») =T, (2.139)

Lemma 2.23 Let x € R, and suppose that there exists a measure X on a measure space

(W), and sets A; € W, i =1,...,n such that for everyr € L,

1S, ET

X( N AZ») =z, (2.140)

Then for any vector of the form mlP4 we have

dmPd=x| N An (] A45). (2.141)
1S, €D Jj:8;€q—p
Proof: By elementary measure theory,

X( N 4n N A;?) = (2.142)

1:S;EP Jj:8;€q—p
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X( N 4an{ U AJ) ) = (2.143)

1:8,ED

1:8,ED J:sj€q—p

XN A —X( U (ﬂAmAj) = (2.145)

1:8,ED Jisj€q—p \1:5;€p

XN A|l- > X((ﬂ AZ-)mAj + (2.146)

1:8,EP J:s;€q—p 1:8,ED

> X((ﬂ Ai>mAjlmAj2)—---+--- (2.147)

J1:32:851 855, €9—P 1:8;€p

+(=1)* > kX( N 4n Ajm> — e (2.148)

J1see5Jk Sjm €4—P, m=1,..., 1:8,EP m=1,....,k

X( N 4n Aj) = (2.149)

1:5;EpP J:8;€q—p
Tp= D Tpugsy T D TpUlsUlsy) — (2.150)
Jis;€9—p J1,52:841 1555, €9—P
+(=1)k > TpUs;, JU-Ufsj ) — T T = (2.151)

J1sesJkiSjq o9y, €4—P

2TmPd o (2.152)

Corollary 2.24 Let x € RV, and suppose that there exists a measure X on a measure space

(Q,W), and sets A; € W, i =1,...,n such that for everyr € L,

X( N Ai) =2, (2.153)

i:S;ET

Then x € H.

Proof: Each v’th row, m?, of the Mdbius matrix is itself of the form m/ (where s =
U {s:}), and thus the lemma implies that x7m? > 0 as any measure is nonnegative by

definition. Thus Mx > 0 which implies that x € H. This proves half of Theorem 1.35. O

Definition 2.25 A collection of sets that is closed under finite unions, intersections and
complements is said to be an algebra. If it is closed under all countable unions as well then

1t 1s called a o-algebra.
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Definition 2.26 Let Q be a set. Given any collection of subsets {A1,..., Ay}, where n €
Zy U{oo}, the intersection of all (o-)algebras containing the sets {Ay, ..., An} is said to be
the (o-)algebra A generated by those sets.

For more details see Chapter 1 of [F99].

Lemma 2.27 Assume €2 is a countable set. The o-algebra A generated by the subsets
{A1, Ay, ...} of Q is the collection of all sets that can be written as countable unions of sets
of the form

AV =N A4n [ A4S (2.154)
% jez-v

for V.C Z (including the empty set), where Z is the set of positive integers. The sets of
the form (2.154) are referred to as the atoms of the algebra A. The o-algebra generated by
the finite collection, {Ay,...,Ap}, n < oo, is the algebra generated by that collection (and

in this case it makes no difference if Q is countable).

Proof: Sets of the form A" can be thought of as collections of points that satisfy a particular
assignment of membership in the sets {4;}, i.e. the points of Q that belong to a particular
AV are those that belong to exactly those A; such that i € V and to no other A;. Obviously
every point in {2 has exactly one such assignment, so each point belongs to exactly one such

set, and the sets are disjoint. Thus
o= (J 4" (2.155)

VAV £0

and the union is disjoint and countable (since {2 is countable by assumption). Obviously the
collection of countable unions of sets A" is closed under countable unions, and by (2.155) it
is also closed under complementations, and therefore under intersections as well. Moreover
for each A;, every w € A; belongs to some A C A;, so A; belongs to the collection as well.
We conclude that the collection is indeed a o-algebra containing {A4;} and it is clear that it
must be a subcollection of every o-algebra containing {A;}. Similar reasoning shows that
(regardless of the countability of ) the algebra generated by {A;,..., A}, n < oo is the

collection of all finite unions of sets
A= N An [ 4 (2.156)

iEeVC{l,...n} je{l,n}—V

which is the o-algebra described above, as the collection of sets A" is finite in this case. O

Theorem 2.28 For any x € H, and corresponding

QW X), and {A1,..., A} CW (2.157)
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every set in the algebra A generated by {A1, ..., A} has X measure equal to m*x for some

vector m € RV satisfying
mT2" € {0,1}, Vr € L. (2.158)

Conwersely, for every vector m that satisfies m” 2" € {0,1}, Vr € L, we have that mTx is

the X measure of some set in the algebra A.

Proof: Let s = {s1,52,...,8,}. Then by Lemma 2.23 and Theorem 1.35, each atom AV
has X measure equal to

2Tmsl = 2 Tm? (2.159)
where v = ;e {5}, and m" is the v’th row of the Mébius matrix. By disjointness of the

atoms, and the additivity property of measures and Lemma 2.27, the measure of any set A

in the algebra A generated by Ay,..., A, is therefore

Z me”:xT( Z m”) (2.160)

v:AVCA v:AVCA
and conversely any sum of the form (2.160) is the measure of the set that is the union of
the atoms that the sum is taken over. Note that there are 2" possible sets V' C {1,...,n}
corresponding to the 2" elements in L, and 22" possible sets A € A, one for each possible
collection of distinct subsets V' C {1,...,n} (or equivalently, one for each distinct collection
of lattice elements). So there is a one to one correspondence between the sets A € A and
the subsets of L, so that
{ Y m':AcAy={> m":TCL} (2.161)
v:AVCA vETCL
But by Corollary 1.34, the set of vectors that can be written as
>oom® (2.162)
vETCL

is exactly the set of idempotents of \/. O

Thus the vectors m that satisfy m?2" € {0,1}, Vr € L are the vectors that describe
the measure of sets in the algebra A in terms of z (z € H). For example, given x € H and

corresponding (2, W, X)), and {41,...,A,} C W, the measure of the set
(Af N Ag) U As (2.163)

is, in terms of z,

L{sa} — T{s1,s2} + Tlsg} = T{sq,s3} + L{s1,52,53} (2.164)
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so the corresponding m vector (where {s;} location is denoted %) is

‘(Z) 123 1,2 1,3 2,3 1,23
mloo 11 -1 0 -1 1

Observe now that though we defined z, for all ¢ € L as

Ta= Y, o (2.165)

reL:qCr

which is a partial sum of

= o (2.166)

relL

such identifications define only a small subset of the collection of possible partial sums of

(2.166).

Lemma 2.29 Given

reRl iz = Z 2" (2.167)
relL

the collection of partial sums of xg =) . 0 18
{Tm :m s.t. mT2" €{0,1}, Vr € L} (2.168)

Proof: For any g € L,
z'mi = a, (2.169)

so that the collection of all partial sums of xy is the collection of all numbers

zT ( > mq) . O (2.170)

qeTCL

So the partial sums of zy are just the measures of the sets of A (where x € H), and the
vectors m that satisfy m”2" € {0,1}, ¥r € L are the vectors that describe these measures
and partial sums in terms of z € RF.

Thus the central object of our concern, which is the partial sums, is in one to one
correspondence with the algebra A. The vectors m that satisfy m”2" € {0,1}, Vr € L,
which are also in one to one correspondence with A, are what allow us to describe the 22"

partial sums in terms of vectors in R*. A more natural approach would thus be to shift our
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focus from the lattice L to the algebra .A. We will do this by adopting a more comprehensive
expansion of the vector Z, raising its dimension to O(22") by introducing variables for every
partial sum of x and not only for those corresponding to the lattice elements of L. We
will also see that this more general framework can provide a natural way to describe and

analyze subsets of {0, 1}".
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Chapter 3

Algebraic Representation

In this chapter we will broaden the framework developed in the previous chapter by lifting
to O(22") dimensions. As we indicated in the Preface, the general idea that will govern
this lifting will be to append variables to encode every possible “description” of a vector
y € P C {0,1}". Logical properties of the set P could then find expression as linear
relationships between the new variables. Recall our example from the Preface in which
P had the logical property that for each y € P, wherever exactly one of the first two
coordinates of y has the value 1 then the third coordinate of y also has value 1. This
property, stated logically as y; XOR y2 = y3, could then be encoded as y[y; XOR ys] < ys,
where y[y1 XOR ys] is a new 0,1 variable encoding the “state” that y is such that exactly
one of its first two coordinates has value 1.

In the first section, drawing on the equivalence between logical expressions and set
theoretic expressions, we will implement this general idea in the form of a lifting that, given
P C {0,1}", assigns a variable to each subset of P. Each “description” of a vector y € P
will be thought of as the set of points of P for which that description holds, and will be
assigned a variable. In particular, each of the original variables y;, ¢ = 1,...,n, which
“describes” whether or not the i’th coordinate of y has value 1, will be thought of as the
variable y[{y € P : y; = 1}]. The lifted vectors can thus be thought of set functions on
the algebra of subsets of P, with the original vector (yi,...,¥y,) as the n function values
ylyeP:yi=1},i=1,...,n.

In the second section we will establish the connection with measure theory. In particular
we will show that, given P C {0,1}", a vector x € R" belongs to Conv(P) if and only if
that vector can be lifted to a set function that is a probability measure on the algebra of
subsets of P, i.e. if and only if there exists a probability measure y on the algebra of subsets

of P, such that for each i =1,...,n, x({y € P :y; = 1}) = ;. We will also indicate a way
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to generalize this result to the case where P is a countably infinite set.

Sections 3.3, 3.4 and 3.5 describe the basic mathematics that govern this lifting and
show how to use the lifting to characterize the convex hull of subsets of {0,1}" in a variety
of ways. The tools outlined in these sections will be used repeatedly in the later work.
The concept of “signed measure consistency”, in particular, which refers to the situation
where a lifted vector Z is “consistent with” (i.e. it can be lifted to) an additive (though not
necessarily nonnegative) set function (a “signed measure”) on the algebra of subsets of P,
will be discussed in Section 3.3, and will prove crucial in Chapter 4.

In Section 3.3 we will also describe, based on the measure theoretical characterization
of convex hulls of subsets of {0, 1}", a “proof by picture” method (essentially implicit in the
work of [LS91]), for establishing that a system of inequalities is convex hull defining for its
integer hull. We will also see in that section our first example of how an intelligent lifting
can be used to replace an exponentially large system of constraints with a polynomially
large system of constraints.

The “delta vectors” of Section 3.4 reflect the ways in which the measures of various sets
in the algebra can be used to identify the measures of other sets in the algebra. For example,
for any measure x, the measure x (AU B) = x(A)+ x(B) — x(AN B), so the measures of the
sets A, B and AN B determine the measure of the set AU B, and the relationship between
them is captured by the vector (1,1, —1) where the first coordinate corresponds to the set
A, the second to the set B and the third to the set A N B. It is important to note that
this relationship is independent of the specific choice of measure; it reflects a relationship
between the sets themselves. Given a collection of sets Q from the algebra of subsets of P,
the delta vectors ug(q), where ¢ is a set in the algebra, are the vectors that (in the same
manner as the vector (1,1, —1) of our example) describe how to obtain the measure of the
set ¢ in terms of the measures of the sets of Q. These vectors can be thought of as describing
the measure theoretical relationship between ¢ and the sets of @. We will see that the delta
vectors represent a considerable generalization of the m!P4 vectors (Definition 1.50) of the
previous two chapters. The m[P? vectors, which are essential to all of the algorithms of the
first two chapters, are in fact the delta vectors for a particular collection of sets Q from the
algebra of subsets of {0,1}", and a particular choice of sets ¢ in that algebra.

Section 3.5 presents a generalization of the delta vectors which will be useful in the
generalization of the Lasserre algorithm that will be described in Chapter 4.

In Section 3.6 we will discuss “measure preserving operators”. Let P C {0,1}", and let
T be a function that maps measures on the algebra of subsets of P (or vectors that are

consistent with measures, i.e. vectors that can be lifted to measures) into measures on the
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algebra of subsets of P (or vectors that are consistent with measures). Then considering
the equivalence between membership of a vector x in the convex hull of P, and consistency
with a measure on the algebra of subsets of P, we can validly constrain liftings Z of z by
demanding that T'(Z) also be consistent with a measure on the algebra of subsets of P. Thus
all constraints that can be applied to Z may also be applied to T'(Z). We will see that this
idea can be seen to underlie both the concept of partial summation developed in Chapter
2 as well as the methodology of the Lasserre algorithm. We will indicate in Section 3.6 and
in Section 4.2 of the next chapter generalizations of these two specifically, as well as other
directions that measure preserving operators may take. A full study of the effectiveness of
measure preserving operators, however, remains an object for future research.

The focus of the chapter, however, is not on the generalizations of the algorithms of
the previous chapters per se. It is on the development of a broader framework that can be

applied in the form of completely different algorithms.

3.1 Fundamentals

3.1.1 The Algebra P

Consider (y1,...,yn) € P C {0,1}". We would like to find a way to encode everything that
can be said about the variables y1, ..., yn, in the form of new variables. But first we have to
quantify the notion of a “statement that can be made about the vector y”, or equivalently,
a “state” that the vector y can have.

Note that a variable y; can be thought of as a boolean function representing the “state”
y; = 1. If y; is indeed 1 then the variable has value true, represented as 1, and if it is O then
it has value false, represented as 0. Thus in a similar manner we might introduce a 0,1

7

variable y; ; representing the “state” “y; and y; are both 17. Thus y; ; would be a boolean

function on y; and y; having the value
yi AND g (3.1)

where again true is represented by 1 and false is represented by 0. Similarly we might

7«

introduce y; or j representing the “state” “y; or y; are 17. Thus y; or ; would be a boolean

function on y; and y; having the value
yi OR g, (3.2)

Thus where the vectors y that we are considering belong to some P C {0,1}", the broad-

est definition of a “state” or of a “statement that can be made about y” is as some condition
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that holds on some subset of the possible vectors y € P C {0,1}". In principle there are
therefore “states” and “statements” corresponding to every subset of P, or equivalently, to
every boolean function on P (as for any subset of P we can define a boolean function that is
true exactly on that subset). The paradigm that we will be using is therefore to introduce a
new variable corresponding to every boolean function on ¥, or equivalently, to every subset
of P. Given y € P C {0,1}", for each subset of P there will be a variable corresponding
to the boolean function that holds true on exactly that subset, with that variable having a
value of 1 iff y belongs to that subset.
Observe that the subset of P on which the boolean function y; = 1 holds true is (natu-
rally enough) the set
{ye PC{0,1}" :y; = 1}. (3.3)

Definition 3.1 Denote the sets
{ye PC{0,1}":y; =1} (3.4)
by the name YiP. Denote Yi{o’l}n as just Y;.

Definition 3.2 Denote the subset algebra of P C {0,1}"™ as P. Denote the subset algebra
of {0,1}" as A.

Definition 3.3 Two sets U and V' contained in {0,1}" will be said to be P-equivalent if

UNP=VNP (3.5)

The most convenient way to interpret the new variables that we are appending is as
corresponding to the subsets of P, but they can also be understood as corresponding to
the logical statements that can be made about vectors in P, or as corresponding to the set
theoretic expressions that involve Ylp yenn ,YnP , as we will show now.

3.1.2 Logical Representation

Definition 3.4 A logical expression

O(y1,---»Yn) (3.6)

is an expression entailing the variables y1,...,Yn, and the operators AND, OR and NOT,

such that the expression defines a boolean function on {0,1}". For example,

8(y1,y2,y3) = NOT(y1 OR NOT(y2)) AND ys3 (3.7)
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1$ a logical expression.

A restricted logical expression

0F (1, - um), (3.8)

defined to be the logical expression 0(y1,...,yn) with the values {y1,...,yn} restricted to
belong to P C {0,1}"™, will be referred to as a “P-logical expression”. Similarly, a set

theoretic expression

O(Yi,...,Y,) (3.9)

1s defined to be an expression entailing the sets Y1, ..., Y,, unions, intersections and comple-

ments with respect to {0,1}™ that defines a set in {0,1}". The “P-set theoretic expression”

oy, ...,vF) (3.10)

n

is defined to be the expression © applied to the sets {Y;P}, but with complementation taken
with respect to P. Note that ©F(YF,... | Y,P) is a set contained in P.

Remark 3.5 Ezchanging y; with Y, i = 1,...,n, AND with N, OR with U and NOT
with complementation with respect to P yields a one to one correspondence between P-
logical expressions and P-set theoretic expressions. Moreover, the subset of P for which a
given P-logical expression holds true is exactly the set defined by the corresponding P-set

theoretic expression, and conversely.
Proof: The first part of the statement is clear. As for the second part,
{yeP:y=1}=Y", {yeP:(y; AND y;) =1} =Y," nY/, (3.11)
{y€ P (s OR gy) = 1} =Y UYS, {ye PiNOT(u) =1} = P-Y]  (3.12)
and the statement follows from induction. O
Corollary 3.6 For all set theoretic expressions, O(Y),
of(vr,....YP"y=0e(,....Y,)NP (3.13)

Proof: Where we denote the set theoretic expression that corresponds to 6(y) by ©(Y),

{yeP:0(y)=1t={ye{0,1}":0@y) =1}nP (3.14)
by definition, and by the remark,

fyeP:0(y)=1}=0"xF,....vF. O (3.15)
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Remark 3.7 The algebra generated by Y{¥,..., Y.l (where P is treated as the universal
set) is P.
Proof: The atoms of the algebra are the sets of the form
P P
N vwn N o) (3.16)
ieVC{l,...,n} je{l,..,n}-V

But each such set is exactly the intersection of P with the single point with 1’s in its
V' coordinates and 0’s in its other coordinates. So each such set is either empty, or is
composed of the single point with 1’s in exactly its V coordinates. Since there is such a

set for every V, it follows that the atoms are exactly the points of P (and the empty set

if P # {0,1}"), so the collection of all unions of atoms is the collection of all subsets of P. O

These two remarks imply the following remark.

Remark 3.8 Ewvery boolean function on P can be represented by a P-logical expression (not

uniquely).

Proof: We need to show that for every subset A of P there exists a P-logical expression
that holds true exactly on A. As in the proof of Remark 3.7, each subset A C P can be
written as the union of the atoms corresponding to the points of A. Thus A can be defined
by a P-set theoretic expression entailing Y;,...,Y,F and by Remark 3.5, the subset of P

on which the corresponding logical expression holds true is exactly A. O

Thus for every subset A C P there exists a P-logical expression 6% (y1,...,y,) that
(where y is restricted to belong to P,) holds true exactly for the points y € A. Equivalently,

there exists a P-set theoretic expression

oy, ...,y = A (3.17)

n

In general, for every subset @ C {0,1}", letting P = {0,1}" we see that there exists a
set-theoretic expression,

Oo(Y1,....Ya) =Q (3.18)

and by Remark 3.5
O, Y,\)=QnP. (3.19)

Definition 3.9 Two logical expressions 0(y) and ¢(y) are said to be equivalent if

0(y) = o(y) Yy € {0,1}" (3.20)
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i.e. if the subset of {0,1}"™ on which one holds true and the subset of {0,1}" on which the
other holds true are the same. The logical expressions 0 and ¢ will be said to be P-equivalent
if
0"(y) = 0" (y), vy € P < {0,1}" (3:21)
e if
{ye{01}":0(y) =1} NP={yec{0,1}": ¢(y) =1} NP (3.22)
Similarly, two set theoretic expressions O(Y) and ®(Y) (where Y represents an n-tuple of

sets) will be said to be equivalent if
OY1,...,.Y,) =o(1,....Y,) (3.23)
and they will be said to be P-equivalent if

ol ..., yPy=ol (v, ..., Y] (3.24)

n

Remark 3.10 Two logical expressions 0(y1,...,yn) and ¢(y1,...,yn) are equivalent if and
only if the corresponding set theoretic descriptions ©(Y1,...,Y,) and ®(Y1,...,Y,) define
the same set. Two logical expressions 6(y1, ..., yn) and ¢(y1,...,yn) are P-equivalent if and
only if the corresponding set theoretic descriptions ©F(Y{L, ... Y,P) and ®F(Y",...,Y,F)
define the same set, and this happens if and only if

OM1,...,Y,) NP =&(Y;,...,Y,)nP. O (3.25)

Thus two nonequivalent logical expressions may define the same boolean function (and
the same subset of P) so long as they are P-equivalent. P-equivalence of two nonequivalent
logical expressions means that if we restrict our attention to the vectors y € P then these two
expressions describe the same set. Equivalently, the corresponding set theoretic descriptions
in terms of {Y;7'} (with P as the universal set) define the same set. For example if all points
in P that have a 1 in their y; coordinate also have a 1 in either their ys or y3 coordinate,
then

v =y n"uyy). (3.26)

Thus all of the logical structure of P, i.e. the logical equivalences that are specific to the
vectors of P, is captured by the nonequivalent but P-equivalent expressions.

Given P C {0,1}", we will thus append variables to the vectors y € P corresponding
to every P-equivalence class of logical expressions (or alternatively, of set theoretic expres-

sions). These variables will be assigned a value of 1 where the logical expression holds for
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that point y (where y belongs to the set defined by the corresponding set theoretic expres-
sion), and 0 otherwise. In principle we could append variables for every {0, 1}"™-equivalence
class (i.e. every class of equivalent expressions), but for any point in P, P-equivalent ex-
pressions are all true or false together (they define the same set), so the variables assigned
to P-equivalent expressions would be assigned all the same value anyway.

Another important point to observe is that while it is convenient and intuitive to think
of the algebra P as the subset algebra of P, it can be viewed in a broader way as well. The
entire structure of P is determined by its atoms, and the only distinguishing characteristic
of the atoms of P in particular is the fact that a particular subset of them is empty. But
there is no significance to the fact that the nonempty atoms are comprised of exactly one

point, and that that point belongs to {0,1}".

Lemma 3.11 Let 11 be the algebra generated by sets Wy, ..., W, contained in some €2, and

let the atoms

N win [ W (3.27)
1€VC{l,...,n} je{l,...n}—-V

be empty iff the point y € {0,1}" with ones in exactly its V coordinates does not belong to
P. Then P is isomorphic to II.

Proof: Every set in II can be represented as a union of nonempty atoms of II, and as
the atoms are all disjoint, this representation is unique. Similarly every set in P can be
represented uniquely as a union of nonempty atoms of P. Let T' be the collection of subsets
of {1,...,n} that satisfy that the point with 1’s in exactly those coordinates belongs to P.
Then any A € P can be written uniquely as

A= U (Yr)yv (3.28)
VZ{l,.,n}:Ver
for some 7 C T, where (Y)Y are atoms of P. Similarly any W € II can be written uniquely

as

W = U wY (3.29)
VC{l,..,n}:Ver’

where WV are atoms of P, for some 7/ C T. Consider the function
f:P—-1 (3.30)

defined by
f(A) = f( U (YP)V) = U wV. (3.31)

VC{l,..n}:Ver VC{l,..,n}:Ver
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It is clear that this function is a one to one correspondence and that f(AUB) = f(A)Uf(B).

Moreover,

A% =7 ( U (YP)V) = U WY = (f(A)". (3.32)

VZ{l,..n}h:VeT—71 VZ{L,..,n}h:VeT—71

Thus f(ANB) = f(A) N f(B) as well, and f is an isomorphism. O

3.2 Zeta Vectors for P

The expanded vectors ((z) of the points z € P, where the coordinates of ((z) are indexed
by the sets p € P, therefore satisfy

((2)p = { bizep (3.33)

0 : otherwise

Our primary interest will be in vectors of this form, but these vectors can be put in a wider
context by noting that they are dual zeta vectors of the algebra P (or II) partially ordered

by inclusion.

Remark 3.12 The algebra P partially ordered by inclusion is a lattice. The dual zeta
vectors of this lattice are the vectors (1(P), where q € P, that satisfy
L:gCp

(€ (P))p = { (3.34)

0: otherwise

(These are the zeta vectors of the algebra ordered by reverse inclusion, see [Ro64[.) Thus
the expanded vectors ((z) are just the dual zeta vectors (1(P) where q is the set made up of

the single point z. O

Stated in terms of the more general framework, the vectors ((z) are the dual zeta vectors
C1(P) where q is the atom that corresponds to the point z, i.e. it is the atom that belongs
to each W; iff z; = 1.

Notation: The dual zeta vectors (" (P) are functions of P. Nevertheless, to avoid clutter
we will denote them simply as (" (and the expression ¢"(-) will generally be given a different
meaning) so long as it is clear which P they depend on. Also, although technically these
vectors are dual zeta vectors for the algebra ordered by inclusion, they are zeta vectors of

the algebra ordered by reverse inclusion, and we will refer to them throughout as just the
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zeta vectors.

The zeta vectors encode all of the inclusion relationships in the algebra. Observe that
each inclusion relationship can also be thought of as a logical implication valid for points

in P. For example, an inclusion
v nyy C (v uy)) (3.35)

means that for all points z € P,
zi=land 29 =1= 23 =1o0r z4 = 1. (3.36)

The following lemma shows how some set theoretic relationships manifest themselves as

numerical relationships between zeta vectors.

Definition 3.13 Define ST € P be the collection of sets in P that contain a single point (in
the wider framework, ST is the collection of nonempty atoms). For the case P = {0,1}",

denote ST as S.

Lemma 3.14 Let r C P be any nonempty set in P, then where u and v are sets in P, and

recalling that complementation is with respect to the universal set P,
LuCv=(, < ie (=1=( =1
2. (,=1=(.=0
8 Gy =1iff =1 and ¢ =1
putting these three together yields
4. ifuCv then (,, =1= ¢, =1= (). =0 and therefore
9. if u S v then ¢ = Cuny + Cunwe
and if r € ST then
6. ¢}, =1 iff (c =0 and therefore
7. ¢ = Cirw T Cuerw for all w and v in P.

Note that (2) holds not only for u and u® but for any any u and w such that uNw =0 (so
long as r # 0), but (6) holds in general only for w and u® The following generalization of

(7), however, holds for any mutually exclusive pair v and w (for r € S).
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8. Chuw = G + (i, and more generally
9. Cuuo = Cu G = Curo-

Proof: The first four statements are trivial from the definitions.

(5): If ¢ = 0 then clearly the right side of the equation is also 0. If ¢/, = 1 then by
(4), ¢e = 0= (Jrpe =0 (by (3)), and (], = ¢}, since u C v.

(6), (7), (8): We have already seen that in the case of r € ST, ¢ has the value 1 iff
the single point that constitutes r belongs to the set u. (In general, where r ¢ S*, if the
set r overlaps u but is not contained in u then neither u nor its complement will contain
r, but if 7 contains only one point then this cannot happen.) (6) and (8) are therefore a
consequence of the fact that a point belongs to a disjoint union iff it belongs to exactly one
of the elements of the union. (7) is a consequence of (3) and (6).
(9): Observe that uUv = uU (u®Nwv) and that w and u® N v are mutually exclusive. So by
(8),

woo = Gut Cuery = (by (7)) (3.37)

Cu+ ¢ — G- B (3.38)

The following theorem shows that for S*, property (8) can be turned around to provide
a sufficient condition for a 0,1 vector in R” to be a zeta vector for a set r € S”. More
generally we will show that (8), coupled with a nonnegativity constraint, defines the cone
of the zeta vectors of S¥'. Before we come to the theorem, however, we will need a claim,

but first we need a definition.
Definition 3.15 Given a vector x € RF, where r € P, define the vector xT™" € RF by

Xe = Xunr (3.39)

for all w € P. Vectors xF™" will also be referred to simply as x".
Claim 3.16 If x € RY satisfies that for all u,v € P we have

uﬂv:@jxuuvzxu—kxv (340)
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then for any r € ST and any u € P we have

Xr:T Cu
Xrow =14 , (3.41)
0: otherwise

In other words,

X7 =X ¢ (3.42)

Proof: If r C u then it is clear that x,ny = Xr, as 7 Nu = r. Note now that if a vector x

satisfies (3.40), then letting u € P, since we always have u N = (),

Xu = Xuud = Xu + X0 = (3.43)
xp = 0. (3.44)

Thus if r € u, then since r is composed of a single point,

rOu==0= xrmu=xp=0.0 (3.45)

Observe also that for arbitrary u,v € P, (3.40) implies (as in the proof of property (9)
above) that

Xulv = Xu T Xucnv = Xu T Xo — Xunwv- (346)

Notation: The set of all linear combinations of a collection {v;} of vectors will be denoted

Span({v;}).

Theorem 3.17 A nonzero vector v € {0,1}7 satisfies v = ¢" for some r € ST iff for all
disjoint u,v € P,
Yuv = Yu T Vo- (347)

Moreover, a vector x € RF satisfies that x € Span({¢" : v € STY}) iff for all disjoint
u,v € P,

1. Xuov = Xu + Xo-
The vector x belongs to the cone, Cone({¢" : r € SPY) iff it satisfies the additional condition,
2. x > 0.

The vector x belongs to the convex hull, Conv({¢" : r € ST'}) iff the additional condition
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3. xp=1.

holds as well. The vector x belongs to the affine hull Af({¢" : v € ST'Y) iff Conditions (1)
and (3) hold.

Proof: We will first prove the statement about the linear span and the cone, and then the
statements about the convex hull and the affine hull, and then the statement about the 0, 1
vectors.

It follows from Lemma 3.14 that any vector in the span satisfies condition (1), and any
vector in the cone clearly satisfies condition (2). As for the converse, note first that for any
u € P,

u= U (unr) (3.48)

resSt
where the union is disjoint, since S is the collection of all the single point sets and any set
is the disjoint union of the points that it contains. Thus by repeated application of (1),
Xu= D Xurr = D Xu "= xCl (3.49)
reSP reSP reSP
by Claim 3.16, and thus we conclude that
X= > x< (3.50)
reSt
and thus x belongs to the linear span of the zeta vectors of S¥, and if nonnegativity is
assumed, then it belongs to their cone as well. As for affineness, every affine combination x
of ¢",r € S must satisfy yp = 1, as (p=1, Vre SP. Conversely, if y satisfies condition
(1) as well as xp = 1, then by the reasoning above,
l=xp= > XPw= Y, Xr (3.51)
resSt resSt
and thus the combination that yields x is indeed affine, and if y is also nonnegative then
the combination is convex. Moving now to the case of the 0,1 vectors, notice that if xy > 0,
then for any u € P,
XP = XuUu¢ = Xu T Xuc = Xu (3.52)

so that
X #0= xp>0. (3.53)

Thus if v is nonzero and is a 0,1 vector that satisfies (1), then it must satisfy (2) and (3)

as well and therefore must belong to the convex hull

Conv ({g’" re SP}) c [0,1]”. (3.54)
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But since v is 0,1, and no 0,1 point can be a convex combination of other points in the

hypercube, we conclude that v must itself belong to the set {¢" :r € SF'}. O

Definition 3.18 A set function f : W — R! U {00, —oo}, where W is an algebra of sets
belonging to some universal set ), is said to be additive if for all disjoint sets u,v € W, f(uU
v) = f(u) + f(v). The function f is said to be o-additive if VW is a o-algebra, and for any
pairwise disjoint countable union of sets {u;,i > 1} CW we have f(Ui2q ui) = Yo fu;).
Obviously if W is finite then any additive set function is also o-additive. A o-additive set
function on W is also known as a signed measure on W. If f is also nonnegative then f
is said to be a measure, and if, in addition, f(2) = 1 then f is said to be a probability

measure.
For formal details, see, for example, Chapter 1 of [F99].

Corollary 3.19 The vector x belongs to the span of the zeta vectors of ST iff x, when
viewed as a set function on P (defined by x(u) = xu, Yu € P) is a finite signed measure on
P. The vector x belongs to the cone of the zeta vectors of ST iff x defines a finite measure
on P. The vector x belongs to the convex hull of the zeta vectors of ST iff x defines a

probability measure on P. O

Observe that the zeta vectors of the lattice L introduced by Lovész and Schrijver (Def-
inition 1.17) are projections of the zeta vectors {¢"({0,1}") : r € S} (recall that S = S
where P = {0,1}") on the sets of the form

N Y (3.55)

1eVC{l,..,n}

(recall that the sets Y; are defined by Y¥; = {y € {0,1}" : y; = 1}), and that the cone H
(Definition 1.31) is the cone of the projections of these zeta vectors. Recall that the terms
of the lattice L correspond to the subsets V C {1,...,n}, and that the zeta vector z¥ has a
1 in exactly those coordinates that correspond to sets W C V. If we rename the coordinates

according to the mapping

W — N Y; (3.56)
1€eWC{l,...,n}

then it is evident that the values assigned by z" to the original coordinates are the same
as those assigned by ¢"() to the new coordinates (where (V) is the atom corresponding
to the point with 1’s in exactly its V' coordinates). For example, if n = 3 and V = {1, 2},

then the zeta vector (2V)7 is
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0123 12 1,3 23 1,23
T 110 1 0 0 0

Renaming the coordinates according to the mapping (3.56), we obtain

{0,1}" Y1 Yo Y3 YinY: YiNnYs YonYs YinYanY;
1 1 1 0 1 0 0 0

LLO) (the zeta vector of the atom

and these values do indeed correspond to the values of ¢!
corresponding to the point (1,1,0), we suppressed the dependence on {0,1}" in the nota-
tion) in the indicated coordinates (as they identify the sets to which (1,1,0) belongs).
Thus this proves the following corollary, which is half of Theorem 1.35. The other half
of that theorem has already been proven in the previous chapter in a different context
(Corollary 2.24). Tt is also easy to derive the other half within the context developed here,

and it will be a consequence of Lemma 3.29.

Recall that A is the algebra generated by the sets Y;, ¢ = 1,...,n, ie. it is P where
P ={0,1}".

Corollary 3.20 Let L be as in Lemma 1.17 and let L be indexed by the subsets V C
{1,....,n}. Let H be as in Definition 1.31, and assume that the vector x € H satisfies
xg = 1. Then there exists a probability measure x on the algebra A such that for all
VC{l1,...,n},

X (ﬂ Y) = zy. (3.57)

%

Proof: If x € H, then its lifting x € R” is in the cone of {¢" : r € S}, and xy = 1,
after renaming coordinates, means that x(o1}» = 1. Theorem 3.17 now implies that x is a

probability measure on A. O

Observe also that the zeta vectors of the sets in ST are indicator measures; ¢" has value
1 for each ¢ that contains r and 0 for each ¢ that does not.

Until now we have been dealing exclusively with finite algebras, as P is a finite set,
and this will continue to be the case throughout the coming chapters. For the purposes of

future work, however, we remark that these results can be generalized to sets P of countably



Algebraic Representation 80

infinite size. In this generalization the notions of lifting and projecting are also replaced by

more general mappings to and from a different space.

Theorem 3.21 Let P C R} be countably large, and let P be the powerset of P (obviously
P is a o-algebra). For each pair of sets u,v € P define

¢“(v) = { brusv (3.58)

0: otherwise

(so that C* can be thought of as a 0,1 valued function on P). Let g be a function that maps
nonnegative real valued functions on P into the n dimensional extended reals, satisfying

g(ct#}) = 2 for every point x € P, and

g (i Oéﬂh‘) = iaz‘g(hi) (3.59)
iz1 i=1

for all series > ;2 a;h;, for which a > 0, each h; is of the form etz e P, and the
series is pointwise convergent to finite numbers. Then x is a measure on P satisfying
x({y}) < o0, Yy € P iff there exist nonnegative scalars A, for each y € P such that

X = A (3.60)

yeP

(where x is the pointwise limit). Note that the expression is well-defined since for each
u € P, every )\yC{y}(u) > 0. The set function x is a probability measure on P iff those
scalars can also be chosen such that 3 ,cp Ay = 1. Moreover x € R™ can be written as a
countable convexr combination of points in P iff there exists a probability measure x on P

that satisfies g(x) = x.

Proof: The assumptions of the theorem allow us to essentially reuse the demonstration
from the P C {0,1}" case. The key issue in what follows is the fact that an infinite series
of nonnegative terms is invariant under reordering (see, for example, Chapter 3 of [Ru64]).

If we have x = > cp AyC{y}, then for any pairwise disjoint sequence {u; : j > 1} C P,

X (G uj) = Z )\yC{y} (G uj) = Z Ay = (by disjointness of the u;)  (3.61)

j=1 yepP j=1 velUrZ, v
% = Z ST wy) = S x( (3.62)
j=1y€u; j=lyeP J=1

and x is clearly nonnegative, so x is a measure, and x({y}) = Ay < oo, Vy € P. If,
additionally, 3>, cp Ay =1 then

=Y W) =S =1 (3.63)

yeP yeP
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Conversely, if x is a measure on P with x({y} < oo, Yy € P, then for every u € P,

x(u) = x (U {y}) =" x{yh) =Y W wx(y}) = (3.64)

YyeU YyeEU yeP
x= > x({yhet (3.65)
yeP
and each y({y}) is finite by assumption and nonnegative since x is a measure. If, addition-
ally, x(P) = 1 then the expression above also implies that > cp x({y}) = 1. Finally, if

z € R™ can be written

= Ay, Ay >0Vy, Y oA =1 (3.66)
yeP yeP

then consider (what we now know is) the probability measure x = 2 yepr AyC {4} and note

that y is a nonnegative finite real-valued function on P. We therefore have
900 =g | 2 AW =3 A =3 Ay = (3.67)
yeP yeEP yEP

Conversely if there exists a probability measure x on P for which g(x) = z, then there exist

nonnegative scalars {)\ : y € P} with 35 cp A, = 1 such that

x =2 x¢t (3.68)

yeP

and, as above, Y is a nonnegative finite real-valued function on P, so

z=g(x)=g (Z AyC{y}) =3 Mgc¥) =3 Ay O (3.69)

yeP yeP yepP

One straightforward example is where P C Z7 (so P is countable) with g defined as
follows: Let
Y/ ={yeP:y>j},i=1,...,n, j=1,2,... (3.70)

then for any h: P — R, let g(h) be the point in R" (extended) with
lg(h))i =D n(YY), i=1,...,n. (3.71)
j=1

Remark 3.22 Another generalization of P, more in line with the prior development, would
be as follows. Let {F1,Fy...} be a collection of subsets of a countable set in R". Let P be
the o-algebra generated by {F;}. The role occupied by the points of P in the first statement
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of the theorem would now be played by the atoms of the algebra P. With regard to g
and the last statement of the theorem, assume P C R is in one-to-one correspondence
with the nonempty atoms of P, and that g maps the zeta function of any any atom to its

corresponding point in P. O

3.3 Measure and Signed Measure Consistency

Definition 3.23 Let Q C P be some subset of the algebra P, and let ¥ € RS have coor-
dinates corresponding only to those sets that belong to Q. Then X is said to be P-signed-
measure consistent if there exists a signed measure x on P such that for all ¢ € Q, the
signed measure x(q) = Xq (or, where X is written as a vector in R, the projection of x on
its Q coordinates is X ). If such an x can be chosen where x is a measure on P, then X will
be said to be P-measure consistent. Where P = {0,1}", P-measure and P-signed-measure

consistency will be referred to simply as measure and signed measure consistency.

Speaking loosely, the following lemma states that a vector x defined on some collection
Q of sets in P is (signed) measure consistent iff the (signed) measure that it assigns to every
set is the sum of the (signed) measures that it assigns to each of the nonempty atoms that

constitute that set.

Lemma 3.24 A vector Y € R (i.e. the coordinates of X correspond to the elements of Q)
is P-signed-measure consistent iff there exists a number X, for every r € ST such that for
each q € Q,

W= Y W (3.72)

reSP:rCq
(If 0 € Q then the empty sum that would therefore equal Xy should be understood to mean
that xg = 0.) The vector x is P-measure consistent iff these numbers can be chosen to be

nonnegative.

Proof: Clearly additivity requires that the (signed) measure of any set is the sum of the
nonempty atoms that comprise it. Conversely, suppose that there exist numbers %, r € ST
satisfying the condition, then define the set function x as follows. For each set u € P assign
xw)= > Xr (3.73)
reSP:rCu
Now for any two disjoint sets u,v € P,

uJv = U ruU U 7! (3.74)

reSP:rCu r'eSPrCu
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and the union is disjoint, so it is clear that y is additive and is therefore a signed measure.
If, in addition, those numbers ., € S are all nonnegative, then by this definition the set

function x is nonnegative as well, and is therefore a measure. O

Observe that P C A (recall that A is the subset algebra of {0,1}") and thus a set
function f on P can be thought of as a set function on A (i.e. a vector indexed by A) for
which we have identified only the function values of the sets that are also in P. But recall
that A is in one to one correspondence with the nonequivalent set theoretic expressions,

O(Y1,...,Y,), and that for every g € A there exists an expression
Oq,(Y1,....Yn) =q. (3.75)

Set theoretic expressions can be framed in terms of Y;-P as well, and recall that that same

expression framed in terms of Y, (with P as the universal set) satisfies
ofYr,....Y;F)=qnP. (3.76)

Thus a set function x’ on P has a natural representation as a vector x indexed by A, with

coordinates corresponding to every nonequivalent expression 0,(Y"), with value
Xe=X©O©F Y, ... ,v) =X (anP). (3.77)
Formally,

Definition 3.25 As a notational convenience and to create a more unified framework,

where @ C A is the collection of sets
q=0,Y1,....Y,), Vge Q (3.78)
and Q' C P is the collection of sets
¢ =0l r",....Y)), Vge Q (3.79)

we will allow ourselves to refer to set functions X' on P defined on the collection of sets
Q' C P by a vector in RS with coordinates corresponding to Q. This vector will be referred
to as “representation of X' w.r.t. @”. The value of the q coordinate will be the function value
on the set @5(YP) = qN P. Obviously such a vector can only describe a set function on P
if it assigns the same value to all of the P-equivalent sets in Q. Such vectors will be said to

be “P-set-function consistent”. Thus a vector X € R will be said to be P-(signed-)measure
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consistent (i.e. it describes a signed measure on P) if it is P-set-function consistent and if

the vector X' defined on the collection Q' € P with
Xognp = Xq» Vg € Q (3.80)
is P-(signed- )measure consistent.

The following lemma adapts Lemma 3.24 for the new definition of (signed) measure

consistency.

Lemma 3.26 A vector Y € R2 (where Q C A) is P-signed-measure consistent iff there
exist numbers x, for each r € ST such that for each q € Q,
Xe= D, X (3.81)
reSP:rCq

If these numbers are all nonnegative then x is P-measure consistent.

Proof: Two sets are P-equivalent iff they overlap on all of the atoms subset to P (i.e. on
ST). So if such numbers exist then the ¥ values for P-equivalent sets are defined by the
same sum, and therefore must be equal. Thus the vector Y’ defined on the sets Q" € P

where Q' is defined as the collection of sets

{anP:qe 0} (3.82)

for which
Ry =X d =qNP (3.83)
is well defined and satisfies (where ¢’ = g N P)
Xe =Xa= D, Xe= D, Xr (3.84)
reSP:rCq reSP:rCq
since any r € ST : r C ¢ also satisfies that » C ¢ N P = ¢ since every r € ST is contained
in P. As for the converse, if ¥ € R2 assigns the same values to all P-equivalent sets in Q,
and if the vector Y’ defined on the sets Q' € P as above is P-signed-measure consistent,
then there exist numbers Yy, for each r € S such that for all ¢ € @',
Xpy = >, Xr (3.85)
reSPrCq
Thus for each ¢ € Q, where we denote ¢ = ¢N P,
Xa=X¢= D x= ) X (3.86)
reSP:rCq reSP:rCq

by the same reasoning as above. O
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Lemma 3.27 Let Q@ C A, and let P¢ refer to the set {0,1}" — P. A wvector Y € R< is

P-measure consistent iff the vector
(X xpe) € RO (3.87)
obtained by appending the single coordinate x pe with value
xpe =0 (3.88)
15 measure consistent.

Note that we assumed in the statement of the theorem that P¢ ¢ Q. If P¢ € Q then x is

P-measure consistent iff y is measure consistent and is such that xpc = 0.

Proof: By Lemma 3.24, to show that (x,xpec) is measure consistent we need to show
that there exist nonnegative numbers x, for each r € § such that for each ¢ € Q, and for

the additional set P¢ = {0,1}" — P,

W= 3 x (3.89)

reS:rCq
O=xpe= > X (3.90)
reS:rCPe¢
But if ¥ is P-measure consistent, then we already know that there exist nonnegative numbers

X for each r € S? such that for each g € Q,

Xa= Y, X (3.91)

reSP:rCq
Recall that S* is the collection of all of the sets that contain a single point of P, and that
S is the collection of all of the sets that contain a single point from {0,1}". Thus S¥ C S,
and if we assign these values to the y,, » € S¥, and we assign a value of zero to each
Xry 7 €S — ST (ie. to each r : 7 C P¢) then both conditions will be satisfied. Conversely
if (X, xpe) with xpe = 0 is measure consistent, then there exist nonnegative numbers y, for

each r € S such that for each ¢ € Q, and for the additional set P¢ = {0,1}" — P,

X¢= D Xr (3.92)

reS:rCq

reS:rCPe¢
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By nonnegativity, the latter condition implies that for all r € § : r C P¢, i.e. for all

reS — 8P, we must have y,, = 0. Thus the first condition becomes

Xa= D X (3.94)

reSP:rCq

which implies that Y is P-measure consistent. O

Remark 3.28 By Definition 3.25, any set function defined on the sets @5(YP) can be
represented by the vector X indexed by the expressions ©4(Y'), and by Lemma 3.27, X is
P-measure consistent iff it is consistent with a measure x on A for which x(P¢) = 0. Thus
another way to think about P-measure consistency is as follows. Given a vector x indexed by
set theoretic expressions entailing sets Y| then X is P-measure consistent iff after renaming
the indices according to those same set theoretic expressions, but this time of sets Y;, the
vector X is A-measure consistent with a measure x for which x(P¢) = 0. (In particular, a
vector (x1,...,x,) € R™ belongs to Conv(P) iff there is a probability measure x on A for
which x(Y;) =z, i =1,...,n, and for which x(P¢) =0.) Thus for any P C {0,1}", given
any vector X indexed by set theoretic expressions entailing sets YiP , a necessary condition
for the P-measure consistency of x is that the vector X, when its coordinates are construed
as being indexed by those same expressions but of sets Y;, be A-measure consistent. Thus
A-measure consistency can be thought of as a relaxation of P-measure consistency. We
will see shortly that given A-measure consistency, it is, on occasion, a simple matter to
guarantee P-measure consistency as well. We will see in Chapter 4, however, that there are
circumstances in which A-measure consistency does little to contribute toward guaranteeing

P-measure consistency. O

Lemma 3.29 A vector X € R2, where Q C A is the collection of sets

q=06,M,....Y,), Vge Q (3.95)

18 measure consistent iff there exist sets W1, ..., Wy, belonging to some universal set ) such
that for some measure X on the algebra generated by Wy, ..., W,

X(OF(Wi,...,Wy)) = Xq, Vg € Q. (3.96)

(The superscript € indicates that € is treated as the universal set with respect to the set

theoretic expression.)

Proof: If y is measure consistent then the sets {W;} and measure X clearly exist (just
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let W; =Y; and Q = {0,1}"). Conversely, suppose that such sets and measure exist. By
Lemma 3.11 the algebra generated by {W;} is isomorphic to P for some P C {0,1}" (with
{W;} corresponding to {Y;"'}, and P corresponding to ). So all we need to show is that if

there exists a P for which the vector X’ defined on the collection Q' of sets
¢ =0 ", . .Y]), vgeQ (3.97)
such that
X = Xq (3.98)
is P-measure consistent, then x is measure consistent. But notice that x is just the repre-

sentation of ¥’ w.r.t. Q, so if ¥’ is P-measure consistent then so is x, and it is then trivial

from Lemma 3.27 that y is measure consistent as well. O

Putting Lemmas 3.27 and 3.29 together yields the following.

Definition 3.30 Let Q" C A be a collection of sets satisfying

1. There exists a vector X" € RS such that for any P-measure x (represented w.r.t. A),
Xq' = )2;,//, \V/q” S Q// (399)

2. Every measure X" on A that coincides with X" on Q" satisfies that

Xpe =0 (3.100)

so that a measure x on A is consistent with X" iff x is also a measure on P (represented
w.r.t. A). Orin other words, (since P-measure consistency implies measure consistency,)
a vector Y € R2, Q D Q", is P-measure consistent iff it is measure consistent and it
coincides with X" on Q". The collection Q" will be said to be a “P-measure test collection”,

and the vector X" will be said to be a “P-measure test vector” (“P-test vector” for short).

We could also generalize the notion of a test vector to a case where a vector y is P-
measure consistent iff it is measure consistent and its subvector on some Q" C A satisfies

some constraint.

Corollary 3.31 Let
Opc(Yy,...,Y,) = P, (3.101)

The vector X defined on some collection of sets Q C A defined by

{04(Y.....Y,): g€ Q} (3.102)

)
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is P-measure consistent iff there exist sets Wy, ..., Wy, contained in some ) for which some

measure X on the algebra generated by W1, ..., W, satisfies
X(OF(Wr,...,Wn)) =g Vg€ Q (3.103)

and

X(0%.(Wy,...,W,)) =0. (3.104)

More generally, if X" is a P-test vector defined on a P-test collection Q" C A,
{¢" =0, MY1,....Y,): ¢" € Q"} (3.105)

then the vector X defined on the collection of sets @ C A defined as above, is P-measure

consistent iff there exist sets W1, ..., W, contained in some Q for which some measure X
satisfies
X(OF(W1,...,Wa)) = Xq, Vg€ Q (3.106)
and
X(O5(Wi,...,Wy)) = X, ¥¢" € Q". O (3.107)
Observe that given sets {W1,...,W,} and a universal set (2, any measure X on any

o-algebra that includes the sets {W;} is also a measure on the algebra generated by the
{W;}. This corollary provides an interesting method for showing that a given description

of a set P C {0,1}" by linear inequalities is convex hull defining.

Lemma 3.32 Consider a set P C {0,1}" and a convex set T such that P C T, and let X"
be a P-test vector defined on a P-test collection Q" C A. Then T = Conv(P) iff for every

x €T we can find sets W1, ..., W, in some universal set ) for which
X(W;) =i (3.108)
where X is some probability measure on some o-algebra including {W;}, such that
X(0%(Wi,...,Wy) =X, V" € Q. (3.109)
Proof: A point z € R™ can be thought of as the set function x defined on the collection
Q={",....Y,} (3.110)

and it belongs to the convex hull of P iff it is P-probability-measure consistent (P-measure
consistency would guarantee membership in the cone). Thus by the corollary the set of

points in the convex hull is the set of points x for which we can draw the sets described.
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Thus the set T is contained in the convex hull iff we can draw such sets for every x € T.
But since we defined 7' to be convex and to contain P, we also have that Conv(P) C T,

and this yields the lemma. O

So if, for example we let €2 be the unit interval on the real line and we let X be Lebesgue
measure, then given a set of valid linear inequalities that hold on a set P C {0,1}", if those

inequalities are convex hull defining, we have in principle a method of proving it “by picture”.

Example: Consider the stable set problem with n nodes, and edge set E. Let the col-
lection of stable sets be denoted P C {0,1}". Observe that the set of points in {0,1}" — P
is exactly the set of points that have a 1 in positions ¢ and j for some {i,j} € E. Thus a
measure on A assigns a measure of zero to the points in {0, 1}" — P iff it assigns a measure

of zero to all intersections Y; NYj, {i,j} € E. So the vector X" defined on the collection

Q" ={Y;NYj:i,jst. {i,j} € E} (3.111)
with
Xy:ny; =0, ¥ sets in Q" (3.112)

is a P-test vector. Thus given a candidate convex set 1" such that
Conv(P) C T C0,1]" (3.113)

if we can show that for any point & € T we can draw n sets W; in the unit interval of
length x;, i = 1,...,n, such that the Lebesgue measure of each W; N W; is zero wherever
{i,j} € E, then we will have established that Conv(P) = T.! Observe that the conditions
that must be satisfied therefore for x € R" to belong to Conv(P) are exactly the following:

x € Conv(P) iff 3 probability measure consistent x defined on
Q={Y1,....Y,,,Y;nY;:{i,j} € E} with
Xy, =i, t=1,...,n and
Xv,ny; =0, V{i,j} € E (3.114)

Notice that beyond demanding that y be probability measure consistent, the only additional
requirements that y must satisfy in order for its projection on the Y; coordinates to belong

to Conv(P) are the |E| equalities

Xviny; =0, V{i,j} € E. (3.115)

! This fact is already implicit in [LS91] (putting together the “Remark” on page 186 with the character-
ization of Cone(F') on page 187).
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This establishes the following theorem.
Theorem 3.33 If a polynomial time separation oracle exists for the set
{X € R : X is probability measure consistent} (3.116)

where

Q={V,....Y,,.Y;NnY;:4,j=1,...,n} (3.117)
then P=NP.

It should also be noted that a polynomial time separation oracle exists for the set (3.116)

iff one exists for the set
{x € R2 : { is measure consistent} (3.118)

where Q = Q U {{0,1}"}.

Proof: Let P C {0,1}" be the collection of (incidence vectors of) stable sets of a graph
G = (N, E) with |N| = n. If such an oracle existed, then we could test whether or not a
vector ¥ € R? belongs to the set

V={xe€R%: (Xy,,..-,Xy,) € Conv(P)} (3.119)

by running the oracle on x and then checking the |E| equalities (3.115). Either both tests
will pass or we will have a violated (in)equality. Thus this gives a polytime separation oracle
for V. Since Conv(P) is a projection of V' a polytime separation oracle must then exist for

Conv(P), but this would imply that P=NP. O

Returning to the proofs by picture, and continuing with the assumption that P is the

collection of stable sets of a graph, let us say now that the graph is complete. The linear

inequalities
0<z;<1,Vi=1,....n (3.120)
n
> oa <1 (3.121)
=1

are clearly valid for Conv(P). To prove that they are convex hull defining we need only
show that for every x € R" that satisfies these inequalities we can draw n sets W; of length
xz;,it=1,...,n on the unit interval, such that no two of which intersect. But this is trivial:

consider

Wy = [0,1’1), Wy = [ml,xl —I—xg), Wy = ( xZ,le] (3.122)
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As > x; < 1, these sets clearly qualify. O

Example 2: Consider the set

n
P={ye{0,1}":) y> 1} (3.123)
i=1
and consider the linear relaxation
0<g; <1 (3.124)
n
> ai>1 (3.125)
i=1

By definition, a measure y on A assigns a measure of zero to the points that do not belong
to P iff it assigns a measure of zero to the points that violate the inequality > 7' ; y; > 1.
The points that violate this inequality are exactly those that do not have any coordinates

at value 1, i.e. the set (;_; Y. So the test vector is

XglffnmmY,g =0. (3.126)

Thus a vector x € R"™ belongs to Conv(P) iff we can draw sets W; of length z; such that
the length of Wi N ---N WY is zero, i.e. iff the sets W; cover the whole interval. Clearly if
the sum of the lengths is > 1 then this can be done. O

Example 3: Consider the set

P={ye{0,1}": > y;>1,i=1,....,m} (3.127)
JEA;
where each A; C {1,...,n}, or equivalently,

P = ﬁ U v (3.128)

i=1j€A;
Theorem 3.34 Suppose that the sets {A;} are pairwise disjoint, then the vector x € [0, 1]"
belongs to Conv(P) iff

=1, i=1,...,m (3.129)
JEA;

Proof: As above, by definition, a probability measure y on A assigns a measure of zero
to the points that do not belong to P iff it assigns a measure of zero to the points that
violate the inequalities that define P. These are the points that have all zeroes in their A;

coordinates for some A;. The test vector is therefore

X" ( N Yf) X)) YY) =o. (3.130)

JEAL JEAmM
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So we are looking for a probability measure that assigns a value of zero to these sets.
Equivalently, we are looking for a probability measure that assigns a value of 1 to each of

the sets Ujc 4, Yj, 1.e. a test vector can also be formulated as

X'(U Y),....X"(UJ v)=(@1....1). (3.131)

JEAL JEAm

Let © = [0,1] and let X be the Lebesgue measure (which is a probability measure on
Q). Rename the elements of each A; as i1,...,44,] (with any ordering). Given z € [0,1]"

satisfying (3.129), for each i = 1,...,m, draw sets W;, = [0, z;,], and

._1 N y
W — { DY TIPS DD IS | (3.132)

U Y
1=, 1] e o > 1

for j > 1. The fact that the {A;} are all disjoint implies that these definitions are consistent,
X(W;;) =z, for all ij, and by the constraints

| Al
U w,=Uw, :[o,ﬂ;»x(U Wj) =1, Vi=1,...,m. O (3.133)

JEA; Jj=1 JeA;

Example 4: Here we will use the set P of the previous example, but we will be look-
ing only for simple measure consistency on the collection {Y7,...,Y,, P¢}. The difference
between this example and the previous is that here we will not require P to have a proba-
bility measure of 0. We will see that in this case, if we consider only constraints entailing
variables exclusively from the collection (Y1), ..., x(Yy), x(P€), then an exponential num-
ber of constraints is required to establish probability measure consistency. We will also see,
however, that if we allow the constraints to entail some extra variables corresponding to

some other sets, then the number of constraints can be reduced to a polynomial quantity.

Theorem 3.35 Let x be a set function on A. Let s and t1,...,ts be nonnegative integers;

let every l;- C{1,...,n}; let every l;'» be distinct, and denote the value

X (U h Y;) (3.134)

i=1j=1

as xq. Consider the collection of set function values

{x(¥1), -+, x(Yn): Xq}- (3.135)

These values are probability measure consistent iff
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2.0<x,<1,i=1,...,n

3. xq < Xiq X(Y};(')) for all of the TI;_; t; possible choices of j(1),...,75(s) : j(i) €
7(3
(1, . ti}i=1,...,s

and the inequalities x4 < > iy X(Yl;(i)) are all facet defining for the polytope in [0,1]"*1 that
is defined by the system of constraints (1), (2) and (3). If, however, we append variables
{X¢;» @ = 1,...,8} (corresponding to the sets {q; = ﬂzlzl Yl;7 i = 1,...,8}), then the
collection {x(Y1),...,x(Yn), xq} is probability measure consistent iff there is an expanded

system of variables

(X(Yi)a---7X(Yn)7Xq17"'anS7Xq) (3136)

that satisfies
i. 0<x(Ys), Xg» Xq; <1, Vi
i Xg < X(Yz;) for each j € {1,...,t}.
i Xg, 2 S X(V) —ti+1
. Xq > Xq for each i€ {1,...,s}.
. Xg < 251 Xas

Proof: We will consider the latter case first. We will prove the theorem by showing that

we can find subsets {Wy,...,W,} of [0,1] such that the length of each set W; is x(Y;) and
the length of )
S i

W, = L:J1 j(jl Wi (3.137)

is xq iff constraints (i) — (v) hold. Define the sets ¢;, i = 1,...,s by ¢; = ﬂ;’zl Yl; All

the constraints stated are necessary since for any measure xy and any collection of sets

{Q1,...,Qmn} on which the measure is defined we have by the definition of measures

X < 5 Qi) < iX(Qi) (3.138)

and since x is a probability measure

m

X (ﬁ Qi) =1-x <6 Qf) >1-— ix(@f) = (@) —m+1. (3.139)
=1 1=1 =1

=1
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We will now prove sufficiency. By (i) and (iii) we have

t;
Yo = {0, Y x(Y) — 4+ 1) (3.140)
j=1
and by (iv) we have
Xq = max {Xq:} (3.141)
i=1,...,8

and we therefore conclude that

Xg > max {max{o,zi:x(yl;) —t + 1}} . (3.142)

=1,...
1=1,...,8 =

Similarly by (i), (ii) and (v) we conclude that

Xq < min {1, Z.lemi.?ti{X(Y;?)}} : (3.143)

17

These provide the upper and lower bounds on the values of x, allowable by the constraints.
Since these constraints are necessary in any measure space, so where the Lebesgue measure

of a set W C [0, 1] is denoted X (W), we similarly have that

t;
X(Wy) > max {maX{O,ZX(VVZ;) —t + 1}} (3.144)
1=1,...,s =1 J
and .
X(W,) < min {1, ;j_ﬁ_r_{ti{X(mé)}} : (3.145)

We will show first that we can draw sets Wi,..., W, in [0,1] of lengths x(Y1),...,x(Yx)
for which the length of X (W,) will meet these upper and lower bounds. We will show this
first for the lower bound. Define the sets

t;
Wo ==\ Wy, i=1,....s. (3.146)
J
Jj=1

The idea here is that the length of W, will be minimized by minimizing the length of each
W,,, and then placing all of the sets {IW,,} on top of the longest one of them. Each W,, is
minimized by distributing the sets VVl; as disparately as possible. Specifically, draw I/Vl% as
the interval [0, X(Yli))v then draw W1 as the interval

(Vi) x(¥a) + (Vi) (3147)
where x(Yj1) + x(¥j1) < L. If x(Yi2) + x(¥j3) > 1 then draw it on

(V) 1 U0, x(Y) + x(¥;y) — 1) (3.148)
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etc. Continuing in this manner for all ¢; sets M/ljl, we will make some number (< ¢;) of passes
over the interval [0, 1], and the number of sets M/l]l to which any point in [0, 1] will belong
will be the number of times that we will have passed over that point using this procedure
(since no one set can pass over a single point twice). Thus the set of points that will belong
to all ¢1 sets is the set of points that are covered by the ¢;’st pass over the interval [0, 1],
and this set is empty unless we make more than ¢; — 1 passes over the interval. If there is,

in fact, a t;’st pass, then the size of the set covered in that pass is

t1
> x(Yn) = (ti—-1) (3.149)
=1
and therefore the size of Wy, is
t1
max{0, Y x(Yp) — t1 + 1}. (3.150)
J
j=1
Moreover, the set W, is the interval
0, X(W,,)). (3.151)

Since the {l;} are all distinct we can repeat this for all ¢;, ¢ = 1,...,s, and the length of
W, will thus be

‘max {max{(), i: X(Y};) —t + 1}} . (3.152)

i=1,...,8 e
The largest length, on the other hand, that the set W, could attain would be obtained
by maximizing the length of each W,, by placing all of the VVZ; for a given ¢ on top of the
longest one, and then by distributing the sets W, as disparately as possible, as above. The
length thus obtained for each W, will be
min, {x(¥p)} (3.153)
and the length for W, will be
s
min {1, ‘lemiurnlvti{x(}ﬁ;-_)}} : (3.154)
i=

17

It isn’t hard to see that any length in between is possible as well, and thus all values for
X(Y1),...,x(Yn), xq allowed by the constraints correspond to the lengths of actual sets in
[0, 1] and these values are therefore measure consistent.

We have now proved the second half of the theorem, but to make the argument more

concrete, consider the following numerical example. Suppose we are given the collection

{x(1), - x(Yo), xg = x(V1NYaNY3) U (YaNYs NYs) U (Y7 NYsNYo))}  (3.155)
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with values

o= o= o= o= o= o= o=
SO S S S X

S RSN T B SR— JEN

(Y1)
(Y2)
(¥s)
(Ya)
(¥s)
(Ys)
(¥7)
(Ys)
(Yo)

=

The lower bound (3.142) for x, allowable under constraints (i) — (v) is

3
> i) —
Xq > max, {maX{O, 2 x(Vi) =2}

j=1
Draw sets
Wi | 0,.7)
Wa | [7,1]U 0, 3)
Ws | [.3,.4)
Wy | [0,.7)
Ws | [7,1]U 0, .5)
We | [5,1]U[0, .4)
W+ | 0,.1)
Ws | [.1,.3)
Wo | [.3,.8)
Thus
WinWy,nNWs = 0
WynNWsN Wy = [0, .4)
WenNWsNWg =0
and

}:.4

We=WiNnWanWs) U (WynWsNWe) U (Wr 0 W N Wy) =[0,.4)

which is indeed of Lebesgue measure .4.

96

(3.156)

(3.157)
(3.158)

(3.159)

(3.160)
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The upper bound (3.143) for x, allowable under constraints (i) — (v) is

3
< mi i i =. .
Xq < min {17 ;jg}gg{x(lﬁj)}} 9 (3.161)
Draw sets
Wi [0, .7)
Wa | [0,.6)
W3 [0, 1)
Wy [.1, .8)
ws | 11,.9)
We | [1,1)
%% [.8, .9)
We | 17,1)
Wy [.5, 1)
Thus
WinNWynNWsg = [0, .1) (3.162)
WynWsnNWs =[.1,.8) (3.163)
WenNWgnN Wy = [.8, .9) (3.164)
and
Wq = (W1 NWyN Wg) U (W4 NWsN Wﬁ) U (W7 NWsnN Wg) = [0, .9) (3.165)

which is indeed of Lebesgue measure .9. It is also to see that for any value of x, between
4 and .9 we can select sets Wy,..., Wy for which the Lebesgue measure of W, will be x4.
This concludes the numerical example. We will now prove the first half of the theorem.

If we tried to obtain the same result without adding the new variables {xg,}, the only

way to ensure that

Xq < min {1, Z .17i.f}’ti{X(}/};i)}} (3.166)

=177

would be to write the [[;_; t; inequalities
S
Xo < D x(Yy ) (3.167)
i=1

for all of the [];_; t; possible choices of j(1),...,4(s) : (i) € {1,...,t;},i=1,...,s. In

order to see this we will show that these constraints are all facet defining, as follows. Note



Algebraic Representation 98

that each choice of j(1),...,j(s) can be thought of as a function J. Represent the constraint
corresponding to each such function J as (a’)Tx > x,. We will show that no vector
(0,a’,—1) € R""? can be written as a nonnegative linear combination of other vectors
(O,aJ’, —1), the unit vectors in R"*2, g, e1, ..., e,11 and the vectors eg—e;, i = 1,...,n+1
(these are the vectors that correspond to the conic form of the original constraint set).
Suppose that one of the vectors (0,a, —1) of the form (0, a”’, —1) is indeed such a nonnegative
linear combination. Observe first that the combination could not possibly entail any of the

vectors eg — e;, so it must be of the form

n+1
@-1= > A, -1)+> e, Avy=>0. (3.168)
functions J i=1
Thus
- > Nt ma=-1= ) A =>L (3.169)
functions J functions J

Observe now that for all constraints of the form (a”)z > x,, where
H ={ll:j=1,...,t;} (3.170)

then a,{ =1 for exactly one h € H? and is zero for its remaining H’ coordinates, and that
every positive coordinate ai = 1 represents such a choice from some H’. Say now that
ap, = 1 and that h; € H', so that ap; =0, Vh; € H' h; # h;. Then for each positive A/,
we must have

aj, =0, Vhj € H', hj # by = aj, = 1. (3.171)

Thus
1 =ay, :Z)\Jail—i—'yhl :Z)\J+’)/hl. (3.172)
J J

But > ;A; > 1 and so we conclude that 74, = 0 and > ; A; = 1. Thus for each positive
coordinate ap = 1 we have v, = 0, and obviously for each zero coordinate ap = 0 we have
v, = 0, so we conclude that v = 0 and therefore @ is a convex combination of a”’ vectors.

But this is impossible, as these are all distinct 0,1 vectors. O

Example 5: This is not an example of the proof by picture method, but it is an example
of a classical problem for which regular probability measure consistency (i.e. A-probability-
measure consistency rather than P-probability-measure consistency, recall that A is the
subset algebra for {0,1}") is all that is needed, even without defining P-test vectors. It also

shows that the variables that most interest us need not always be x(Y;).
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Consider the 0,1 representation of the cut polytope. This is the convex hull of the set
of all vectors ¢y indexed by the edges of an n node undirected graph G' = (V, E), such that
yC = 1 if e crosses the cut C, and y¢ = 0 otherwise. (A cut is a subset of the nodes of a
graph, and an edge is said to “cross” the cut if exactly one of its endpoints belongs to that
subset.) This can be modeled as follows. There is a cut C for each subset of the n nodes, so
if we define the set P to be the set of all node incidence vectors of cuts, then P = {0,1}".
Observe now that for each cut C' with incidence vector y(C) € P = {0,1}", the edge {i,7}
crosses the cut defined by y iff

ye (YinY ) u (Y nYyj). (3.173)

So letting ¢¥(©) be the zeta vector corresponding to y(C) it follows that each {i,j} € E

coordinate of the edge incidence vector of C' is just
YNy u (YEnYy). (3.174)

So the convex hull of edge incidence vectors for cuts is just the convex hull of the projections
of the zeta vectors for A on the coordinates (Y;NY)U(Y°NY;), {i,j} € E, so by Corollary
3.19 a vector belongs to the convex hull of the edge incidence vectors of the cuts iff that
vector, when it is construed to have a coordinate for each set (Y;NY)U (Y, NY;), {i,j} € E
(corresponding to what is usually construed as its {4, j} coordinate), is probability measure
consistent (i.e. A-probability-measure consistent). (An alternative treatment of the cut
polytope that deals with +1, —1 moment matrices is given in [Lau01], but this is the most

natural approach for our framework.)

3.4 Delta Vectors

In the previous section we saw that a (signed) measure on P is completely determined by
the values it places on the sets S. We will show in this section that this is true for other

collections of sets as well.

Definition 3.36 Denote the zeta matrixz of the algebra P as Zp, and the zeta matrix of
the algebra A as Z. Denote the submatrix of Zp corresponding to the columns of the sets
in Q@ CP as ZQ, and denote the submatrix of Zg corresponding to the rows of the sets in
GCPas Zg{G}. (Individual rows of the matriz will also be denoted in the same fashion.)
So the matrix made up of the zeta columns of the nonempty atoms is ZgP. If G C P is
such that the rows of ZgP{G} span all of the rows of Z;EP, then G will be said to be a
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spanning collection. If the rows of ng{G} are linearly independent then G will be said to

be a linearly independent collection.
Observe that as P C A, the matrices Zp are submatrices of Z.

Lemma 3.37 The matriz Z7‘§P has full column rank. Thus where G is a linearly indepen-

dent spanning collection, the matriz ZgP{G} is |ST| x |ST| and nonsingular.

Proof: For each atom r € 87 the only atom to contain r is 7 itself, thus the row ZgP{r}
has a 1 in its r position and zeroes elsewhere. The matrix ng {ST} is therefore just the

identity matrix, which is of full rank. O

Definition 3.38 Let G C P be a linearly independent spanning collection. For each q € P

define the vector
(@) = 28 {a}(25 {Gh) ™! (3.175)
so that
(@) 23 {G}y = 235 {q} (3.176)

i.e. u%(q) is the vector indexed by the rows of ZgP{G} that describes how to obtain the q’th
row of ng in terms of the G rows. In general, where G is an arbitrary collection, the set

of vectors that describes the row ng{q} in terms of the rows of ZgP{G} is the (possibly
empty) affine set

MC%(q) = {u®(q) € R® : (uC(q))T257{G} = 25" {q}}. (3.177)

Note that if G is spanning then for all ¢ € P, M (q) # 0.

Observe that the ¢’th row of ng is just the list of points (nonempty atoms) that are
contained in the set q. Thus the vectors u®(q) can be thought of as describing the set ¢
in terms of the sets in G. Notice also that, where we denote the subcolumns of the zeta

columns (" corresponding to G as ("{G}, for any point (nonempty atom) r € S¥,

1:7Cq
(@) ¢{GY = ¢ = ' (3.178)
0 : otherwise
Calculating the inner product of ¢"{G} with 1% (q) thus provides a single test for all points
r € S of whether or not the point r belongs to the set ¢. This test is the same for every

column ¢"{G}, and this is responsible for the following lemma.
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Lemma 3.39 Given a set function x on P, let X € RC be the vector that lists the function
values on the sets in the linearly independent spanning collection G C P. x is a signed

measure on P iff for every q € P — G,

Xq = (19(a))"% (3.179)

or equivalently, iff for every q € P,

Xq = (19(a))" % (3.180)
X s a measure on P iff x is a signed measure on P, and X is P-measure consistent.

Proof: Let y be the subvector of y that lists its values on the sets in P — G, so that
X = (X, X). By Corollary 3.19, x is a signed measure on P iff it is a linear combination of
the columns of Z%P, i.e. iff there exists an o with a coordinate for each of the nonempty

atoms of P such that x = nga, or equivalently, iff there exists an « such that
1= 253" {G}a and ¥ = 25" {P - G} (3.181)
By definition this is equivalent to
X =23 {G}aand X, = (u%(9))" 25 {Gla = (uC(q)"x, Vae P—G.  (3182)

Since ZgP{G} is nonsingular, an o that satisfies the first condition always exists and is
uniquely determined. Observe also that the condition y, = (1% (q))Tx for ¢ € G is always
satisfied as for ¢ € G, MG(q) = ¢4, 5o this proves that x is a signed measure on P iff for

every q € P,
Xq = (@)% (3.183)

The only additional condition required for x to be a measure is that « (which is uniquely de-
termined) is nonnegative. But this is exactly the condition for x to be P-measure consistent.

a

Corollary 3.40 Let G be a linearly independent collection, then every vector X € RS is

stgned measure consistent.

Proof: Let G’ D G be a linearly independent spanning collection. Append coordinates
to x for each set in G’ — G with arbitrary values. The resulting vector is signed measure

consistent by Lemma 3.39. O
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The vectors introduced in Definition 3.38 are quite useful, and we will be returning
to them repeatedly later on. We now present a batch of results, all of which are fairly
straightforward, that provide stretches and variations on the themes of Definition 3.38 and
Lemma 3.39 that will prove helpful in later sections and chapters. The primary focus of
these results will be on using these vectors to characterize set function values and to provide

characterizations of measure and signed measure consistency.

Lemma 3.41 Let ¢ € P. Let G C P be a spanning collection, and let @ C G. Then there
exists a vector n2(q) € M2(q) iff the vector (12(q),0) € RY obtained by padding pn2(q)

with zeroes in its G — Q coordinates belongs to MC(q). O

The following lemma lists some easy generalizations of the above results. The first
statement of the lemma is obvious. The other statements concerning P-signed-measure and

P-measure consistency can be proven in the same manner as Lemma 3.39.

Lemma 3.42 Let Q@ C P and let Q' C Q be a linearly independent collection that is
inclusion mazimal with respect to Q (so its zeta rows span the zeta rows of Q). For each
set ¢ € Q — Q' there exists a (unique) vector u2 (q) € M<' (q). Moreover, where ¥ € R,
and X' is the projection of X on its Q' coordinates, then X is P-signed-measure consistent
iff

(1% (@)X =X Yo Q- Q, (3.184)
and X is P-measure consistent iff X is P-signed-measure consistent, and X' is P-measure
consistent. More generally, even if Q' is not linearly independent, so long as its zeta rows
span the zeta Tows of Q then X is P-signed-measure consistent iff X' is P-signed-measure

consistent and

(1% (@)X =X Vg€ Q- Q. (3.185)

As above, x is P-measure consistent iff X is P-signed-measure consistent, and X' is P-

measure consistent. O

Remark 3.43 The p vectors could also be adapted for the situation where the set function
x on P is represented as a vector Y € RA with coordinates corresponding to the sets in A.
Let G C P be a spanning collection for P; let G' C A be such that {t NP :t' € G'} = G; let
X be the projection of x on RY, and let X' be the projection of x' on RC". The vector 1S (q)
is a list of multipliers corresponding to the sets in G C P. Thus if x is to be represented

w.r.t. all of the sets in A then for each sett € P, the function value x(t) will appear in all
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coordinates t' : ' NP = t, so any vector i (q) € RS for which

> 1w =ng), VG (3.186)
t'eG:t'NP=t
will satisfy that
(29 (@)X = (@) X =xg =Xy =Xy V¢ € Ast. NP =¢q. O (3.187)

Thus for any (signed) measure, there is a single recipe for calculating the (signed)
measure of every set in P so long as we know the (signed) measures of the sets in a linearly
independent spanning collection. By putting together Lemmas 3.39 and 3.26 we therefore
obtain the following characterization of P-measure consistency for vectors defined with

respect to spanning subcollections of A.

Lemma 3.44 Let G C P be a spanning collection for P, and let G' C G be a linearly inde-
pendent spanning collection. Let X € R®, and let X' be the subvector of X with coordinates

for each set in G'. Then X is P-measure consistent iff
L Xg= (¥ (@)X, Vg€ G -G
2. (u¥ ()Y >0, vreSP

Recasting now for vectors expressed w.r.t. subcollections of A, let G C A be a spanning
collection for A and let G' C G be a linearly independent spanning collection. Let X € RC,
and let X' be the subvector of X with coordinates for each set in G'. Then X is P-measure

consistent iff
L Xg= (¥ (@)X, Vg€ G -G
2. (u' ()Y >0, Vres

g (W' (rNTY =0, vreS—-8P O

We have seen already that the inner product of MG(q) with any column of ZgP{G} is 0

or 1. More generally,

Lemma 3.45 Given a collection G C P, and denoting the subcolumns of the zeta columns

¢" corresponding to G as ("{GY}, a vector u € RE satisfies
p'¢{GY € {0,1} vr € 87 iff p=u"(q) (3.188)

for some q € P and for some u®(q) € M%(q).
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Proof: We have already shown sufficiency. Assume now that

pr'¢r{GY € {0,1} Vr € S, (3.189)
Let ¢ be the set that is comprised of exactly those r € S¥ such that u”¢"{G} = 1. Then

WG = 23 (g} = (3.190)

e MC%q). O (3.191)

Definition 3.46 We will denote the vectors of the form u®(q) as “delta vectors” as these

are the vectors whose inner product with the {¢"{G} : v € ST} is always zero or one.

Note that the delta vectors generalize the idempotents of \/ described at the end of Chapter
2.
The following lemma shows that a type of additivity holds for the delta vectors.

Lemma 3.47 Let u,v € P be disjoint, then for any collection G C P, for every pu®(u) €
MC(u) and every p©(v) € M (v) there exists u®(uUv) € M (uUwv) such that

1O (w0 ) = u€ () + u(v) (3.192)
and conversely.

Proof: For every r € S, by Lemma 3.14

ww = G+ Gy (3.193)
and so
z8" wuw} = 28" {u} + 25" {v} = (3.194)
()" 23 {G} + (uC ()" 23 {G} = 23 {uUv} = (3.195)
1 (u) + p () e MY (uUw). (3.196)

Conversely given p&(uUv) € M (uUw), let u%(u) be any vector in M (u), then it is easy

to see by the same reasoning that

1S (uwUv) — pCu) e M%v). O (3.197)
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Corollary 3.48 For any q € P, and any spanning collection G, for every u©(q) € M%(q),
there exist {uC(r) € ME(r) : r € ST} such that

@)= Y o) (3.198)

reSP:rCq

and conversely. O
Observe that for € S¥, where G is a linearly independent spanning collection,
P _
WC(r) = I (237G (3.199)

i.e. these are the rows of the inverse matrix to ZgP{G}.

We have seen already that the set ST is a linearly independent spanning set. Here are

some more examples of spanning sets.

Lemma 3.49 Denote the sets (Y;F)¢ as NI'. The collections

(2

IP:{ Y;P;Vg{1,...,n}} (3.200)
eV
Iﬁ_{ Nfzvg{l,...,n}} (3.201)
eV
UP:{'U Y;P;VC{L...,n}}u{P} (3.202)

UP:{ U Nf:vg{l,...,n}}u{P} (3.203)

are all spanning, and are linearly independent if P = A. As usual, for the case P = A,

these collections will be denoted without a superscript.

Note that P belongs to I and I%; as well (choose V = {).)

Proof: Given any set ¢ C P, choose a representation

g=0rm,....vh). (3.204)

n

Without loss of generality we can assume that this set theoretic expression entails no unions,

since for any sets A and B
AUB=A°NnB° (3.205)
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If the expression entails no complementation then ¢ € I”. If it entails complementation,
then consider the complementation that is performed last in evaluating the expression (ac-
cording to some given order of operations). The complementation is performed on some
expression A, and afterwards the only operation performed — if any further operations are
indeed performed — is intersection. Thus the expression @f; (YP) is always either of the
form

ol (y’) = 4A° (3.206)

or of the form

P P c
erwP)y=4anB (3.207)

for some expressions A and B (which themselves describe sets). By Lemma 3.14 we therefore

have
25"} = 257 (P} - 25 {4} (3.208)

in case (3.206), or
23" {q} = 23 (B} - 28 {An B} (3.209)

in case (3.207). For the latter case, both the expressions B and A N B entail strictly fewer
complementations than did @5 (YP) = AN B. For the former case, P € I already, and A
entails one fewer complementation than did @5 (YP) = A¢. So we can repeat this procedure
now for ZgP{B } and for ZgP{AﬂB } respectively (in the latter case, the former case is sim-
ilar)), obtaining each of these as differences of rows of the form ZgP{A’ }, again with strictly
fewer complementations. Eventually we will reach a description of ng{q} as a linear com-
bination of rows ZgP{T} where each T' is an expression entailing no complementations, i.e.

the set described by T' belongs to I”. (For example, consider
Oy (") = (") y) (3.210)

where we have suppressed the intersection symbol N,

23" {q} = 25 (P} — 23 {(VY) ) ()} = (3.211)
23 (P} - (23 {(Y)} - 23O vY) = (3.212)
23 (Py - (237 {P} - 25" (v'Y)) - 237 {0y ) = (3.213)

Z3 (P} - (237 (P) - 23 (YY) — (23 (v - 287 (YY) 3219

which is a linear combination of rows corresponding to sets from I7.) As for I ﬁ, it is clear

that we can recast any set theoretic expression in terms of Y;P to be in terms of NZ-P , and
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then we could follow the same procedure. For the unions, UF, we could have started with

an expression entailing no intersections, of the form
of(YF)=AUB (3.215)
and made use of the identity (also from Lemma 3.14)
Cacup = Cp — Ca+ (g — Caenp = (3.216)
Cp—Ca+Cp—Cp+Canp =
Cp—Ca+Ca+Cp—Caup =
Cp+Cp— Caup =
25 gy = 23" (P} + 287 (B} - 25" {AU B}
repeatedly as above. Again, we could do something similar for U ﬁ. Thus these collections

are all spanning. For the case P = {0,1}" they are all also of size 2", which is |S]| (the

number of columns in Z;‘;’P), so in that case they are also linearly independent. O

Observe that we could also mix and match these collections to form different spanning
collections. For example the collection (where all of the subscripts should be understood to

range from 1 to n)
(P, NI VoYl vEnynyv NFUNTUN[UNE, ) (3.221)
is spanning.

Remark 3.50 Observe that for the case P = {0,1}", the submatriz Z5(I) is exactly the
zeta matriz Z for the lattice L described by Lovdsz and Schrijver and discussed in Chapters
1 and 2 (Definition 1.17). The delta vectors p'(r) : r € S are therefore the rows of the
Mobius matriz, and the vectors ,ul(q) : q € A are the idempotents of \/ described at the end
of Chapter 2. From Lemma 2.23 we can also see that the vectors ml“*! of Definition 1.50

are the vectors

) Yvin () N). (3.222)

1S, €U 118, EV—U
Observe also from the technique described in the proof of Lemma 3.49 that the vectors m!%v]
can have monzeroes only in positions corresponding to sets of the form
N Y WC{L.. . n}, W] <ol (3.223)
ieWw
Notice also that as I is linearly independent, every vector X € R is signed measure consis-

tent. O
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The technique described in the proof of Lemma 3.49 is a constructive method for ob-
taining delta vectors for any ¢ € P with respect to those spanning collections, but where
P # {0,1}", the delta vectors thus obtained for a given ¢ € P are not not in general unique,
as the collections are not in general linearly independent. Linear independence is significant
as Lemma 3.39 will not hold without it, and its importance can be seen from Corollary 3.40
and from Lemma 3.44 as well. We will now find linearly independent subcollections of these
collections and we will show how to obtain delta vectors w.r.t. those linearly independent

subcollections.
Definition 3.51 Define the following collections:

P—{ﬂY;P:VQ{l,...,n} such that 3y € P for which y; =1 iff i € V (3.224)

eV

eV

—{ﬂNiP:VQ{l,...,n} such thatElyEPforwhichyi—OiﬁiEV} (3.225)
} (3.226)

UP:{U VPV C{1,...,n} such that 3y € P for which y; =0 iffi € V
eV
Ul = {U NP .V C{1,...,n} such that 3y € P for which y; = 1 iff i € V} (3.227)
eV
The empty intersection, corresponding to V- = 0, should be understood to be the universal
set P. Abusing convention, we will also say that the empty unions (for UF and Uﬁ),

corresponding to V =0, should be understood to be the universal set P.

Lemma 3.52
17| = |P| (3.228)

Proof: Clearly the eligible V’s are in one to one correspondence with the points of P. So

all we need to show is that distinct V’s yield distinct sets. Consider

qV:ﬂY;PandElyeP:yizliffiEV (soy € qv) and (3.229)
eV
qvr= ()Y and Iy € Py, =1iffi € V' (soy € qy) (3.230)
eV’

Suppose y € ¢"" then it must be that V D V. Similarly if 4/ € gy then it must be that
V! D V. Thus both sets could only share y and 3/ if V =V’. O

So the collection I is the right size, all we need to show now is that it spans, after which

we will be able to conclude that it is linearly independent (since the submatrix ZgP{f L
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that it describes is square and of full column rank). Consider a set ¢ € I” — I”. Such a set
is an intersection of sets Y’ : i € V for some V C {1,...,n}, but there is no point in that
set that has a 1 only in its V' positions and zeroes elsewhere. Thus every point in ¢ has a 1

in some other non-V position, i.e. every point in ¢ belongs to the set

UyS (3.231)
JEV

and thus we have

g=Y"n{UYS :U(ﬂY;PijP>. (3.232)
9% jev jgv \iev
Therefore by elementary measure theory (each coordinate of ng{q} is just ¢, for some

r € ST, and these are all measures),

25"t = Y28 { )W) - (3.239)

jev 2%

P P A
=1

1,528V 1%
Thus we see that ng{q} can be written as a linear combination of ng{q’ } where the sets
¢ all belong to I and can all be written as intersections of strictly more that |V| sets Y,*.
Suppose that for one of the elements ng{q’ } in this linear combination, ¢’ also does not
belong to I”, then by the same reasoning we could rewrite ZgP{q' } as a linear combination
of Z;gp{q” } such that all ¢” € I, and all can be written as intersections of strictly more
than |[V|+ 1 sets Y;. Clearly this cannot repeat more than n times, so eventually we must
conclude with a description of ng{q} as a linear combination of Z;S;P{(j} where all g € I
Thus for any u € P we could obtain Z;‘;’P {u} as a linear combination of ng{(j} where all
g € I” by first obtaining it as a linear combination of ng{q} where all ¢ € I”, and then
obtaining each ng {q} as a linear combination of ng{q} where all § € I” as above. This
proves the following theorem with regard to I*. The statements about the other collections

follow from similar arguments.

Theorem 3.53 I7, fﬁ, UP and Uﬁ are all linearly independent spanning collections. O

3.5 The Vectors v%(q)

We have seen that the vectors 4% (q) (where G C P) describe the set ¢ in terms of the sets

in G in the sense that they describe linear combinations of the lists of points in each set of
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G (i.e. the rows ng{g} : g € G) that yield the list of points in ¢ (i.e. the row ng{q}).
This notion can be expanded to include linear combinations of lists of points in the sets of
G that “overestimate” the list of points in g, i.e. they yield a list of points that may include
points not in ¢, and that may count some points more than once. We will denote these
“(

vectors as v (q), and we will define

N%q) = {%(q) € RY: (v9(q)"287{C} = 28" {a}). (3.235)
Lemma 3.54 Given G C P, a vector v € R® is such that
VI > Xq (3.236)
for every P-measure x on P with subvector x corresponding to the sets of G iff
ve NY%q). (3.237)

Proof: If vTy > X for every P-measure, then in particular this is true for every (" : r € S P
and thus
V'257(GY > 23 {g) (3.238)

and so v € N%(q). Conversely if v € N(q), then for any P-measure y, there exists o > 0
such that
x=28"a, x =28 {Gla= (3.239)

VI =728 (GYa > 257 (g} = xq. O (3.240)

The reason that we are interested in such vectors is that if the vector ¥ € R®, where
G is not a spanning set, then exact delta vectors for a set ¢ may not exist. Specifically, if
every linear combination describing ng{q} in terms of other rows of ng entails a row for

“(q),

however, are much easier to come by. The following theorem states that for any G C P,

some set that does not belong to G, then there will be no delta vector u(q). Vectors v
the v%(q) vectors (the v%(r), r € ST vectors in particular) can be used to characterize

P-measure consistency for vectors in RY. The theorem is a generalization of Lemma 3.44.

Theorem 3.55 Given G C P with G' C G linearly independent and inclusion mazimal
subject to that property, and X € RC with projection X' on RY' | the vector X %8 P-measure
consistent iff for each q € G' — G,

(1% (@)X = Xq (3.241)
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and for each r € S* such that M (r) # 0,
(1 ()" =0 (3.242)
and for each r € S¥ such that M () = 0,
W< ()Y =0, VWO (r)e N(r) (3.243)

i.e. X' must be consistent with X, and every function value x,, r € ST that can be determined
from the coordinates of X' alone must be nonnegative, and for each r € ST for which
the function value X, cannot be determined from the coordinates of X' alone, then every
overestimation of the function value x, that can be calculated using only the coordinates of

X' must be nonnegative.

Proof: The vector Y is P-measure consistent iff it is P-signed-measure consistent and y’
is P-measure consistent (Lemma 3.42). Condition (3.241) establishes P-signed measure
consistency, so it suffices to prove that Y’ is P-measure consistent. The vector Y’ is P-
measure consistent iff it is a projection of a vector that belongs to the cone of the (" : r € ST,
i.e. iff it belongs to the cone of the projected vectors ("{G’} : » € ST'. Thus ¥’ is measure

consistent iff

a’Y' >0, Vae (C’one({(T{G’} 7€ SP}))* (3.244)

where the * symbol connotes the polar cone. Clearly if X’ is consistent with a measure y on
P then for each 7 € S¥ : MY (r) # 0 we will have 0 < x, = (u& (r))Tx’. Observe further
that every v () must belong to (Cone({¢"{G'} : r € ST}))*. Thus if ¥’ is P-measure
consistent so that ¥’ € Cone({¢"{G'} : r € ST}), then it is also clear that for every v (r)
we must have

@ ()Y > 0. (3.245)

Conversely suppose that (3.242) and (3.243) hold as per the theorem. Observe first that
any a # 0 in (Cone({¢"{G'} : r € S}))* must satisfy

I {G'y >0, vrest = (3.246)

a" 23" (G} > 0. (3.247)

Note moreover that by the linear independence of G’ we must also have

aT 25" (G} # 0. (3.248)
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Suppose now that there is some r € S¥ for which a”¢"{G’} > 0 and for which M (r) = 0§,

then there exists a scalar o > 0 such that

aa” Z37{G"Y > 25" () (3.249)
so that aa € N (r), which implies by (3.243) that

ady >0=a"yY >0. (3.250)

Suppose on the other hand that for each r € S for which a”¢"{G’} > 0 we have M (1) #

(). Let us call the vector aTZgP{G’ } by the name a, and define the vector

pe= > au(r). (3.251)
reSrt:a, >0
Then
Wz e = Y ae=a (3.252)
reSt:a,>0

(where e, is the r’th unit vector) which implies, by the linear independence of the rows of

ZgP{G/}, that ;1 = a. But by (3.242) we now have

V=" = Y @)W =00 (3.253)

It may also be worth noting that for any G C P,
NE () = (Cone({¢C"{G} : r € ST}))*. (3.254)
Here is a simple example of a v“ vector for the case
G={Y1,....,Y,YinY;, (i,j=1,...,n)} (3.255)
where we represent x(Y;) as x; and x(Y; NYj) as x; 5, etc.
x(Y1N(YaUY3)") =x1 —x12 — Xx1,3 + X1,23 < (3.256)

X1 — X1,2 — X1,3 T X2,3 (3.257)

for all measures x, yielding the valid inequality

X1— X1,2 — X1,3+Xx23 > 0. (3.258)
Here is a somewhat more complicated example:

x(Y1UYz) N (Y3 UYa)) = (3.259)
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X1u2 — X1u2,3 — X1u2,4 + X1u2,34 = (3.260)
X1+ X2 —X1,2 — X1,3 — X233+ X1,23 — X1,4 — X2,4 T X1,24 + X1u2,34 < (3.261)
X1+ X2+ X1,2 — X1,3 — X14 — X2,3 — X24 T X34 (3.262)

for all measures Yy, yielding the valid inequality

X1+ X2+ X1,2— X1,3— X1,4 — X2,3 — X2.4 + X34 > 0. (3.263)

3.6 Measure Preserving Operators

3.6.1 Characterization

Given a candidate vector ¥ € R? for some Q C P, and given some necessary condition
v > 0 valid for all measure consistent vectors, we may be able to enhance the power of
this condition in the following way. Suppose an operator T' exists such that wherever x is

measure consistent then so is 7Y, then we could enforce the condition v7T¥ > 0 as well.

Definition 3.56 Let G C P be a linearly independent spanning collection, and say X €
RCG. A function T : R — RC is said to be P-measure preserving if for every P-measure
consistent X (recall that a measure is uniquely determined by X ), T'X is also P-measure

consistent.
Throughout this section we will assume that G is a linearly independent spanning collection.
Lemma 3.57 The linear operator T : RS — RS is P-measure preserving iff

T¢{GY = 25" {GIA, A >0 (3.264)
for all r € ST.

Proof: This follows from linearity since every P-measure Y is in the cone of the ("{G}, r €

SP. O
Recall that the matrix ZgP{G} is invertible, and its inverse is the matrix to be denoted

ME whose rows are the (unique) vectors u%(r),r € SF.

Lemma 3.58 The dual of the cone generated by the vectors ("{G}, r € S is the cone
generated by the rows of MC.
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Proof: This is always true for bases: let

¥ = 258"{G}A, A >0 then (3.265)
MEZ=X>0. (3.266)
Conversely,
MEX=A>0= (3.267)
X = (25 {GIMO)x = 25 {G}MEY) = 25 {G}). O (3.268)

Putting together the previous two lemmas we get

Theorem 3.59 If we represent the linear operator T : RS — RS as an R® x RS matriz,

then T is P-measure preserving iff there exists a matriz F > 0 such that
MOTZES (G} =F (3.269)

or equivalently, iff

T =25"{GYFME, F>o0. (3.270)

The set of P-measure preserving linear operators is thus a cone whose extreme “rays” are

the matrices ¢"{G}(u%(s))T where r,s € ST.

Proof: The first expression says that every T¢"{G},r € S’ must belong to the cone
of P-measure consistent vectors. The second comes from multiplying both sides of the
first expression by (M%)~1 = ZgP{G} on the left and ZgP{G}*l = M on the right.
This establishes that the set of P-measure preserving operators is a cone, and any such
operator (represented as a matrix) is a nonnegative linear combination of the matrices
ZgP{G}ET,SMG where E, ¢ is the matrix with a 1 in position r, s and 0 everywhere else.
But ZgP{G}Em is the matrix whose s’th column is ("{G}, and is zero everywhere else,
and that matrix times M& has as its u, v entry the expression ¢"{G},u%(s), where pu&(s)
is the s'th row of M. So we conclude that

Z8 Gy B, ME = (T{GHuC ()T (3.271)

and these are the extreme rays. O

In an efficient implementation of these ideas we will have only defined x¥ on some small

subset of P, and thus the only matrices T' that will be useful to us are those whose rows
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have nonzero entries corresponding only to sets upon which we have defined y (or else we
will not be able to calculate any of the terms of the product Tx). It does not matter,
however, if T' has too many rows, as we can just ignore the rows that do not correspond to

the sets upon which y is defined.

Lemma 3.60 Let G' C G be the collection of sets upon which the subvector X' of X is
defined, and let T' be a linear operator on RG'. Then T’ preserves P-measure consistency
iff there exists a P-measure preserving operator T such that the submatriz of T defined by
its G' rows and columns is exactly T', and such that the G — G’ entries of the G' rows of T

are all zero.

Proof: If the operator 7" is P-measure consistency preserving then for every r € S* we

have

T'C{G} = ) M(r)¢"{G') (3.272)

peSP
where the \,(r) are nonnegative numbers. Consider now the P-measure preserving linear

operator

T=73 > M@{GH )" (3.273)

qeSP pesP
For each r € S* we therefore have

TC{G) = 3 AP(G). (3.274)

peSP

Thus the G’ coordinates of any T¢"{G} match exactly to T¢"{G’}. Replace now the G’
rows of T with 77, filling in zeroes for all the extra column positions, and refer to the matrix
thus formed as T'. By construction, 7" is the submatrix of T' corresponding to the sets G'.

As the other rows remain unchanged we conclude that for any ("{G},
T¢{GY = T¢"{G} (3.275)

and as the ¢("{G} form a basis of RC this implies that T = T. Conversely if there exists
a P-measure preserving operator 1T’ satisfying the conditions of the lemma then for each

r € 8P, there exist nonnegative numbers \,(r) such that

T¢{GY = Y M(r)eP{G) (3.276)
peSP
which implies (since the nonzero entries of the G’ rows of T" all belong to the G’ columns)

T'C{Gy = Y M(r)¢{G} (3.277)

peSP
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which establishes that 7" preserves P-measure consistency. O

So the P-measure consistency preserving linear operators on G’ are the submatrices
(corresponding to G') of those P-measure preserving operators for which the nonzero entries
of the G’ rows all belong to the G’ columns. One easy class of matrices of this type is as

follows.

Lemma 3.61 Suppose Y’ € RS is P-measure consistent, and y' € RS is also P-measure
consistent. For any delta vector u®(q) with nonzeroes only in coordinates corresponding
to sets from G, y'(u& (¢))TX' is P-measure consistent, where u (q) is the restriction of
“(

1= (q) toits G' coordinates.

Proof: Any vector u®(q) is the sum of the delta vectors of the nonempty atoms that
comprise ¢, and any P-measure consistent 3’ is the restriction of some nonnegative linear
combination y of vectors ("{G} to G’ coordinates. Thus yu®(¢q)” is P-measure preserving.
Considering now that ;% (q) has only zeroes in its non-G’ coordinates, we conclude that the
G’ rows of y(u%(q))T have all non-G’ column entries equal to zero, and their G column

entries are just ¢/ (1% (¢))7. O

These “easy” matrices though are actually too easy to be of use. The fact that they
are P-measure preserving is also a consequence of the fact that for any delta vector ,uG/ (q)
expressed solely in terms of the sets of G’ we must always have (if X’ is to be measure
consistent)

(1 (@)X = Xq (for some measure x) >0 (3.278)

so that /(1% (¢))Tx’ is just a nonnegative multiple of the known P-measure consistent

vector y/.

3.6.2 Partial Summation

A more interesting example of a P-measure preserving operator is partial summation.
Stated loosely, partial summation corresponds to the situation where the matrix F' of The-
orem 3.59 is the identity matrix, but missing some of its 1’s. Specifically, let G be a linearly

independent spanning collection, and let the r’th column of F' be

Fr = (¢{GH % (@)ey, ¥r e 8P (3.279)
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where ¢ is some set in P, and where e, is the r’th unit vector. Clearly F' > 0 term for term

so that the operator

T = 25" {GYFMC (3.280)

defined by this choice of F' is P-measure preserving. Naturally we could also consider the
more general case of weighted summation where F' is a nonnegative diagonal matrix (these

are nonnegative linear combinations of the matrices F' described above), i.e.
Fr = (¢("{GH v (q)er, Vr e 8 (3.281)

(or a positive multiple thereof). Now for any

Y=Y a({G}, (3.282)
reSPt
Ty =Y a,Z8 {G}FMEC{G) = (3.283)
reS¥t
> aZB G = Y (' {GHC{GH TV (a). (3.284)
reSP reSP

If v%(q) = u%(q) this is just

> al{G}. (3.285)

reSP:rCq
(For general 1% (q) it is a (positive multiple of) an upper bound on (3.285) if ¥ is 7P-measure
consistent.) Note moreover that for arbitrary @ C P we also have that
> e @) = D a('{Q} (3.286)
reSP reSP:rCq
(and similarly, replacing 1< (q) by v<(q) will yield an upper bound on doresPrcq ({9}
if 3, csp ar("{Q} is P-measure consistent). Thus wherever we can write the expression
Y a " {QHC{Q) v (a) (3.287)
reSP
we can calculate a P-measure consistency preserving transformation (which yields, where
v9(q) = u2(q), the partial sum over the nonempty atoms that belong to ¢, and which yields

in general an upper bound on that partial sum if the full sum is P-measure consistent).

Definition 3.62 Given a collection @ C P, a vector x € RQ, and given a collection Q" C P
such that for every pair of not necessarily distinct sets u,v € Q', the intersection satisfies

uNv € Q, define the matriz UX to be the |Q'| x |Q'| matriz whose u,v entry is Xuny-

Note that though UX is a function of @', we will not use any dependence notation so long

as the dependence is clear. Note also that @ C Q since for each u € @', u=uNu € Q.
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Lemma 3.63 If x is P-signed-measure consistent, so that there exists o such that

X=> a({Q} (3.288)
reS¥P
then for any such «,
UX= > al"{QHC{QD" (3.289)
reSP

Proof:
(Z arcr{Q’}(c’"{Q’})T) = Y a{Qu(C{Q})" = (3.290)

reSP reS¥

)

Z Qpr = Z Oy = Z arCT{Q}uﬂv — )zuﬂ'u U (3291)

reSPrCu,rCv reSP:rCunv reSP
We therefore conclude

Lemma 3.64 Given P-signed-measure consistent X € R2, and given a delta vector MQ/(q)

for a set q € P, then for any a for which
=Y o({Q}, (3.292)
reSP

the partial sum of the projection X' € RS of X over the nonempty atoms that belong to q is
UXp? (¢). O (3.293)

Observe that the partial sum of X’ over the nonempty atoms that belong to ¢ is the contri-

bution to }’ from those points in P that satisfy the P-logical condition 95 (y)-

The following lemma is an easy generalization of Lemma 3.64 that will prove useful

shortly.

Lemma 3.65 Let Q" C Q' C Q C P be such that for every u € Q" and v € Q' we have
uNov € Q. Let Y € R2 be P-signed-measure consistent, with projections X' € R and
X" € R2". Define the |Q"| x |Q'| matriz UX with each u,v entry equal to Xuny. Let ¢ € P
be such that a delta vector Mgl(q) exists. Then for any o for which
X= > a({Q}, (3.294)
reSP

the partial sum of X" over the nonempty atoms that belong to q is

U%u? (q). (3.295)
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Proof: Let G={g€P:g=unw, u,v € Q}UQ, and let Y be any lifting of ¥ to RC.
The matrix UX is just the Q" rows of the |Q’| x |Q’| matrix U® with u, v entry of Yune for
each u,v € @'. Thus by Lemma 3.64 the partial sum of X’ over the nonempty atoms that
belong to ¢ is UXu2'(¢), which implies that the partial sum of X" over the nonempty atoms
that belong to ¢ is UXu< (¢). O

Obviously we can also conclude that UXpy<' (q) is a P-measure preserving operator. Thus
the matrices UX, the partial sum operations U*ug(q), and their generalizations U *VQ/(q)
all arise naturally as a special case of P-measure preserving operators.

Another way to approach partial summation, without explicit reference to the matrix

UX, is as follows. (The following lemma is an extension of Claim 3.16.)

Lemma 3.66 Suppose X € R is P-signed-measure consistent. If X is any possible partial

sum vector over some q € P,
X = Xgnu- (3.296)

(If ¢ and w do not belong to Q, then this should be understood to mean that the equality

must hold for any signed measure x with which X is consistent.)

Proof: For any representation
X=> a({Q} (3.297)
reSP

the partial sum vector over the nonempty atoms in g € P for the expanded vector x of ¥,

X'= Y al (3.298)
reSP:rCq
satisfies that for any u € P,
Xi = Z Gy = Z (" = Xgru- O (3.299)
reSP:rCq reSPrCqnu

Corollary 3.67 Given any constraint
> vuXu >0 (3.300)
ueUCQ
valid for all P-measure consistent vectors, then the constraint
> VuXung =0 (3.301)
ueUCQ
is also valid for all P-measure consistent vectors, and this is that same constraint applied

to the partial sum 9.
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Proof: If y is P-measure consistent then it is P-signed-measure consistent, so by the lemma

the partial sum x? is such that

)NCZ = )Zqﬂua Vg, u (3.302)
so that
> vuXung = vTX (3.303)
ueUCQ

and this must be nonnegative as partial summation is P-measure preserving. O

In this sense enforcing valid inequalities for the vector x = (Xp, Xy, --,Xy,) on the
partial sum of x over some ¢ is an enforcement of those inequalities on the variables
(X5 )quylp, - ,)quynp).

The treatment we have given to partial summation here generalizes that given in the
previous chapter. In particular, we will now show how to characterize the N* operator
of the first and second chapters in terms of the algebra A. All of the statements in the
following remark follow from the definition of N* (Lemma 1.60), from Remark 3.50, and

from Lemma 3.42.
Remark 3.68 Let P C {0,1}", let K = {y € {0,1}" " : yg = 1, (y1,-..,yn) € P}, and let
K € Cone ({y € {0,1}"*" : yy = 1}) (3.304)

satisfy that
Kn{0,1}"" = {0} UK. (3.305)

Rename the coordinates 0,1,...,n as {0,1}",Y1,...,Y,. Let k be a positive integer. Con-

sider the following subcollections of A:

Q—{ﬂnzvgﬂ,...,n}, \V§k+1} (3.306)

i€V

Q’:{ﬂYi:VQ{l,...,n}, |V\§k} (3.307)

4
Q" ={{0,1}",Y1,...,Yn} (3.308)
Observe that these subcollections are all linearly independent, and that for each set q of the

form

g=(Yin [ Ni, V,W C{l,....n}, [V|+|W|<k (3.309)
eV 1EW
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(recall that N; = Y¢) there exists exactly one vector u< (q). The set N¥(K) is the set of
points X" € RC" that have a lifting X € R2 such that the partial sum vector ﬁf‘,ug(q) €K,
(where UX is as in Lemma 3.65) for all sets q of form (3.309). Equivalently, if we let

0= {Tﬂ YN (| Ni:TeQ" V\WC{l,....n}, [V|+|W] <k} (3.310)
i€V iEw

then N*(K) is the set of points X" € RS" that have a lifting Y € RS that is A-signed-

measure consistent, and satisfies

X" eK (3.311)

for all q of the form (3.309), where for each uw € Q", (X")?)u = Xunq- Stated another way,
it is the set of points X" € R that have a lifting to a signed measure x on A such that
(X")? € K for all q of the form (3.309), where for each u € Q", (X")")u = Xunq (i-e- (X")?
is the projection of the partial sum signed measure x4 on the Q" coordinates).?

Observe also that to ensure A-signed-measure consistency on x, by Lemma 3.42, we need
only enforce the equations that describe the coordinates q € Q — Q as linear combinations
of Q coordinates. This can be easily done by following the constructive procedure outlined

in Lemma 3.49. O

3.6.3 Term For Term Multiplication

Another measure preserving operator to which we will call attention is as follows.

Lemma 3.69 Let (9 be the column of the zeta matrixz of A corresponding to the set ¢ € A.
Then for any v € A,

¢= T ¢ o (3.312)

reSPirCq
Let © C I, where, as earlier,
I—{ﬂy,-:vg{l,...,n}} (3.313)
eV
so that any g € Q can be written

q=(Y (3.314)
i€V,

2 To see that N™(K) = Cone(K), observe that if k = n, then the sets of the form (3.309) include all of
the atoms of A, and by Claim 3.16, for each atom r € S, (¥”)" = x»((")”. The constraint (Y”)" € K now
implies that x, > 0 (since ¢" >0, (C")"” # 0 and K C RTFI), and therefore by the definition of K, x, > 0
iff the point (¢")” € {0,1}™*! belongs to K, or equivalently, iff 7 € S*. Since this holds for each r € S, by
Lemma 3.44 we conclude that x defines a P-measure, and that therefore ¥’ € Cone(K).
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for some V; C {1,...,n}. Recall that INV; := Y;°, and consider the mapping
=Y%n (| N (3.315)
1€Vy 1€(Vy)©

i.e. we map each ¢ € Q into the atom that belongs to exactly the Y;,¢ € V,. Similarly every

r € § can be written

r= N vn N M (3.316)

€Wy 1e(Wr)e

for some W, C {1,...,n}. Consider the mapping from S into A defined by

gr)= (] N (3.317)
ie(W,)e
and consider also the mapping h: S X § — S, defined by
h(ri,ra) =[] YN N N; (3.318)

PEWr MWy i€(Wiy )eU(Wyy)©

and observe that g(h(ri,m2)) = g(r1) Ng(re).
Lemma 3.70 Givenue QC I, res,
¢h= ¢t (3.319)

Proof:
G =lerCusV,CW,< f(u) Cg(r) O (3.320)

Thus the u’th element of the r’'th column ("{Q} is the f(u)th element of the g(r)’th
row. So the column ¢"{Q} can also be thought of as a row, and term for term products of

rows correspond to intersections.
Corollary 3.71 Givenue QC I, ri,m9 €S,

riUry __ f(u) _ f(u)
a7 = Gy ng(ra) = Salh(rrrm) (3.321)

Proof:
MU =le'=1land (2 =1« (3.322)

7 — 1 and g;"(r —le gf =10 (3.323)

g(r1)

(r1)Ng(r2)

In general, by the same reasoning,
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Corollary 3.72 Given u,v € Q C I?,
v _ ~f(u) 0
Cu - Cﬂrgu g('r) (3324)
But applying Lemma 3.70 now yields

Lemma 3.73
() = (M) 0} (3.325)

Proof: For each u € Q,
riUr f(u) _ #h(r1,r2)
rira Cg(m)ﬂg(m) =\ 0 (3.326)

Thus where we restrict ourselves to Q@ C I coordinates, the columns ("1V"2 are themselves
zeta columns for the atom h(ry,r2) whose “yeses” are the intersections of the “yeses” of the

atoms r1 and 7o.

Definition 3.74 Let! be a positive integer and let x and y be vectors in R'. Define xxy € R
to be the vector

(x*y)i = Ty (3.327)

Lemma 3.75 Let Q C I, and let X, € RS be measure consistent vectors. Then X * & is

measure consistent also.

Proof: By Lemmas 3.73 and 3.69, for any ¢"* and ("2,

¢"{Q} * ¢"2{Q} = (M) (o). (3.328)
Observe that
(a1 ¢"{Q} + (" {Q}) * (3¢ {Q} + (™ {Q}) = (3.329)
a3 (C"{Q} * ("H{Q}) + araa(¢"{Q} x ({Q})+ (3.330)
apa3(C™{Q} % ("{Q}) + aau(¢"?{Q} x (" {Q}) (3.331)

S0 % is a linear operator. Thus if ¥ and £ are both of the form

> a("{Q}, >0 (3.332)

res

then so is y x&. O
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Where Q C I, the operator ¢"{Q} «¢"{Q} maps into (""172){Q} where h(ry,75) is the
atom whose corresponding point has a 1 in each ¢’th coordinate iff ;1 and ro both have 1’s
in their ¢’th coordinate. Stated another way, it is the atom whose yeses are the intersection

of the yeses of r1 and r2. We will now describe a similar operator that where

Q’QU:{ U m:vg{l,...,n}}u{{o,1}”} (3.333)

i€V A#D

maps ("{Q'},¢"2{Q'} into (M2 {Q'} where h/(r1,r2) is the atom whose yeses are the
union of the yeses of r1 and ro.
We will first consider the collection
U’:—{UYZ-:VQ{I,...,TL}} (3.334)
eV
as this case will be easier to analyze, and we will adapt the result for U shortly. Let Q' C U’,

so that any ¢ € Q' can be written

ERORT (3.335)
i€V,

for some (possibly empty) V; C {1,...,n}. Consider the mapping
flo=NYn () N (3.336)
i€Vy 1e(Vy)©

i.e. we map each ¢ € Q' into the atom that belongs to exactly the Y;,i € V5. Similarly every

r € S can be written

r= ﬂ Y.N m N;. (3-337)
€W, ie(Wr)e

Consider the mapping from S into U’ defined by

g = Vv (3.338)
€Wy

and consider also the mapping b/ : S x & — S, defined by

W (r1,re) = m Y; N ﬂ N; (3.339)
€W, UWp, 1€(Wry )eN(Wiy )

so that ¢'(h'(r1,72)) = ¢'(r1) U ¢'(r2).
Lemma 3.76 Givenuec Q' CU’',reS,

G=¢ly (3.340)
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Proof:
G=lerCusV,NW,£0s f(u) C4¢(r)O (3.341)

Thus the w’th element of the r’th column ("{Q'} is the f’(u)’th element of the ¢’(r)’th
row. So the column ¢"{Q’} can also be thought of as a row, and as above, term for term

products of rows correspond to intersections.

Corollary 3.77 Givenu e Q CU’, ri,rs € S,

riUry __ £/ ()
mlre Cg’(rl)ﬂg’(m) (3.342)
Proof:
(2 =le'=1land (2 =1+ (3.343)
flu) _ J(u) f(u _
Goy = Land 03 =19 ¢ty =10 (3:344)
Applying Lemma 3.76 therefore yields
Lemma 3.78 Let r1,r2 € S and let @' CUUU'. Then
Q') = ({Q} + ¢{ QY - (M) (3.345)

Proof: Note first that UU U’ = U" U {{0,1}"}, so each u € Q' is either a member of U’ or
else u ={0,1}". If u = {0, 1}" then since every set is a subset of {0,1}" we have

nU ]2 41— 1= g = ), (3.346)
Otherwise we have u € U’ and therefore
riUr: f f (“ f f’ _
1 : C ﬁg r2) Cg (r1) +C rg) < r1 )WJg'(r2) — (3347)

GHQ) +¢(Q) — ¢ o (3.348)

Definition 3.79 Let! be a positive integer and let x and y be vectors in R'. Define zoy € R
to be the vector

(zoy)i =z +yi — Ty (3.349)
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Lemma 3.80 Let Q' C U. Let %, € R be probability measure consistent vectors (i.e.

>~<{0,1}n = 5{071}71 =1). Then x o & is probability measure consistent also.
Proof: By Lemmas 3.78 and 3.69,

({QYo¢{Q} = (M)
Consider now

T=> a({Q), € =Y BCHQY B0, Yo =) B =1

reS teS reS teS

Then for every u (where we write (" instead of ("{Q'} to simplify notation)

(Xo&u=D i+ Bl =D Bl =

resS teS reStesS
() Do+ (Sor) Snct - Tt -
teS resS resS teS reSteS
Z Z arBiCy, + Z Z arﬁt(i - Z Z aTﬁthZCZ =
reStes reStes reStes
Z Z arB(¢" o Ct)u =
reStesS
Xo&=) > ("ol
reSteS

(3.350)

(3.351)

(3.352)

(3.353)
(3.354)
(3.355)

(3.356)

and o >0, Vr,t, D csdies B = (X esr)(Xies Br) = 1, so this is indeed probabil-

ity measure consistent. O



Positive Semidefiniteness 127

Chapter 4

Positive Semidefiniteness

Let P C {0,1}", and let P be the algebra of subsets of P (the algebra generated by
YIP, o ,an). Recall from Definition 3.62 that where y € R2 for some Q C P,and Q' C Q
is such that for all u,v € @' we have uNv € Q, then the matrices UX are defined as the
matrices with rows and columns indexed by the elements of Q’, with each u,v entry equal
to X(u Nwv). The focus of this chapter will be on the measure theoretic relevance of the
condition that the matrices of the form UX be positive semidefinite. We will see shortly
that where the vector X is P-signed-measure consistent (Definitions 3.23 and 3.25), positive
semidefiniteness of UX is a relaxation of the condition that ¥ be consistent with a measure
on the algebra P. (Recall that to establish that a point = € [0, 1]" belongs to Conv(P)
we need to show that z is consistent with a probability measure on P.) In the first two
sections of this chapter we will try to quantify in measure theoretic terms the nature of this
approximation.

The first section focuses on the inequalities that are implied by UX > 0. The first two
subsections are devoted to characterizing the inequalities implied by positive semidefinite-
ness in terms of the delta and v vectors defined in Sections 3.4 and 3.5. We will see the
crucial role played by the condition of P-signed-measure consistency, and in this context
we will also note a generalization of the T'H(G) operator of [GLS81] and [LS91].

In particular we will see that if x is consistent with any signed measure x on P, and
UX = 0, then where we denote the projection of ¥ on Q' by ¥/, for any set ¢ € P whose
measure can be described in terms of the coordinates of Y’ (i.e. there exists a delta vector
12 (q) as per Definition 3.38) we will be guaranteed to have x(g) > 0. We will see that
this result provides a window toward understanding the effect of positive semidefiniteness in
approximating P-measure consistency. We will also show that in the special case where the

collection Q' is an inclusion maximal linearly independent subcollection (Definition 3.36)
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of Q then if Y is P-signed-measure consistent and UX > 0, we will be guaranteed that y is
actually P-measure consistent. We will use this result to show that where a set P C {0,1}"
is such that for every point y € P, for each 4,5 € {1,...,n}, the product y; x y; is a linear
function of y, then a single semidefinite constraint constitutes a necessary and sufficient
condition for a point x € Affine(P) to belong to Conv(P). More generally, though the
condition that Q' be a maximal linearly independent subcollection of Q is quite restrictive,
this result can still be useful in establishing that particular subvectors, at least, of the lifted
vector y are P-measure consistent. We will use such a methodology to prove the main
theorem of Section 6.6.

Subsection 4.1.3 presents an application to the stable set polytope. In that subsection
and the next we will also describe several possible methodologies for establishing that an
inequality is implied by positive semidefiniteness in concert with other constraints. That
is, given ¥ € R? as above, with the projection ¥’ € R, we will describe conditions under
which the constraint UX > 0 will guarantee that, where v € RQ/, we will have vT§' > 0.
For example, we will show that if v can be written (after possibly padding with zeroes) as
a sum of delta vectors u%(q1),...,u%(q) for some P O G O Q', and if for some signed
measure x on P consistent with y either the sum of the signed measures of the pairwise
intersections x(gq1 N ¢;) is nonpositive, or the sum of the signed measures of the pairwise
unions x(g; U g;) is nonnegative, then the condition UX = 0 is sufficient to guarantee that
vT'¥’ > 0. Thus if there are constraints on ¥ that can guarantee that there is in fact a signed
measure x consistent with x such that either Y x(¢; N¢;) < 0 or 3 x(g; U g;) > 0, then
the additional constraint UX > 0 is sufficient to guarantee that v7x’ > 0. In particular, we
will show examples of collections of linear constraints on the vector x that guarantee that y
is P-signed-measure consistent, and that all P-signed measures consistent with y are such
that either Y~ x(¢; Ng;) <0 or > x(g; Ugj) > 0. In Subsection 4.1.3 this methodology will
be applied to the stable set problem, and in the following subsection it will be formalized
and generalized. In that subsection we will also generalize the characterization of [LS91]
of some of the situations in which positive semidefiniteness works in concert with other
constraints.

The fact that positive semidefiniteness, in the form of the N T operator, does not always
strengthen the N operator has already been noted in the literature (J[GT01], see also [CDO01]
and [CLO1]), Subsection 4.1.5 addresses a reverse question: How much is accomplished by
the N constraints that could not be accomplished by positive semidefiniteness and P-signed-
measure consistency alone?

Section 4.2 gives a measure theoretic interpretation and generalization of the method-
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ology of Lasserre’s algorithm ([LasO01], [Lau0l]) in terms of the v vectors and measure
preserving operators.

As we noted, the question of when N strengthens N has already been treated in the
literature. In the case of the N-type operators (as per Remark 3.68), there is no guarantee
of P-signed-measure consistency, but A-signed-measure consistency is indeed guaranteed.
(See Definition 3.25, and Remarks 3.28 and 3.50, and recall from Definition 3.2 and Remark
3.7 that A is the algebra generated by Y7,...,Y,,, which is the algebra of subsets of {0,1}".)
Thus positive semidefiniteness in the context of the IV operator is actually a relaxation of
A-measure consistency, rather than P-measure consistency. While A-measure consistency
is not the same thing as P-measure consistency, it is a necessary condition for P-measure
consistency (Remark 3.28), and as we saw in the examples of Section 3.3, it can prove very
useful in establishing P-measure consistency. In Section 4.3 we will address the question
of when the condition of .A-measure consistency itself, which is far stronger than positive
semidefiniteness, helps in the context of the N operator. We will show that in a number of
the cases where it has already been established that positive semidefiniteness will not help,

measure consistency (i.e. A-measure consistency) will actually not help either.

4.1 Inequalities Implied By Positive Semidefiniteness

4.1.1 Delta and v Vectors

Recall that given @' C Q C P, with u,v € Q' = unNwv € Q, and given Y € RS with
projection ¥’ € R, the matrix UX is defined to be the |Q'| x |Q'| matrix whose u, v entry

is Xurw- Recall also that where y is P-signed-measure consistent, then for any « satisfying

X = Z ar¢"{Q} (4.1)

reSP

we have

UX= 3 ax("{QH¢{QN (4.2)

reSP

Considering that the (sole) additional condition for x to be P-measure consistent is that

a > 0 we can immediately observe the following necessary condition.
Lemma 4.1 If ¥ is P-measure consistent then UX > 0.

Proof: The matrices ("{Q'}(¢"{Q'})T are positive semidefinite, and nonnegative combina-

tions of positive semidefinite matrices are positive semidefinite. O
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Moreover,

Lemma 4.2 Let U € R™ ™ be a matrix belonging to the linear span of some collection
of matrices {x7(x)) : j = 1,...,k, k < m} where the vectors {2/ € R™} are linearly

independent. Then U belongs to the cone of the matrices {2’ (x9)T} iff U = 0.

Proof: If U is in the cone then U = 0 because each 2/ (27)” = 0, and conic combinations
of positive semidefinite matrices are positive semidefinite. Conversely if U is not in the
cone, then complete z!, ..., 2" to a basis by choosing vectors z**1, ... 2™ and let X be the

nonsingular matrix whose j’th column is 27, j = 1,...,m. By assumption,
k . .
U= Zaixj ()T, ap <0 (4.3)

for some h € {1,...,k}. Therefore, where we denote the h’th row of X! as (the column

vector) X, 1,
x,Hlux,* Zaz Vol (@)X, =ap < 0= (4.4)
U#0.0 (4.5)

Corollary 4.3 Given a P-signed-measure-consistent vector ¥ € RS, where Q' C Q C P

and
1. Q' is a spanning collection for P, and
2. u,ve Q@ =unveQ

then X is P-measure consistent iff UX = 0.

Proof: Let @ C Q be a linearly independent spanning collection, and let us denote the

Q' x Q' matrix whose u,v entry is Yun, as UX. By assumption, there are o for which

X = Z ar¢"{Q} and (4.6)
reSP
UX= 3% a("{QH{QD (4.7)
reSP
UX= > a("{QH{QD" (4.8)
reSP

By definition of linearly independent spanning collections, the columns ¢"{Q’} are lin-

early independent, thus by the lemma, a > 0 iff UX > 0. Moreover,

UX=0=>a>0=UX>0 (4.9)
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and conversely

UX=0=UX>0 (4.10)

as UX is a principal minor of UX, so UX is positive semidefinite iff UX is positive semidefinite.

O

Recall that if the spanning collection Q' of P is linearly independent, every vector x’
defined on Q' is P-signed-measure consistent, but the expanded vector ¥ € R< is only
‘P-signed-measure consistent if we impose the P-signed-measure consistency constraints
(defined by the delta vectors) described in Lemma 3.39 on Q—Q’. Observe, however, that for
the case P = {0, 1}", the set I of all intersections of sets Y; is a linearly independent spanning
collection, and it is closed under intersections. Thus we could choose Q@ = Q' = I and then
we are always guaranteed signed measure consistency, and we have measure consistency as
well iff UX = 0.

In general, where Q' is not a spanning collection for P we can still say the following.
Lemma 4.4 Let Q' C Q C P be such that
u,ve @ =unve Q. (4.11)

Let X € R be P-signed-measure consistent, and let the projection of X on Q' be denoted
as X'. For any delta vector ,uQ/(q) € RY, for every signed measure x with which x is

consistent,
(12 (@)U (¢) = (1 (2)"X = Xq- (4.12)
Proof:
(12 (@) U () = (2 (@) (D ¢ {QIC{Q NI (g) = (4.13)
reSP
> an(p(9) (I I (g) = (4.14)
reSP
S a1 (@)C{D = > (@) ¢{Q} = (4.15)
rest rest
(1% (@) X = x4 O (4.16)
Corollary 4.5 Under the conditions of Lemma 4.4,
UX=0=x,>0 (4.17)

and if P € Q' (so that there exists a vector n< (¢¢)) then we also have

UX = 0= x, < Xp- (4.18)
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Proof: The first statement is clear from Lemma 4.4. As for the second statement, if P € Q’,
then where ep is the P’th unit vector in R, the vector ep — u< (q) € RC is a delta vector
for the set ¢¢ (i.e. it belongs to M (¢¢)). (To see this note that for any (signed) measure
y on P, with projection 3’ on Q', we have (ep — < (¢))77 = y(P) — y(q) = y(¢°). In
particular this is true for the zeta vectors, and so ep — u? (q) € M2 (¢°).) Thus Lemma
4.4 implies that 0 < x4c = xXp — X¢- O

Definition 4.6 We will refer to inequalities of the form
(1% (@)"¥ =0 (4.19)
as delta vector inequalities.

Thus positive semidefiniteness implies that if x is P-signed-measure consistent, then for
any set ¢ that can be described in terms of the sets in Q' every signed measure that is
consistent with y assigns nonnegative measure to ¢, or in other words, every delta vector
inequality is satisfied. Thus if all of the nonempty atoms can be described in terms of Q’
then by Lemma 3.24, ¥ must be P-measure consistent. Thus it is easy to see that Corollary
4.5 generalizes Corollary 4.3. Observe that the number of sets that can be described in
terms of even a small collection Q' can be very large.

We will give here another corollary, this time of the proof of the lemma, that can be

useful.

Corollary 4.7 Under the conditions of the lemma, if uNv =0 then

(1 ()T (v) = o0. (4.20)
Proof:
(1% (W)U () = Y an(n®(0)"CH{QICH{L NI (q) = (4.21)
resSt

> =00 (4.22)

reSP:rCu,rCov

Example: Consider P C {0,1}" where P is the set of incidence vectors of the stable
sets of a graph G with n nodes (v1,...,v,), and the edge set E. (Edges in E will be iden-
tified by the indices of the nodes they lie between. Thus the edge between nodes v; and
vj will be denoted {i,j}.) Let C' be a clique in G. Then no stable set can have a 1 in the

coordinates corresponding to any two nodes from C. In set theoretic terms,

v n Yjp =, Vi,j such that v;,v; € C = (4.23)
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J ¥¥ is a disjoint union = (4.24)
v, eC
X U vr| = Z x(Y;) and therefore (4.25)
i, eC v, eC

x(( U Y,-P) ) =xr— > x(¥{) (4.26)

v, €C v €C

for any signed measure y on P. Thus where we set
QO ={rPYl, ... Y, o={PYF, Y, Y0y (i,j=1,....n)} (4.27)
and we denote the set (Uy.,,cc Y;¥)¢ as C¥, then we can write
p2 (CY) = ep — > e (4.28)
i €C

where e; is the unit vector that corresponds to the set ;') and ep corresponds to the set P.
By the same token, denote XIYiP as x;, and )Zyipmyjp as X;,j- Thus so long as x is P-signed-
measure consistent then the constraint UX > 0 will guarantee that every signed measure

with which ¥ is consistent must assign nonnegative value to C* for every clique, i.e.
0<xew = (WO (CNTX =xp— X Xi (4.29)
v, €C
i.e. all of the clique constraints will be satisfied (and there can be exponentially many of
them). Observe now that for any 4, j such that {i,j} & E, the set {v;,v;} is a stable set,

and therefore the point in {0,1}" with a 1 in positions ¢ and j and zeroes elsewhere belongs

to P. Thus where

r= {ﬂ Y;P .V C{1,...,n} s.t. Jy € P for which y; = 1 iﬁiev} (4.30)
eV

we conclude that YZ-P N YjP € I”. Recall now that by Theorem 3.53, the collection I” is

linearly independent, thus the collection
{PYF,. . YEYP oyl (i) ¢ B} (4.31)
is linearly independent. Moreover, for any i,j : {i,j} € E, we have
vyl =0 (4.32)

so all of these expressions describe a single set, namely ), and the delta vector u<(f)) = 0

describes this set. By Lemma 3.42 we conclude,
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Lemma 4.8 For the given example, all vectors x indexed by
Q={PY (i=1,....0),Y" nY/({i,j} ¢ B),0} (4.33)
that satisfy xp = 0 are P-signed-measure consistent. O

Corollary 4.9 If Yy = 0 (so U}, = Xyrnyr = Xo = 0 for all {i,j} € E) and UX = 0, then
), i i

X' satisfies all of the clique inequalities. O

It should be noted that the set of vectors Y’ that are projections of some x with xy = 0,
and for which UX = 0 (with the additional constraint Y/» = 1) is the same as the set TH(G)
introduced in [GLS81] and [LS91] and it was already noted there that all vectors in this
set satisfy the clique inequalities. Thus for general P C {0,1}", the conditions that x be

P-signed-measure consistent and UX > 0, can be viewed as a generalization of the idea of
TH(G). O

Here is another theorem, more specialized than Lemma 4.4, that also allows us to say

something (sometimes) for the case where @)’ is not a spanning set.

Theorem 4.10 Let Q' be an inclusion mazimal linearly independent subcollection of Q C
P, where u,v € Q' = uNuv € Q, and let X (with a coordinate for each q € Q) be P-signed-

measure consistent. Then x is P-measure consistent iff UX > 0.

Proof: It is clear that if ¥ is P-measure consistent then we must have UX > 0, so we
only need to prove the converse. By the linear independence of Q’, there must exist some
square nonsingular submatrix W of ZgP{Q’ } (defined in Definition 3.36). The columns of
this submatrix are indexed by a |Q'| size subcollection of the atoms S (or alternatively,
by a cardinality |Q’| subset of P). Let us refer to the union of these atoms (i.e. to that
cardinality |Q'| subset of P) as V, and let us rename the rows corresponding to sets u € Q'
as u¥ =un V', and let us denote the collection of all such sets as Qv. (Note that the sets
uNV, u € Q are all distinct, since suppose Ju,w € Q,u #w and uNV =wNV. So the u
row of ng is not the same as the w row, but on the subrow corresponding to the atoms in V'
they match. Thus u< (u) # p2 (w), but (< (u))TW = (4 (w))T W, which contradicts the
nonsingularity of W.) Then the square submatrix W is exactly the submatrix ZgV{Q’ v
of the zeta matrix for the subset algebra )V of V, and by linear independence and the fact
that |V| = |Q"Y| we conclude that the collection Q'Y is a linearly independent spanning
collection for V. Define the collection QY of sets uNV, u € Q, and observe that we still have

w,v e QY =unve QY. Observe also that where the vector ¥V is indexed by Q" with
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YWuwnV)=x(u),u € Q (recall that distinct u € Q@ make for distinct uN'V € QV), then
XV is V-signed-measure consistent (since the delta vectors describing rows in Q as linear
combinations of the rows in Q' are unaffected by the elimination of some of the columns
from the zeta matrix, so Lemma 3.42 continues to apply). Thus where the matrix U %" has
its rows and columns indexed by Q'Y or equivalently by @', Corollary 4.3 implies that ¥V
is V-measure consistent iff

UX =Ux" =0 (4.34)
where the equality follows from the fact that for each u,v € @',
U (u,0) = % (unvnV) = x(unv) = UX(u,v). (4.35)

Let XV be a V-measure with which ¥V is consistent, and define the P-measure x by x(u) =
XV (uNV), Yu C P. Thus for each u € Q we have

x(w) =x"(wnV)=x"(wnV) = x(u) (4.36)
which proves that x is indeed P-measure consistent. O

Corollary 4.11 Let P C {0,1}" be such that for all y € P and for oll {i,j} € {1,...,n},
1 # j, the product
yi X yj = (@) Ty 44107} (4.37)

for some a7 € R" and some real number v13}. Define
it = o107k = ¢, 7{“} = fy{o’i} =0 (4.38)

where e; is the i’th unit vector. Then a point x € R™ belongs to Conv(P) iff x € Affine(P),
and U* = 0, where U” is the square matriz with rows and columns indexed by {0,1,... ,n},

with U*(0,0) =1, and for all {i,5} # {0,0},
U (i, 4) = (a7 Tg 4 103}, (4.39)

Proof: It is easy to see that these conditions are all necessary, so we will only prove

sufficiency. The vector (1, z), which may be represented as

(z[P), z[Y{), ..., z[Y,F)) (4.40)

n

is P-signed-measure consistent iff z € Affine(P) by Corollary 3.19. The conditions guar-
antee moreover that the expanded vector with coordinates for each pairwise intersection as

per U* is P-signed-measure consistent as well (by Lemma 3.42). Since the conditions of the
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corollary also guarantee that some subcollection of P, YIP yenn ,an is an inclusion maximal
linearly independent subcollection of {P,Y/F(i = 1,...,n),Y;Y N Yjp(i,j =1,...,n)} we
can apply Theorem 4.10 to conclude that (1,z) is P-measure consistent, which proves the

corollary. O.

This is only one of the ways that positive semidefiniteness can be effective. One way
to appreciate the power of positive semidefiniteness in general is as follows. Let Q' be an
inclusion maximal linearly independent subcollection of @ C P. Recall from Lemma 3.42
that a vector ¥ € RC is P-measure consistent iff it is P-signed-measure consistent, and its
projection ¥ € R2' is P-measure consistent. Recall from Section 3.5 that the vector X is

P-measure consistent iff

@2 O)NTY >0, v (0) € N2 (0) (4.41)

since N2'(0)) is the polar cone of {¢"{Q'} : r € S}, i.e. the vectors v< (0)) are those that
satisfy
W) 23 {9} > 0. (4.42)

For each v<" € N2 (), define the row vector
w’ = w2)Tz3" {9} (4.43)

Since w” > 0, denoting the unit vector in R i corresponding to each 7 € S* by e,, there
exists a unique A\ € R;SFP such that
w” =Y Ne. (4.44)
resSt
Let G be a linearly independent spanning collection such that @’ C G. For each v €
N<'()), define the vector v to be the expansion of ¥< to |G| dimensions, with a value of

zero in all of the appended coordinates. Now

V257G = (V) 259} = w” = (4.45)
S oael =3 Ml 2 G = (4.46)
reSP reSP
v= Y A28 (1) (4.47)
reSP

since ZgP{G} is nonsingular. Thus for every expansion of ¥’ to ¥ € R determining the

signed measure x on P,

)R =" = M) =D M (4.48)
reSP reSP
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The implications of these observations are as follows.

For the purposes of the next two lemmas, let @' C Q' C Q C P where @' is an inclu-
sion maximal linearly independent subcollection of @'. For the second lemma, assume in
addition that for every u,v € @ we have uNwv € Q. Let ¥ be in RC with projections
X € R? and ):gl € R2 on Q and Q' respectively, and let x¥ be P-signed-measure consistent

(so that its projections are as well).

Lemma 4.12 The vector X' is P-measure consistent iff X satisfies that for some (and
every) signed measure X consistent with Y, and every vQ e N9 (0) and corresponding
N e RS”,

> ANxr > 0. (4.49)

rest
(Note that XV > 0.) If Q' is an inclusion mazimal linearly independent subcollection of Q

as well, then x will also be P-measure consistent under this condition.

Lemma 4.13 If UX = 0, then
> ()X =0 (4.50)

reSP

for every signed measure x consistent with X', and every vQ € NQ,(@) and corresponding

e RrS”.

Proof: Denote the |Q’| x |Q/| matrix with u, v entry equal to Yun, as UX. For any P-signed-
measure y consistent with ¥/, let UX € RE*® be the matrix whose p, ¢ entry is Xpng for

all p,q € G, where G D Q' is a linearly independent spanning collection. Then by positive

semidefiniteness, ] ]
0< W =T = (4.51)
( EZSJP AZMG(T)) ' Ux ( E%; /\?MG(T)) = (4.52)
eXS:P(A?)Q(MG(T))TU XS (r) + ZG;SP Ny (€ ()T U (v) = (4.53)
EZSP(A;e )2 X (4.54)

by Lemma 4.4 and Corollary 4.7 since all of the sets in S* (the nonempty atoms) are mu-

tually disjoint. O
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One other specific example regarding the v vectors that we will point out is as follows.

Let

Q' ={rY", .. v, o={PY", . . v Yv'nY (iij=1,...n)} (4.55)
Recall that the following “inclusion-exclusion” inequality is always valid for P-measure
consistent vectors ¥ € R, where we use the same notation as in the example above.

oo Y. Xij<xe (4.56)
ieJC{1,...,n} i,jEJ i#]

If the matrix UX is positive semidefinite, then writing v UXv > 0 where vp = 1, v; = —%
for ¢ € J, with the remaining coordinates at 0 yields

- - 9._
dxi— D, Xy < gXp: (4.57)
icJ i,j€J,i#]
Moreover, where v; = —% for ¢ € J the positive semidefineteness constraint gives
3 - - -
2 dDXi— D, Xij<2%p (4.58)
icJ i,jEJyits
so that wherever > ;. ; X; > 2xp this implies that
Zf(z‘ - Z Xij < XpP (4.59)
ieJ 1,j€Ji#]
and naturally (4.59) will also hold wherever Y ;. ; Xi < Xxp, and by (4.58) it will also hold

wherever

Z Xij = XP- (4.60)
i,J€Ji#£]

4.1.2 Combinations of Delta Vectors

One way to characterize the inequalities that are introduced by demanding positive semidef-
initeness of UX is in terms of sums of delta vectors such that the sum has nonzero values
only in its @' coordinates. In what follows, wherever we make reference to the collections
Q and Q' these should be understood to be subcollections of P, with @' C Q, and such
that whenever u,v € Q' we have unv € Q.

Let G D Q. For every vector v € R, define the vector 7 € R to be the lifting of v
to |G| dimensions obtained by padding v with zeroes in all of the appended coordinates.
Observe that there always exist sets {q1,...,q} C P for which

o= > Bin(@) (4.61)
i=1,.,t
Specifically, we could choose {q1,...,q:} = Q' so that we can write u%(g;) = e, and we

could choose 3, = vy,. This establishes the following lemma.
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Lemma 4.14 Let G O Q. Let X € RC be P-signed-measure consistent. Let x be any signed
measure on P with which X is consistent. For each v € R there exists some collection of
sets {q1,...,q:} C P such that the vector v € RC obtained by padding v with zeroes is such
that © = Y'_, BipnC (q;) for some B, and such that

¢ t ot
oTUXe =" B x(a) +2> D BiBix(aiNgj). (4.62)
i=1 i=1 j=i+1
Conversely, for every collection of sets {qi,...,q} C P for which there are scalars (1, ...,

such that 2521 BiuC(q;) is nonzero only in Q' coordinates, then letting v denote the vector

St BipC (), and letting v denote the projection of v on R, we also have

t t t
U =3 x(@) +2> S0 BiBix(ainay). (4.63)

i=1 i=1 j=i+1

Proof: Let UX be the |G| x |G| matrix whose u, v entry is x(uNw), for each u,v € G. Then

v UXy = 9T UXp = (4.64)

¢ T t
<Z 6iuG(Qi)> Ux (Z ﬁm%%)) = (4.65)
=1 =1

ZﬁQ () Fuxu® +2Z Z BiBi (1S (g:)TUXuC (¢5) = (4.66)
i=1j5=t+1
t
> B (@)U (i) + (4.67)
=1

i=1j5=t+1 reSP

22 Z BB (1 (4:)) (Z arcr{G}@T{G})T) 1% (q;) = (4.68)
Z X (g +2Z Z BiBi > = (4.69)

i=1 i=1j=i+1 reSP:rCq;Ng;
t t t
S Bix(@)+2> . > BiBix(eiNg). O (4.70)
i=1 i=1 j=it1

We can say a little bit more also. Observe that every v € R can also be written as a
linear combination of delta vectors of disjoint sets. Specifically, where G C P is a spanning
collection and we write Q" = {¢; : i = 1,...,t}, then by Corollary 3.48 we can write the

delta vector

e =1(a) = >, ur) (4.71)

reSP:rCq;
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and the sets in S” are all mutually disjoint. Thus
V= Z vieq, (4.72)
i=1...,t

can be written as a linear combination of delta vectors of disjoint sets. Thus applying the

previous lemma we conclude:

Lemma 4.15 Given P-signed-measure consistent x € R<, then for any signed measure x

on P with which it is consistent, the inequalities implied by UX = 0 are all of the form

¢
0 < oTU% = 3 Fx(a) (4.73)
=1
for some collection of disjoint sets {q1,...,q} C P. Conversely, for every collection of dis-

joint sets {q1,...,q} C P for which there exist scalars B, ..., B such that >t_; BiuC(q)
is monzero only in Q' coordinates, positive semidefiniteness implies that the inequality de-

scribed above holds. O

Thus for every mutually disjoint collection of sets such that some linear combination of
delta vectors for those sets has nonzero entries only in positions corresponding to Q’, the
nonnegative linear combination of the signed measures of those sets obtained by squaring
the coefficients one by one is guaranteed by positive semidefiniteness to be nonnegative,
and every inequality generated by positive semidefiniteness is of this form. It is clear that
Corollary 4.5 is a special case.

Thus each inequality generated by positive semidefiniteness says that a nonnegative
linear combination of signed measures of sets will be nonnegative. Obviously this require-
ment is not as strong as a requirement that those sets themselves have nonnegative signed
measure, but it is something nontrivial nonetheless.

Here is a simple example of a positive semidefiniteness inequality that draws on delta

vectors that involve more than just Q'.

Example: Consider
Q/ - {{071}n7}/17}/2}7 Q: {{071}H7Y17Y2)Y1my2} (474)

(we have chosen P = {0,1}" so as to make notation cleaner) and consider the vector

1 1
v=(1,-5—3) (4.75)

This vector is a linear combination of the delta vectors corresponding to the disjoint sets

(Y1 UY,)¢ and Y'Y, U Y, YS (4.76)
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where we have suppressed the intersection signs to reduce clutter. Specifically, where G is
any spanning set, and ¥ is, as above, the lifting of v to R® obtained by padding v with

zeroes, we have
— G c 1 Gy c
v =p"((Y1UY2) )+§u (Y Y2 U 1Y5) (4.77)

for some delta vectors u®((Yy U Y5)¢) and pu% (Y Yz U Y1Yys). Here is the proof that (4.77)
is indeed valid:
For any signed measure x on A, where we denote the signed measure y of a set ¢ as x(q),

and any delta vectors u®((Y1 U Y3)¢) and u®(YYs U Y1Yy),

(W (i UY)") x + (Vs UYYE) x = (1.79)

X(RUY3)) + gx(ViYa UVYS) = (4.79)

X(P) = x(Y1) = x(Y2) + x(V1Y2))+ (4.80)

SXOAYE) - Sx(¥EYs) = (4.81)

X(P) = x(¥1) — x(¥2) + x(¥1Y2) (182)

S OK) = X(Yi¥2) + 3 (%) = x(¥i¥2)) = (45

X(P) ~ 5x(¥) = gx(%2) =7x = (18)

for any delta vector u&((Yy U Y2)©),

(0 - 19 U)X = JFY2 U YY) (435)

and thus, since this anlysis holds for any signed measure x (and in particular it holds for
the zeta vectors), 2(0 — u®((Y1 UY3)¢)) is a delta vector for Y Y, U Y1 Yy, which establishes
(4.77).

The positive semidefiniteness inequality generated by v is therefore

0. (Y UY2)") + (VY2 UYiYE) = (1.56)

X(P) = x(Y1) = x(Ya2) + x(Y1Y2)+ (4.87)
L) = (YY) + S (d(%2) — x(¥i¥2)) = (4.5%)
X(P) = (1) = Sx(%2) + 5e(1Ya) = (4.59)

2 X(¥i) + (1) — Sx(¥i¥a) < x(P) (4.90)
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This is not as strong as stating that
x(Y1) + x(¥2) — x(1Y2) < x(P) (4.91)

xX(Y1) + x(¥2) = 2x(Y1Y2) < x(P) (4.92)

the first of which is implied by x((Y1 U Y2)¢) > 0 and the second of which is implied by
x(Y Y2 U Y1Ys) > 0, both of which we would have learned from delta vector inequalities
had Q' included the set ¥1Y> (as per Corollary 4.5). But nevertheless it is more than what

we would know from the delta vectors that involve P, Y7 and Y> alone.

4.1.3 An Example: Stable Set

This section will illustrate some of the concepts previously described in an application to
the stable set problem. Most of the valid stable set inequalities that will occupy us here are
the same as those that were treated in [LS91], but here we will approach them from within

the framework that has been developed in the previous subsections.

Let G = (N, E) be an undirected graph with n nodes, and let P C {0,1}" be the
collection of incidence vectors of the stable sets of the graph. Formally, where the nodes
are labeled 1,...,n, and for each i,j € {1,...,n} for which there is an edge between the

i’th and the j’th node, the edge is labeled {4, j}, then
P={ye {01} yi+y; <1, Vi,j: {ij} € B, (4.93)

Remark 4.16 To reduce notational clutter, throughout this section we will represent set
functions on P with respect to collections of sets from A (as described in Definition 3.25).
Thus instead of indexing vectors by set theoretic expressions involving sets of the form YiP,
we will be indexing them by expressions involving sets of the form Y;. In particular we will

be using
Q' ={PY1,....Y,}, Q={PY1,....Y,,.YinY,, (i,j=1,...,n)}. (4.94)

For any set function on P, recall that where that set function is represented as a vector
X with coordinates corresponding to sets from A, the value x4, q € A is the set function
value of ¢ N P, and that vectors that can be interpreted in this way as representations of
set functions on P are said to be P-set-function consistent. (Obviously such vectors also
describe set functions on A.) Recall also that a vector X defined on a subcollection of A

1s said to be P-signed-measure consistent iff it is P-set-function consistent, and the set
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function it induces on P is P-signed-measure consistent. (Note also that if x € RA s
P-signed-measure consistent, then for any set ¢ € A such that ¢ C P¢, we have x4 = 0.)

Observe that where P is the collection of incidence vectors of stable sets, the sets
Py, P vPnYy)l {ijt¢ E (4.95)

are all distinct (they form a linearly independent collection as shown above in Section 4.1.1),

and the sets

{vi¥ ny} : {i,j} € E} (4.96)

are all the same set, i.e. the empty set. So P-set-function consistency is achieved by any
X € R2 that assigns a common value to all Y; N Y; :{i,j} € E, and as we saw in Lemma
4.8, P-signed-measure consistency will be achieved by any X that assigns all of those sets a
value of zero.

Observe also that for any P-set-function consistent X, X{o,13» = Xp, S0 for practical
purposes the set P in Q and Q' can be considered to be interchangeable with the universal
set {0,1}"™. More generally, since for any set ¢ € A, x(q) = x(¢NP), for ease of presentation
we will refer to set theoretic expressions of sets Y; € A as being disjoint (or equal) if the
sets that they define are disjoint (or equal) when intersected with P. Thus we may say

AUB=C if(AUB)NP=CNP. O

We have already considered the situation for the clique inequalities. In this section we
will consider the odd hole, odd antihole, and wheel inequalities. Assume that an odd sized
collection C' C N of nodes is composed of nodes vy,...,v;, k > 3, represented by 0,1

variables y1,...,yx. If C is a chordless cycle in the graph G, the valid inequalities

Zyz’ < 5 (4.97)

are called the odd hole inequalities. If C' is a chordless cycle in the graph (N, E€), i.e. there

are edges between every pair of nodes in C' except for the sequence of pairs

{vr,ve}, o {vk—1, ve ), {vr, v1} (4.98)
then the valid inequalities
k
doyi<2 (4.99)
i=1

are called the odd antihole constraints. If C' is a chordless cycle in the graph, and there

exists some node w ¢ C' (with incidence variable denoted y,,) such that there exists an edge



Positive Semidefiniteness 144

between w and every v € C, then the valid inequalities

k
k-1 k-1
D i+ Yo < (4.100)
2 2 2

are called the odd wheel constraints.

In what follows we will be assuming that |C| = k > 3 (odd), and that the nodes
belonging to C' are numbered vy, ..., vg.

We will now show how to obtain the odd hole, odd antihole and odd wheel inequalities
from measure theoretic constraints, and from delta vector constraints (Definition 4.6) in
particular. Observe first that for any P-signed measure (represented with respect to A), x,
the following equations are valid since for all {3, j} € E the sets Y; and Y; are disjoint, and

{k,1},{i,i+ 1}, i=1,...,k — 1 are all edges in E.

x(YYY5) = x(YF) — x (YY) — x(YYi) = (4.101)
x(P) —x(Y1) — x(Y3) + x(Y1Y3) — x(Yit1) + x(Y1Yis1) (4.102)
and
xMYYS ) = x(Y1) — x(1Ys) — x(Y1Yiq1) (4.103)
(where i is an integer in {2,...,k — 1}, and the notation x(¢) means the function value of

x on the set ¢). Rewriting x; for x(Y;), xp for x(P), and x;; for x(Y;Yj), etc. to avoid

clutter, we must therefore have for any P-measure Yy,
x(YTYYS5 1) = xp —x1 — Xi — Xi+1 + X154 + X1,i41 = 0 (4.104)

and

xMYY5) = xa — x1i — x1i+1 > 0. (4.105)
These are delta vector constraints, as defined in Definition 4.6, of the form uQ(q)Tf( >0,
where Q is as in (4.94), and x is the projection of x on its Q coordinates. Summing the
inequalities of type (4.104) over all even i = 2,4,...,k— 1 (recall that k is odd) and adding
that sum to the sum of all inequalities of type (4.105) for odd i = 3,5, ...,k — 2, and noting
that each x;i+1 (as well as xy,1) is zero yields the (homogenized) odd hole inequality

k—1
2

k
xXp—>_xi>0. (4.106)
=1

The odd wheel inequalities are obtained the same way, but the inequalities of type

(4.104) are strengthened to

XP = X1 = Xi = Xi+1 — Xw + X1,i + X1,i+1 = 0 (4.107)
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yielding the desired inequality. Inequality (4.107) is also a delta vector inequality since for
all i € {1,...,k,w}, (where k mod k is construed as having the value k), Vi, Y, | 1104 &

and Y,, are all disjoint sets, so that for any P-signed measure ¥,
XYY YY) = Xp — X1 — Xi — Xi+1 — Xw + X1, + X1it1- (4.108)
The odd antihole constraint is the sum of the following two delta vector constraints

X(Y1UY3U-- - UY, oUY, 1Y) =

k—2
XP— >, Xi—Xk-1k >0 (4.109)
odd i=1
and

X((Yz UuYyu---UYe_q UYk)C) =

k—1
Xp — Z Xi — Xk + Xk—1k = 0. (4.110)
even =2

The first equality follows from the fact that the sets Yi,Y3, -, Yi_o,Yr_ 1Y, are pairwise
disjoint, and the second equality follows from the fact that the sets Yo, Yy, -+, Y3, Y 1UY}
are pairwise disjoint, and x(Yz—1 U Y%) = Xk—1 + Xk — Xk—1,k-

Lemma 4.17 Let P be as in (4.93). Define a vector X with coordinates indexed by P and
all intersections of up to four sets Y;, and demand that x;; = 0 for all {i,j} € E, and
similarly for all x; ;k and X; k1. Let Q be as in (4.94). Define the matric UX with rows
and columns indezed by Q and with each u,v entry equal to X(uNwv), and let UX = 0. Then
the projection of X on its P,Y1,...,Y, coordinates satisfies all odd hole, odd wheel and odd

antihole inequalities (homogenized).

Proof: A trivial extension of Lemma 4.8 shows that y is P-signed-measure consistent, and
the delta vectors for inequalities (4.104), (4.105), (4.107), (4.109), and (4.110) are all of the
form 12(g). The lemma now follows from Corollary 4.5. O

At this point let us consider the behavior of the N operator of Chapter 1 on the stable set
problem, as per its definition in Remark 3.68. The description we will give here may seem
a little backhanded, considering that the behavior of N in this case is quite simple to de-

scribe in its original incarnation, but this methodology will prove useful repeatedly later on.

Let Q' be as in (4.94). Define K by

KE={{eRY : i+ X, <Xp Vi jy €E X 20, X< Wp, i=1,...,n}  (4111)
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and recall from Remark 3.68 that N(K) = N'(K) is the set of vectors ¥’ € R for which
there exists a lifting to a signed measure x on A such that the projection of the partial sum
signed measure x™i on the Q' coordinates (Y')*: € K for each set M; of the form Y; or of

the form N; :=Y,°. The constraints imposed by N are therefore

XX <P h=1,...,n, {i,j} €E (4.112)
0<x " <x%, ih=1,....n (4.113)
XN+ < xph h=1,...,n, {i,j} € E (4.114)
0<xM <xBr i ,h=1,...,n (4.115)

or equivalently, where we represent x(NN;) as x;c and x(N;Yj) as x;e j, etc.

Xh,i+Xh,j§Xh) h:]-a"'an7 {ZaJ}EE
OSXh,iSXh; iahzlv"'an
Xhe,i T Xhe,j < Xhe, h=1,...,n, {Zaj} S

0< Xhei < Xhe, i,h=1,...,n.
Since x is a signed measure we can restate constraints (4.118) and (4.119) as

Xi — Xhi+Xj—Xnj <xp—Xn h=1,....n, {i,j} € E (4.120)

0<Xi— Xni <XP—Xn (4.121)

What we have done here is to describe those coordinates that do not correspond to pure
intersections of Y; sets in terms of those that do. Constraints (4.116), (4.117), (4.120) and
(4.121) now involve only coordinates from Q, which is linearly independent (with respect
to A), so that A-signed-measure consistency is assured, cf. the end of Remark 3.68. Thus
constraints (4.116), (4.117), (4.120) and (4.121) completely describe N(K). Observe also
that for any {i,j} € E, constraint (4.116) implies that x; + x; ; < Xs, which, together with
constraint (4.117), implies that x; ; = 0. Thus by Lemma 4.8, P-signed-measure consistency
is also assured.

The inequalities (4.104) and (4.105) are therefore enforced by the N operator, and thus
the odd hole inequalities are all satisfied by N(K), but for the strengthened inequalities
(4.107), and therefore the odd wheel constraints, we have no guarantee. Similarly we have
no guarantee that the odd antihole constraints will be satisfied by N(K).

We saw in Lemma 4.17 that insisting on positive semidefiniteness for the matrix UX

with rows and columns indexed by Q is enough to guarantee on its own that the odd
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hole, odd wheel and odd antihole inequalities are satisfied, so long as the entries of the
matrix are P-signed-measure consistent. But if we insist only that the matrix with rows
and columns indexed by Q' be positive semidefinite (even continuing to assume P-signed
measure-consistency) then that argument will fail. We will see shortly, however, that pos-

itive semidefiniteness of the smaller matrix (as is demanded by N*(K)), in concert with

the N(K) constraints, is in fact sufficient to guarantee that the odd antihole and odd wheel

constraints are satisfied.

Let ¥ € R2 be consistent with some P-signed measure , and denote the projection of ¥
on Q' as ¥'. Observe first that if the odd antihole constraint 3>, x; < 2xp! is represented

as vy’ > 0, and delta vector constraint (4.109) is represented as
(H((VIUY3U- - UYi s UYia¥i))) €20, (4.122)
and delta vector constraint (4.110) is represented as
(ke UYaU- - UV, qu)C))Tx >0 (4.123)
then the vector 7 € R obtained by padding v with zeroes satisfies that
5=p2(ViUY3U - - UY; o UY 1Y) + p(YaUY,U---UY, UYL, (4.124)
Observe furthermore that
YVUYsU- - UY, o UYp 1Y) N (YaUYaU---UY, q UYR) =YYy Y5 (4.125)

Thus if the matrix UX with rows and columns indexed by Q' is positive semidefinite, then

Lemma 4.14 implies that vT UXv =

X((Yl UYsU---UY,_oU kalyk)c) + X((Y2 uYyUu---uY,_1 U Yk)c) + 2X(Y10Y20 e ch) > 0.

(4.126)
By equation (4.124) and the definition of delta vectors,
X(TUYsU--UYp oUYe 1Ye)) + x(YaUY U---UYp 1 UYR)C) =
T =0 =2%p - DX (4.127)

! Note that since x, ¥ and ¥’ are all consistent with one another we could have written this as Zle i <

2X'p, or as Zle xi < 2xp. We have chosen to write it here in the way that we have in order to emphasize
that the vector X is the one that is being constrained by UX > 0.
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and we can therefore conclude from (4.126) and (4.127) that

k
ST % - 2x(YE - YE) < 2xp (4.128)
i=1

Thus for any P-signed measure consistent ¥ and any P-signed measure x with which it
is consistent, UX = 0 will imply that (4.128) will hold. Thus if there is an y consistent with
X for which x(Y{---Y)$) <0, then (4.128) will imply Sk X < 2Xp, ie. it will imply that
X satisfies the odd antihole constraints. But we have not yet guaranteed that any such y
will exist. Perhaps every x consistent with x is such that x(Y{"---Y}¢) > 0 (the set Y7°--- Y/
has a nonempty intersection with P, and can therefore have nonzero signed measure). This
suggests several possible approaches that could now be taken toward guaranteeing that
Zle Xi < 2xp will in fact be satisfied. One possible approach is to attempt to show that
for each choice of x, after possibly imposing some valid constraints on y, we can actually
construct a signed measure x on P consistent with x for which x(Yy---Y)¢) <0.

The approach that we will be taking in the proof of the following theorem, how-
ever, is to show that for any P-signed measure Y consistent with ¥, the assumption that
X (Y- Y)S) is positive, together with some valid constraints on Y, is sufficient to guarantee
that Z§:1 Xi < 2xp. That is, we will show that for any P-signed-measure consistent y that
satisfies these additional valid constraints, if ¥ is consistent with a P-measure x on P for
which x (Y ---Y)$) > 0, then Zle Xi < 2xp. Thus for each P-signed-measure consistent x
that satisfies UX > 0 as well as these additional constraints, if there is a P-signed measure
x consistent with y that satisfies x(Y1°---Y}%) < 0, then positive semidefiniteness implies
Zle Xi < 2xp, and if there is no such Y, then since by P-signed measure consistency there
exists a P-signed measure x consistent with y, it must be that x(Y{---Y¢) > 0, which
implies Zle Xi < 2xp by assumption. Thus in either case we are guaranteed that y will
indeed satisfy the odd antihole constraints Zle Xi < 2xp.

For the purposes of the following theorem, let P be as in (4.93); let ¥ € R with
projection ¥’ € RS (where Q and Q' are as defined in (4.94)) satisfy Xij =0, ¥{i,j} € E,
so that x is P-signed-measure consistent by Lemma 4.8. Let x be a signed measure on P

consistent with . The matrix UX is, as usual, the matrix with rows and columns indexed

by @', with each u,v entry equal to x(u Nwv).
Theorem 4.18 Assume the following inequalities hold for x:
Xij + xik < xi, V{j,k} € E. (4.129)

Then if UX = 0, the odd antihole constraints will all be satisfied by X'.
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Proof: By (4.128), it suffices to show that the inequality

k

> xi < 2xp (4.130)
=1

holds for all P-signed measures y that satisfy the conditions of the theorem, and for which
XY YE) > 0. (4.131)

Since for any signed measure X, and any pair of sets A, B, we always have X(A) + X(B) =
X(AUB) + X(AN B), and since Y is a signed measure we therefore have by (4.127) and
(4.125),

k
QXP—Z)@' = X((Yl UYsU-- 'UYk_QUYk_]_Yk)C)—FX((}/QUnU' -UYeq UYk)C) (4.132)
=1

X(Y1UYsU- - UY) o UY, 1Y) U (Y2UYaU- - UY, 1 UYR)) +x (VY5 - Yy) = (4.133)
XYY Y o (Yaoa Vi) U (Yo Y5 -+ Y2, Y)) + x (VY5 - - YY), (4.134)

Now notice that a point y € P belongs to the set

VEYS - Y (Vi Yi)f U (YEYE - Y, Y5) (4.135)
if and only if it belongs either to none of the sets Y7,..., Yy, or if it belongs to exactly one
of them. (Since vertices vy, ..., v, form an odd antihole, the only pair of vertices that can

belong to a stable set are of the form v;, v;11 or vg,v1. Thus the only way for a point y € P
to belong to two or more sets from among {Y7,...,Ys} would be for it to belong to some Y;
and Y41, i € {1,...,k — 1}, or to Y} and Y7, and no such point could belong to (4.135).)

Thus since x is a P-signed measure (cf. the end of Remark 4.16), we obtain
NYEYS -+ V(Y1 Vi) U (YSYF - Ve, V) + X(YEYS - ) = (4.136)

X ({y € P:y € exactly one set Y, i € {1,...,k}}) + 2x(YYs - Y5). (4.137)

By (4.131) this is at least as large as

X {y € P:y € exactly one set Y;,i € {1,...,k}}) = (4.138)
X{y € P:yeY;only}) = (4.139)

i=1

k
Z(Xi = Xii-1 = Xii+1) > 0 (4.140)

=1
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where when ¢ = 1 then we replace ¢ — 1 by k, and when ¢ = k we replace i+ 1 by 1. The last
equality follows from the fact, noted above, that the only way for a point y € P to belong
to more than one set from among {Y7,...,Y;} would be for it to belong to some Y; and
Yj+1, so the set of points in P that belong to exactly the set Y; from among {Y7,...,Y;} is
Y:—Y;Y;_1-Y;Y;11 (cf. the end of Remark 4.16). The final inequality follows from (4.129). O

The situation for the wheel constraints is more complicated, but it points out one way

to generalize the procedure of the above proof. Recall that the wheel constraint

> oXi+ X < Xr (4.141)
is the sum of the £ 1 delta vector inequalities
T ~ ~ ~ ~ ~ ~ ~ ~
(MQ(Y YCY(J}JLYC)) X=XP— X1~ Xi — Xit+1 — Xw + X1,i + X141 > 0 (4.142)

foralleveni = 2,4,6,...,k—1 (recall that k is odd), and the % —1 delta vector inequalities

T
(HEMYEYED) X =%X1 = Xas— Xait1 = 0 (4.143)

for all odd i = 3,5,...,k — 2.
Let the % sets Y'Y Y5 1Y, and the =1 — 1 sets Y1Y°Y5, be denoted as q1, ..., qp—2.
Thus if y is P-signed-measure consistent and UX > 0, by the same reasoning as we applied

above in the case of the odd antihole inequalities, Lemma 4.14 implies that

k—2 k-2 E—1

Zxﬁixw—?z > xlging) < 5 Xp- (4.144)

i=1 j=i+1

Again this accomplishes half of the job for us, so that in order to be guaranteed that y’ will
satisfy the odd wheel constraints it suffices, after imposing certain additional constraints on
X, to establish that for each P-signed-measure consistent x that satisfies these additional

constraints, if y is consistent with a signed measure x on P for which

Z (g Ng;) >0, (4.145)

||M\

then Y1 ¥ + 551 ¥ < 52 %p.

As above, let P be as in (4.93); let ¥ € R2 with projection ¥’ € R (where Q and Q' are
as defined in (4.94)) satisfy x;; = 0, V{¢,j} € E, so that x is P-signed-measure consistent,
and let y be a signed measure on P consistent with ¥. The matrix UX is, as usual, the

matrix with rows and columns indexed by Q’, with each u, v entry equal to x(uNwv).
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Theorem 4.19 Assume that the following inequalities hold for x:
Xij T Xik < Xir V{J,k} € E. (4.146)
Then if UX = 0, the odd wheel constraints will all be satisfied by X .

Proof: Denote the k — 2 sets whose delta vector inequalities summed to give the odd wheel

constraint, i.e. the % sets

YEYEYS Y (4.147)
and the % — 1 sets
YIYEYE S, (4.148)
by {q1,.-.,qk—2}, so the odd wheel constraint can be represented as
k—2
> x(q) > 0. (4.149)
i=1
By (4.144), if
k—2 k-2
S>> x@ng) <o, (4.150)
i=1 j=i+1

then the odd wheel constraints are satisfied. So let us assume
k—2 k—2

Y > x(aing)>o0. (4.151)

i=1 j=i+1

Thus to prove the theorem it suffices to show that ZZ ] X(qz) > 0 for each P-signed
measure Y satisfying the conditions of the theorem for which the additional constraint
Sk Zj “it1X(gi N gj) >0 is also assumed to hold.

Again, as in the case of the odd antihole constraints, there is a natural relationship
between the intersections of the g; sets and the odd wheel constraint. For the case of the
odd antihole constraints we noted that the sum of the signed measures of the two sets
whose delta vector inequalities sum to give the odd antihole constraints equals the signed
measure of the union plus the signed measure of the intersection. Similarly here, if & > 3,
then adding the signed measure of all pairwise unions of sets ¢; to the signed measure of all
pairwise intersections yields a multiple of 32 x(¢;). Assume now that k > 5. (If & = 3
then the odd wheel is a clique and the odd wheel constraint is just a clique constraint, and it
is therefore satisfied by virtue of positive semidefiniteness and P-signed-measure consistency
(Corollary 4.9).) Consider that for each ¢;, adding the k — 3 terms x(¢; N g;), j # ¢ to the
k — 3 terms x(q; Ugq;), j # i yields k — 3 copies of x(¢;). Thus

k—2 k-2 k—2 k-2

Z Z X(Qiqu)+z Z x(gNgj) = (4.152)

i=1 j=i+1 i=1 j=i+1
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(k—3) 2_: x(i)- (4.153)

Thus to establish that Y-¥-2 x(g;) > 0 it suffices to show that whenever we assume (4.151),

we will have

> x(@iUgy) > 0. (4.154)

It is also enough to show that (assuming (4.151),)

k—2 k-2

> x((@Vg)—(ang)) =0 (4.155)

i=1 j=i+1
since the pairwise intersections are a subset of the pairwise unions, and this is what we
will be doing in particular. One way to think about the idea at work in these proofs is as
follows. We are interested in establishing that Zl 1 X(ql) > 0, but positive semidefiniteness
only establishes (4.144), which is an inequality of the form

k—2
> x(g) +2(x) =0 (4.156)
i=1

for some number z(x). Thus if we can establish by other means that wherever z(x) > 0

then -
Z X(ai) — 2(x) >0 (4.157)

as well then we will indeed be able to conclude that EZ 1 X(qz) > 0. The plan is therefore
to show that Y%~2 x(¢;) minus (a multiple of) the sum of the intersections (which yields
the sum of unions) is nonnegative.? (The demonstration is long and complicated and none

of the later work will depend on it.)

2 As we indicated, in our proof we will show that for every P-signed-measure consistent ¥ that satisfies
Xij + Xik < Xiy V{J,k} € E, and every P-signed measure x consistent with x, either

Z Z x(giNg) <0 (4.158)

or

> x@ug)>o0. (4.159)
i=1 j=it1
It is worth noting, however, that strictly speaking it is not necessary to actually prove this for every x
consistent with ¥. In order to show that every ¥ € R that satisfies the conditions of the theorem does in
fact satisfy the odd wheel constraints, it is actually sufficient to show that for each choice of x that satisfies
the conditions of the theorem, there is either some x consistent with ¥ such that

k-2 k-2

Z Z x(giNg;) < (4.160)

=1 j=i+1
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Let us denote the sets ¢; of the form
YEYEYS Y (4.163)

as W;, and let us denote the sets of the form

VYEYE, (4.161)
as T;. Observe that for all 4 and j,

WinT; =0 = x(W; UT;) = x(W;) + x(T}). (4.165)
Since there are % sets W; and % — 1 sets T;, the signed measure of these unions will give

us % — 1 copies of each x(W;), and % copies of each x(7;). Thus, in sum, it gives us

% —1 copies of Zf:_f X(g;) plus an additional copy of each x(7;). Subtract off those % -1
copies of Zf;f X(q;) from both sides of inequality (4.153), and note that the conditions of
the theorem already imply that each x(7;) > 0. All we need to show, therefore, is that the

sum of the signed measures of all the

Wi UW; — WiW; and T; UT; — TiT} (4.166)
is nonnegative.
V(Wi UW;) = X(YEYEYS Ve U YEYEYE, YE) = (4.167)
XYY (VY5 UYFYf ) (4.168)
Thus (skipping a few steps)
X(Wi U Wj — Win) = (4.169)
MVEYEYEYE (Y UY500) + X(VEYE(YEYE (Y UYi))) = (4.170)

(since Y, DY;UYiy1, Vi=1,...,k, and since each Y; and Y;;; are disjoint)

XYEYEYELY)) + x(YEYEYE Vi) + x(YEYFYEa YD) + x(YEYSYfaYin).  (4.171)

or there is some x consistent with x such that

el

—2

e

—2
x(g: U gj) = 0. (4.161)

=1 j=i+1

+

In the first case we have already seen from (4.144) that positive semidefiniteness would imply the odd wheel
constraint, and if SF 72572y (ging;) >0, and 35252 \(g: Ugj) > 0 as well, then
’ i=1 j=i+1 X\qi qj ) i=1 j=i+1 X\qi q5) = well,

e

-2

e
N
o

-2 -2

0< x(g: Ugqj) + x(giNgj)=(k—=3) > x(a) (4.162)

e
N
e

+

7

1 j=i

+

1 j=i

which implies that Zf:_f x(g:) > 0.
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We get such terms for every even ¢ and j = 2,4,...,k — 1. Moreover each
X(YfoY;ile) = X1cj = X1¢j,i — X1¢,4,i+1 (4.172)

since each Y; and Y are disjoint. Since we get such terms for both j and j + 1, we have

such terms for all j = 2,3,..., k. By similar reasoning we get
x(T; Ty - TiT)) = (4.173)

XYY Y)) + XYY Vi) + XOYFYSL YD) - x(NYSYELYi)  (4.174)

and we get such terms for every odd ¢ and j = 3,5, ...,k — 2, where, as above, each
XYY YEY)) = X1 — X144 — X1jit1 (4.175)
and we get such terms for every j = 3,4,...,k — 1. Now for j = 2 or k we have
X1e,j = X1eji — X1eji+l = Xj — Xji — Xji+1 = 0 (4.176)

by hypothesis. A term x1c ; appears for every W; other than the one for which ¢ or i4+1 = j,

so it appears % — 1 times. A term x1; appears for each 7T; other than the one for which

iori+1=j, soit appears k—;l — 2 times. (Summing these will allow us to replace all of
the x1,; and all but one of the xic ; with % — 2 terms Y;.)

As for the terms with a minus sign, for the remaining j = 3,...,k — 1, for even j there
is a term xic j; for each i = 2,...,k, i # j,j + 1 (we only took unions of distinct W; and
W;). For i = 2, or k, however, xicj; = Xji. For odd j there is a term xic j; for each
i1=2,...,k, i # j,j—1 with similar behavior. Each of the terms described appears exactly
once for each ordered pair {j,4}. Similarly for every even j there is a term x1;; for each
i=3,...,k—1,%# j,j—1, and for each odd j there is a term 1 ;; for each 7 =3,..., k—1,
i # j,7+ 1. Again each such term appears exactly once (for each ordered pair {7, j}). Thus
for all terms xiec j; there is a term x1j;, for all i,5 =3,..., k=1, i # j,|i — j| # 1. As for
the case of i = 2 or ¢ = k we found that we could anyway replace xic;; by X;-

Consider at this point the part of the sum that was generated by the unions of W sets.

This part of the sum is a sum of expressions of the form
Xicj — Xieji — X1 i+l ¢ =2,4,..., k=1, j=3,4,..., k=1, i#j,7 - L (4.177)

We have already dealt with those expressions corresponding to j = 2 or k. Consider all
such expressions for a given j € {3,...,k — 1}. All but one of the xic; can be paired with

a x1,j- The single remaining x1c; = x; — Xj,1- All x1¢4, © = 3,...,k — 1 can be paired



Positive Semidefiniteness 155

with a x1,;. Notice that there is a term x1c ;; for each i = 2,...,k except where ¢ = j and
except where ¢ = j — 1 for odd j, and except where i = j + 1 for even j. But since in any
case xicj; as well as x1 j; are both zero wherever |i — j| = 1 we can ignore all such terms
and deal only with ¢ € {2,...,k} —{j —1,7,7 + 1}. This pairing exhausts all terms arising

from the unions of T sets of the form

X1,7 — X1,5,i — X1,4,i+1, 1= 3,5, ey k— 1, 1 7'5 j,j —1. (4.178)

The remaining unpaired terms xicj2 and xic ;i are in any case equal to x;2 and x;x
respectively. Thus the sum of all these terms for a fixed j has % — 1 terms x; with a plus
sign, and a term —x;; for each i = 1,...,k, i # j,|i — j| # 1. But we already know by

hypothesis that

Xj — Xjj+2 — Xgj+3 =0 (4.179)
Xj = Xjj+4 — Xjj+5 =0 ... (4.180)
moving around the cycle until
Xj — Xj,j—3 = Xjj—2 = 0. (4.181)
This accounts for all the terms of the sum. Repeating over all j = 3,...,k — 1 we conclude

that the sum is nonnegative. O

4.1.4 Positive Semidefiniteness in Combination With Other Constraints

In this section we will carry over the methodology we applied to the stable set problem in

the previous subsection to general sets P C {0,1}".

Theorem 4.20 Let P C {0,1}", Let Q" C Q C P be such that for all sets u,v € Q" we
have uNv € Q. Let X € R with projection X' € R be P-signed-measure consistent, and
let UX = 0, where UX is the matriz with rows and columns indexed by Q', with each u,v
entry equal to X(uNw). Let G C P be such that Q' C G, and assume that there exist sets
q1,---,qr € P such that the vector v € RQI, when lifted to v € RE by appending coordinates

for all g € G — Q' all at value zero, can be written as a sum of delta vectors

k
7= Z 1S (q;). (4.182)

If there exists a signed measure x on P consistent with X such that either

k k

> x(@iug) =0 (4.183)

i=1 j=i+1
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or
k k
Y x(aing) <0 (4.184)
i=1 j=i+1
then
oI =3 x(a@) > 0. (4.185)
i=1

More generally, if v € R is such that

k
0= Bin(q), (4.186)

i=1

if Zle B; > 0, then if for some signed measure x on P consistent with x,

k
> BiBix(aUg) >0 (4.187)
ij=1
then we can also conclude that
k
oY =" Bix(a:) > 0. (4.188)
i=1

Proof: If k = 1 then the theorem follows from Corollary 4.5 and the definition of delta
vectors, so assume k > 2. The first part of the theorem is a direct consequence of the
argument at the beginning of the proof of the Theorem 4.19. As for the second part,

rewriting the statement of Lemma 4.14, by positive semidefiniteness we have

k
> BiBix(qig;) = 0 (4.189)
ij=1
and therefore by hypothesis
k k
0< Y BiBix(aia) + > BiBix(a: Ugj) = (4.190)
ij=1 =1
k
> BiBi(x(@) + x(g5)) = (4.191)
ij=1
ko ok
> 6> Bilx(a) + x(q)) = (4.192)
i1 =1
k k
D BT + O Bix(a) = (4.193)
i=1 =1

k k
(Z 5,-) v Y+ (Z 5]-) vy = (4.194)
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k

2 (Z ﬁi> Ty = (4.195)
=1
oIy >0.0

(4.196)

Naturally there are other ways to relate the expressions Zf =1 BiBix(giq;), which are
guaranteed by positive semidefiniteness to be nonnegative, to the sum of the signed measures
oIy = Zle Xx(g:) as well. Note first that another way to look at the meaning of the
constraint Zf j=18iBjx(gig;) > 0 is to observe that the relation

k
> BiBix(aa;) =0 (4.197)
ij=1

can be rewritten in terms of the vector & = 32 | B;u%(¢;). Recall that the partial sum of

x with respect to the set u € P is the set function x* that satisfies

x"(q) = x(gNwu). (4.198)
Thus
k k
> Bix(aigy) =Y Bix% (¢:) = (4.199)
=1 =1
k
> BiBix(aa;) = (4.200)
i,j=1
k k
> B> Bix(aias) = (4.201)
i=1 =1
k k
> pTxE =3 gt () (4.202)
=1 =1

where ()% is the projection of x% on the Q' coordinates. So while positive semidefiniteness
does not tell us anything conclusive about v” ¥/, it does tell us something about the inner

product of v with the partial sums, i.e. it tells us that

k

> BT ()% > 0. (4.203)
i=1

(So in particular, where each 3; = 1, then this says that while positive semidefiniteness does
not imply that v7x’ > 0, it does give the weaker result that the sum of the inner products

of the partial sums x% with v is nonnegative.) A special case that gives rise to a simple
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relation between this sum and v” itself is where one of the sets ¢; is P. Note that y© = x

and therefore, where we write g, = P we have

B+ D> B (X)% >0 (4.204)
i=1,...,k,i#p

This gives the following lemma.

Lemma 4.21 Let Q,Q',G,X,X, and UX all be as in Theorem 4.20, with UX = 0. Let
v E RQ/; let © € RS be obtained by padding v with zeroes, and assume that there exists

some collection of sets {qi,...,q} C P that includes P, with P denoted as qp, such that

v=Y Bin(q) (4.205)

i=1,..t

Let x be a signed measure on P that is consistent with x. Let (X')% be the projection of x%
on the Q' coordinates. If, say (B, > 0 then if

Yoo BT ()% <0 (4.206)
i=1,...,k,i#p

then we can conclude that vy’ > 0. O

A special subcase (the easiest one) is where {q1, ..., ¢} = Q. In this case the multipliers

B; are readily available - they are just the v;, and ()% is the vector in R2 whose qj entry
is

Xaing; = Xaing; = Ugt.q, (4.207)

i.e. it is the ¢;’th column of UX. This also means that we do not need the assumption

of P-signed-measure consistency for this case, as we never need to make reference to any

values of x outside of Q. In particular, if v, = 3, > 0, all other v; = 8; < 0 and the inner

product of v with those columns B; such that v; = §; < 0 is nonnegative then we will know

that

>oooWvTE)E<0 (4.208)
i=1,...,k,i#p

and therefore that vZ' ¥’ > 0. This is the case of Lovasz and Schrijver’s Lemma 1.5 ([LS91]).
This characterization can be used to show easily that positive semidefiniteness (in addition
to the N constraints) implies that the clique, odd antihole, and wheel inequalities are

satisfied, and they do so in their work.
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4.1.5 Positive Semidefiniteness and the N Operator

We observed already that in the case of stable set, had the collection Q' indexing the rows
and columns of the matrix UX included the intersections of pairs of sets Y;, then so long
as x is P-signed-measure consistent, the odd hole, odd antihole, and odd wheel constraints
would have been implied directly by UX = 0, without recourse to the N constraints (as
is the case for the clique inequalities). This raises the question of how much in fact is
accomplished by imposing the N constraints over and above what would be accomplished by
P-signed-measure consistency and positive semidefiniteness (which corresponds essentially
to a generalization of T'H(G) as we noted above after Corollary 4.8) alone?

In the stable set case, all of the first iteration IV constraints are actually themselves delta
vector constraints involving intersections of up to two sets Y;. Let Q and Q' be as in (4.94);
let ¥ with a coordinate for every intersection of up to four sets Y;, with projections Y € R<
and Y’ € RQ/, be consistent with a P-signed measure y. The constraints underlying N for
the stable set problem (i.e. those which define the polytope K defined in Section 4.1.3) are

of the forms

Xi +X; < xp, and (4.209)
0< i< xp. (4.210)

Both of these constraints only involve the signed measures of sets of the form Y;. Constraint

(4.209) is just a delta vector constraint
(1 (VYT > 0 (1211)

since
X(YYS)=xp —Xi — X5+ Xij = XP — Xi — Xj (4.212)

by P-signed-measure consistency, and (4.210) represents the two delta vector constraints
(L2 (Y)Y >0 and (u€ (V)" >0 (4.213)

since x(Yi) = xi and x(Y;°) = xp — xi- As we saw in Section 4.1.3 (and using the same

notation), the constraints that are added in the first iteration of N(K) are

Xij + Xik < Xio {4k} €E (4.214)
Xie,j + Xie k < Xies {J,k} € E (4.215)
0<xij <xi, and 0< xie; < xie (4.216)
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These are also just delta vector constraints

)
)
(1C(Y3Y;)"x >0, and (u2(YiY))
(n2 (YY) % > 0, )

Inequalities (4.214), (4.215), and (4.216) all entail intersections of no more than two
sets Y;, and therefore by Corollary 4.5, if y is P-signed-measure consistent and UX = 0,
where UX is the matrix with rows and columns indexed by Q, then (4.214), (4.215), and
(4.216) are all satisfied by x. Thus we were to only enforce positive semidefiniteness and
P-signed-measure consistency and not bother with the IV constraints, we would still obtain
all valid inequalities on N(K), but one “iteration later”, in the sense that the matrix would

need to be indexed by Q rather than by Q’. Before we generalize this characterization we

will first prove a claim.

Claim 4.22 Given any G C P, q,t € P and any delta vector u©(q), if we define
G'={gd eP:g =gnt, for some g€ G} (4.217)

then there exists a delta vector u& (qNt).

Proof: The basic idea is that considering that ,u,G(q) can be considered to be a collection of
multipliers corresponding to the listing of the points of each set g € G and yielding a listing
of the points in ¢, if the multipliers corresponding to each set g € G are assigned instead to
g Nt then a listing of the points in ¢ Nt will be obtained. Formally, for all » € S¥, where
the expression (¢")! means the partial sum of (" taken over ¢, and has value (/,, in each
v’th coordinate, the expression (¢")*{G} is the projection of (¢")! on its G coordinates, and

where we refer to the vector u“(q) as p for short,
p(CHGY = (¢ = G (4.218)

where the first equality follows from the fact that partial summation is P-signed-measure

preserving and the second follows from Lemma 3.66. But
PG =D g = D S| ¢ = w)TC{G (4.219)
geG g'eG’ \geG:gnt=g’

where p/ € RG with each Hg' = D geGigni=g Hg- Since this holds for all r € S? we conclude

that 4/ is of the form u& (¢Nt), and thus that such vectors exist. O
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Lemma 4.23 Let P C {0,1}". Given a collection of sets Q" = {q1,...,qn} C P, define
the collection (Q')* by

(Ve ={qgeP:q= ﬂ qj, q; € Q" (not necessarily distinct)} (4.220)
j=1...k
for all nonnegative integers k, i.e. (4.220) is the collection of all < k-fold intersections of

sets from Q. Given a vector j** € RQV* let UT denote the |(Q)*| x |(Q)*| matriz

2k

2k . Suppose now that there exists a vector v € RS such that for all

whose u,v entry is g

P-signed-measure consistent vectors X* € R that satisfy

Ux =0 (4.221)
we have

vIx >0 (4.222)

where Y is the projection of X* on RS . Then for all P-signed-measure consistent vectors

P2+2 ¢ R that satisfy

o 2k+2

Ut =0 (4.223)

we must also have

T (1) >0 (4.224)

where s € P is any set for which there exists a delta vector H(Q/)k(s), and (Y1) is the

projection of the partial sum
() = U@ (s (4.225)
on the Q' coordinates.

Observe that where @' = {{0,1}",Y3,...,Y,}, and where s is a k-fold intersection of sets
of the form ¢ : ¢ € @ or ¢° € Q' (this is an appropriate form for s by Remark 3.50), the
constraints v” (¥')* > 0 are the type of constraints that define the N* operator (cf. Remark
3.68). Observe also that (4.225) follows from Lemma 3.64

Proof: If for all P-signed-measure consistent Y2 for which UX* = 0 we must also have

vt > 0, then there must exist some inequalities

0< > ajalx®(qig) = (a')'%? (4.226)
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and some equalities?
’ T .
(u(g P(q)) = )Zg or stated more briefly, (u’)Tx? =0 (4.227)

such that where ©2 is the lifting of v to R(Q)? obtained by padding with zeroes, there exist
numbers A; > 0 and +; (unrestricted) such that

Z yiut + Z Na! = 7? (4.228)
i l

so that for all 2 € R(©Q)? and projections ' € RY,

Z% N+ Z Ai(a = @)Tg? =T (4.229)
Consider now the vector ,
Nk+1
w' = Z @ (g s) (4.230)
i=1

(note that (27" (¢;Ns) exists by Claim 4.22). Then for any P-signed-measure  consistent
with 262, if UX** = 0,

0 < (TU Nl = 3 alab(aiggs) = (@) () (4.231)
1,j=1
where (%?)® is the projection of the partial sum x* of x on R(9)* Since partial summation
is trivially P-signed-measure preserving, every P-signed measure consistency equality of the
form u”y = 0, where y is a P-signed measure, holds for each partial sum x* as well (compare
to Lemma 3.66 and Corollary 3.67). Thus for each i we must also have (u®)T(%?)* = 0.
Therefore

0< Z%‘(Ui)T(QZQ)s + ZAZ(GI)T()ZQ)S _ (1—)2)T(>22)s _ UT(Xl)g. (4.232)
i l

(Observe that for any P-signed-measure x consistent with y2¢2,

the projection of the par-

tial sum x* on RV is just (gFt1)s = UX (@) (), and thus (§1)* in expression
. is just (as the notation implies e projection o on ,, and so it is the pro-

(4.224) is just (as the notation implies) the projection of x* on R<', and so it is the p

jection of (¥2)* on R as well.) O

Thus if we have P-signed-measure consistency and we are to enforce positive semidefi-

niteness, it will be most effective to introduce additional linear inequalities and then follow

3 Observe from Lemma 3.42 that the constraints that establish P-signed-measure consistency are all of
this form. The fact that these constraints are all equalities set to zero also follows from the definition of the
‘P-signed-measure consistent vectors as a subspace.
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an N type procedure where the inequality is successively applied to partial sums, if those
inequalities have high positive semidefinite rank, in the sense that they are hard to de-
rive using positive semidefiniteness and P-signed-measure consistency alone. (Note that
this result is not particular to P-signed-measure consistency per se. The same methodol-
ogy shows that if a constraint is implied by other constraints and positive semidefiniteness,
then enforcing the constraints on the partial sums and positive semidefiniteness on the larger

matrix also implies that the original constraint applied to the partial sums will be satisfied.)

We have seen that in the case of stable set, the covering inequalities
XitX; S xp, ) {i,j} €E (4.233)

were implied by positive semidefiniteness and P-signed-measure consistency alone, i.e. these
inequalities have “low positive semidefinite rank” in the manner described in the previous
paragraph. We will soon give a general characterization of the positive semidefinite “rank”

of covering constraints, but first we will prove a lemma.

Lemma 4.24 Let {¢; : i =1,...,h} C P. Let Q@ C P include P and all intersections of
up to k sets q;. Let Q C P be such that for all u,v € Q" we have uNv € Q. Let ¥ € R9
with projection X' € R, and let UX be the matriz with rows and columns indexed by Q'

with u,v entry equal to X(uNv). Then UX = 0 implies that the constraint

zk:f(/(%’) <X'(qgz---qr) + (k= 1)xp (4.234)
i=1
is satisfied (regardless of whether or not x is P-signed-measure consistent).
Proof: By induction on k; let k = 2, consider the delta vector inequality
0 <xX'(¢7¢5) = Xp — X'(01) — X'(¢2) + X' (0142) = (4.235)

X(a1) +X'(2) < X'(q192) + Xp. (4.236)

This constraint is implied by the positive semidefiniteness constraint v” UXv > 0 where v
is the vector indexed by Q' with a 1 in its P position, —1 in its ¢; and g; positions, and

zeroes elsewhere. Now assume that the lemma holds for arbitrary k, then

k1 k
> X(@) —kxXp =Y X'(q:) — (k= DXp + X (qr41) — Xp < (4.237)
=1 =1

X' (q1g2- - qr) + X' (qhs1) = Xp < (4.238)
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X'(q192 - - - qrqr+1) (4.239)

where both inequalities are from the induction. O

Now we are ready for the generalization.

Theorem 4.25 Let {q;:i=1,...,h} CP, and let Q' C P include P and all intersections
of up to k — 1 sets q¢;. Let X, X' and UX be as in Lemma 4.24, with UX = 0. Then for any
“forbidden configuration”

Qg2 g =10 (4.240)

if X(0) = 0, then the covering constraint

k
> X'(@) < (k= 1xbp (4.241)
i=1
18 satisfied.

Proof: Note first that if we choose u = ¢+ qp_1 € @ and v = ¢ € @', then unNwv =
Qg2 qr =0 € Q, so 0 is one of the sets indexing ¥, and the expression x({)) makes sense.
Moreover we have X(q1g2---qr) = X(0) = 0 by assumption (observe that this would have
been a consequence of P-signed-measure consistency had we required it). As in the proof

of Lemma 4.24, by positive semidefiniteness

=~/

0<Xp—X'(q1-ar—1) = X'(a&) +X'(@1---q) =Xp — X' (@1 qr—1) = X'(qr)  (4.242)
by hypothesis, so the delta vector inequality
xp = x(q1g2 - qk—1 Y qk) = x(@1g2 "~ qk—1) + x(qk) (4.243)

is satisfied by x’. Thus by Lemma 4.24

k k—1
> X(@) =D X () + X' (qr) < (4.244)
=1 =1
X'(q1g2- - qr—1) + (k =2)xXp + X'(qk) < (k= 1)Xp. O (4.245)

4.2 Positive Semidefiniteness and Measure Preserving Oper-

ators

One possible way to use positive semidefiniteness to greater effect is by way of measure

preserving operators. If x is meant to be measure consistent then we must have UTX > 0
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for every measure preserving operator 7. (Observe that this constraint depends only on
measure consistency and remains valid even if 7' does not preserve P-measure consistency.)
Let " CQ CQCP,with @ D{unv:uve @} Q2 {unv:uve Q}, and let
X € R2. Consider, for example, the P-measure preserving operator T(Y) = UXv where
v e R and vT{ > 0 is valid for all P-measure consistent ¥/ € R2. Then where UV™" is
the matrix with rows and columns indexed by Q" with u,v entry (UXv),n,, then for any

‘P-measure consistent y, by Lemma 4.1 we must have
Uv = 0. (4.246)

This is essentially the Lasserre algorithm ([Las01], see also [LauOl]), generalized to our
expanded framework. The following lemma shows that this constraint shares a similar

relationship with the linear constraints
VI () =v"U%u(q) > 0 (4.247)

(where u(q) is a delta vector using only Q" coordinates) as does the constraint UX = 0 with

the constraints
Xg = (@)X = (1(q))" UXu(q) > 0 (4.248)

(where u(q) is a delta vector using only Q' coordinates). It is essentially a “valid constraints”

version of Lemma 4.4.

Lemma 4.26 Let Q" C Q' C Q C P, with Q' 2 {unv:u,v € Q"}, QD {unv:u,v € Q'};
letv e R, and let X € R with projection X' € R be P-signed-measure consistent. Given
any vector §j € R let UV denote the matriz with rows and columns indexed by Q' with u,v
entry Junw, and given any vector i € R let UY denote the matriz with rows and columns

indexed by Q" with u,v entry i, ,. For any delta vector n2" (q), if

Uv -0 (4.249)
then
V() =vTU%u? (q) > 0. (4.250)
Proof:
X= > al{Q=U"= > a¢{QN{QD = (4.251)
reSP reSP
U= 3 (an"¢{Q)) Q) = (4.252)

reSt
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U = 3 (a Q) CHQHC{Q DT = (4.253)
reSP
0< (1'@) V" @ = Y anf{Q}=/({)1 O (4.254)
reSfrCq

The next lemma shows that where Q, @, Q" and the matrices U? and UY" are all defined
as in the previous lemma, then if there is some collection Q" C Q' for which ¢’ Nq¢" € Q'
for every @' € Q", ¢" € Q", and if the constraint (4.246) is applied with v = pu(u) for a
delta vector y(u) € R (i.e. regular partial summation) such that p(u) has nonzero entries
only in its Q" coordinates, then the positive semidefiniteness constraint (4.246) does not

strengthen the condition UX > 0.

Lemma 4.27 Let Q, @', 9", X, X, X" and the matrices of the form UY and UV all be
defined as in Lemma 4.26. Let Q" C Q' satisfy §' N¢" € Q' for every ' € Q", ¢" € Q,

and let p° (u) be a delta vector with all of its nonzeroes located in its Q" coordinates. Then
UX = 0= UVre @ =g (4.255)

Proof: By Claim 4.22, for each ¢’ € Q" there is a vector u< (u N ¢") since by assumption
there exists a vector 42" (u) (namely the projection of 42 (u) on R2"), and

{geP:q=q" Nnq" for some 7' € 9"} C Q. (4.256)
Let v be any vector in R<". Observe that

S v (wng”) (4.257)
qHEQ//
is a vector in R, Where (Y')* = UXu? (u) has a coordinate for each ¢ € Q' with value

X¢'ru, and U ()" = yU*n® (@) js the matrix with rows and columns indexed by Q" with s, ¢

entry (X')%; = Xsntnu, we therefore have

T
0< ( Z vsp (u N s)) Ux Z vsp (un s) = (4.258)

seQ seQ
Z Z VsVt X sntnu = TUR y = o TUUR® Wy, g (4.259)
s€Q" te Q"

This lemma proves Theorem 2.18, as in that case Q' is the collection of I-tuples of {0,1}"
and Y;, Q" is the collection of 1-tuples (i.e. {{0,1}",Y7,...,Y,}), and Q" is the collection
of (I — 1)-tuples.
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4.3 When Does A-Measure-Consistency Help?

The question of when the N operator is stronger than N has been treated already by
Goemans and Tuncel ([GTO01]) (see also [CDO01] and [CLO1]). In this section we will shift the
question to when does measure consistency (i.e. A-measure consistency, see Definitions 3.2
and 3.23) help, and we will thereby broaden some of their results and give measure theoretic
insight into why they hold. Our efforts here will focus primarily on a measure consistency
supplemented N-type paradigm (which is a strengthening of N*), but we will also describe
a theoretical situation for which a similar strengthening of the Lasserre operator would not
help either.

Our first step will be to try to develop some geometric intuition into the nature of
measure consistency within the framework of an N-type procedure. This intuition will be
helpful in understanding where and why requiring measure consistency does not strengthen

N.

4.3.1 The Geometry of Measure Consistency

Observe first that in using UX > 0 to imply delta vector constraints in the first sections of the
chapter, we needed throughout the assumption that y is P-signed-measure consistent. In
the absence of any such assumption, and given an arbitrary vector x ordered by general set
theoretic expressions, there is much less to be said. Even in the case where the expressions,
when construed as being of sets of the form Y; (see Remark 3.28), are known to define a
linearly independent collection for A (such as in the case where they are all intersections of
sets Y;), positive semidefiniteness still only implies that for signed measures on A consistent
with y, the signed measures of various sets in A are nonnegative. But this in any case
only provides evidence that y is consistent with an A-measure, and not necessarily with a
P-measure. (Recall from Lemma 3.27 that for an A-measure to correspond to a P-measure
requires x(P¢) = 0.) We saw in the previous chapter (Corollary 3.31) that if measure
consistency is coupled with setting a “test vector” to an appropriate value, then measure
consistency implies P-measure consistency, but again, the test vector constraints there are
crucial.

Before we go any further, we will illustrate the geometry of measure consistency with

an example.
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y(Y1)—

Aside from the differences in the labeling, this is Figure 3 of Chapter 1. In the diagram we
have selected a point y € [0,1]2. Considering that y belongs to the unit square, it is obvious
that it may be written as a convex combination of the vertices (1,1), (1,0), (0,1), (0,0) of

the unit square, i.e. there is a choice of nonnegative numbers
x(Y1NYz), x(Y1NYy), x(Y1°NY2), x(Y NY5) (4.260)
summing to the value 1 and such that
X =x(Y1NY2)(1,1) + x (Y1 NY5)(1,0) + x(Y7 N Y2)(0,1) + x(¥"NY5)(0,0).  (4.261)

Let us consider now these four numbers (4.260) to be the values of a probability measure
X on the four atomic sets Y1 NYs, Y1 NYS, YN Y, Y NYy respectively (of the algebra
generated by Y7 and Y3). Then

X(Y1) = x(Y1NYa) + x (Y1 NYy) = x(Y1) (4.262)

and

X(Y2) = x(Y1 NYa) + x(Y1"NYa) = x(Y2). (4.263)
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Recall that the partial sum x¥! of the probability measure y is a measure on the algebra
20
x(Y1)
probability measure. Before we continue, let us review a definition from probability theory

(see Chapter 10 of [F99] for details).

generated by the sets Y7 and Y3, and if x(Y7) > 0 then the normalized partial sum is a

Definition 4.28 Let X be a probability measure defined on a o-algebra W of subsets of a
nonempty set Q. Then given any set Q € W with X(Q) > 0, the conditional probability
measure X |Q is defined by

X(QNA)

QM) = =3 YAEW, (4.264)

Observe now that for any set ¢ in the algebra generated by Y; and Y5,

x"(q)  x(gnt)

— 4.265
) ) (4269
and so XX(—Q) is the conditional probability measure x|Y;. Defining the vector
YiNnYs
= (Vi) v () = (1,20 (4.266)
x(Y1)

observe that y¥? is just the normalized partial sum of the convex combination (4.261) taken

over those vertices of the unit square that belong to Y7, i.e.

= (1 NV 1) (Y N ¥ (L0)). (4.267)

Similarly, where 1 is defined by
X = (x[Yr (M), x[Y1(Y2)), (4.268)

then x¥1 is just the normalized partial sum of the convex combination (4.261) taken over

those vertices of the unit square that belong to Y%, and x is the convex combination
- _ = *Yl _ 7YC
X =x(Y1)x" + (1 —x(Y1)x' . (4.269)

The diagram indicates a possible choice for ¥** and the consequent choice of x¥7. Observe

moreover that (where ¥'2 and x'2 are defined in the same manner as ¥'* and y'7,) x"!

and Y2 are both determined by the choice of x(Y; N Y2) (and ), so all four vectors
Vi gYE oYa oYE

X', X', X2, x'2 are determined by x and the choice of x(Y; NY3). The diagram shows
the four vectors that would be determined by a (arbitrary) choice of x(Y1 NY2) = .

As we indicated, every choice of x in the unit square is consistent with some convex
combination (with coefficients (4.260)) of the vertices of the unit square, and is thus consis-

tent with the probability measure y defined by (4.260). But obviously not every selection of
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YE oY oYE
r,X2, X))

is compatible with a convex combination of the vertices (i.e. these vectors might not repre-

X, x(Y1NY3) (and the four consequent conditional probability vectors x*, ¥y

sent normalized partial sums of any convex combination of the vertices of the square) and
therefore with a probability measure. For example had we chosen x(Y; NYs) = 3% then we

would have y1(Y3) = % and it is easy to see from the diagram that this would imply that

X(FEY2) = xR (V) = 2+ S5 =22 <0 (1.270)

The requirement that the choices of x = (x(Y1), x(Y2)) and x(Y1, Y2) be in fact probability

measure consistent is thus the requirement that the consequent conditional probability

vectors x'', X', x'2, ¥'2 (which are the convexifying vectors v', w', v?, w? of Figure

3 from Chapter 1,) can actually correspond to some convex combination of the vertices of

the cube that yields y (i.e. that they may represent normalized partial sums of that convex
combination).

As a somewhat more instructive example, consider
e= (213, sy
Again Y can certainly be written as a convex combination of the vertices of the unit cube,

and again any such convex combination would define a probability measure, and again the

normalized partial sums

XX X X, R X0 (4.272)

all of which are fixed by the values of x (Y1 NY2), x(Y1 NY3) and x(Y2 N Y3), represent
conditional probabilities and are, in the notation of Chapter 1, the convexification vectors
vl w!, v? w?, 03, w3, Here too, however, not every choice of ¥ and x(Y1NY2), x(Y1NY3) and
x(Y2NY3) (and the consequent choice of (4.272)) is compatible with a probability measure

and therefore with a convex combination. Say, for example, that we have chosen

x(Y1NYs) = é x(Y1NYs) = 2 x(YanYs) = % (4.273)

This will fix
= (1, % 1%) , X7 =(0,1,0) (4.274)
X" = (;12) , X2 = (1,0, i) (4.275)

1 : 11
v =1z 1) Ya‘:( 0). 4.276
= (13:0) 0% = (55 (4.276)
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Though all six of these points indeed belong to the unit cube, they are not consistent with
any convex combination of the vertices of the cube yielding Y, i.e. they are not probability-

measure consistent. To see this, let x(Y1 N Y2 NY3) be denoted by 6. Then

X(YI NYs; N }/30) = X(Y1 N Yg) —0= é -0, (4.277)

so that in order to have x (Y1 N Y2 NYy) > 0 we must have 6 < %, and

x(Y'NY3NYs) = x(Y1"NY3) — x (Y 'NY2NY3) = x(Y3) —x(Y1NY3) — x(YaNY3)+6 = 6 — %,
(4.278)

so that in order to have x (Y NY5 NY3) > 0 we must have 6 > i, which is a contradiction.
As we saw in Chapter 1, given some set P C {0,1}", and given some convex set P C

[0, 1]™ with PN{0,1}" = P, the convexification procedure applied to P requires there to be
(for each i € {1,...,n} for which 0 < x(Y;) < 1) a choice of convexification vectors x¥* and
XY lying on the hyperplanes y(Y;) = 1 and y(Y;) = 0 respectively, with y lying on each
line connecting x* with x¥i , and such that each vector ¥* and x¥i belongs to P. Stated
loosely (cf. Remark 3.68), the N operator (and more generally, the N operator) adds the
requirement that these convexification vectors must be consistent with a choice of values
x(Y;NYj). But as we have indicated, this is not in itself sufficient to ensure that the choice
of convexification vectors is consistent with any convex combination of the vertices of even
the hypercube, let alone with the subset of those vertices that constitutes P. We will now
define a theoretical operator that is identical with the N operator, but which also requires
that the choices of x(¥; NY;) (and more generally x((); Y;), for the case of N*, k > 1) must
be measure consistent. (In line with all of the N type procedures, a coordinate x({0,1}")

is also appended, and probability measure consistency can be ensured by the additional

constraint x({0,1}") = 1.)

Definition 4.29 Define the operator (NtH)*(K) to be the same as N*(K), defined in
Remark 3.68, but with the additional constraint that X, as defined in Remark 3.68, must be

A-measure consistent.

The constraint that ¥ must be measure consistent can equivalently be recast as a constraint
that the vector x defined in Remark 3.68 must be measure consistent, or as a constraint
that the signed measure y defined in Remark 3.68 must be a measure on A.

Where K and K are as in Remark 3.68, it is clear that every vector y € K is A-measure
consistent (it is just a subvector of the zeta vector corresponding to the point (yi1,...,yn)),

so since Cone(K) C N*(K) it follows that Cone(K) C (NTT)¥(K) as well.
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It is evident from Corollary 4.3 and the discussion following that result that the require-

ment that a matrix UX with rows and columns indexed by the sets

Y. Jc{l,....n},|J| <k, k<n (4.279)
i€J
must be positive semidefinite is only a relaxation of the requirement that y be A-measure
consistent. This should make it fairly evident that (N*1)* refines (NT)* (and this may
be guessed from the discussion of N* in Chapter 2 as well). Formally, recalling Definition
2.17, we have
(NFtHF C (N*)F C (N, (4.280)

The first inclusion of (4.280) can be seen as follows. Let P = A, and let Q' be as in Remark
3.68, and recall that the collection @’ is linearly independent. Let x”, as defined in Remark
3.68, belong to (NT+)¥(K) C N¥(K), and let x, as defined in Remark 3.68, be the measure
with which it is consistent. Thus the projection x of x (as in Remark 3.68) is a lifting of
X" satisfying all of the constraints of N*(K). Let UX be the matrix with rows and columns
indexed by Q' with each u,v entry equal to x(u N wv) where X is the projection of x on the
appropriate space. Then since ¥ is measure consistent, Lemma 4.1 implies that UX > 0.
Thus under the lifting x of x” (which is also a lifting of x) the positive semidefiniteness
constraint of (N*)*(K) is satisfied, so since Y satisfies all of the constraints of N*¥(K), we
can conclude that ¥’ € (N*)*(K). The latter inclusion of (4.280) is from Theorem 2.18.

The operator N7 is actually vastly more powerful than N*. For example, let G =
(V, E) be an undirected graph with vertex set V, |V| = n, and edge set E, and let P C
{0,1}™ be the collection of the incidence vectors of the stable sets of G. Define

K:{ye{oal}n+1 :y():la (yla‘-'ayn) GP} (4281)
and

K={xeR""™ :xi+x;<xo0, Vi,j€{l,...,n}:{i,j} € E, 0<x; <xo0, 1 <i<n}
(4.282)
so that K N {0,1}"*! = {0} U K. Rename the coordinates 0,1,...,n as {0,1}",Y1,..., Yy,
let k=1 and let Q, Q" and Q" all be as in Remark 3.68. Thus N™1(K) is the set of points
X' € R9" that have a lifting to a measure x on A such that (Y”)? € K for each ¢ of the
form (3.309), where each term ((Y”)?), denotes x(u N gq). So for each {i,j} € E,

X(Y) + x(YinY;) = (X)) + (X))y; < () )goaye = x(Yi) = (4.283)

x(Yiny;) =0. (4.284)
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Considering now that y is a measure and
P= |J viny;, (4.285)
{ijteE
it follows that x(P¢) = 0. Thus by Lemma 3.27, X" is P-measure consistent, and thus
belongs to Cone(K) by Corollary 3.19. We conclude that N**(K) = Cone(K). Thus the
(N ++)k operator can characterize the homogenized version of the stable set polytope at
level k = 1.
Nevertheless despite all of the additional power of the NT* operator, there will be cases

of cones K for which NT7T offers no improvement over N, i.e.
(NTHR(K) = N¥(K) # Cone(K n{0,1}"*1). (4.286)

We will see that some of the classes of problems for which it has been noted in the literature
that positive semidefiniteness does not help, are actually of this type.

Returning to the diagram, recall that the original values (x(Y7), x(Y2)) are always mea-
sure consistent. Thus while not every choice of (x (Y1), x(Y2), x(Y1 NY2)) is measure con-
sistent, for each choice of (x(Y1),x(Y2)) there is always some choice of x(Y; N Y2), and
P

measure consistency alone never eliminates any points from the hypercube. It is therefore

consequently of vectors y¥1, ., and "2, that is indeed measure consistent. Thus
clear already that measure consistency is only useful when coupled with other conditions.

In particular, the N conditions place restrictions on the conditional probability vectors
x¥" and ¥'i (i.e. the convexification vectors, which are the scaled partial sums) and thus
on the choices of x(¥; N'Y;) that imply those vectors. But if the N conditions are such
that for every point in the hypercube that they do not eliminate they leave available a
choice of conditional probability (scaled partial sum) vectors that is measure consistent,
then the measure consistency constraint, and therefore the positive semidefiniteness con-
straint in Nt or N*, will not cut off any additional fractional points. We will describe
two examples of where this happens. But first let us note that such a situation does
not imply that the positive semidefinite Lasserre constraints will not help. Indeed, as-
sume that ¥ = (x({0,1}"),x(Y1),...,x(Yn)) € R and that the set P C {0,1}" is
the set of integer solutions to a system of linear constraints, whose homogenized form is
sz X=>0,i=1,...,m. Assume now that Y is not P-measure consistent, but assume that
the lifted vector x that is used by the Lasserre algorithm to construct its positive semidef-
inite matrices is nevertheless measure consistent. Then where we denote the restriction of
the zeta vectors to their appropriate coordinates as f",

X=> a", a>0. (4.287)
resS
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Thus since Y is not P-measure consistent, there must be some s € S with a; > 0 such that
the point ((*(Y1),...,C%(Yy)) € {0,1}" corresponding to the atom s does not belong to P.
But this implies that there must be some k; such that kZTf % < 0 and therefore askiT ¢ <0
as well. Thus the vector

Uk = 3 (kT CNE (4.288)

resS

(where the double tilde indicates some projection) cannot be guaranteed to be measure
consistent, and therefore there is no guarantee that the matrix generated by that vector is
positive semidefinite.

Thus given a vector that does not belong to the convex hull of P, the fact that we can
expand the vector in a measure consistent fashion and such that various linear constraints
will hold for the partial sums, is no guarantee that Lasserre’s semidefinite constraints will
hold. We could, however, guarantee the satisfaction of Lasserre’s semidefinite constraints
(for a point that does not belong to the convex hull) if we could show that the expanded
point is measure consistent for the subset algebras of each of the m sets P* = {y € {0,1}" :
k‘ZT y > 0}, via multiple representations. In particular, if for each ¢ = 1,...,m, there is a

representation of the expanded vector y as
X= > ai{",a'>0 (4.289)
reS:k] (>0

then the Lasserre constraints will be satisfied. Examples of this sort, however, are harder
to construct, and for this reason it tends to be much more difficult to fix lower bounds for

Lasserre rank than to do so for NT+ rank.

4.3.2 Independent Sets

Definition 4.30 Given a o-algebra W of subsets of some universal set ), and given a
probability measure X on (Q2,W), two sets A,B € W are said to be independent with
respect to the probability measure X if

X(ANB) = X(A)X(B). (4.290)

See Chapter 10 of [F99] for details.

Recall that the set I (defined in Lemma 3.49) of all intersections of sets Y; is a lin-
early independent spanning collection for A. Thus every vector in R’ is A-signed-measure

consistent with a unique signed measure on A.
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Lemma 4.31 Given a vector Y = (1,x(Y1),...,x(Yn)) € [0,1]"*, the (unique) signed

measure x on A such that for all collections {i1,...,ix} C{1,...,n},
k
x(Yi, N---nYg,) =[] x(v,) (4.291)
j=1

is a probability measure on A.

This is just the probability measure x for which the sets Y; are (probability theoretically)
independent with respect to x. Recall that the number Xyl(Yg) is the conditional proba-
bility of Y5 given Y;. Thus where the sets Y7 and Y5 are independent with respect to x, we
have x¥1(Y2) = x(Y2).

Proof:
One way to prove the lemma is to use the fact proven in the previous chapter (Lemma
3.29) that the numbers
x(Yy n---NY)} (4.292)

are probability measure consistent iff there exist sets 11, ..., 7T}, in some probability measure
space (2, W, X') such that the X measure of each T'(i1)N---NT (ix) is x (Y5, N---NY;, ). Thus
all we need to find is some probability measure space (2, W, X) in which there are some n
independent events (i.e. n sets in W that are independent with respect to X)), with each
i’th event being of probability x(Y;). From the standpoint of probability theory it is trivial
that such spaces exist. Just consider, for example, n independent “Bernoulli” experiments
(i.e. each experiment has two possible outcomes: “success” or “failure”), with each i’th
experiment succeeding with probability x(Y;). The lemma can also be proven formally as
follows. Let ¥ denote the projection of x on R!, and let UX be the matrix with rows and
columns indexed by I with each u,v entry equal to x(uNwv) (note that uNwv € I as well).
Then considering that each u,v € I is an intersection of sets Y;, then by definition of y, we

have
Uiy = x(unv) = x(u)x(v). (4.293)
This implies that UX = yx? = 0. Since I is a linearly independent spanning collection, ¥ is

A-signed-measure consistent and the lemma follows from Corollary 4.3 (letting @ = Q" =1I).

a

Geometrically the case of Lemma 4.31 means that ¥'1(Y2) = x(Y2), and x'2(Y1) =
Xx(Y1). In terms of the picture above in Figure 1 this would yield
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y(Y2)
X2 =1
1 °
) 1 -Y; 1
X't =(0,5) @ *— o Y'=(1,7)
4 =ED 4
0,0 ¢ ]
(0,0) ¥ =(3,0) 1 y(Y1)—
Figure 2

Let S C [0,1]?, and let K(S) be the homogenized version of S in R"*!, as in Definition
1.2. We claim that if x € [0,1]™ is such that y — x;e; and x + (1 — x;)e; all belong to S,
for all i = 1,...,n, then the point y cannot be eliminated by N*+(K(S)). This should be
evident from the diagram, as the decomposition into partial sums depicted in the diagram
is measure consistent and satisfies the IV operator requirements by hypothesis, but to see
this formally, note first that the lifting of x obtained by adding coordinates for each ¥; NY;
of value ¥(Y;)x(Y;) satisfies the N operator constraints since the partial sum x¥¢ (where
the hat indicates that there is a coordinate for the universal set - to be denoted by the

subscript zero - as well) satisfies

Xt =Y = x(Va), (4.294)
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and for all j # i,

X (V) = X(Y)x(Y;). (4.295)
Thus ¥¥* = x(Y;) times the vector in R"*! with a 1 in its zero’th and in its i’th coodinates,
and with x(Y;) in each of its remaining j’th coordinates. By hypothesis this vector belongs
to K (S). A similar situation holds for the partial sums 2+ The lifting moreover is measure

consistent with the measure defined in Lemma 4.31. This gives us a stronger version of

Goemans and Tuncel’s Theorem 4.1 and Corollary 4.2 ([GT01]):

Definition 4.32 Given x € [0,1]", define the vector YY) to be the same as X but with a 0
in the j’th position.

For the purposes of the next theorem and corollary, let S C [0,1]™ be convex, and let
N(S) denote the projection of N(K(S)) N{x € R"* : xo = 1} on R", and similarly for
NO N+t and N*T.

Theorem 4.33 Let x € S satisfy
9 and (xV) +e;) € SVj:0< ¥, < 1. (4.296)
Then x € NT1(S). O

Corollary 4.34 Let S be such that (SN {x : x; =0})+e; = SN{x:x; = 1} for all
jeA{l,...,n} (see their diagram) then

NTH(S)=NT(S)=N(S)=N(S)= () {x:xVes}oO (4.297)
je{l,...,n}

4.3.3 Mutually Exclusive Sets

The other case where measure consistency does not help that we will discuss is in some
ways the opposite of the first case. This case is more trivial, but it has some interesting

behavior. Consider the vector
(X0, %) € R, x € [0, xo]” (4.298)

with the first coordinate corresponding to the universal set, and the subsequent n coordi-

nates to Y1, ..., Y, respectively. Write

X = Zn: x(Yi)ei. (4.299)
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Where we define
Nj ={y €{0,1}" : y; = 0} =Y}, (4.300)

the point e; € R™ comprises the atom

j=1,...n,j#i
and it is the projection of " on its Y7,...,Y,, coordinates. (Recall that " is the measure

that assigns a value of 1 to every set that contains the atom r; and zero to every other set.

These are the “atomic measures”.) Thus y is always consistent with the measure
n
S RC (4.302)
i=1

The measure defined by (4.302) assigns a measure of x(Y;) > 0 to each atom r;, and
zero measure to every other atom. But (4.302) may not be consistent with (xo,x). To
be consistent with (xo, X), we have to also ensure that a measure of xo is assigned to the
universal set {0,1}". So consider the signed measure x that, like (4.302), assigns x(Y;) to
each atom 7%, but which also assigns ¥o — Y1~ X(Y;) to the one atom that belongs to none
of the sets Y;, namely the atom

ro= () N (4.303)
j=1,..n
Since rg belongs to none of the Y;, the signed measure of each set Y; remains unchanged

from what it was for (4.302), and therefore consistency with y continues to be maintained.

The vector (xo, x) is therefore consistent with the signed measure

(Xo Z NC + Z x(Y;)(¢ (4.304)

which is a measure iff

Xo — i x(Y:) > 0. (4.305)

Assume that (4.305) holds, so that x defined by (4.304) is in fact a measure. Observe that
each set Y; contains only one of these atoms (namely 7;) so the partial sums x¥* are just
the atomic measures (" scaled by x(Y;). The normalized partial sums (the conditional
probability vectors) projected on their Y7,...,Y,, coordinates, namely the vectors we have
denoted xY in the diagrams, are just the vertices e;, and the intersections of distinct Yj
are all of measure zero. (In probability terms, the sets Y; are mutually exclusive, and thus
the conditional probability of Y;|Y;, where Y; is of positive probability, is one if ¢ = j and

zero otherwise. The conditional probability given Y; of every atom r; comprised by the
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point y/ € {0,1}", is thus zero unless it is contained in Y; and in no other set Yj, i.e.
unless ¢/ = e;.) Thus (4.304) assigns a measure of ¥(Y;) to each set Y;, and a measure of
1 X(Y;) to their union, which is the maximum possible measure in general for unions.

Equivalently, for any intersection

Niyn---NN;, = (Y, U---0UY;,)° (4.306)

we have i
X(Niy M- N3) = xo — > x(Y3;) (4.307)

j=1

which is the minimum possible measure for intersections. Note also for every intersection
q of sets NN;, the measure of the intersection of any Y; (where Y; is not one of the elements
that intersected to give ¢) with ¢ is just Y; again. Thus this is the measure that gives the

highest possible values for the measures of sets of the form ¢ NYj.

In terms of our diagram,

XYQ = (07 1)

Figure 3
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These facts are illustrated in the Cook and Dash example ([CDO1])

S={xelo,1]" Z %> (4.308)

with homogenized form

K ={(x0,x) € Ry : x € [0, x0]", znjx > —Xo}- (4.309)

Let P=SN{0,1}" let K = {y € {0,1}"T!: (y1,...,yn) € P} (as per Definition 1.2), and
note that

Cone(K) = {(Xo0,x) € K : sz > Xo}- (4.310)
=1

So the only candidates from K for being eliminated by the N operators are points
n
{(X0:X) € K: ) xi < Xo}- (4.311)
i=1
But every such point is also a candidate for being represented as a measure (4.304) as
described above. We will show that in fact none of the N constraints, for any [, eliminate
this representation for any point that the N constraints do not eliminate altogether. Thus
every point y that is not eliminated by N! is already measure consistent and demanding
measure consistency therefore adds nothing to N°.
By Remark 3.68, a point (Yo, X) € N!(K), iff it can be lifted to a signed measure, to be
denoted y, on A, such that for each set

qegzz{ﬂym N Ni:v,Wg{l,...,n},\VHyWgl}, (4.312)
eV eWw

the following two constraints are satisfied:

> RanY) > 130 (4:313)
=1
< x(gNYy) < x(q)- (4.314)

(These are the original constraints that defined K, applied to the projection of the partial
sum X7 on the coordinates corresponding to {{0,1}",Y1,...,Y,}, cf. Corollary 3.67.) So
suppose that indeed (Xo,%) € N'(K), and that its lifting ¥ is a signed measure satisfying
(4.313) and (4.314). Since x is a signed measure we must also have for all ¢ € Q,

X(gNY3) +X(g N Ni) = x(q)- (4.315)
Putting together (4.314) and (4.315) we obtain

0 <x(gNNi) < x(q) (4.316)
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for each g € Q, and repeated application of (4.314) and (4.316) implies that for all ¢ € Q,
«(Y) > (gnYi). (4.317)
By (4.315) and (4.317) we now obtain, for each k <,

X(Nh T le) + X(}/lk) > )Z(N“ T Nikleik-) + X(Nl e Nikflifi ) = X(N'Ll t Nikfl)
(4.318)

(where we have suppressed the intersection symbols) and by repeated application of (4.318)

k

X(Niy - Ny ) + Y x(Ys,) = Xo. (4.319)
=1

Now consider what would happen had we expanded y into the measure (to be denoted x)
of the form (4.304). Clearly every measure is a signed measure, and every measure satisfies
the constraints of the form (4.314). We will now show that x also satisfies constraints
(4.313), so that y is a valid lifting for the purposes of N, which establishes that (Yo, X) €
(NTHY(K) as well, since x is a measure.

If ¢ € Q is the empty intersection, i.e. ¢ = {0,1}", then

n n

S @Y =3 (¥ = 3w >

i=1 i=1 i=1

1

Xo = 5x(9) (4.320)

N | —

where the second and third equalities follow from the definition of liftings, and the inequality
follows from the fact that (Xo,x) € NY(K) € K. Thus (4.313) is satisfied in this case.
Consider now intersections ¢ that entail one or more sets of the form Y. In this case we

have
n

> x(@nY:) =x(q) >
=1

x(q) (4.321)

since the y measure of any intersection of more than one set Y; is zero, so (4.313) is still

satisfied. Finally, if ¢ = N;, - - - N;,, then we already noted that each
x(gNYs) = x(¥7) (4.322)

(wherever i # 45, j=1,...,k), and that

x(q) = X0 — Y_ x(Yi,)- (4.323)
j=1
By (4.322) and (4.317) we have
Yxenv)= Y xRN > a0 (4.320)

i=1 i=1,.. 01,k i=1
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since the fact that y is a signed measure implies that for all j € {i1,... i}, x(¢NY;) =
X(0) = 0, and the final inequality in the expression holds by hypothesis. Moreover by
(4.319) and (4.323),

k
X(a) = X(Niy - Ny ) > Xo = Y _x(Vi) = x(a), (4.325)

Z x(gny;) > %X(Q), (4.326)

and thus y satisfies all constraints (4.313). We conclude that if any lifted vector x satisfies
the N constraints, then x certainly does also. Thus in enforcing N conditions, for each
(X0, X), among the choices of expanded vectors that satisfy those conditions (if there are
any) there is always a choice that corresponds to a measure (namely the measure (4.304)),
and thus requiring measure consistency never eliminates any additional points at any level
of N. This thus strengthens the result of Cook and Dash.*

Geometrically, the polytope S is as follows.

Though a two dimensional drawing is not really adequate, note how by choosing (in
Figure 3) the vectors Y to be the vertices e; of the square, the values of y¥1(Y3) and
X2 (Y1) are maximized, thus casting the vectors ¥'1 and Y2 as close as possible to the

polytope S depicted in Figure 4. Contrast this to Figures 1 and 2, where x¥¢ were not

4 By “strengthen” we mean that it shows that not only will positive semidefiniteness not help, as was
shown by Cook and Dash, but measure consistency will not help either. It should be noted, however,
that Cook and Dash addressed themselves to a slightly different problem. They showed that Nt does not
strengthen N or even N° (defined in the Definition 1.9) at any iteration. We have shown here that (N 1)
does not strengthen N' for any .



Positive Semidefiniteness 183

chosen at the vertices e;, and where the points "¢ are further from the polytope S. This
illustrates that the choice of normalized partial sums Y at the vertices e; is the optimal

choice in the effort to ensure that the vectors y¥* and x¥¢ in fact belong to S.

One conclusion that we should reasonably draw from the results of this section is that in
order to maximize the effectiveness of positive semidefiniteness we ought to try to enforce
test vector conditions, or at least constraints to ensure P-signed-measure consistency. The
N operator on stable set is an example where P-signed-measure consistency and test

vector consistency hold, and in that case N7 is indeed much more powerful than N.
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Chapter 5

Algorithms Driven by Set

Theoretic Structure

5.1 Introduction

The previous chapters showed how lifting a set P C {0,1}" to the space with dimension
indexed by P’s subset algebra can capture the structure of P. In this chapter and the
next we will turn our attention to the task of algorithmically exploiting this structure. The
algorithms discussed in the first two chapters can all be understood to exploit this struc-
ture in one way or another, but there are several aspects of the structure exposed by the
lifting that are not addressed by any of those algorithms. We have shown that all of those
algorithms make either explicit or implicit use of what we called partial summation to suc-
cessively approximate Conv(P). They accomplish this by way of a gradual construction of
a complete spanning set for the subset algebra A of {0,1}", which allows one to calculate
every possible partial sum. Implicit or explicit constraints on the partial sums are then
used to ensure P-measure consistency (see Remark 3.68). Several points may be noted in
this regard. One is that partial summation is an example of a measure-preserving operator.
Lasserre’s algorithm actually takes advantage of a more general measure-preserving opera-
tor, and in principle there may be other ways of utilizing measure-preserving operators to
one’s advantage as well. This is an area for further research, but it is one that we will not
pursue here.

Secondly, none of the algorithms take specific notice of the measure-theoretic interpre-
tation of the lifted vectors. Measure-consistency can be used as a source for generating
almost limitless numbers of valid inequalities. While we do not actually want to enforce

a limitless number of constraints, and we have seen that these constraints can be loosely
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approximated by positive semidefiniteness, these are nonetheless a largely untapped source
of relationships that may be exploited among lifted variables.

Thirdly, these algorithms terminate only upon the construction of a complete spanning
set for A. This is effectively complete enumeration (we have hinted at this already at the
beginning of Chapter 1), and these algorithms can in fact be viewed as merely a methodical
process of complete enumeration. While arguably this ought to be expected of any algorithm
that is meant to handle arbitrary integer programs, nevertheless the construction of a full
spanning set is in some ways more than complete enumeration, as it completely determines
the entire algebra A, which may be far more information than we need.

But more importantly, it may be hoped that the process and order of the enumeration
can be made to intelligently reflect the structure of the particular problem. All of the
algorithms that have been considered so far, however, use effectively the same gradual
construction of the spanning set of A regardless of P.

The algorithms that will be presented in this and the next chapter will also use the partial
summation paradigm as a guide to the introduction of new variables. Partial summation
is a sensible guide in that it introduces new variables with clear and known relationships
amongst each other and the original variables. One particularly handy feature of partial
sums is that if v and v are disjoint members of P, and x is a (signed) measure on P, then

the partial sums y* and x? satisfy
X"+ x" =" (5.1)

(since for each ¢ € P, x“[q] + x"[q] = x[uNg] + x[vNq] = x[(uUv) Ng] = x"[g]). The
algorithms of the first two chapters all made either explicit or implicit use of the following
fact. Each pair of sets Y;, N; (with Y; = {y € {0,1}" : y; = 1}, N; = Y,°) partitions {0, 1}",
and thus any (signed) measure x on A can be decomposed as x = x* + x™¥i. This fact
is useful because the (signed) measures x** and x”i are more highly structured than the
(signed) measure y. In particular, x¥i[Y; Nq] = x¥i[q] for all ¢ € A. Each x¥* can similarly

be decomposed as x¥* = x ¥ 4 YiON;

, and so on. This progressive partitioning of {0, 1}"
and decomposition of y is the principle that guides the selection of new variables in all of
the algorithms of the first two chapters (regardless of P).

In this chapter and the next we will be considering partitioning schemes that focus on
the partitioning of P rather than {0,1}", and which use the set theoretic structure of P
itself as their guide. Thus if, for example, P = (Y1UY2)N(Y3UY}), then we might decompose

a candidate measure y on P (or a projection thereof) as

X = X(Y1UY2)ﬂY3 + X(Y1UY2)ON3I’7Y4. (52)
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We will begin to see the details in the next section.

We will show that using such an approach, for certain classes of feasible regions P,
most of the algorithms that we will present will produce sets that telescope to approximate
Conv(P) increasingly well in a quite concrete manner. Specifically, let us suggest the

following definition.

Definition 5.1 Given an inequality
osz >0, a>0,0<a<ar<--- < Q| support(a)| (5.3)

We will say that the pitch of the inequality, to be denoted m(c, 3) is

m(a, ) =min< k : iaj >0;. (5.4)
j=1
The pitch of an inequality may be thought of as a measure of how positive a 0,1 vector
needs to be in order for the inequality to be satisfied. (To be completely precise, it is a
measure of how positive those coordinates of the vector that are in the suppport of the
inequality need to be in order for the inequality to be satisfied.)
Note that for any P C {0,1}", every valid inequality o’z > 3, a > 0 has pitch < n.

The notion of pitch can also be used to characterize inequalities a”z > 3 where a # 0 since

ira; >0
ag = M= (5.5)
0: otherwise

—aca: <0
ap = = (5.6)
0 : otherwise

we can always define

/ / .
xy =z, and xpp =1—2, i=1,...,n. (5.7)

Thus 2/, € R*" and o > 0, and

a's > B+ ap iff a'z>p, (5.8)
=1

and 7(a, f+ Y i o) < 2n.

We will show that for certain classes of P, all constraints of pitch < k that are valid
for P (or for more general cases, the constraints that are valid for a particular relaxation of
P) are valid for the approximation of Conv(P) generated at the k’th “level” of most of the
algorithms that we will present in this and the next chapter. The algorithms to be described

can also terminate without having generated a spanning set. We will also make some use of
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measure theoretic inequalities, and we will see that these inequalities together with positive
semidefiniteness and the P-driven choice of sets can generate interesting constraints that
would be difficult to obtain in the absence of the positive semidefiniteness condition. (We
have noted already in Section 4.2 that positive semidefiniteness in the absence of attention
paid to the structure of P can be quite useless.)

In order to do any of this however, we will need to assume that P has a set theoretic
structure that can be “nicely expressed” in some way. Where A; C {1,...,n}, i=1,...,m,

and P is the set

P={ye{0,1}": > y;>1,i=1,....m} (5.9)
JEA;

(the points of P are the incidence vectors of the “set coverings” of the A;) then we can

write

P = ﬁ Uy (5.10)

i=1j€A;
where, as usual, Y; = {y € {0,1}" : y; = 1}. This is a simple set theoretic structure, and
we will see that it is easy to exploit. On the other hand,

P={ye{0,1}": By > b} (5.11)

where B is an arbitrary m x n matrix and b is an arbitrary vector, does not necessarily have
such a “nice” set theoretic description. We will say that a set-theoretic description for P is
“nice” if it entails only sets Y}, and arbitrary unions, intersections and complementations,
(this is the defining characteristic of membership in the algebra generated by {Y7,...,Y,}),
and is of manageable length. Equivalently, the sets P we will be interested in are those
that can be described concisely by arbitrary logical constraints on the boolean variables
Y1, - - -, Yn, entailing terms of the form "y, = 17, “AND”, “OR”, and “NOT”. Specifically,
the sets P that we will be working with are those that have the form

my t1(-) ma(-) t2(-) mp () tr(+)

P= U N U~ N U Mrgiinin (5.12)

i1=1j1=1 io=1 jo=1  ip=1 ju=1
where My .y is a set either of the form Y; or Y° for some [ € {1,...,n}, each t; is a function
of i, » <l and j,, r <[, and each my is a function of 7, and j,., r <.
Typically we will say that f maps into the set {1/,17,2',2” ... n/,n"}, and that for
eachl € {1,...,n}, My =Y, and My» =Y,* = N,. For example, if m; = 3 and

t(1) =2, t1(2) =3, t1(3) =2 (5.13)

and

f(1,1) =1, f(1,2)=3" (5.14)
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f(2,1)=2", f(2,2) =1", f(2,3) =73 (5.15)
F3,1) =2, £(3,2)=1" (5.16)
then
3 ti(i1)
ﬂ U My, ) = (5.17)
i1=1 j1=1
(YlUNg,)ﬂ(NQUNlLJYg)ﬂ(YQUNl). (5.18)

It should be noted that any set theoretic expression composed of unions and/or intersections
and/or complementations of some or all of the sets Y7,...,Y,, can be put into the form (5.12)

in time polynomial in the length of that expression. For example consider the expression,
0 =[V1U(2anYs)9)" U (Y5 N (YsUYy))T (5.19)
The outermost complementation can be removed via the rule
(AUB)“ = A°N B¢ (5.20)

(which can increase the length of the expression by no more than what it takes to represent

one additional complementation) yielding
O=MUuUYanYs;)) N (YN (Y3UYy)). (5.21)

By (5.20) and the rule
(ANB)¢ = A°UB° (5.22)

we can similarly conclude that
O=YUY;UYy) N (YoNYsNYy) = (Y1 UNaUN3) N NaN N3N Ny (5.23)
which is of the form
4 ti1(d1)
©= ﬂ U My iy jr) (5.24)
i1=1 ji=1
where ¢1(1) = 3 and ¢1(2) = ¢1(3) = t1(4) = 1, and where
FL) =1, £(1,2)=2", f(1,3)=3", and (5.25)
f(2,1)=2" f(3,1)=3", f(4,1)=4". (5.26)

In general, for arbitrary set theoretic expressions, it is not hard to see that progres-

sively removing the “outermost” complementations via (5.20) and (5.22) will always yield
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an expression of the form (5.12) in time polynomial in the length of the original expres-

sion, and of length no more than a constant multiple of the length of the original expression.

Sets P whose description is given in terms of linear constraints do not necessarily have
nice set theoretic descriptions, i.e. their set theoretic descriptions may all be of a length
that is exponentially larger than the length of their standard ILP descriptions. But this
works both ways: a set may have a nice set theoretic description without having any concise
(relative to the size of its set theoretic description) representation via linear inequalities,
and this is in fact usually the case. For example, consider

m mg; Mij

P=U N Yriim (5.27)

i=1j=1k=1
where each f(i,7,k) € {1,...,n}. This is the polynomial integer program

m; M,

P={ye{0,1}":> [ vsijwm =1 i=1,....m}. (5.28)
j=1k=1

To express this as a linear integer program would require exponentially many linear con-

straints. Notice, however, that this is still a linear integer program of length polynomial in

the size of the set theoretic representation of P, in the variables of the form

|| TR (5.29)

G€IC{L,...m}

Recall from Subsection 2.1.4 that the N formalism could therefore still be applied to this
problem. But consider now

m; M Mk

P=UMN U Yamn- (5.30)

i=1j=1k=1 I=1

This will now require exponentially long constraints even if it is to be represented as a
linear integer program in the variables []y;, and for appropriate choices of f and m., it
will require exponentially long constraints even if it is to be represented as a linear integer
program in the variables [];c;y; [];e (1 —y;). Nevertheless, this set still has a “nice” set
theoretic description, and it can be handled by the algorithm that will be presented shortly.
Thus while the approach that we will take here cannot be applied to every problem for
which the previous algorithms may be applied, those approaches also cannot be applied to
every problem for which this approach may be applied.

Let us also mention that in principle there may be other ways to “nicely describe” sets,

and we will see hints of such features in the next chapter.
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5.2 Feasible Space Partitioning Algorithms

5.2.1 Introduction

Notation: Throughout this chapter and the next, we will typically refer to general vectors,
whether lifted or not, as . The ¢ coordinate of the vector (where ¢ is a set) will generally
be denoted z[q], and the expression z(-) will usually have a different meaning. Partial sum

vectors will be denoted x? where the partial sum is taken over ¢q. O

The algorithms that will be presented over the course of this chapter and the next are
based primarily on a partial summation paradigm. We have noted already that partial sum-
mation can be thought of as an extended version of disjunctive programming. Indeed the
first (and most basic) version of the algorithm that will be presented first can be interpreted
almost solely in terms of disjunctive programming. By disjunctive programming we are re-
ferring here not to convexification but to the abstract formulation in which the feasible set is
construed as a union of subsets, and potential points of the convex hull are decomposed into
points that are meant to belong to the convex hull of these subsets. This is related to the
idea that a measure can be decomposed into a sum of partial sum measures corresponding
to a union of subsets of P that partitions P. The extra machinery of the broader algebraic
interpretation, however, is required for defining the refinements of the algorithm described
at the end of this chapter (and in the next), as well as for algorithms such as the breadth
first partitioning algorithm at the end of this chapter, and for the semidefiniteness results

of the next. It is also used in some of the details of the basic algorithm.

The following fundamental fact will be exploited repeatedly in what follows.

Lemma 5.2 Given any collection of sets Q1,...,Qs, the union i_; Q; can be expressed

as the disjoint union

i=1 \j=1

t [i-1
Q=U (ﬂ Q?) Qi=QUQRIQ2U---UQIQ5 - Q1@ (5.31)
where we have dropped the intersection symbols to reduce clutter.
Proof: Obviously any point in @ belongs to Ji_; Q;. Conversely, for any point y in [J'_; Q;

there must be some smallest ¢ < ¢ such that y € Q; and y € Q; for all j <. O

Before proceeding to the formal definition of the algorithms, let us give a high-level

description of how the first of these algorithms will work in two simplified cases.
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5.2.2 Example 1: Set Covering

Consider first the case where 4; C {1,...,n}, i=1,...,m, and
= U Y (5.32)

We noted already that (5.32) is equivalent to (5.9), which is the collection of set coverings
of the A;. In line (essentially) with the notation of (5.12), we represent (5.32) as,

m t(%)

P=U Y (5:39)

i=1j=1

where A; = {f(i,1),..., f(i,£(:))}. The analysis will proceed in two steps.

Step 1:
Define
£(4)
R = Y;uj (5.34)
j=1
so that .
P= ()R (5.35)
i=1

By Lemma 5.2, we can partition R; into the disjoint union

ti) [5—1
R = (ﬂ Ny N Yf(m)) (5.36)
j=1

j=1

and therefore

m t(i) [j-1
P= (RN (ﬂ Nz N Yf(i,j)) ) (5.37)
i=1 J=1 \j=1
10
Thus if we define )
m J—
T(i,j) = (VRN () Nyajy (5.38)
i=1 j=1
170

then P can be partitioned into the disjoint union

0,
P = U (T'(i,7) N Yy(5))- (5.39)
j=1
Example: Let
P = (Y1 UYsu }/4)(Y2 U }%)(Yl UuYsu YG) (5.40)
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(where we have dropped the intersection symbols). Then

Ri=Y1UYsUYy (5.41)
Ry =Y,UYs (5.42)
R:3=Y1UY5UYj (5.43)
T(1,1) = RaR3 (5.44)
T(1,2) = ReR3N; (5.45)
T(1,3) = RaR3N1 N3 (5.46)
T(2,1) = R1R3 (5.47)
T(2,2) = R1R3N» (5.48)
T(3,1) = RiR» (5.49)
T(3,2) = R1RaNV; (5.50)
T(3,3) = RiRaN1 N5 (5.51)

and
P = RiRoR3 = RoR3Y1 U RoR3N1Y3 U RoR3N1 N3Y, = (5.52)
T(1,1)Y1 UT(1,2)YsUT(1,3)Ys = (5.53)
T(1L,1)Yp1) UT(1,2)Yp1,2) UT(1,3) Y13 (5.54)

Similarly,

P = RiRyR3 = RiR3Y2 U R1R3N2Y5 = (5.55)
T(2,1)Y52,1) UT(2,2)Yf(2,2) (5.56)

and
P =RiRyR3 = Ri1R)Y1 UR{RyN1Ys U RiRaN1 N5Ys = (5.57)
T(3,1)Yy(31) UT(3,2)Y(32) UT(3,3)Y(3,3). O (5.58)
Thus for each i = 1,...,m, P is a disjoint union of sets each of which is a subset of some

Y(i ;). Consider now that for any (signed) measure x on A (the subset algebra of {0,1}"),

and any disjoint pair of sets u,v € A, the partial sum (signed) measures x* and x" satisfy

X"+ x" = x"" (5.59)
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Recall (Lemma 3.27 and Remark 3.28) that a measure x on A defines a P-measure (in
the sense that there is a measure ¥ on P with x[¢ N P] = x[q|, Vq € A), iff x(P°) =0,
i.e. iff x¥ = x. Recall also that a vector (z1,...,z,) € R" belongs to Conv(P) iff there
exists a measure x on A that defines a P-measure in this sense (i.e. x© = x), such that
xYi] = x;, i =1,...,n, and such that x[{0,1}"] = x[P] = 1. Thus by the disjointness of
(5.39), any vector (x1,...,xy,) € Conv(P) can be lifted to a probability measure x on A,
with x[Y]] = 2;, I =1,...,n,! for which
t(i)
x=x" =3 eI (5.60)
j=1
and for which 1 = x[{0,1}"] = x[P]. More generally, any (zo,z1,...,7,) € R*"! such
that (zo,...,x,) € Cone(K(P)) (Definition 1.2) can be lifted to a measure y on A with
zo = x[{0,1}"] = x[P], ;1 = x[Y1], | = 1,...,n, for which (5.60) holds. Therefore any
vector © € Cone(K (P)) must be expressible as a sum of partial sum vectors (i.e. projections

of partial sum measures)

£(4)

z=> a0, (5.61)
j=1
(Recall that if (zo,...,x,) € Cone(K(P)), then either (xo,...,z,) =0 or x—lo(xl, S, Tp) €

Conv(P).)

We will now show how to ensure that for every valid pitch k constraint, o’z > 3 on
P, the vector (zg,...,x,), which will be construed as (z[P],z[Y1],...,z[Ys]), can be made
to satisfy the homogenized constraint, a’z > Bzy. Our plan is to introduce new vectors of

the same dimension to correspond with

y N TGHNY s TN T(4,7)NY 5
T(0,) Y} (i) — (xo( )NY( ,ﬂ)ml( N5 5) $n( ) f(z,j))

x = (5.62)

g ey

(TG Ws6 [P, T EDWr6o Y], T ED Vs |1, ) (5.63)

and to use the properties of partial summation to put valid constraints on these vectors that
ensure that for each valid pitch < k constraint, o’z > 3, there will be some i € {1,...,m}
such that every vector 27 DMV j =1, ... (1), will satisfy o’z > Bxo. If this can be
accomplished, then by enforcing (5.61), it will follow that for each valid a”z > 3 of pitch
< k, the vector (zo,...,,), as a sum of vectors each of which satisfy a’z > Bzg, must

itself also satisfy oz > fBxo.

! Note that x[Vi] = x[V;"] since by assumption x[P°] = 0. Nevertheless we will be describing sets
throughout this chapter mostly by set theoretic expressions involving Y; rather than Y, as it was felt that
the presentation will be clearer this way. In the following chapter, however, it will be more convenient to
describe sets by expressions involving Y;”.
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To this end, observe first that if (xo, ..., x,) can be lifted to a measure on A (with each

new ¢’th coordinate denoted x[q]), then any partial sum vector TGN Y60 must satisfy
2[T(i,5) N Y] = 2[T(i,§) N Yz N P = 270D Wr6a [Pl (5.65)

(Alternatively, this can be seen by noting that the partial sum vector for T'(i, j) N Yy ;) is
a nonnegative linear combination of the zeta vectors of the atoms that belong to the set
T'(i,5) N Yy j), all of which satisfy ([P] = ([T'(¢,7) N Yy j)].) Thus for each i € {1,...,m},
the vector (xo,...,zy) can be decomposed by (5.61) into a sum of vectors each of which
can be validly constrained by z;(; j) = o for some j.
Consider now that for any pitch k constraint, k& > 1, a’z > f3, that is valid for P, it
must be that
support(a) 2 A; for some i € {1,...,m} (5.66)

(we will prove this formally later). Consider also that for any | € support(a), the valid
constraint

ale >0 —o (5.67)

where @ is the same as a but with a; = 0, has pitch strictly smaller than &k (to be proven
later). Observe moreover that if a vector x satisfies a’x > 8 — a; as well as 2; = 1 then
it must also satisfy o’z > 3, or more generally, if z satisfies @’z > (3 — o)z, as well as
x; = x0, then it must also satisfy o’z > fzo.

Putting these facts together, we conclude that if each of the vectors TGNV into
which we have decomposed (x, ..., z,) can also be guaranteed to satisfy all of the valid con-
straints of pitch less than k, then for any valid constraint, a’z > 8 of pitch < k, choosing
i € {1,...,m} such that support(a) 2 A;, each vector TGN Yr60) will satisfy aTz > Bz
as well, since it satisfies a’z > (-« f(m-))wo by assumption, and it is constrained to satisfy
Ty ;) = zo- Thus we will conclude that for each valid pitch < k constraint, alz > 3, the
vector (g, ..., x,) also satisfies a’z > Bxg, as it is a sum of vectors that each satisfy that

constraint.

Example: Consider, for example, the set P defined by
P=(Y1UYy)(Y1UY3)(Y2UY3) (5.68)

i.e.
3 t(i)

P=U Y6 (5.69)

i=1j=1
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with (i) = 2 for each i = 1,...,3, and with

f,) =1, f(1,2) =2, f(2,1)=1, f(2,2) =3, f(3,1)=2, f(3,2)=3

195

(5.70)

Stated another way, P is the set of points in {0,1}" that satisfy the system of constraints:

y1+y2 > 1

y1t+ys=>1
y2 t+ys > 1.

In this case we have

Ri=Y1UYs
Ry =Y, UY3
R3=Y,UYj3

and

T(1,1) = RoR3, T(1,2) = RoR3N;
T(Q, 1) = R1R3, T(Z, 2) = R1R3MN;
T(3,1) = RiRs, T(3,2) = RiRoNo.

Observe that the pitch 2 inequality

y1t+y2+ys=>2

(5.71)

(5.72)

(5.73)

(5.74)
(5.75)

(5.76)

(5.77)
(5.78)

(5.79)

(5.80)

is valid for P. In addition to the vector (zg,x1,x2,x3) = (x[P],z[Y1], z[Y2], z[Y3]), the

algorithm will define vectors 27 ™55 for each (i, ), all of which will have coordinates

for P and for each of the sets Y7, Y5, Y3, and will demand that

xT(l,l)ﬂyl + xT(l,Q)ﬂYQ

xr =
T = xT(Q,l)ﬂY& + wT(Q,Q)ﬂYg
o= ZTBUNY2 | TE2)NYs

The algorithm will also enforce

xT(iJ)me(iJ)[Yf( ] = 2TV [P

1,5

(5.81)
(5.82)
(5.83)

(5.84)
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Let us now assume that each of the vectors z7(:)™Wrii) also satisfies all valid pitch 1

constraints, so for example, we will have

TNy ] 4 TN Tyg] > TNV P (5.85)
TN y] 4 TN ) > o T(LD)NYi ) (5.86)
L)Y [Ya] + 2TA1HNY; V3] > 2T(LHNY; [P]. (5.87)

Observe now that by (5.84), we have
ZTODWy;] = 7DV p) (5.88)
which together with (5.87) implies
ZTADWi [y 4 TODMW ] g TADYiyg) > 9, TN p) (5.89)

so we conclude that z7(LDM1 indeed satisfies the pitch 2 inequality (5.80). This result is
not merely accidental. Considering that {1} belongs to the support of inequality (5.80),
and considering (5.88), in order to guarantee that 7D ndeed satisfies the pitch 2
inequality (5.80), it suffices to establish that 27D gatisfies the (homogenized) pitch 1
inequality (5.87) obtained by zeroing out the Y; coordinate in (5.80) and subtracting its
coefficient from its right hand side .

But it is not only {1} that belongs to the support of inequality (5.80), {2} does as well,
and in general the support of any valid pitch 2 constraint must always contain the support

of some valid pitch 1 constraint. Thus since, by (5.84), we have

2T(12NY2[y,) = TAL2NY2 py (5.90)
we need only establish that 27122 gatisfies the valid pitch 1 constraint
LT(1,2)NYs 3] + 2T (12)NY2 Ys] > 2T (12)NY2 [P]. (5.91)
to guarantee
GTOAVY] 4 oTORMEy5] 4 oTOIWe ;) > 22 TOAMEPL (5.02)

Thus if we maintain the assumption that each of the vectors TN Wra0) satisfies all valid

(1,2)

pitch 1 constraints, then it will follow that 7 (12MY2 also satisfies the pitch 2 inequality

(5.80). Constraint (5.81) will now imply that = must satisfy (5.80) as well. O

Step 2:
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We have thus established that if the vectors z’®)7Yr(s) can be guaranteed to satisfy
all valid pitch < k — 1 constraints then x will satisfy all valid pitch k£ constraints. We now

need to establish that the vectors z1(

DWiii) can indeed be ensured to satisfy all valid
pitch < k — 1 constraints.

Define

For the moment, let us assume that m > 1. Consider first that Lemma 5.2 implies that for

each i/ € {1,...,m} — {i}, the set T'({i,j}) can itself be partitioned as follows

7j—1
T({i,}) = ﬂ ;N ﬂ Nyij) NV Y5ig) = (5.94)
i=1 j=1
i
t(i) j—1
U Ysaan | 0 () B () Ny N Y5 = (5.95)
J'=1 =1 j=1
i
t@') [5'—1 j—1
U ﬂ Ny 0 Yy | 0 () B0 () Ny N Vi) = (5.96)
J=t = =1 j=1
i
£(i') 3’ =1
Ul N &n ﬂ Ny 1 ﬂ Ny gy VY VYragy | = (5.97)
i=1 | iz
2R
(i)
U @{i ) nT{#,5'}) (5.98)
j'=1

where the last equality follows from the fact that Y ;) € R; and Yy ;) C Ry. Define

T({i, 3,45 = T{i, 51 nTH, 5. (5.99)

Thus for each 7 € {1,...,m} other than i, each partial sum vector z7{*/}) can itself be

decomposed into the sum of partial sum vectors
(i)
=1

Note moreover that we can also enforce

$T({i’j}’{i/’j/})[Yf(i,j)] — T{aih i })[Yf(’ "] = L THETb D ). (5.101)
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Example: For the example from Step 1, i.e. where P is as in (5.68), we would write

LT — T — o T({1L1H{20)) | T{11{2,2)) = (5.102)
LTAEDNTERDAYL | T(1L,1)NT(2,2)NY1NYs (5.103)

and
FTULIY — R THLIBY) | THLIL{3.2}) — (5.104)
LTAHNTEHNYINY, | o T(1,1)NT(3,2)NY1NY3 (5.105)

and enforcing (5.101) amounts to writing

g TULIN2 Ny ] = pTULIZ D Pl (5.106)
gTULILZ 2Ny ] = fTULI2 2N y,] = TULIR2H Pl (5.107)
TRy ] = fTULILB N y,] = TULILBI Pl (5.108)
TELILB2D [y ] = o TULIHE.2D [yg] = pTALIE.2H [ P, (5.109)

Note now that the valid pitch 1 inequalities where P is as in (5.68) are all dominated by
the valid constraints

ity yi+ys =1 yatys>1 (5.110)

and that by (5.108) and (5.109) the vectors z7({11h{3:11) and zTAL1L3:2}) all satisfy all three
of these constraints (homogenized). Thus by (5.104) it follows that z7(1-DM1 — ;T({1.1})

satisfies all of the pitch 1 constraints as well. Similar arguments apply for all of the vectors
2T@DYr65) = T{31) O

Consider now a valid pitch k — 1 constraint, a’2 > 8. As above, there must be some
A; C support(a). Suppose first that A; C support(a). Thus for each 7 = 1,...,t(7),
the valid constraint (a/)’z > B — a; (where @ is the same as « but with a; = 0) is
of pitch < k — 2. Thus if we assume that 757} satisfies all valid constraints of pitch
< k—2, (and this will hold if all vectors 2T Wig} 113" satisty all pitch < k—2 constraints),
then considering that xT({i’j})[Yf(ijj)] = ¢ TWBIN[P), it will follow that ({57} satisfies the
constraint o’z > Bxg as well. If, on the other hand, A; C support(a), I # i, then a similar
argument to the one used in Step 1 shows that if all of the vectors z7 ({57} 17%3"D) gatisfy all
valid pitch k — 2 constraints, then z7({%9}) satisfies the constraint aZz > Bzq too.

We have been assuming so far that m > 1 so that there is in fact an i’ in {1,...,m}

other than 4. If, however, m = 1 = i, then for every valid pitch k — 1 constraint o’z > 3,
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we must have A; C support(a). Thus as above, so long as 27 ({%7}) satisfies all pitch k — 2
constraints then it will satisfy a’z > Bxg as well. But the support of any pitch k — 2
constraint a7z > B similarly must contain A;, and so the same reasoning implies that if
T4} gatisfies all pitch k — 3 constraints then it satisfies a7z > @ as well. Noting that the
pitch 0 constraints are just the nonnegativity constraints, then it is easy to see by induction
that so long as we impose nonnegativity, 27147} will satisfy all pitch k — 1 constraints.

Returning now to the case m > 1, we need to show how to ensure that each of the vectors
zTWid} {13')) satisfies all valid constraints of pitch < k — 2. If m = 2, then for any valid
pitch & —2 constraint o’z > 3, it must be that either A; C support(a) or Ay C support(a).
Thus so long as z7({57147%3"D) gatisfies all valid pitch < k — 3 constraints then it must also
satisfy o'z > 3. As above, repeating the argument will show that 27 B will satisfy
all valid pitch k& — 2 constraints.

If, however, m > 2, then the decomposition procedure we outlined can be again repeated

to partition sets T'({4,j}, {4, 7'}) into disjoint unions of sets

T({i, g}, 4i% 54" 5" = T{i, i) n T, 5'H) N T{i", 5"}) (5.111)

for each " # i,i’, where the union is over 7/ =1,... ¢(i"). It is easy to see that it suffices
to establish that each of the partial sum vectors 27 ({:3h{#31{".3"}) gatisfies the pitch k — 3
constraints in order to guarantee that z7({% BT will satisfy the pitch k — 2 constraints.

Recalling again that the pitch 0 constraints are all dominated by the nonnegativity
constraints, it is easy to see that repeating the procedure until we have taken k-fold decom-
positions of (zg, ..., zy) (or m-fold if m < k) will guarantee that (xo, ..., z,) will satisfy all

(homogenized) pitch k constraints.

5.2.3 Example 2: Covering Constraints

Here we consider the problem

mi1 mp  th

P= U N U Yt inin: (5.112)

i=lj1=1  ip=1j,=1
The valid pitch 1 constraints for this problem are dominated by the constraints (all of which
are valid) of the form

t1 to th

DD D T h(indiaG)zinGredna)dn) > 1 (5.113)

Ji=1lje2=1  jp=1
In each such constraint the value of ¢; is a constant in the range {1,...,m1}; the value of

i2(j1) varies in the range {1,...,ma} as a function of ji; the value of i3(j1, j2) varies in the
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range {1,...,m3} as a function of j; and j3, etcetera. In other words, the elements of a
sum of the form (5.113) for which j; = 1 may have a different is value than the elements
of the sum for which j; = 2 (though all elements with j; = 1 will have the same iy value).
Similarly, the elements of the sum with j; = 1 and jo = 3 can have a different i3 value than
those with j; = 2 and jo = 3. In general, for each term of the sum indexed by a given
J1 = J1,---,J1 = j there can be a different choice of i;,; from the range {1,...,m; 1}
There is a valid constraint of the form (5.113) for each of the exponentially many h-tuples

of functions (i1,42(),43(-),...,ix(-)). (We will formally prove all of this later.)

Example: Consider
P=(MuYy)n(YsuYy)) U ((Y5UY6)N(YrUYs)) (5.114)

or in our notation

1 2 2 2
P= ﬂ U ﬂ U Y (ir jrsingo) (5.115)

11=171=142=1jo=1
where f maps
(1,1,1,1) = 1, (1,1,1,2) — 2, (1,1,2,1) — 3,...,(1,2,2,2) — 8. (5.116)

This corresponds to the integer program

P={ye{0,1}%: (y1 +y2)(ys + ya) + (y5 + y6) (y7 + ys) > 1}. (5.117)

The constraints of the form (5.113) are

2 2
DD Tflinguiatn) ) = 1 (5.118)

J1=1j2=1
and there is such a constraint for each function is(j1) : {1,2} — {1,2} (here there is only

one possible choice for i1). Specifically these constraints are:

Yra,1,11) T YrL2) T Yra21) Y Yra212) =1 ty2+ys +ye > 1 (5.119)
Yra,1,1,1) T YFLL2) T Yr221) T Yra222) =1 +y2+yr+ys > 1 (5.120)
Yraa2n) T Yr22) T Y211 T Y1212 = Y3 Y1+ Ys +ye > 1 (5.121)
Yr,1,2,1) TYF(1,22) T Yr221) T Yra222) =Y +ys+yr+ys > 1 (5.122)
O
We will now show how to ensure that a vector (xg,...,z,), which will be denoted here

simply as x, will satisfy all of the exponentially many pitch 1 constraints (5.113).
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Let us first rewrite P as follows:

mi

P = ﬂ R;, where
i1=1
t1

R, = U Qi, j, Wwhere
Ji=1

ma
Qirjr = ﬂ R, ji,i, where

i2=1

to

R j1is = U Qi1 j1,iz,jo Where
jo=1

mp,
Qil7j1,i27]'27-~~7ih717jh—1 = ﬂ Ril7j1,i27j27-~~7ih—1Jh—lyih where
in=1
th
Riy j1i0,2,in—1,5n 1500 = U Qil7j1,i27j27---7ih—17jh—1ﬂﬁyjh where
Jjn=1

Qir 112,52 0--wrih— 1 1rihndn = Yf(il,jlw,ih,jh)
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(5.123)

(5.124)

(5.125)

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)

and, as in the previous subsection, we will introduce new “partial sum” vectors with coor-

dinates for P and for each Y;. For each i, = 1,...,m1, we will then decompose z into the

sum (over j; = 1,...,t1) of the partial sum vectors 2T | where

T({i1,51}) = T(i1,51) N Qs 5, and

Jji—1
Z1,]1 m R ﬂ 11,]1
=1
117101
Observe now that for each iy € {1,...,ma}, Q;, j, can itself be partitioned as

to Jo—1
Q“m - ﬂ an, U ﬂ 11,j1,i27jz) mQZllewvm -

d2=1 J2=1 \jo=1

ioFis
t2 Jo—1
U ﬂ Rlldl,wm ﬂ Q117]17127]2) ﬂth]l,%QJz
J2=1 i9=1 Jo=1

inFin
Defining now
J2—1
T(’Ll,jl,lg,jz ﬂ R,thl’ N ﬂ Qzl,ﬁ,zz,]z)v
}2 1 2

i2#i2

(5.131)

(5.132)

(5.133)

(5.134)

(5.135)
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we can therefore write

to
Qir gy = U (T'(i1, 1,12, 2) N Qil:j17i27j2) . (5.136)
jo=1
Thus where we define
T({i1, J1, 92, J2}) = T(i1, j1) N T(i1, j1, 12, 52) N Qiy jy iz jas (5.137)
we have the partition
to
T({ir,i}) = J Tir, g1y, jo}) (5.138)
jo=1
for each 75 = 1,...,mo. It now follows that we can decompose, for each io = 1,...,mg, the
vector zT{i1:71}) ag
to
LT} Z 2T {i1,51502,52}) (5.139)
jo=1
which implies that
t1 to
T = Z Z 2 T{i1d1502,52}) (5.140)
J1=1j2=1

for all choices of i1 and io. It is important to observe that in any such sum, the choice of
i needs not be constant. Each choice of values for j; can have a different corresponding is
value, and thus we may more precisely write

t1 to
T = Z Z 2T{i1515i2(31),52}) (5.141)
Ji1=1j2=1
for all choices of i1 and i2(j1) in the appropriate ranges.

In general, for each [ < h we will define

T(ilajla"‘7il7jl) - (5142)
my Ji—1
ﬂ Ri1,j1,-~-7il—17jz—1,iz n _ﬂ (Qilvjl7-~-7il—17jl—1»i173l)c (5'143)
=1 =1
OE
and
T({ilajlv s ’ilvjl}) = T(ilajl) Mn---N T(il,jla cee 7ilajl) N Qi1,j1,...,il,jl (5144)
and, for each 7, = 1,...,m;, we will have partitions
12
T({iv, jis-- -1, gi-1}) = J T, dus i di})- (5.145)

Ji=1
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The algorithm (after introducing the appropriate partial sum vectors) will therefore decom-

pose each partial sum zZ({id1i—1di1}) | for each i; = 1,...,my, as
2
mT({il7j1""7ilflvjl71}) — Z wT({ilhjlv"'ailvjl}) (5.146)
Ji=1

and by repeated application for all [ = 2,..., h, it will ultimately follow that

1 ta 12

T = Z Z Z 2T {i1,01502(31),525 0580 (515 -00h=1)200 }) (5.147)

n=ljz=1  jp=1
As above, in any such decomposition the value of each 7;(+) is a function of ji,...,5;—1. The
functions {i;(-)} therefore determine both the decompositions of the form (5.147) and the
constraints of the form (5.113), and the decompositions and the constraints are therefore
in one to one correspondence.

The algorithm will now impose the valid constraint that each vector

2 Tig1ingn}) — T @513 )T (@151 sesth 13 0n )OO (1,50 6y i ) (5.148)

must satisfy

T f(i1,31,indn) — L0 (5.149)

(i.e. J:T({il’jl"“’ih’jh})[Yf( )] = g T{id1t,dn ) [P]), and it will also impose that all

il:jlv""i}mjh
vectors must be nonnegative. It will now follow that for any given choice of functions {i;(-)},
to be denoted {7j(-)}, every partial sum vector T (1515050 )d8, ()1 }) that appears in the

h-fold sum of the form (5.147) defined by {7j(-)} will satisfy

1 2
> - Z (0 iy (Do () = CFE () o], () = L0 (5.150)

Ji=lje=1  jp=1
and it will therefore follow that x will satisfy

t1 to

Z Z Z L f(ih,51,8 () g25+85, () 3n) 2 To (5.151)

n=ljz=1  jp=1
as well. Since the decompositions of the form (5.147) and the constraints of the form (5.113)
are in one to one correspondence, it follows that = will satisfy all constraints of the form
(5.113).
For example, say that P is as in (5.115), (the example at the beginning of the sub-
section) and that we have selected i = 1, i5(1) = 2, #4(2) = 1. Then the corresponding
decomposition (5.147) is

2 2
= Z Z Q:T {L,j1,i2(j1),32}) — = ({112, 1})"‘:6 ({1717272})+x 1, 2’1’1})+$T({1 27172}) (5152)

Jj1=1j2=1
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and the corresponding constraint (5.113) is

2 2
20 < DD Tyt ge) = Traa20) F 122 F a2 T 212 (5.153)
J1=1j2=1

The algorithm imposes the constraint

T({1,1,2,1 T({1,1,2,1
rp iy = ag b2 (5.154)

which implies (together with nonnegativity) that

D 4T D T 5 T 5 000, 6150
The constraints

33?((1{111222)2}) = g ((11:22}) (5.156)

x?((1{122111)1}) _ mg({l,ll,l}) (5.157)

x?((1{122112)2}) _ 965({1’2’1’2}) (5.158)

similarly imply that z7({11.22) T({1L2L1Y apq xT{L21.2D 3150 satisfy (5.153), and thus
by (5.152), x will satisfy (5.153) too.

Example: Here we consider again the case
P=(UY)N(¥;UY1) U ((Y3UYe)N (Y UYs) (5.159)

and we will show in detail how the procedure outlined will ensure that = will satisfy the
pitch 1 constraints (5.119) - (5.122).

In this case m; =1, t{ = mo =ty =2, P = Ry, and

Ry =((MuYe)n(YsuYy)) U ((YsUYs)N(Y7UYR)) (5.160)
Q1= (Y1UYs)N(Y3UYy) (5.161)

Qo= (YsUYs)N(Y7UY3) (5.162)
Ri1p=Y1UY, (5.163)

Rip2=YsUYy (5.164)

Rig1=YsUYs (5.165)

Rig2=Y7UYs (5.166)

T(1,1) = {0,1}" (5.167)
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T(1,2) = Q74
T({1,1}) = Q11
T({1,2}) = Q{1 N Q12

We now have the partition

P = Qi1 U(Q5,NQis) = TH1L1} UT({1,2})

and we can therefore enforce

xr = le,l + xQ‘ille,Q — xT({Ll}) + xT({1v2})

We also have

T(1,1,1,1) = Rii1p2
T(1,1,1,2) = Ri12N Ny
T(1,1,2,1) = Ry 11
T(1,1,2,2) = Ri11 N N;
T(1,2,1,1) = Ry22
T(1,2,1,2) = Ri02N Ny
T(1,2,2,1) = Ria1
T(1,2,2,2) = Ri21 N Ny
T({1,1,1,1}) = Ri12NY;
T({1,1,1,2}) = R112 N N1 NYs
T({1,1,2,1}) = Ri11 N Y;
T({1,1,2,2}) = Rip. N N3N Yi
T({1,2,1,1}) = Q54 N Ripa N Y5
T({1,2,1,2}) = Q5 N RN N; N Y
T({1,2,2,1}) = Q{1 NR121 N Y7
T({1,2,2,2}) = Q11 N Ri21 N N7 NY3.

Observe now that we have the partitions

Qi1 =(Rip1NY3)U(R111 N N3NYy)

205

(5.168)
(5.169)

(5.170)

(5.171)

(5.172)

(5.173)
(5.174)
(5.175)
(5.176)
(5.177)
(5.178)
(5.179)
(5.180)
(5.181)
(5.182)
(5.183)
(5.184)
(5.185)
(5.186)
(5.187)

(5.188)

(5.189)
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and

Q171 = (RLLQ N Yl) U (RLLQ NN N Yg) (5.190)
as well as the partitions

QLQ = (RLQ,Q N Y5) U (R1,272 N N5 N Y@') (5.191)
and

Qi = (R17271 NnY7) U (R17271 N N7 NYg). (5.192)

We can therefore enforce the decompositions

2TAL} — Qi — pRi20Y) 4+ gRi2nNnYz _ (5.193)

and
xT({l»l} — le,l — le,l,lﬁys + xR1,1,1ﬂN3ﬁY4 — (5.195)
STLL21) | o T({1122)) (5.196)

and
STUL2)) _ Q5.1MQu2 _ 4 Q.NR1220Ys | L Qf \NR1220NsWs _ (5.197)
ST211) | o T({121.2)) (5.198)

and
xT({LQ}) =7 f,lmQL? — $Q§’10R1,2,10Y7 +x illevalmNﬂqYB = (5199)
:L,T({l,272,1}) +1‘T({1’2’2’2}). (5200)

Combining with (5.172) therefore implies the four decompositions:

p = pTALLLIY | TALLL2Y | TH1211)) 2 T({1,2,1,2}) (5.201)
r = TELLLIY 4 TALLL2Y) o T{12:21}) 4 T({1,2,2,2}) (5.202)
p = P21 | T(112.2)) 4 T{1.2113) 4 T({1,2,1,2}) (5.203)
r = pTALL21Y) | T({11.22}) | ,T({1.221}) 4 ,T({12.22}) (5.204)

Moreover we can enforce
2 TELLLIN ] = 5 TALLLID P (5.205)
2 TULLL2D ] = 5 T{LL12D) [ p) (5.206)

2 TL1210) ;] = 5 TALL21D P (5.207)
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T({1,1,2,2}) Y] = T({1,1,2,2}) [P] (5.208)
T({1,2,1,1}) Y5 = T({1,2,1,1}) [P] (5.209)
T({121.2))[yy] = o T({1.212) [ p) (5.210)
{1221})[1/7] {1221})[p] (5.211)

T T({1,2,2,2}) [YS] =1z 7({1,2,2,2}) [P] (5212)

From equations (5.205) - (5.212) it is clear that each term of the decomposition (5.201)
satisfies

1+ 22+ 25+ 2 > X0 (5.213)

as for each term of that decomposition at least one from among the first, second, fifth and
sixth coordinates must be of value 1. It is similarly clear that each term of the decomposition
(5.202) satisfies (5.120) (homogenized), that each term of the decomposition (5.203) satisfies
(5.121) (homogenized), and that each term of the decomposition (5.204) satisfies (5.122)
(homogenized). We are therefore ensured that x will satisfy all constraints (5.119) - (5.122)
(

homogenized). O

5.2.4 Pitch of Inequalities

Before going further, we will first prove some facts about the pitch of inequalities for sets

of the form

m t
P= U M, (5.214)
i=1j=1
where, as above, f maps into {1’,1”,...,n/,n"}, and for each | € {1,...,n}, My =
Y;, My = N;. We will begin by considering the easiest case, i.e. P = (i Ujea, Yis
where A; C{1,...,n}, i=1,...,m
Lemma 5.3 If P = (L Ujeg, Yj, where A; C {1,...,n}, i = 1,...,m, and ale >

B, o > 0 is valid for P and of pitch 1, then a’x > (3 is dominated by the inequalities

ZjEAi x] 2 L.
Proof: Let us assume that the variables are arranged so that
O0<ar<ap<--- < Q| support(c)| (5215)

We must have 8 > 0 or else the pitch would be zero. Thus by the definition of pitch a”z > 8

is dominated by
[support(a)|
xj >1 (5.216)
j=1
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which must be valid as well (or else there would exist y € {0,1}" for which o’y = 0 < 3).
Suppose now that there is no A; such that A; C support(«), then define y € {0,1}" by

(5.217)

0:j € support(a)
Yj = )
1: otherwise

Then for all A;, >c4, 95 > 1=y € P, but Z'fi‘fport(a)' y; = 0, which is a contradiction. O

Lemma 5.4 If P = (V2 Ujeq, Yj, where A; C{1,...,n}, i=1,...,m, and ale > p, a
unrestricted, is valid for P, then o’z > (3 is dominated by inequalities of the form o’z >

B, a>0.

Proof: Consider a valid inequality a’« > 3 with a;, < 0. This inequality is dominated
by 25 < 1 and @’z > 3 — as, where a is the same as a but with @, = 0. Suppose that
alz > 8 — aj were not valid for P, then there would be a y € P : a’y < 8 — ap, but
since y must satisfy a’y > 3 we must have y;, = 0. Define now % to be the same as y but
with g, = 1. Changing a coordinate from zero to one cannot violate any of the constraints

> jea, Yj = 1 that define P, so y € P as well, and
alg=aly+a,<p (5.218)
which is a contradiction. Repeating for all a;, < 0 proves the lemma. O

Lemma 5.5 If P = (2 Ujca, Y, where A; C {1,...,n}, i = 1,...,m, and als >
B, a > 0 is valid for P and of pitch n, then oTx > (B is dominated by the valid pitch 1

inequalities.

Proof: By the definition of pitch, the only way for a pitch n inequality to be valid is if the
pitch 1 inequality y; > 1 is valid for all ¢ = 1,...,n. It is easy to see that these inequalities

will dominate any valid pitch n inequality. O

Taken together we conclude:

Lemma 5.6 If P = (X Ujea, Yj, where A; C{1,...,n}, i =1,...,m, then every valid
wnequality for P is dominated by a constraint with pitch <n —1. O

Unfortunately Lemma 5.6 does not hold in general for P of the form,

m t;
P = ﬂl U1 My 5 (5.219)
1=1y=
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where f maps into {1',1”,...,n/,n"}, and My =Y, My = N, 1 =1,...,n. Nevertheless
any P of this form can be relaxed to a set of the form ((JY;. Consider first that where we
define, for any y € {0,1}", yy =y, yiv =1 —1y;, L =1,...,n, then P can be written as

ti
P={ye{0,1}":> yruy =1, i=1,....m}. (5.220)
For example,
P = (Y1UN3)Q(N2UN1 UY3)ﬁ(Y2UN1) (5221)

can be expressed as

P={ye{0,1}":
n+A-—y3)>1, =) +1Q-—y)+yz3 =1, yo+(1—y1) 21} = (5.222)
{y e {0, 1}" sy +yzr > 1, yor + v +y3 > 1, yor +y1vr > 1}, (5.223)

Thus by reindexing the variables according to the i', ", a set P as in (5.220) can be

equivalently represented as the set

t;
P — {y, = (yll/,yi//, e ,y;/,y%//) c {0, 1}2n : Zy}(l,]) Z 1, Z = 1, NN S

j=1
yl// + yl/” = 1, l = 1, e ,TL} (5224)
In this representation, for each | = 1,...,n, y} replaces y;, and the new variable yj, is

introduced with value fixed to 1 — y;. In set theoretic notation,

m t; n
P= (ﬂ U Y ) ﬂ (Y uYy) N (N UN)) (5.225)
i=1j=1 =1
where
V) ={y €{0,1}*" : y; =1} and Nj = {y' € {0,1}*": ¢ =0} (5.226)

But (5.224) can be relaxed to the set
t;
P ={y {0, vsupy=1i=1,...om yy+yw>11=1,...,n} (5227
j=1
or, in set theoretic notation,

(Y U Yy) (5.228)

(ﬂ U Yiig) )

i=1j=1

IID:

which is of the desired form. One nice feature of this relaxation is as follows.
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Lemma 5.7 Let P be as in (5.224), and let P' be as in (5.227). Suppose ¥’ € R*™™ belongs
to Conv(P’), then o' € Conv(P) as well iff zj, +z) =1, Vi=1,...,n.

Proof: If the condition is violated then obviously ' ¢ P. Conversely, if 2’ € Conv(P) and

x} + x}, = 1 for all I, then we can write
= Ay, AZ0, > Ay =1 (5.229)
y'epP’ y'epP’

Suppose now that A,y > 0 for some y' € P'—P. Since y € P’ — P we must have y;, +y;, > 1

for some I, but since for all ¥’ € P’ we have y}, + y;, > 1, we must have

I’g/ + .'L'in = Z )\y/ (yZ/ + yl/”) > Z Ay/ =1 (5230)
y/eP/ ylepl

which is a contradiction. O

Corollary 5.8 Let P be as in (5.224), and let P’ be as in (5.227). Every valid constraint
for P (in the R?" representation) is dominated by valid constraints for P' of the form

als’ > B, a >0, of pitch < 2n — 1, and the constraints zy+x,=1,1=1,...,n. O

5.2.5 Pitch 2 Inequalities

We will now show that even in the simplest (nontrivial) case, namely P = (2 U;ca, Yj,
which as has been noted, corresponds to set covering problems, it is no simple matter to
obtain even the valid pitch 2 inequalities. Note that the set of valid pitch 2 inequalities
for set covering problems can be equivalently cast as the inequalities with all coefficients
(including the right hand side) in {0,1,2}. (It is clear that any such inequality is of pitch 2
or less, and it is not hard to show that every valid pitch 2 inequality can be dominated by
valid 0,1, 2 inequalities.) This class of inequalities has previously been analyzed by Balas
and Ng ([BN89]), and they showed that these inequalities can be characterized by a certain
type of rank 1 Chvéatal-Gomory cut. But an explicit construction of all of these inequalities
via their characterization would still require exponentially many such cuts.

Consider first that there may be exponentially many facet defining pitch 2 inequalities.
For example, consider the following system.

Let AC{1,...,n}, |A| > 2,let A; = A— {i} for each i € A, and let {B; : i € A} be
|A| disjoint subsets of {1,...,n}, with AN B; = 0 for all i. Define x(4;) = >>;c 4, ¥;. Let
P be the set of 0,1 points that satisfy

z(A) +z; > 1, Vj € By, Vie A (5.231)
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For every set Q C {1,...,n},|Q| = |A|, consisting of exactly one element drawn from each

set B;,i € A, it is not hard to prove that the constraint
2(A) + 2(Q) > 2 (5.232)

is valid and facet defining for P. There is such a constraint for each of the exponentially
many choices of @), and these constraints are all of pitch 2.

We will now show that the N*1 procedure, defined in Definition 4.29, (recall that this
is a vastly more powerful operator than NT), can also perform poorly in obtaining pitch
2 inequalities for set covering problems. For the purposes of the following theorem, given
P C {0,1}", given P C [0,1]" with P N {0,1}" = P, and recalling (Definition 1.2) that
K (P) is the homogenized version of P, the “N**” rank of a valid inequality, o’z > 3, for
P C {0,1}™ will refer to the smallest integer k such that all points of (N+)*(K(P)) satisfy

the homogenized inequality o’z > Bz.

Theorem 5.9 Define

A;={1,....,n} = {i}, i=1,....,n, n>3. (5.233)
Let
P={ye{0,1}":y(4;)>1,i=1,...,n} (5.234)
P={yc[0,1]":y(A)>1,i=1,...,n} (5.235)
The pitch 2 inequality
dyi=2 (5.236)
j=1

is valid for P, and its N rank is > n — 2.

Proof: We will construct a measure x on A for which the vector

(x[{0, 1}"], x[Yi], - ... x[¥n]) (5.237)
violates the constraint
S AY] > 200,137 (5.239

while having every partial sum Y9 satisfy every constraint

SO = xC{0,1}7], i=1,...,n (5.239)
JEA;



Algorithms Driven by Set Theoretic Structure 212

for every @) of the form
Q= (k] My, (5.240)
h=1
where each My € {Y1,...,Y,, N1,..., N}, and k < n — 2. By Remark 3.68 and Definition
4.29 it will then follow that for every k < n—2, the vector (x[{0,1}"], x[Yi], ..., x[Yn]), which
does not belong to Cone(K (P)) (Definition 1.2), nevertheless belongs to (N*+)¥(K(P)),
which proves the theorem.

Before we proceed to the construction of the measure, recall that a partial sum y@ is
the measure on A that matches the value of x on every atom in @), and assigns a measure
of zero elsewhere, and recall also that the measure of any set is the sum of the measures
of the atoms that are contained in that set. Recall also that a measure x on A defines a
measure on P, in the sense that there is a measure x on P with y[¢gNP] = x|[¢] for all g € A,
iff it assigns a measure of zero to all atoms in P¢. Recall finally that if a measure x on
A defines a measure on P in this sense, then (x[{0,1}"], x[Y1], ..., x[Yn]) € Cone(K(P)).

The construction is as follows. For the atom

r=\N; (5.241)

assign x[r] =1, and for each J C {1,...,n}, |J| =n — 2, for each atom

sS=NNNY (5.242)
JjeJ JgJ

assign x[s”/] = 1. Assign all remaining atoms a measure of zero. Each s/ atom contributes
1 unit of measure to x[{0,1}"], and one unit of measure to each of the two x[Yj], j & J.
Thus each s’ atom contributes two units of measure to each side of expression (5.238). But
r contributes two units to the right side and nothing to the left, so x indeed violates (5.238).
Consider now that for each set @ of the form (5.240) that entails a “yes” (i.e. some
element M}, of the intersection (5.240) is of the form Yj), then » Z @, so the measure b
assigns zero measure to 7, and nonzero measure only to (some of the) s’/ atoms. Thus
since all s/ atoms are in P, x? defines a P-measure, so (x?[{0,1}"], x®[Y1], ..., x®[Yx]) €
Cone(K(P)) and x© therefore certainly satisfies all constraints (5.239). So suppose that Q

entails only “no’s”, i.e. it is of the form
Q=[N (5.243)
jeq
where ¢ C {1,...,n} and suppose that |¢| < n—2. Then for any i € {1,...,n}, r contributes

one unit of measure to the right side of (5.239) and zero to the left, as it belongs to no
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set Y;. Each s/ C @Q atom contributes one unit to the right side and at least one unit to
the left (as each J¢ overlaps each 4; in at least one location), and each s/ C @ for which
|J¢N A;| = 2 (i.e. the two “yeses” of s’ both overlap A;), contributes 2 units to the left side.
Thus if we can establish that there is some s/ C @ for which indeed |J¢N A;| = 2, then
we will be guaranteed that (5.239) will be satisfied. Observe now that for any |¢| < n — 2,
|A; — q| > 2, so where S is any size 2 subset of A; — ¢, and we define

JG@)={1,....n} -8 (5.244)

then s’ c Q, and J(i)° N A; = 2 (i.e. the indices of the two “yeses” of s/() both belong
to A;, but neither belongs to ¢), so all constraints of the form (5.239) will be satisfied. O

This is particularly interesting considering that it is easy to see that where P is as in
Theorem 5.9, the “Common Factor Algorithm” at level 2, to be defined in the next chapter,
is dominated by (N)"~2, which is itself dominated by (N*7)"~2. Thus since the common
factor algorithm, as we will see, obtains all pitch 2 constraints by level 2, it follows from
Theorem 5.9 that the N rank, as well as the N+ rank, of the constraint (5.236) is exactly
n — 2. Thus the measure consistency requirement that distinguishes N** from N did not
help in this case, and the N*T algorithm did not guarantee (5.236) until the “last minute”,
i.e. until it dominated the common factor algorithm.

It is also worth pointing out that in the last stage of the proof of Theorem 5.9, if
|g| = n — 3 then there are A; for which |A; — ¢| = 2, so that there is exactly one choice of
a pair of indices in A; — ¢, and there is exactly one .J(i) for which s/ C Q and such that
J(i)¢ overlaps A; twice. But if |q| = n — 4, then |A; — q| > 3, so there are at least (3) = 3
appropriate size 2 sets S and there are therefore at least 3 sets J for which s/ C Q and such
that J¢ overlaps A; twice. Thus even had we assigned a measure of 3 to the atom r, all
of the constraints (5.239) would continue to be satisfied by every partial sum @ for which
@ is an intersection of no more than n — 4 sets M;. In general, if |¢| = k, (kK < n — 3),
then there would be at least (""57!) sets J for which s/ C @Q and such that .J¢ overlaps A;
twice, and therefore even had we assigned a measure of (”_5_1) to the atom r, all of the
constraints (5.239) would continue to be satisfied by every partial sum Y% for which Q is
an intersection of no more than k sets M;. Denoting this measure with x[r] = ("57!) as ¥,
this means that the vector (¥[{0,1}"], X[Y1],. .., X[Yn]) belongs to (N*)*(K(P)). Observe
now that considering that there are (%) atoms s” in total, each of which belongs to exactly

two sets Y;, assigning a measure of (”7571) to the atom r would imply that

X0, 13" =) + ("5 = nin—1)+n—-k—1)(n—k—2)

.24
- , (5.245)
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so that
B 2n(n —1)
S an—1)+(n—-k-1

ey o (5.246)

> ;> 1.8z (5.247)
j=1
requires the level k to be such that
2n(n—1) > 1.8, (5.248)

nn—1)+Mn—-—k—-—1)(n—k—2)
Observe, however, that there is no fixed k for which (5.248) will hold for all n. Thus where
P and P are as in Theorem 5.9, and we define

(NTYE(P) == (NTHH(K(P)) N {z € R™ o = 1}, (5.249)

and we write

¢® := min {Z xTi 1T E P} (5.250)

i=1
and

¢ = min {Zn:l% T E (N'H')k(P)} (5.251)

then considering that ¢* = 2, it follows that there is no fixed k£ for which we can always be
guaranteed that ¥ > .9¢*. The choice, moreover, of 1.8 for the right hand side of (5.247) was
arbitrary. Any number greater than 1 would have yielded the same result. Note now that
the inequality Y7 ; ; > 2 is a rank 1 Chvatal-Gomory cut on P. We therefore conclude as

follows.
Theorem 5.10 Given a set covering problem, denoted (SC),
min{ch D a(A) > 1, i=1,...,m, z € {0, 1}”} (5.252)
with feasible region denoted P, define
P=zecl0,]":2(A)>1,i=1,...,m; (5.253)
define P¢~C to be the rank 1 Chudtal-Gomory closure of P, and define

*(SC) = min {CTiL‘ DX E (N++)k(15)} , and ¢(SC) = min{ch S PC_G}.
(5.254)

Then for every number € < %, there is no fixed integer k for which
F(SC) > (1 - €)&(SC) (5.255)

for all set covering problems (SC). O
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This is particularly noteworthy considering the following fact. It can be shown ([BZ03))
that for any fixed positive integer r and any fixed number € > 0, there exists a fixed integer
k such that any set covering problem (SC') of the form (5.252), with feasible region denoted
P, for which we define

PF={zc0,1]":a’z > p, for all valid constraints on P with 7(c, 8) <k}  (5.256)

and PC~C() to be the rank r Chvdtal-Gomory closure of P, and for which we define
&(SC) :==min{c"z : z € P*}, and &@(SC) :=min{c’z : x € PC~C(} satisfies

&F(SC) > (1 —e)d (50). (5.257)

This will imply that for any set covering problem (SC) of the form (5.252), the “Depth-
First Algorithm” to be introduced later in this chapter, as well as the “Common Factor
Algorithms” of the following chapter, all of which are capable of generating in polynomial
time a relaxation of Conv(P) that satisfies all valid pitch < k constraints on P, can always

e-approximate ¢ (SC') in polynomial time for any fixed e and r.

5.3 Preliminaries

Sets of the form (5.12) can be complicated objects, so before we can describe the algorithms
we will need to understand the basics of the structure of such sets. The first result that we
will show here is that sets of the form (5.12) have two other representations, each of which

will prove useful to us in due course. For example, consider once more the case
P=(NMuY)n(YzuYy)) U ((Y5UYs)N(Y7UY3)). (5.258)

As we saw earlier, this can be represented as

1 2 2 2
P= ﬂ U ﬂ U Yi(ir,g1iz,g2) (5.259)
i1=1j1=1142=1 jo=1
where f maps
(1,1,1,1) — 1, (1,1,1,2) - 2, (1,1,2,1) — 3,...,(1,2,2,2) — 8. (5.260)

Expanding (5.258) by distributing the intersections over the unions, i.e. via the rule
(AUB)N(CUD)=(ANC)U(AND)u(BNC)U(BND) (5.261)

yields
P=(Y1NY3)U(Y1 NYy) U(YaNY3)U(YaNYy)U
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YsnY7)U(YsnYs)U(YsNY7) U (YsNYs) = (5.262)
Yran NYraa2n) U Yrain N Y22V
Y112 NYra21) U (Y12 N Yra122)U
Yra21) NYra221) U (Yra21n NYra222)U
(Yra212 NYra221) U (Yraz12 NYra222) (5.263)

There is a pattern in (5.263). Each element in the union is of the form

Yi1,50(1),1,5201,1) 0 Y5151 (1),2,2(1,2) (5.264)

for some pair of functions (ji(1),72(-)) such that j;(1) is a function whose domain is the
single element {1} (which is the only possible value for the first subscript i), and thus has
a constant value in the range {1,2}, and in which j5(-) is a function of (i1,142) (i.e. the first
and third subscripts) with range {1,2}. There are obviously two possible choices for ji(1),

and there are four choices for ja(1,143), namely
1 (1,1) —1, (1,2) —» 1
2. (1,1) — 1, (1,2) — 2
3. (1,1) -2, (1,2) — 1
4. (1,1) — 2, (1,2) — 2.

There are thus eight possible pairs of functions, and there are eight corresponding elements
in the union. In the first element of the union, for example, j; and js both have constant
value 1. In the second element of the union j; takes the value 1, and jy take the value 1
when io = 1 and the value 2 where i3 = 2. In the third, j; takes the value 1, and jo takes
the value 2 when i = 1, etcetera. Note also that each element (5.264) of the union is the
intersection of the sets Y, i (i1),ia,jo(i1,i2)) Over all possible choices of i1,42 in the domain
of the pair (j1(i1), j2(i1,1%2)).

Observe moreover that for a point y € {0,1}" to belong to P, it must belong to either
Y1 or Ys or Y5 or Y. Similarly it must belong to either Y7 or Ys or Y7 or Yg, as well as to
Y5 or Y, or Y5 or Yg, and to Y3 or Yy or Y7 or Yg. Conversely, if y belongs to Y1 or Ys or Y3
or Yg, and to Y7 or Y5 or Y7 or Yg, and to Y3 or Y4 or Y5 or Yg, and to Y3 or Yy or Y7 or Yg,

then it must belong to P. Thus we can restate P as

P=Yra11,0)U Y0112 YYra211) U Yr0212)0
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Yy, YUY ra12) U Yra,221) UYra222)0
Yra121) YYra122) U Yra211) YUYrae12)0
Yra120) UYra1,22 UYra221) UYra2292) (5.265)

Again there is a pattern here. Each element of the intersection corresponds to a different
function describing how to choose 2 for each ji. In the first element, i = 1 regardless of
71. In the second 72 = 1 when j; = 1, and i2 = 2 when j; = 2. In the third i2 = 2 when
71 = 1, and i3 = 1 when j; = 2, and in the fourth i3 = 2 regardless of j;. In parallel
to the representation (5.263), each element of the intersection (5.265) is the union over all
possible choices of j1, js for the given rule. Before we formalize and generalize these alternate
representations for P, we will first pose a definition that makes the characterization of these

“indexing” functions precise.

Definition 5.11 Let

my t1(i1) ma(in,g1) ta(in,gii2)  mu(it,in—1) th (@1, dn—1,0n)

P= ﬂ U U o m U M (iy 1o sin.in) (5.266)

i1=1 j1=1 =1 jo=1 ip=1 Jjn=1

where f maps into the set {1',2',...,n/, 172" ... . n"} and where when |l € {1,2,... n},

then My =Y, and My = N;. Given h integer valued functions of integers,

Ila IQ(jl)v I3(j17j2)7 v 7Ih(j1a v 7jh—1)7 (5267)

we will say that these h functions comprise an ordered indexing family Z for P if these

functions are as follows:
I is a constant € {1,...,mq}.
I>(j1) has domain {1,...,t1([1)} and each I5(j1) € {1,...,ma(I1,51)}-

I3(j1, j2) has domain
{G1,92) g1 e {1, ti(D)}, je € {1, .., ta(d1,71,12(j1)) }} (5.268)

and each I3<j1,j2) S {1, Ce ,m3(117j1712<j1),j2)}.
In general, the elements of the domain of I;(j1,j2,- .., ji—1) are the tuples

{(jl)' .. ajl—l) jk S {17 ... 7tk(-[17j17 cee )Ik—l(')vjk—h-[k('))}’ k= ]-a .. 7l - 1} (5269)
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and each

Li(j1, 525 -y gi—1) € {1, ... omu(La, g, L2 (G1), g2, - - - s D=1 (), di—1) }- (5.270)

Similarly we will say that h functions

Ji(in), (i1, 2), - Jn(in, i) (5.271)

comprise a j-indexing family for P if these functions are as follows:

For each l =1,...,h, the elements of the domain of Ji(i1,i2,...,4;) are the tuples

{(il,iz, e ,il) S {1, R ,mk(il, Jl(’il), ey 1, Jk—l(')}, k=1,.. ,l} (5.272)

and each
Ji(ivyd2, ..o i) € {1, .. ty(in, J1(in), - oo sdi—1, Jio1(),dn) }- (5.273)

Given an indexing family T, we will write

I(jla o 7jh) = (IlvjlyIQ(j1)7j27 cee 7Ih(j17’ .. 7jh71)7jh) (5274)

and we will refer to the domain of the function Z(ji,...,Jjn), i.e. the h-tuples (j1,...,7n)
for which the numbers (I1,j1,...,In, jn) are defined and within the appropriate bounds, as
J(I). The function J(i1,...,in) and the set i(J) are defined similarly.

Observe that I is not technically a function of I, but I can only serve as the second
member of an indexing family for P if there is an appropriate I1. In general, I; is not
technically a function of Iy,...,I;_1, though for I; to be the I’th member of an indexing
family for P requires that appropriate I1,...,I;_1 exist. Note also that to reduce clutter,

we will often refer to the functions [;(-) and J;(-) merely as I; and Jj.

Lemma 5.12 For any set of the form

my t1(i1)  mpin,edn—1) th (i1, dn—1,in)

w=N U N U Z (i1, g1, s Jn) (5.275)

=1 ji=1 in=1 jn=1
we have

w=w'=NU Z(Lj1,- - In, jn) (5.276)
7 5(T)

where the intersection is taken over all indexing families of functions I for W, and

W=w7":=J () Z(i1. J1,- - in, Jp) (5.277)
T (T)
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where the union is taken over all j-indexing families of functions J for W. Moreover, if we
expand the expression (5.275) defining W by repeatedly distributing the intersections over

the unions then this will also yield the expression W.

Proof: The proof will be by induction on h. Let us first prove W = W!. Where h = 1
this equality holds by definition. Assume now that W = W/ for all h < r, and consider
h =r+1. Suppose y € W but y & W, so for some indexing family of functions I, ..., I,41,

t1(I1) ta(I1,51,12) tr1(I1,51, 0 Ir41)

ve U U - U Z(I,j1, Iz, o - -+ s Ir1, Jrt)- (5.278)
Jji=1  je=1 Jr+1=1
Then for every j; = 1,...,t1(I;) we also have
o(I1,51,02)  trg1(I1,0150r41)
y ez U - U Z(I, g1, 12, g2 -+ Iogt, Girg)- (5.279)
]2 1 jT+1:1

Note that I, j1 and therefore Io are all constant in this expression. But since y € W, for
any value of I1 € {1,...,m1}, there must be some j; € {1,...,¢(f1)} such that

ma(I1,41) t2(I1,5102) M1 (T1,0182,000) tr (15515825000 sirg1)

ye W = ﬂ U ﬂ U Z(I1, j1,i2, -, Jrg1)-

ia=1 jo=1 irp1=1 Gr=1

(5.280)

Thus by induction for every indexing family of functions for Wy, ;,,
{I2,13(j2), - - -, Iry1(j2, J3, - - - r) } (5.281)

we must have
to(l1,91,02)  tep1(D1,g1,02,52, 0 Irg1) ~ ~
ye U - U Z(Ii, g1, Doy jo -+ Loy, Jirsd)- (5.282)
J2=1 Jr4+1=1

But where 1, j; and therefore I are all constant then {/ls,..., .41} is itself an indexing

family of the form {Io, I3(j2), ..., Ir+1(j2, js,- - -, jr)} for Qr, j,, and we therefore obtain a
contradiction.

Suppose now that y € W', but that y ¢ W. Since y ¢ W, for some i} € {1,...,m1},
we must have y & Wi’l,ﬁ for any j; € 1,...,¢1(¢}). Thus by induction, for each j; €

{1,...,t1(41)} there must be some indexing family of functions for Wi ;

{j§17f§1 (jQ)a e 7I_7j«3r1(j27j37 s 7j’r‘)} (5283)

for which

P T -
tQ(’Lll,jl,Iél) t7'+1(7/17.717]21:.]2#“»[7‘3,_1)

yQ U U Z(illajbjgla]é'”7f£3-15j7“+1) = (5284)

j2:1 jr+1:1
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(i) ta (@51, 00Y)  tera (51,50 g2, T )

ve U U U Z(ih, 1, B o T ) (5.285)

Jj1=1 Jj2=1 Jr+1=1

Define now the following indexing family of functions for W
L=d, L(j,j2 - dr1) = I (oy ooy Gro1)y, T=2,...,7+ 1. (5.286)

We therefore have

t1(i)) t2(ih,91,02) g1 (801500 11)

ye U U - U Z(i1, 91, 12, jo -+ -y L1, Jr) = (5.287)
J1=1 Jj2=1 Jr4+1=1

(@) ta (i 51,18 tega (00,15 e 2L )

Jg u - U Z(h, 1 I g2 Ty Get) (5.288)
j1=1 Jjo=1 Jr+1=1

which is a contradiction.
We will now show that the expression W can be expanded via distibution of the inter-
sections into the expression W7. Where h = 1, the general term of the union obtained by

distributing the intersections over the unions in the expression

my t1(i1)
N U Z(i5) (5.289)
i1=1 j1=1

is an intersection with one element drawn from each union Uji( 11) Z(i1,71), i1 =1,...,my,

and there is such a term for each set of choices of elements to draw. So for each i1 =
1,...,m1, a choice is made from among the ¢ (1) elements in the i;’th union. Thus there is
a term for each function of 4; mapping 4y into {1,...,¢;(i1)}, and this term is the intersection

of these choices over all ;. We therefore conclude that indeed

my t1(41) mi
N U ZGui0)=U () 26, )= () 2, L) (5.290)
11=1 51=1 Jlii=1 gt z(jl)

Assume now that the lemma holds for all A < r and consider the case where h = r + 1.

Then by induction,

my t1(i1)

W= U Wiu= (5.291)
i1=1 j1=1

my b1 21) ..
m U ( U ﬂ Z(il,jl,iQ,J;’Jl, ZT_H,JZ}F’Jll)) (5.292)

i1=1 j1=1 \J"(i1,j1) i(T" (i1,51))

where each J"(i1,71) is a j-indexing family of r functions

{J;17j1 (i2)a sty ‘]71‘11—7]11 (127 tee 72’7’+1)} (5293)
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for Wil,jl‘ Thus

ml . .
W= ﬂ U ( ﬂ Z(il’jlaiZﬂJ;l’jla 7’T+1a‘]7‘_|1{1)> . (5294)
=l 77(i1,5), i(JT"(41,51))
jlzl,...,tl(il)

If we distribute the left-most () over the | J, then as above, we obtain a union whose general

term is an intersection over i1 = 1,...,m; of elements

ma(i1,51) M3(i1,91,02,d577 1) mey1 ()

ﬂ Z() = ﬂ n ﬂ Z(i17j17i27<]517j17 7’7‘+1’J7’L‘}|_7{1)
(I (i1,41)) ig=1 iz=1 irp1=1
(5.295)

where for each iy = 1,...,m, the element (5.295) is determined by some choice of a pair

J1,J" (i1, 41). Thus we obtain a union whose general term is of the form

. ma(in, Ji (1)) ma(in,Ja (i) iz, J2 71 0Y) ()

ﬂ m ﬂ ﬂ Z(ilaJl(i1),i2,J;I’Jl(”) 7’7"+17J1g:1]1(”))

=1 ip=1 iz=1 irp1=1
(5.296)
where J; is a function of i1, and the j-indexing family of functions for W;, (),
(T Gy T Gy )Y (5.297)

is also a function of ;. The union moreover contains a term (5.296) for each selection of
functions

Ju(in), D (i), T Gy ). (5.298)

Now observe that each selection of functions (5.298) is itself a j-indexing family of functions

J=A{Ji,..., Jrs1} for W and vice-versa. Thus

mi .. .
W = ﬂ U ( m Z(i17j17i27‘];17‘717' . '77:7"‘!‘17‘]:‘1]11)) = (5299)
i1=1 77(i1,51), \i(JT"(i1,91))
J1=1,...t1(41)

( my m2(i1,J1) ma(i1,J1,42,J2) mr41(+)

N N N - N Z(z’l,Jl,ig,Jg,...,iTH,JrH)): (5.300)

i1=1 ip=1 iz=1 iry1=1

U 'ﬂ Z(-). O (5.301)

T i(T)

The following definitions formalize and generalize the notation introduced in Subsections

5.2.2 and 5.2.3.
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Definition 5.13 Given

my t1(21) ma(in,gn) t2(i,51,82)  Ma(i1,0h—1) th(815e,0h—1,th)

p= U N J - N U Mg (5:302)

=1 ji=1 ip=1 ja=1 in=1 jn=1
where f maps into the set {1',2',...,n',1"7,2" .../ n"} and where when | € {1,2,...,n},
then My =Y, and My = Ny, we will write

mi
P= )R, (5.303)

i1=1

t1 7,1

= U Qua (5.304)

J1=1

ma(i1,j1)

Qilvjl = m R’i1,j1,i2 (5305)

i2=1

t2(i1,41,02)

Ril,jhiz = U Qi1,j1,i2,jz (5'306)

jo=1
(5.307)

mp (81,055 —1)

Qi g1z g2 0ensin— 11 = ﬂ Riy g1 iajoresin_1,dn—1sin (5.308)

in=1

th(ilw"ajhflyih)
Riy iz gosesin-1.dn-1sin = U Qi1 1 i2,j2,ewesin— 1301 s (5.309)
Jjn=1

Qil:jl7i21j2,--~7ih—17jh—11ih1jh - Mf(il,jh.--,ih,jh)' (5'310)

As we noted in the previous section, unions and intersections of sets of the form Y; are
much easier to deal with than sets defined by unions and intersections of sets of the form
M; (where M; may be either of the form Y; or of the form N;). The following definition
suggests a relaxation of the general P, as defined in Definition 5.13, to a set that can be

defined by unions and intersections of “yes” sets exclusively.

Definition 5.14 Given P as in Definition 5.13, define the set P’ by

my t1(i1) ma(in,g1) t2(i1,51.82)  mp(in,eodn—1) th(it,endn—1,0n)

!
m U ﬂ U ﬂ U Yf(il,jlw",ih,jh) n
i1=1 j1=1 d2=1 Jo=1 =1 Jr=1

DL

(Y, UY)) (5.311)

=1

where for each j € {1',1” ..., n',n"},

}/}, = {y, = (yi/7y11/, e 7y’;l” y;l//) S {0, 1}2n : y; = 1} (5312)
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For example, given n = 3 and
P=(Y1UN3)N(N2UN; UY3)N (Y2U Ny)
which can be equivalently recast as
P = (My U Msr) N (Mo U Myn U Msr) N (Mg U M)

we would have

e

P, - (Yll/ U }/Tg///) N (Yzlll U Yllll U }/3//) N (Y2// U }/1///) N (1/15 U Yli/)

=1

where, for example,
}/2/// = {(yil,yll//,yé/,yé//, yé/,yé//) S R6 : yé// = 1}
Definition 5.15 Where P is as in Definition 5.13, define

T(ilajla cee 7il7jl) ==

my(i1,ee551-1) Ji—1
ﬂ Ri17j1,~~-,i1717]'17151 n 7ﬂ (Qilzjlw-yilfl7]'l—1:il:jl)C
4=1 Ji=1
174
and
T<{i17j17 e 7il7jl}) = T(ilajl) n---N T(ihjlv <o 7ilvjl) N Qilajlr"vilhjl
and
TEit, g1y i, g b (i G2, i, g b, {05, g5, e, i )) =
S
(T, 515y G )
r=1
We will refer to the sets {iY,...,jj.} as “ordered index sets”.

223

(5.313)

(5.314)

(5.315)

(5.316)

(5.317)

(5.318)

(5.319)

(5.320)

(5.321)

The T notation has already been introduced in Subsection 5.2.3, and we refer the reader to

that subsection for examples. Note that for a set of the form v = T'({-},...,{-}), changing

the order within one of the ordered index sets will typically change the set v, i.e. T({1,2}) #

T({2,1}) in general. It does not make a difference, however, in what order the ordered index

sets sets themselves are listed in the definition of v, i.e. T({1,2},{3,4}) = T'({3,4}, {1, 2}).

Thus such a set v is defined by an unordered collection of ordered index sets.

For the purposes of the following definition, note that a “lexicographical” ordering for

ordered index sets is an ordering in which an ordered index set {i1,j1,...,4;,7;} is listed
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before a different ordered index set {i}, 7], ..., 4, j; } iff there exists k € {1,..., [} such that
ir <., jr < g forall 7 <k —1 and either iy < @) or iy = 4), and j, < j;, or i = 7}, and
Jk = Ji, and k =1 < !’. (This is the same principle as “alphabetical ordering” but applied
to numbers.) Thus for example, {1,2,1,5} is listed prior to {1,3} and to {1,2,2,4} and to
{1,2,1,5,1,1}.

Definition 5.16 Given

=T{i1, 51, i, dp 1 {83, 33, oy ide, g by {05, 55 o 5, 35 }) (5.322)

assume that no two of the ordered index sets are identical, and that the ordered index sets

are arranged in lexicographical order. Where r € {1,...,s}, define
(7’ Zl’"+17 lT+l) ({217 tee 7jlll}7 tee {171"_ yre 7]17 1} {Zlﬂ s 7jl1;7i;q’“+17jl7;+1}7
(it ) (5.323)

i.e. append ij- q,jjr . onto the r’th ordered index set.

Similarly for any v and any positive integer 11 < h, define

o(s+ 1 {5t ek i) = (5.324)
T({if, ., ght, s, an bt i) (5.325)
i.e. append the s + 1’st ordered index set, {i5t1 ... ,jfsﬂ} to v.

Recall that the sets v of the form (5.322) are defined by unordered collections of ordered
index sets. The reason for introducing the lexicographical order in the definition of the
sets v(+) is only as a means of identifying to which ordered index set we intend to append
coordinates.

As an example of the v(-) notation, say that
= T({1,2,1,4,2,4},{1,1,2,3}) (5.326)

then
v(2,3,6) =T({1,1,2,3},{1,2,1,4,2,4,3,6}). (5.327)

(The “2” in v(2, 3,6) means that the indices 3,6 should be appended to the ordered index
set that is second in the lexicographical order, namely {1,2,1,4,2,4}.) Similarly,

v(3,1,3,2,3,1,5) = T({1,1,2,3},{1,2,1,4,2,4},{1,3,2,3,1,5}). (5.328)
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Stated loosely (and this should be evident from the discussion in Subsection 5.2.3), the
sets

T({it g1 ipodp b A TRy g i G i, G5 (5.329)

are the elements of the partition of P obtained by partitioning (as per Lemma 5.2) each set

Rir

formally and precisely in what ways these T'(-) sets can be used to partition P, but first we

r ir, forallr=1,...,sand all n” =1,...,I". The next few lemmas will quantify
17 J R 7‘7

will outline the general idea.

There are essentially two ways in which we will be partitioning sets. Sets of the form

T({il,ji}) are obtained from P by partitioning the set R;1 as

t1(1) J1 1
Ry=J | M (Qu;)" NQu (5.330)

=1 \ji=1

which implies that P may be partitioned as

mi t1(1) .71_1
P= ()R = ﬂ R, N U N @u7)NQuji | = (5.331)

11=1 i1=1 ]17 jlzl
117&2

t1(i})

U ﬂ RZZ N m Zl jl zl,j% = (5332)

il=1 | i1=1

g 1117'52
t1(i})
U T{i1, 01} (5.333)
ji=1

Considering that Q;1 j1 is itself an intersection of sets of the form R;1 ;1 ;1 it follows that the

sets T'({i1,j1}) are intersections of sets of the form R;,, i1 # i1, sets of the form Ry

il,
3J10%27

and sets of the form (qu 5,)¢ The lattermost sets we will be ignoring for the moment, so
the methodological question that presents itself is whether to further partition 7'({ii, ji})
by going back now to partition one of the other R; , i1 # i, or to partition T'({ii,ji})
by partitioning one of the R,Ll gLl (which can be thought of as a further partitioning of
Ri}). The particulars of these two strategies are as follows. The first possible strategy is to

oy .2 .1
partition some Ry, i1 #1i1 as

21
Rz% - U ( m (Qll,]l) Qzlﬂl) (5334)
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which yields a partition of T'({il, ji}) as

T({i1,41}) ﬂ R, N ﬂ i 1) Qi j1 = (5.335)
=1

i1=1

174}

t1(i3) [53-1
ﬂ Ri; N ﬂ Qi1 N ( M (@z7)°N Qﬁ,jg) = (5.336)

i1=1 ]1:1 ji=1
117521,11

ji-1 j2-1

t1 (Z

=

)

mi
M Rin ﬂ NQir N [ (Qi27,) NQz 2 | = (5.337)
J2=1 i1=1 ji=1
217521,11
t1(i3)
(T({i1, 31 }) NT{if,4i}) = (5.338)
=1
t1(’i%
(T({i1, 41} {37, 47 })- (5.339)
=1

The second possible strategy is that rather than partitioning some other R;,, we may

partition the sets Ri%’jllﬂ'% as

(17.71a ) ]2—1
R }7.71712 = U m (Q 1,]1,12,]2> m Q 17‘71’7,2"]2 ] (5.340)

Ja=1 jo=1
yielding a partition of T({il,ji}) as

T({i1,41}) ﬂ R N ﬂ a3 N Q1 = (5.341)
j1=1

i1=1

i1}

m2( 1:J1) t2(7'17.71712) J2 1
-~ \¢ —
ﬂ R’Ll m ﬂ 2 ]1 m R %7]1»12 U m (QZiJllﬂ%m]?) sz%’]%vl%J% -

i1=1 ir=1 jz=1 j2=1
11751 iz#i%
(5.342)
(it g ) -t ma (i) -1
U m Rll N ﬂ i Jl ‘n R%,hﬂZm ﬂ szjlvlw?? ﬁQl’Jl’zZ’b
j%:l i1=1 ig=1
174 i2 71
(5.343)

U (TGlLiH TGl it .53 0 Qugrag ) = (5.344)
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ta(il,51,i1)
U T{idiiz g (5.345)
1=1
The “depth first” methodology is to first partition T'({i},ji}) by way of a partitioning
of one of the R g1 to form sets of the form T'({i1,j1,43,73}), as we have seen. We will
soon see that each of these sets can then in turn be partitioned by way of a partitioning
of one of the Ry ;151 151 to yield sets of the form T({i}, 41,43, 73,13, j3}). These sets are
similarly partitioned untll eventually by way of a partitioning of sets of the form R, Lk il
into intersections of sets of the form M; we will obtain finally a partition of P into sets
of the form T'({il,ji,...,4},j}}). When we reach this point and can no longer continue
to partition in this manner then we return to one of the other R;,, and then repeat the
methodology from there.
Explicitly, the depth first methodology is to first partition P as

t1(3})

P=|J TW{i.51}) (5.346)
ji=1
for each i} = 1,...,mq, and then to partition eah set T'({i},ji}) as
i = U THina 50} (5.347)
Jag=1
for each i3 =1,...,ma(il, ji), and then to partition each T'({ii, ji,i3,7i}) as
t3 (11,1 .73 13)
Tz = U Tz 2.5, Js)) (5.348)
j =1
for each ii = 1,...,m3(i1, j1,43, 73), until eventually we partition each T'({i1,...,j}i_;}) as
T({i%v---a]h 1} U T {zla---ajill—laillzaji}) (5349)
Jh*

for each i} =1,...,mp(+). Bach T({i},...,j}}) is then partitioned as
t1(47)

Tt = U T3 3b 2. 52) (5.350)
]1—1
for each i? = 1,...,my. (Technically we do not need to consider the case where i = i}, but

the statement (5.350) remains true in this case also, and the presentation is made easier by

assuming that we allow i = i{.) Each T'({il,...,j}}, {i%,j?}) is then partitioned as

t2 (/Li ,J%ﬂ%)

T{it,- b G5 = U TH,-- ) {851,835, 42)) (5.351)
j3=1
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for each i2 =1,...,ma(i%, j2), and so on.

The alternative methodology, to which we will refer as “breadth first”, is to partition
T({i1, ji} into sets of the form T'({i}, ji},{i2,7?}) by way of partitioning some Rz, i # i,
as we have seen. We will see soon that the T'({i{, ji}, {i%, j2}) sets can themselves be parti-
tioned into sets of the form T'({il, ji}, {i2, j2}, {13, j3}) by partitioning some RZ-?, i # il,47,
until eventually after partitioning every R;,, i1 = 1,...,m; we will obtain a partition of P
into sets of the form T'({i}, j1},..., {i"",57"*}). At this point we will first begin to partition
sets of the form Rii’jllﬂé in order to partition the sets of the form T({i},ji},..., {i7"", 57" })

into sets of the form
T({i1, jiib, ga b {i1, 41} - {7 47 D). (5.352)

In like manner we will partition sets of the form (5.352) into sets of the form

T({it, iy iz,d2 ), (T, 51083, 323 (it a2} - (0, 57 ),s (5.353)

and so on.
Lemma 5.17 will formally describe depth first partitioning, and Lemma 5.18 will formally
describe breadth first partitioning.

Lemma 5.17 For each size k collection of indexing families of functions for P,
(T = (I, B0, TG dan) s 7 =1, K} (5.354)

P can be partitioned into the disjoint union

a1 te(gesIh)  aF) Iy Ih)

r=-- Uy - o U e ATE R (5.355)

ji=1 Ji=1 jk=1 j’;:1

(Though we have suppressed the dependence notation, expressions such as T'({I7, 51, 15, j5 })

should be understood to mean T'({I7, 51, I5(57), j5}), etc.)

Proof: Observe first that by Lemma 5.2, for any integer 1 < s < h—1, and any Q;, ji,....i,.js »

for each is41 € {1,...,mst1(41,...,7s)}, we have
M1 (1,51,0585,]s)
Qi it oviers = N Ry dvinjuions = (5.356)
1s+1=1
Ms11(i1,..0,7s) tog1(i1ynsdssis+1) [Js+1—1
— —_ C . . . .
Ril?"'vjsvis-*-l n U ﬂ (Qi1,~~-7js,is+1,js+1) lely-"v]Syls+17]s+1

isp1=1 Js+1=1 Js+1=1

i#is 1

(5.357)
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ts+1(i17~~~7js,is+1)

(T(i1, J1s - - -5 tst1s Jst1) N Qi i eesisrnjors)- (5.358)

Js1=1
This also holds for the case s = 0, if we think of P as being of the form @, j,, .. i, j, With
s = 0.
Thus applying Lemma 5.2 repeatedly, for each r = 1,...,k, we have

t1(I7)

P= |J (TUT, i) NQrj;) = (5.359)
=1

t1(I7) ta (17,41 ,13)
U [7ui.0)n U TUi,50,15,55) N Qg gg) | | = (5.360)
s
t(I7) t2(17,47.13)

U @) nTUL b1, 15, 535) N Quyjragg) = -+ = (5.361)
Ji=1  Jj3=1

t(I])  taI],dp)

= =

t(Iy)  tal],dp)

Ji=1 Jp=1

where all unions are disjoint. But since
TG L)) = T L T A P (5.364)

this implies that
(1Y) th(fdh)

p=J) - U TUL.G. Idn)) = (5.365)
ji=1 ji=1

ti(1})  ta(] gy i(1f) a7 57)

U U U @@ ahnTER, . 6i)). (5.366)

Ji=1 Ji=1 j3=1 Ji=1
Repeating the argument, we conclude that

t(Iy)  te(fendh) ) tafdf)

A=t a=l b= g

Thus with depth first partitioning, P is partitioned into sets T({i%,jll,...,i}z,j}z}), and

then by compounding the procedure it is partitioned into sets of the form

T({it gty s g} (15 335+ iR 503, (5.368)
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etc. with the ordered index sets always of maximum length (i.e. length 2h).

Example: Consider again
P = ((Yl U YQ) N (YE; U Y4>) @] ((Y5 U }/6) N (Y7 @] Yé))

which, as above, can be represented as

-

i1

2
U Yf(i17j17i27j2)
1jo=1

i

149

U

151
where f maps
(1?]‘7]‘71)H]‘7 (1717172)—>27 (1’17271)—>37""(1727272)_>8'
Let Z' be defined by
I =1, 1;1)=1, I3(2) =2

and let 72 be defined by
IP=1,I31) =2, I3(2) = 1.
Lemma 5.17 now says that P can be partitioned as
2 2
:j%!u;!l
T({1,1,1,1},{1,1,2,1})uT({1,1,1,1},{1,1,2,2}H)U
T({1,1,1,1},{1,2,1,1}) uT({1,1,1,1},{1,2,1,2}HU
T({1,1,1,2},{1,1,2,1}) uT({1,1,1,2},{1,1,2,2})U
T({1,1,1,2},{1,2,1,1}))uT({1,1,1,2},{1,2,1,2}H U
T({1,2,2,1},{1,1,2,1}))uT({1,2,2,1},{1,1,2,2}H)U
T({1,2,2,1},{1,2,1,1})uT({1,2,2,1},{1,2,1,2})U
T({1,2,2,2},{1,1,2,1}) uT({1,2,2,2},{1,1,2,2})U

T({1,2,2,2},{1,2,1,1}) UT({1,2,2,2},{1,2,1,2}).

2 2
U U (1, J17[2 Jl)]l} {1, J17I2(J1)j%}):

230

(5.369)

(5.370)

(5.371)

(5.372)

(5.373)

(5.374)

(5.375)

It is worth noting that in simply compounding the procedure we will end up with some

sets in the partition that are empty. The set T'({1,1}), for example, is an element in the

partition of P obtained by partitioning R;, and the set T'({1,2}) is a different element of
that same partition. Thus T'({1,1},{1,2}) = T({1,1}) N T({1,2}) = 0. Specifically, in
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the decomposition (5.375), the second, fourth, fifth, and seventh lines of the expression are

comprised exclusively of empty sets. In general, the set

Tt g1 ip, dp b {0, 52, o ity g b, o {5, 35, oy iy G 1) (5.376)

is empty if there exist 7,7 € {1,..., s} for which there is a £ > 1 such that i] = i{/, Jj =

g l=1,... k=1, i =i} and ji 4 # ji.q. O
Lemma 5.18 Define the j-indexing family of functions
T =A{Ji(i1), Ja(i1,92), .oy Jr(i1y .o yir)} (5.377)
define the function
T 1y yir) = (i1, J1(01),s ooy gy Jr(i1y oy ir)) (5.378)

and let i(J") be the domain of that function. Then for each r = 1,... h, P can be parti-

tioned into the disjoint union

P=J N TWi, Jr,-. . ir, Jr}). (5.379)

VARTWAD!
Proof: For each i3 = 1,...,m1, by Lemma 5.2 we have

tl(il)

P= Q T({i1,51}) = (5.380)

mq t1(21)

P= U T{iwa}). (5.381)

i1=1 j1=1

Moreover, for any T'({i1,j1,---,is,Js}), and any isy1 = 1,...,msy1(i1,...,Js),

ts1(i1,0000s)

T({ilajlv"‘7i57js}) - U T({ilajlw")is-i-l?js-‘rl}) = (5382)

js+1:1

Mis11(i150505) tsr1(01,000s)

T({ir, g1, visgs}) = () U T isers o)) (5.383)
i8+1:1 js+1:1
Repeating this argument for s = 1,...,r we conclude that
my t1(i1) my () tr(-)

= U - N U7T,-...5}H) = (5.384)

i1=1 j1=1 ir=1 jpr=1

P=J N TWi,h,- - ip, Jr}) (5.385)
NARTWAD!
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by Lemma 5.12. To show that the union is disjoint, consider two distinct j-indexing

families J" and (J")'. As these are distinct, there must be some (i1,...,i,) such that
T (i1, .. yir) # (J") (i1, . . ,ip). Let I be minimum subject to Jy(i1, ..., 1) # J](i1,...,4),
and assume without loss of generality that Jj(i1,...,4;) < J/(i1,...,17), then
T({ila J1, =1, -1, 0, Jl}) - Qil,Jl7~--,il—1,Jl—177:l7Jl (5-386)
and
T({ih‘]{"'-7il—laJl/—17il7Jl/}) = (5387)
T({ila Jla e 7il—17 Jl—h ila Jl/}) g (Qi1,J1,...,’il,1,Jl,1,il,Jl)C (5388)

by definition of the set T'({i1, Ji,...,%-1,Ji—1,%,J}}). O

Example: Consider again
P=((MuY)n(¥suYy)) U ((Y5UYs)N(Y7UYg)) (5.389)

which, as above, can be represented as

2 2 2
P= ﬂ U ﬂ U Y (1,1 i2.2) (5.390)

i1=1j1=112=1 jo=1

where f maps
(1,1,1,1) —» 1, (1,1,1,2) - 2, (1,1,2,1) — 3,...,(1,2,2,2) — 8. (5.391)

Let r = h = 2. Then the possible functions J;(i1) are the constants J; = 1 and J; = 2.

Denote these functions as Jj and Ji' respectively. The possible functions Jy are as follows

Jy o J(1,1) =1, Jy(1,2) =1 (5.392)
JY s Jh(1,1) =1, Jy(1,2) =2 (5.393)
JY e J(1,1) =2, Jb(1,2) =1 (5.394)
Y Jy(1,1) =2, Jp(1,2) =2 (5.395)

There are thus eight possible families of functions 7, to be denoted J1, ..., %, and these

are
(J1,J5), (J1,09), (J1,12"), (J1,09"), (J1,Jo), (I J2), (J15J5"), (T, J5"). (5.396)

Lemma 5.18 therefore says that P can be partitioned as

pP= LSJ T, J7,1, J5(1, 1)1, J7,2, J5(1,2)}) = (5.397)

r=1
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T({1,1,1,1},{1,1,2,1) UT({1,1,1,1},{1,1,2,2})U
T({1,1,1,2},{1,1,2,1) UT({1,1,1,2},{1,1,2,2})U
T({1,2,1,1},{1,2,2,1}) UT({1,2,1,1},{1,2,2,2})U
T({1,2,1,2},{1,2,2,1) UT({1,2,1,2},{1,2,2,2}) (5.398)

The reader can check that expression (5.398) is the same as the partition we yielded for this
example by applying Lemma 5.17 (expression 5.375) above (ignoring the empty elements in
5.375 as described there). O

Either via breadth first partitioning or via depth first partitioning or via some combi-
nation of the two, the partition of P can be made increasingly fine by partitioning each
Ry, set until eventually T'({-},...,{-}) becomes an intersection of sets of the form @, and

Mf(.) alone.

Lemma 5.19 For any j-indexing family of functions J,

) T(ix, Jis- - in, Jn}) = (5.399)
i(J)
h J—1
ﬂ ﬂ m (Qihh7---7iz—1,Jz—1,izﬁz>C My, einn) | - (5.400)
i(J) I=1j5=1

Proof: Observe that

RilJl, i = Qll,Jh N/

Observe moreover that

mi41(-)
Qh,Jl,--.,inz = ﬂ R’il,Jlrnzil:Jl:ilJrl =
i+1=1
my41 () tiga () my41(°)
ﬂ U Qil,J17~~7iz+1,jz+1 = m Qi17<]17~-~uil+17<]l+1‘ (5'401)
t1=1 ji41=1 i+1=1

Putting these results together and applying (5.401) repeatedly we conclude that

myp1(s)  mp()
Riy iy 2 m ﬂ My, ,in,dn)- (5.402)
ip1=1 tp=1
Now
() T({ir, Jv, - in, Jn}) = (5.403)

iW(J)
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h
N (ﬂ T(iv, J1, i, ) N Mf(il,Jl,...,z‘h,Jh)> = (5.404)
i(7) \I=1
ho | mu(in,esJioa) J—1
ﬂ ﬂ n Ril,lenwizflszﬂz A n (Qi1,J1,~~~,i1717J171,inz)c me(ilel’m,ih,Jh) =
i(J) | =1 =1 a=1
Ui
(5.405)
h J;—1
ﬂ ﬂ ﬂ (Qthl7-~ailflaJl7177:l,jl)c ﬂMf(thlv---vithh) (5.406)
i(J) I=1j=1
by (5.402). O

Corollary 5.20

h J—1

rP=JN ((ﬂ N (Qil,Jl,...ﬂ'z_l,Jz_l,m‘z>C> ﬁMf(il,JL.--,ih,Jh)) (5.407)
7 it7) \ \I=1ji=1

and the union is disjoint. O
In the case of the example
P=(MuYy)N(YsUYy) U ((YsUYs)N(Y7UYy)) (5.408)

discussed above, we can observe that the term 7'({1,2,1,1},{1,2,2,1}) from expressions

(5.375) and (5.398) is (by applying (5.185) and (5.187))

T({1,2,1,1},{1,2,2,1}) = T({1,2,1,1}) N T({1,2,2,1}) = (5.409)
Qi1 N R121 N R122 N Mp10) N My22,1) = (5.410)
Qi1N M1 N M 221 (5.411)

and a similar situation holds for the other terms of (5.375) and (5.398).

5.4 Depth-First Partitioning Algorithm

Recall from Corollary 3.19 that a vector (z1,...,2,) € R", construed as (z[Y{'],...,z[Y,}]),
belongs to Conv(P) iff there is a probability measure ¥ on P consistent with the values
z[Y{],...,2[Y,’]. Note now that there is a probability measure Y on P consistent with

[YF],...,2[Y,]] iff there is a measure y on A consistent with z[Y{"],...,z[Y,F] such that

8

x[P] = 1. (If an appropriate probability measure Y exists then define x by, say, x[q] =
x[¢gNP], Vq € A, and if an appropriate x exists then define x by x[q] = x[q], Vg C P.) Note
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also that there is a measure y on A consistent with z[Y{"], ..., z[Y,F’] such that y[P] = 1 iff
there is a probability measure ¥ on A with {[Y;] = z;, [ = 1,...,n, and such that ¥ = x*.
(If an appropriate y exists, then define x = X, and if an appropriate x exists then define
x=x"")

There are thus a number of equivalent ways in which we can describe the liftings that we
will be performing. For the sake of maximal transparency, though this is a slight departure
from the presentation in the earlier sections, the original vector (x1,...,z,) € R" that we
seek to ensure belongs to Conv(P), will be construed as (z[Y{"],...,2[Y,F]), and the vector
(z1,...,20) = (z[Y{],...,2[Y,F]) will belong to Conv(P) if and only if there is a measure
x on A consistent with z[Y{"],...,z[V;F], and such that x[P] = 1. Or equivalently, the
vector (z1,...,7,) = (z[Y{F],...,2[Y,]) will belong to Conv(P) if and only if there is a
probability measure y on P consistent with z[Y{],..., z[V,F].

We will lift the original vector (z[Y{'],...,z[Y,F]) by creating new variables z[g] cor-
responding to the set function values x[q] on additional sets ¢ € A, and we will place
constraints on these new values arising from the requirements that the set function x be a
measure on A. Note that since the partial sum x", where V € A, is the set function on A
defined by x"[q] = x[V Nq] for each q € A, defining appropriate variables z[¢gNV] = x[¢gNV]
will allow us to describe (projections of) the partial sum vector x" as well.

Subsections 5.2.2 and 5.2.3 already outlined the basic structure of the algorithm, and
in this section we will present it formally. What follows is a basic implementation; many
refinements are possible, some of which will be described in the course of this and the next

chapter.
Algorithm at Level £ > 1
Step 1 : Form the Matrix

Where P is as in Definition 5.13, form a matrix U with rows indexed by the sets
PY,...,Yy, N1, ..., Ny. (5.412)
Form a column for each of the sets
S
v = n T({iqltvj%v s alﬁa]ﬁi}) =
u=1

NS TP 0 1 SR U1 0 [ T 1% SOURUE (-0 - SUU 1 A0 4§ (5.413)
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(defined in Definition 5.15) for all unordered collections of s ordered 2"-tuples of positive
integers (r =1,...,s),

(il s g}y {35, g0} (5.414)
with all 4], < my(if,...,750_1), jo < tu(i},...,J5_1,4,) forall 1 < 1" < hand 0 < s < k for

which the following conditions hold:

1. No ordered set {if,j{,...,i,j-},1 < r < s, is equal to any other ordered set
(i, i gt} 1< u<s, u#r.

2. For each r,7' < s, r#1/,
{i, 1, it = a1, iy b = = (5.415)

(Technically, the columns are indexed by the tuples (5.414.)

Where v is of the form (5.413) and s = 0, we will say that v = P, and we will refer

to the corresponding column as z*.

Step 2 : Impose Constraints
Step 2(A) : General Measure Theoretic Constraints

Enforce:
P[P =1. (5.416)

Where v is of the form (5.413), for each column U", we will denote U by z" and we

will denote the entries of the column by:

U°[P] < zg (5.417)
U'lY;] < z} (5.418)
U"[N;] < zjn (5.419)

For each v’th column, z¥, with v of the form (5.413), impose the constraints:

2’ >0 (5.420)
x'[q] < x"[P] for every row ¢ (5.421)

'Y =« [P] — 2 [N;], i=1,...,n. (5.422)
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For each v’th column, with v of the form (5.413), for which [" = h for some r € {1,..., s},

impose the constraint
v v
L@ g7 sty oip) = T (5:423)

Step 2(B) : Partitioning Constraints

Recalling the notation introduced in Definition 5.16, for each expression,

v=T{i1, 51, ip,di b {03, 5%, i, gty (a5, 95, i, G ) (5.424)

(assuming that the superscripts reflect a lexicographic ordering of the ordered index sets)

and every
(5,400t gi iy, re{l,... s} " <h (5.425)
such that there is a column v(r, i, /-, ) for each jj. ., = 1,... ¢ 11(-), define v to be

the expression obtained by discarding from the expression v all ordered index sets that are

subsets of other ordered index sets, and impose

tlr+1(i§’j{‘,4~~7iz‘r 7‘7‘[7”7‘ )i;‘r+1)
_ . -
20 = Z x?)(?"yllr_‘_lvjlr_‘_l)' (5.426)

i =1
Finally, for each v’th column, where v is of the form (5.413), s < k, and each ordered

set

s+1 .s+1 .s+1 -s+1 -s+1 -s+1
TGRSR TR y Us1_ 1 Jps+1_1s lls+1} (5.427)

such that h > [*t! > 1 and such that, if *T1 > 2,

i. The ordered subset

-s+1  .s+1 -s+1 -s+41
{Zl 7]1 9t 7le+1_17]ls+1_1 (5428)

is equal to some ordered set

(80,47, it g g} T €{L, . sk, T > 15T -1 (5.429)

ii. The ordered set
:s+1 s+1 -s+1 -s4+1 .s+1
{Zi 7]? PR 7Zfs+l_17jlss+l_17 Z;34»1 (5430)

is not equal to any ordered set

{0, 01 s fpsr1_qs Jlevi_1, dsin ), T €{1,..., 8} (5.431)
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we impose the constraint

.s+1 .s+1 .s+1 .s+1 .s+1
ts+1 (177001 "“’ZzS+171’st+171’118+1) 41 st 41 41
.5 .S -5 -5
2V = Z xv(erl,{ll R ATy M )‘ 0 (5‘432)
.s+1
jls+1_1

Comments on the Depth First Algorithm:

e Each entry z"[g| of the matrix is construed by the algorithm to be the value z[vNg¢] of
a lifted vector = consistent with some set function y on .A. Each column zV is thus a
projection of the partial sum x?. For any set function x on A, we have x7[Y]] = x[V;¥],
so as we indicated at the beginning of the section, the vector (zf'[V3],...,2P[Y,]) =
(x[Y{],- -, x[Y,F]) belongs to Conv(P) iff x can be chosen to be a measure on A with
X[P] = 1. The constraints imposed by the algorithm are all necessity conditions for
this to in fact be the case. (Equivalently, we may think of the lifted vector z as being
consistent with a set function y on P (since for each ¢, v entry of the matrix, ¢gnv C P),
and (zP[Y1],...,2F[V,]) = (x[Y{), - - ., xX[Y,F]) belongs to Conv(P) iff X can be chosen
to be a probability measure on P.) The relaxation of Conv(P) that is produced by
the algorithm at level k is thus the set of vectors {x € R" : x = (UF[Y1],...,UT[Y,])}

for some matrix U satisfying the algorithm constraints at level k.

e We could also view the rows as indexed by P,Y;", NP as in any case we only defined
columns corresponding to sets v C P. Equivalently we could see them as being
indexed by the 2n dimensional representation of P and Y}, N/, or Y}, Y/,. Note also
that strictly speaking we didn’t need to define rows for the N;, but defining these rows

will make certain aspects of the analysis cleaner.

o If aset T({-},---,{}) is such that condition (1) fails to hold, then we could discard
the smaller index set and remain with the same T set. If T({-},---,{-}) is such that
condition (2) fails to hold, then it is empty.

e Constraints (5.420), (5.421) and (5.422) are justified by the facts that measures must
be nonnegative, each set v N ¢ is a subset of P (since for each v’th column, v C P),

and Y; Nv and N; Nwv partition P Nv.

e If a set v of the form (5.413) fails to satisfy condition (2), then any set v(r, ij- |, jjr, 1)
must violate condition (2) as well. Thus if the matrix U indeed has a column corre-

sponding to v(r, i 1, ji-, 1) then v could not violate condition (2). Thus if the matrix
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U has a column corresponding to v(r, i, jjr, ), then where v is the expression ob-
tained by discarding from the expression v all ordered index sets that are subsets of
other ordered index sets, then ¥ satisfies condition (1) and there must therefore be a

column in U for v as well.

e The partitioning constraints (5.426) and (5.432) are justified as follows: Observe that
where [" < h, and

v =TT, 51 i, G b LT 53 oo iy Gl by {05, 350 i, i }) =

S
() Ty, 57, i i }) (5.433)
w=1
then
Ty, ) =T 30 N T J1 e, Jir) 0 Qg (5.434)
and
myry1(-)
Qitogp = [ Bipoipip, (5.435)
ZIT“rl:l
Thus for each i}, ; = 1,...,m11(-), we may apply Lemma 5.2 to partition the set
tr41 ()
Rir o gtsine = | U QT il i (5.436)
]17‘7"4»1:1
as
trpa(r) (Il
Ri”{,-..J{%,ﬁTH = ' U . m (Qi{""’jfrailrr_,_p;fr_,_l)cmQi{',-~'7jer’i;T+17jer+1 . (5.437)
Jir =1 \gpr =1

This now yields the partition, for each i}, ; = 1,...,m41(:),

Qir,..ji =
myr11(°) trry1 (1) [Jirga—t
Y = ¢ ;T T ;T T =
B m Ri'i‘7"'7jlr7‘7iz‘7‘+1 m ~rU _ m (Qi1£7"'7jl7‘T7i{T+17jfT+1) m Qll""Jlr’llTJrl“jlrJrl
iy =1 Jir 1=\, =1
Ur g1 70
(5.438)
tir11(4)
U TG i) 0 Qipip, (5.439)
Jpr =1
which yields the partition
try1(0)
Tt i) = U T i ig1ndin) (5.440)

jlrr_'_l:l
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which yields the partition

tir11(4)

v = U U(Tv Z.;T+17jlr”rl)' (5'441)

jl’rr+1:1

Note now that if some u’th ordered index set is a subset of, say, the r’th ordered index

set, 7 % u, then

T, g d) =T 0) N 0T, G) O OT (G s des i) in{,..-,jﬁ- =

(5.442)
T@Y, 1) N---NTGEY, o Gik) VT, Gfusy) O O, 515, ) O Qi -
(5.443)

But
Qi = Qir,oojpu 2 (5.444)
Ty Jlogn) N OV, J1, e, Jir) N Qar (5.445)

by the argument at the beginning of the proof of Lemma 5.17. This now implies that

T({iy,-- -, Jiu}) (5.446)

which implies that .
ﬂ ({5 d1s s i, Jpw })- (5.447)

;

Repeating the argument we conclude that v = v, so that v may also be partitioned as

tir 41 ()
v U o(r i, g ) (5.448)
ler+1:1
which justifies constraint (5.426).
Similarly where v is as in (5.433), and some s+ 1’st ordered index set {ZSH ol ];ﬂ

[*T1 < h, matches in its first 2(1°T! — 1) coordinates to, say, the r’th ordered index

set (r € {1,...,s}), then by the reasoning used in (5.446),

T, ... 38 ) S TER™ 35 D) (5.449)

which implies that

=T, ... gh b a5 ast . (5.450)
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Applying now the rule (5.441) to the s + 1’st ordered index set of the expression

(5.450), we thus obtain that for each zlsstll, we can partition v as

tls+1(')
v=J THil-...ght- 6, R st e g = (5.451)
js+1:1
ts+1 )
U U(5+ 17{i§+17jf+17' 7229:5—117‘7[8:—7—} )7 (5452)
-s4+1
Jls+1_1

and this justifies constraint (5.432). The additional requirements, I" > 51 — 1, and

condition (ii), are required to ensure that the sets
o(s+ 1, {5 5t (5.453)

do not violate conditions (1) or (2), so that there will indeed be such columns in the

matrix.

e Constraint (5.423) is justified by the fact that under the stated circumstances, v N
M

0 ey ) =V

e For the case of v = P, we considered P to be of the form

v=T{i1, 51, ip,dn b {3, 9%, i, gty {05, 95, i, G D) (5.454)

but with s = 0. This identification is sensible as the meaning of “s = 07 is that v is

the element of the partition of P obtained where none of the R; are partitioned, and

this means that v = P. Moreover for each i1 = 1,...,m;, P can be partitioned as
t1(i})
P=J T(i1,j1) (5.455)
ji=1

so the identification of the case s = 0 with P is consistent with the definition for the

case s > 0, and constraint (5.432), which enforces that for each i} = 1,...,my, we
must have (! =1, and
tl(l%) 101
i Z g T h) (5.456)
ji=1

is valid. O

Example: Let us consider once more the case

P=(M1UYe)N(Y3UYy) U ((Y5UYs) N (Y7UY3)) (5.457)
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which, as above, can be represented as

1 2 2 2
P= ﬂ U ﬂ U Y (i1, 2,52 (5.458)
i1=1j1=114p=1 jo=1
where f maps
(1,1,1,1) —» 1, (1,1,1,2) — 2, (1,1,2,1) — 3,...,(1,2,2,2) — 8. (5.459)

The depth first partitioning algorithm at level 2 forms a matrix with rows indexed by

P,Yy,...,Ys, Ni,..., Ng, and with columns indexed by P (the empty tuple), and the sets

T({1,1}), T({1,2}), (5.460)
T({1,1,1,1}),7({1,1,1,2}),T({1,1,2,1}),7({1,1,2,2}), (5.461)
T({1,2,1,1}),T({1,2,1,2}),7({1,2,2,1}),T({1, 2,2, 2}), (5.462)

T({1,1,1,1},{1,1,2,1}), T({1,1,1,1},{1,1,2,2}), (5.463)

T({1,1,1,2},{1,1,2,1}),T({1,1,1,2},{1,1,2,2}), (5.464)

T({1,2,1,1},{1,2,2,1}),T({1,2,1,1},{1,2,2,2}), (5.465)

T({1,2,1,2},{1,2,2,1}),T({1,2,1,2},{1,2,2,2}). (5.466)

The subcolumn of the P column indexed by Y7,...,Ys is the vector that we are seeking to
ensure belongs to Conv(P). The (5.426) constraints are

LAY — T | T({1,11.2)) (5.467)

LTI T{1121)) | T({1,1,2,2)) (5.468)

L2 —  T{1211)) | T({121.2)) (5.469)

LTUL2Y — pT{12.21)) 4, T({1.2.2.2}) (5.470)

The (5.432) constraints are
2P = 2T 4, T({1,2})
LTALLLLY — p TALLL{1121)) 4 T({11,1,131,{1,1,2,2})
LTALLL2Y) — T 1125 {1121)) 4 T({1,1,1,21,{1,1,2,2})

:ET({LI,Q,I}) — $T({171,2,1},{1,1,1,1}) + :L,T({l,l,2,1},{1,1,1,2})

(5.471)

(5.472)

(5.473)

(5.474)

LTULL22)) _  T({11225{1111)) 4 T({1122},{11,1,2}) (5.475)
LTHL2L1Y) _ T({12,113,{1.2.21})) 4 ,T({12,1,1},{1,2,2.2}) ( )
LTHL212)) _  T({12121,{1.2.21}) 4 ,T({12,1,2},{1,2,2.2}) ( )
LTUL221)) _ ,T({1,221},{1,2,11}) 4 ,T({1,221},{12,1,2}) ( )
(5.479)

$T({1’2’2’2}) — xT({1,2,2,2},{1,2,1,1}) + IET({1’2’2’2}’{1’2’1’2}).
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It should be clear how to apply the other constraints. O

Lemma 5.21 Denote the length of the set theoretic description of P, as in Definition 5.13,
by ®. For each fixed level k, the matrices U that satisfy the constraints of the depth first
partitioning algorithm at level k are described by the solution set of a linear system with a
number of variables and constraints that is bounded by a polynomial in ®. Moreover, the

depth first partitioning algorithm constructs this linear system in time polynomial in ®.
Proof: Let © be the number of distinct choices of

(i1, 1,92, J25 - - -y i, Jin) (5.480)

within the given bounds. Clearly © < O(®), as the set theoretic desciption of P entails a
string representing M) for each such choice. We can also assume that the length of the
description is at least n (or else we could have shrunk the dimension), and clearly we can
also assume that ® > h. The number of ordered index sets is no more than h©, so the
number of columns is < (h®)*. This bound on the number of columns would hold even if
we would not enforce conditions (1) and (2), and so the number of comparisons performed
in determining which sets v of the form (5.413) will have a corresponding column in U is
certainly < O(h**'©%). The number of rows as well as the number of constraints that
apply within each column is O(n), and the number of constraints that describe any given

column as a sum of other columns is clearly no more than O(©). O

In analyzing the behavior of the algorithm, the following lemma frees us from the obli-

gation to check whether or not expressions of the form

Ty, gt - - i, Jiu}) (5.481)
1

S
v =

S

satisfy conditions (1) and (2).
Lemma 5.22 Given an arbitrary expression
S
v= (TG, il Gk ), (5.482)
u=1

or equivalently, given an unordered collection of s ordered 21" -tuples of positive integers
r=1,...,s),
I 8 SR U 4 (5.483)
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with all 1" < h, ;, < my(i%, ..., d0_1), Ju < tu(i],...,J0_1,1,), and given a matriz U

satisfying the algorithm constraints at level k > s, define the vector x¥ by

U : there is a v column in U
" = ¢ U?: v violates condition (1) alone (5.484)

0 : v wiolates condition (2)

where U is the expression obtained by discarding from the expression v all ordered index sets
that are subsets of other ordered index sets. Then constraints (5.420), (5.421), (5.422),
(5.426) (for r such that I" < h), and (5.423) all hold for all expressions z¥, regardless of

whether or not they correspond to columns of U. Moreover, where k > s and
AR has iy (5.485)

matches with the corresponding elements of one of the ordered index sets that defines v,
then for any

AR SA T AR S 3 (5.486)
constraint (5.432) holds for all expressions x¥, regardless of whether or not they correspond

to columns of U.

Proof: The statement regarding constraints (5.420), (5.421), (5.422), and (5.423) is clear
from the definitions. Let v be as in the statement of the lemma, and let r be such that
I" < h. We will show that (5.426) holds for every vector z¥ defined in the statement of
the lemma, regardless of whether or not U has columns for the sets v(r,ijq, jjro)- If v
violates condition (2), then both sides of inequality (5.426) are zero and (5.426) is satisfied

trivially. So we will assume that v does not violate condition (2). Suppose for now that no

v(r, i3 41, Jjr41) Violates condition (2) either, then v and v(r, i}, ., jj-, ;) are both columns
of U. If we assume additionally that the r’th ordered index set of v is not redundant (i.e.
it is not a subset of any other ordered index set), then assuming that the r’th ordered
index set of v is the 7’th ordered index set of v, then there is a column in U for the set
0(7,ijr 1, Jjr 1) as well (since considering that v does not violate condition (1), appending
two new terms to its 7’th ordered index set can create no new violation of conditions (1) or

(2)). Thus if we assume that the ’'th ordered index set of v is indeed not redundant, then

T)(f7 Z‘?T+17jl7;“+1) = U(T’, i{r+1; j[rr+1)7 (5487)
so by (5.426),
traa() ' b1 () ‘ ' ‘ ‘
':L,’D — Z :L,U(Tzzz‘r+1)];r+1) — Z :UU(T,ZZ‘T+1,]Z‘T+1) — xv(r7ZTT+17][T+1) (5488)

=1 =1
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o (5.426) is satisfied in this case, regardless of whether or not there are columns in U for
the sets v(r, i} 1, jjr1)-

Suppose now that the r’th ordered index set is in fact redundant, i.e. there is some
v’ # r, " <s for which if,...,j = i ,jl’;/, then v is defined by § < s ordered index
sets, and where ij, | # i 41 (note that by the assumption that v does not violate (2), all
ordered index sets dominating the 7’th (and not equal to the r’th) must have the same value

for ijr41), the set

77(5 + 17 {ﬁa e aleTa i{T—l-l)jZ;-l-l}) (5489)

is of the appropriate form for the application of (5.432), it violates neither (1) nor (2) (so

it corresponds to a column of U), and is equal to v(r, 4}, ;,jj-, ;). Thus applying (5.432)

to U we obtain

O ra ()
Z xv(s‘i’l»{ﬁww]lr:1lr+17]lr+1}) — Z xv(rvllr+1vjlr+1) — (5490)
jz‘r+1:1 ler+1:1
tiry1(0)
Z 2Pl 1031 41) (5.491)
i1 =1

and so (5.426) holds here as well.

Suppose now that i} ; = i 41, then v(r,ij., 4}, ) violates condition (2) for every

. . . . ! . . .
Jir41 in the range of summation 1,...,#r41(-), except for jj, ., = ji ;. But this implies
that
tr g1 () -
Z 2 (ryipr y1odir 1) — Iv(r,zlr+1,]lr+1) _ mv(r Zl"+17]l7‘+1) 0 (5.492)
Jiry=1
since
.r rer e o ! gl ! o
{7’17 . ,]lr,llr+1,jlr+1} = {Zl RPN ,]lr,llr+1,jlr+1}, (5493)

so in this case (5.426) is trivially satisfied by identity.
Suppose finally that some v(r, 4}, jj-,,) does violate condition (2), then there must

be some ' < s, r # r’ such that

{Zl 7"'7-7ZT7ZIT+1} {ig7...,jfr7i;r+1}. (5494)

In this case constraint (5.426) again becomes an identity, as above, and is satisfied trivially.

We have thus proven that (5.426) holds for all expressions v. We will now show that
(5.432) also holds for all v and all {i§™",... 55t} | 4"} } that satisfy the conditions of
the lemma. We will continue to assume that v does not violate condition (2), as if it does

then (5.432) is satisfied trivially. Suppose first that the index set {i{"!, ... ,jfsﬂ " f:fl}
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matches to the first 2(157! — 1) + 1 elements of some other, say the 7’th, ordered index set

of v. As above, in this case we have

trs+1(+) tyst+1 () . ) ) s
Z xv(s+1,ii+1,...,jfst_11) _ Z xv(s+1,z§,“.,];+1_l,leSJrl,jlsj_ll) _ (5.495)
J ;:-_4-11 =1 J lsst—ll =1
$U(5+1,’L’;‘,...,jlrs+l71,’L'ZT5+1,j;+1) — $U(5+17i71‘7---7jl'r5+1717ilrs+17j;5+1) — w’f} _ $U (5496)
and so (5.432) is trivially satisfied by identity.

So suppose that the index set {i51, ... ,jfsﬂ_l, zf:fl} does not match to the first 2(1°T! —
1)+1 elements of any other ordered index set of v. Thus no set v(s+1,457!, ..., ]lssﬂ) violates
condition (2), and moreover the index set {z“i“, ol jfsﬂ,l, zfstll, jfsﬂ} is not redundant for
any set v(s + 1,451 ,jlssﬂ). So there is a column in U corresponding to the set

o(s+ 1,4 et (5.497)

and the set (5.497) has an ordered index set {i{™', ..., j;ﬂ} Let us say that the set ©
obtained by discarding the redundant ordered index sets of v is defined by § < s of the

ordered index sets of v. Then there is a column in U for v, and

o(5+ 1,4t et = o(s + Lagth g, (5.498)
Thus by 5.432,
ts+1 () tys+1()
_ —(= .s41 .s+1 -s+1 -s+1
20 = g0 — Z C[CR SRR SATC) Z JRCICR R M) (5.499)
jlssﬁ»llzl jls‘::&»llzl
tls+1(‘)
Z x”(sﬂvllﬂv-"’ﬂzaﬁl), (5.500)
jlss-:llzl

0 (5.432) holds in this case as well. O

Before we move on to address the pitch k& constraints, we will prove a batch of results
that describe how and why the algorithm works. Our first two results will show that the
algorithm guarantees that the column 2 of U can be decomposed as the sum of vectors .
The first result parallels the decomposition of P discussed in Lemma 5.17, and it shows that
there are an exponentially large number of such decompositions. The second result, which
parallels the decomposition of P discussed in Lemma 5.18, only yields one decomposition of
zP, but we will see that it is a useful decomposition. We will then show that a sufficiently

detailed decomposition of 2! into vectors z?, together with some very obvious constraints
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on the vectors zV (arising from the fact that these vectors are meant to represent measures
of sets vN M), is sufficient to guarantee that (z”'[Y1],...,2"[¥,]) € Conv(P). That result
will then show that once the algorithm reaches a level at which it implies such a detailed
decomposition, then we will be guaranteed that indeed (zf[Y1],...,27[Y,]) € Conv(P).
This will thus give us our first termination criterion for this algorithm. In the next section

we will derive another termination criterion.

Lemma 5.23 Given a matrix U satsfying the algorithm constraints at level k, the P’th

column, x¥, of U satisfies

(1) tUfedio G IE) (IR (iR IR

+F = Z Z Z Z LTI gi b AT 3 ) (5.501)

jit=1 ji=1 jk=1 j’;:1

for all choices of k indexing families for P, IT" = {I{,...,I}}, r =1,..., k, where we define

the vectors J:T({Ill""’jflz}""’{lf""’jili}) as in Lemma 5.22. O

Lemma 5.23, which parallels Lemma 5.17, follows directly from the definition of the
algorithm and repeated application of (5.619) (which will be shown later). Lemma 5.23
represents a kind of depth first decomposition of 2. Of greater interest for our present
purposes, however, will be the following breadth first decomposition of z¥, paralleling

Lemma 5.18.

Lemma 5.24 Let r < h; let the j-indexing families of functions J" = {Ji(+),..., J-(:)} be
defined as in Lemma 5.18, and let i(J") also be as defined in Lemma 5.18. Then where the
level of the algorithm is sufficiently high so that all of the terms in the expression (5.502)

are defined (as per Lemma 5.22), then the column vectors x¥ satisfy

2P = 3 g Nugn T ) (5.502)
j'r

where the sum is taken over all familes J", and the intersection is taken over all elements

of i(J").
Proof: Define the binary operator ® on the vectors ¥ defined in Lemma 5.22 by

v o ¥ =" (5.503)
wherever these expressions are defined as per Lemma 5.22. Let v be of the form

v =

u

Ty, 51 - - - i, Jiu }) (5.504)
1

S
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and let w be of the form
g
N TG, din ) (5-505)
u=s+1
and say that the r’th ordered index set of v, according to the lexicographical ordering,

is the r”’th ordered index set of v Nw = No_; T({i¥, 4", ..., i, jju}) according to the
lexicographical ordering. Observe now that by (5.426),

tir1(0)
;T T
ot =2 [ S i) (5.506)
jlr'r+1:1
and also by (5.426),
o s . . hr+lb) s o
2 @ ¥ = gl Voo THH I i) — 3o g i) = (5.507)
=1
tir41(°) tir11(4)
T T ;T ST
Z Iwm(v(rvllr+17]lr+1)) — Z x¥ ® xv(rvllr+17]lr+1) (5508)
j;t+1::1 j;xklzﬂ
and so we conclude that
tiri1(v) trr 1 ()
;T ST
ol Y gV 1dir ) | = > o 2Py 1dirg ) (5.509)
Jl"'+1 1 j;‘r+1:]‘
By similar reasoning we also obtain
ls41 () tzs+1( )
. 9+1 s+1
v o Z xv(s+1,z , Jls“ Z 2 @ mv(s—i—l st ’Jls+1) (5.510)
1 1
J;i%l__l j;:;l__l

Thus the operator ® is distributive over all sums of the form (5.426) and (5.432). Thus

tl(l) t1(2)
2P =z o = Z LTELMD | o Z 2TH251(2)})) | = (5.511)

i1(1)=1 71(2)=1
t1(1) t1(2)
Z 27212 | @ ,TEAMD | = (5.512)
Jji(1)=1 J1(2)=1
t1(1)  t(2)
Z T @ pTH2 2D, (5.513)

nM)=151(2)=1

Repeating, we obtain,
my t1(i1)

- @1 o = () Y T = (5.514)

11=1 i1=1 j1=1
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t1(1) t1(m1)
3 (xT({le(l)}) ®- 0 xT({ml,jl(mn})) - (5.515)

Ji)=1  ji(mi)=1

PIIROE Al (5.516)

J1(%4) i(J1)
where the sum is taken over all functions Ji (1) such that Ji(i1) € {1,...,t1(i1)} for each
i1 = 1,...,mq, and where i(J;) is the set of numbers i; that belong to the domain of the
function J; (so in this case i(J1) = {1,...,m1}).
Note now that similarly
ma(i1,j1) ma(i1,51) t2(i1,51,i2)
LTl — @ 2Tl — @ Z 2T {in.d1502,52}) (5.517)
i0=1 ig=1 jo=1

and repeating the argument we obtain

my (i) me() te()
@ Z @ Z 2T i1ir}) (5.518)
1=1 j1=1 ir=1 jr=1

By the distributivity of ® as per (5.509) and (5.510) and by adapting the argument used
in the proof of the statement in Lemma 5.12 that W = WY, it is not hard to see that the

expression (5.518) is equal to

PR O E = (5.519)

T i(TT)

§ o in) Tinees) (5.520)
\77‘

Example: Consider again the example
P=(MuY)n(YzuYy)) U ((Y5UYs) N (Y7UYs)) (5.521)

represented as

1 2 2 2
P= ﬂ U ﬂ U Y (ir jrsingo) (5.522)
i1=1j1=1i2=1 jo=1
where f maps
(1,1,1,1) — 1, (1,1,1,2) - 2, (1,1,2,1) — 3,...,(1,2,2,2) — 8. (5.523)

Let » = h = 2. Then as we saw earlier in our discussion of this example (after the proof of
Lemma 5.18), there are eight possible families of functions [J", and thus Lemma 5.24 claims
that

= Z xﬂi(ﬂr) Tlinmnlr) _ (5.524)
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LTELLLE{102,0)) | THLLLIE{11,2,2}) 4
LTULLL2E{112.0)) 4 TELLL2b{1122)) ¢
LTUL2 103 {122.0)) | T({12,1,11,{1.2.2.2}) |
LTL2125,{1221)) | T({1,2.1.2),{12.2.2})
Applying constraints (5.467) - (5.479) we have

mP _ l,T({l,l}) + $T({1’2}) —

LTULL21Y) | T({11,22) 4 T({L2,11)) 4 T({12.12)) _
T2 {1011 | T2, {1,1,1.2}) |
LTULL225 {10110 | T({1,1,2.25,{1,1,1.2}) ;.
LTUL2111{122.0)) 4 T{12.11}1,{1222}) 4

$T({1’2’1’2}’{1’2’2’1}) + xT({172,1,2},{172,2,2})_

250

(5.525)

(5.526)

(5.527)

(5.528)

Recalling that the order in which the ordered index sets appear is irrelevant, so that, for

example, z7({LL2I{LLLLY) — pT{LLLIL{LL21})  the reader can check that expressions

(5.525) and (5.528) are indeed equal. O

We will now establish the conditions under which the decomposibility of 2 will imply

that the vector (xF[Y1],...,2F[Yy]) € Conv(P).

Lemma 5.25 If P C {0,1}" can be written as a disjoint union

t
P=JQ (5.529)
j=1
where
Qi= ) M (5.530)
i€v;
where each V; C {1/,1",...,n/,n"}, then where for each vector (xo,...,z,) € R"™, we
write xp = x7, Ty =x9 —x1, L =1,...,n, we have

Conv(P)={xz € R": for each j=1,...,t, there exist vectors

27 € R™ and real numbers l’% with

J J s arqn ’oon
1. xg2>2w; 20, 1=1,1",...,n',n
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2. xfzxé, Vi eV
3. Z;:l(q’%ax]) = (17'7;)}

Proof: Any point x € Conv(P) can be decomposed in this manner since, by our comments
at the beginning of the section, z, when construed as (x[Y{"],...,z[Y;F]), is consistent

with a measure xy on P satisfying x[P] = 1. Thus (by the disjointness of the union),

(1,2) = (x[P], x[Y{], ..., x[Y,F]) can be decomposed into the sum of the partial sum vectors
O PLXVYT, - XD D), (5.531)
and setting each (.CC%, a7) = (X9 [P, x9 YL, ..., x9[VT]), it is clear that conditions (1) -

(3) of the lemma will all be satisfied. Conversely, note that since
Qj ={z€{0,1}" 1z, =1, Vi e V;}, (5.532)
the convex hull of Qj is just its linear relaxation
Conv(Q;) ={x €[0,1]" :x; =1, Vi € V;}. (5.533)
Thus any (ajg), 27) that satisfies the first two conditions satisfies that either l‘% =0, or
xj/mé € Conv(Q;) € Conv(P). (5.534)
Thus if vectors (m%, 27) exist that satisfy all three conditions, then

x = Z z) = Z (2} (27 /2)) € Conu(P) (5.535)

x%;ﬂ) xé;éO

since ng;’éo zh=1by (3). O

As is evident from its proof, one way to interpret Lemma 5.25 is as an application of the
fact that the convex hull of P can be characterized as those vectors that can be written as the
scaled sum of vectors each of which belong to the convex hull of some element of a partition
of P. The significance of this fact is obviously that the convex hull of the elements of the
partition may be easy to characterize, as is the case in the lemma. In this way, this can be
seen as a disjunctive programming result, and in fact the more general version of this lemma,
which will be presented as Theorem 5.28, is very similar to a theorem proved by Balas ([B74],
[B79]) in the context of disjunctive programming. Nevertheless, as was noted earlier, partial

summation embraces more general variables and measure theoretic constraints, and this is
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what will allow us to refine the procedure and to extend it to a breadth first version (as will
be described later), as well as to make use of positive semidefiniteness.

Lemma 5.25 shows that by repeatedly partitioning P until eventually each set in the
partition is of the form [ M;, we can obtain the convex hull of P. Our algorithm, however,
only partitions sets of the form Ry, and it never partitions the sets of the form Q?}, and
so it will never, in general (where h > 2) completely partition P in the manner of Lemma
5.25.

It should be noted however, that we could have partitioned the sets Q?} as well by the
rule

¢ disjoint /;—1
Q° = (ﬂ Rz-> = U (OB NE|, (5.536)

i i j=1
and since we already know how to partition R;, and Rf = (1; Q) ;, we could have repeated the
procedure until we eventually would have achieved a decomposition as in Lemma 5.25. The
variant of the algorithm that this suggests will be referred to as a “Complete Partitioning
Algorithm”. (It should be noted, however, that even the complete partitioning variant of
the algorithm does not partition completely in the manner of the Sherali Adams operators,

as it does not, in general, partition down to the atomic level.)

The following theorem will show that a similar result to Lemma 5.25 will hold even for
the original version of the algorithm. It would be interesting nevertheless to compare the
actual performance of the original algorithm with that of its complete partitioning variant.
The original algorithm, as stated, actually completely ignores the fact that the sets it works
with are subsets of sets of the form Q?}. We will show later, however, that even if we do
not attempt to partition completely by partitioning the Q?}, there are sensible constraints

that can be imposed to approximate the effect of partitioning the Q?} sets.

For the purposes of the following theorem, as above in Lemma 5.25, given any vector

(xg,...,2n) € R" for each I = 1,...,n, we will write z; = 2; and zp = xg — ;.

Theorem 5.26 Let P be as in Definition 5.13 and for each j-indexing family of functions
J for P, define

Vj = {7, S {1/, 1”, e ,n',n"} : E](il, cee ih) S Z(j) s.1. f(il, ceey Jh) = Z} (5537)

The convex hull of P is the set of x € R™ such that for each [J, there exist vectors (JJOJ, x7) €
R™1 for which

1. a:gzxfzo, i=1,1",...,n',n"
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Proof: Recall first that by Corollary 5.20, P can be written as the disjoint union

h J;—1
P = U ( ﬂ (ﬂ ﬂ (Qil,J17--~7iz1,Jz1,iz,jl)c) N QJ) (5’538)
J \i(J) \U=1j=1

where

Qj = n Mf(il,Jl,-..,ih,Jh))’ (5539)
i(T)

Thus, as in the proof of Lemma 5.25, it is easy to see that for any € Conv(P) there must
be a decomposition as described in the theorem. Conversely, suppose that vectors z exist
satisfying the conditions of the theorem. We will show that each #7 must be in Conv(P),
which will imply that x € Conv(P), proving the theorem (as in the proof of Lemma 5.25).
From the proof of Lemma 5.25 we already know that for any such 7, either (z ,27) = 0,
or

z7 Jxd € Conv(Qy) (5.540)

so if we can show that Q 7 C P then, (as in the proof of Lemma 5.25,) the theorem will be

proven. By Lemma 5.12, we have

P=UN Myy=UUQs (5.541)

J () J
Qs C P.O (5.542)
Corollary 5.27 Let
0= max i(T)] (5.543)
and observe that © is bounded from above by the number of distinct tuples (i1,iz,...,ip)
that can be chosen within the given ranges. Then the subcolumn (x¥[Y1],..., 2P [Y,]) of the

column ¥ of any matriz U that satisfies the algorithm constraints as any level k > O, will

belong to Conv(P).

Proof: At level k > O, vectors :Bmi(ﬂ) TEd1innd) e defined (as per Lemma 5.22) for

every j-indexing family of functions J for P. For each J, define (xoj, 7)) € R**! by

xOJ _ xﬂi(J) T({i17j17~-~7ih7jh})[P] (5.544)

2 = ol Vo T dnindnDyy y—q o, (5.545)
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Recall the notation z"[P] = xf, 2"[Y;] = z}, z"[N]] = «},, and recall that algorithm
constraint (5.423) requires that given J = {J1(-),..., Jn(-)}, foreach r € {1',1”,...,n/,n"}

such that f(i1, Ji,...,in, Jp) = r for some (i1,...,i,) € i(J), we must have

ooy TCinand) Oy T i) (5.546)

Thus by algorithm constraints (5.420), (5.421), (5.422), and (5.423), conditions (1) and (2)

of Theorem 5.26 are satisfied by all vectors (:coj ,27). Moreover by Lemma 5.24,

2P = Y ol Vi) T drdiednd), (5.547)
J
so (since P[P] = 1) condition (3) is met as well. Thus Theorem 5.26 implies that

(zP[v1],...,2P[Y,]) € Conv(P). O

The idea at work in Theorem 5.26 is that it is not actually necessary to form a partition
of P in order to obtain the result of Lemma 5.25. All that is needed is for the sets Qj to
each be a subset of P, and for their union to cover P. We will state this as a separate

theorem. (As was noted earlier, this theorem, in a slightly different form, was proven in

[B74].)

Theorem 5.28 Given any set P C {0,1}" that can be written as a (not necessarily disjoint)

union P = U§:1 W;, we have
Conv(P) ={x: for each j =1,...,t, there exist vectors (a%,xj) for which
1. ng{ S:c%, l=1,...,n
2. either :v% =0, or mj/m% € Conv(Wj)
3. S (ap,al) = (1,2)}
Proof: Form the collection
t—1
Qu=W1, Qe=Wa =W, Q3=Ws— (W1 UWa), ....Qe=Wi = [JW:  (5.548)
i=1
Clearly
t t
p=Jw; =0 (5.549)
j=1 j=1

and the latter union is disjoint. So for each x € Conv(P), we can construe = as the vector

(x[Y{f],...,2[Y,F]) and (by our comment at the beginning of the section) there exists a
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measure y on A with x[P] = 1 that is consistent with (z[Y{"],...,z[Y,]), and naturally the
partial sum measure x of x is also consistent with (z[Yi¥],...,z[Y;F]) and also satisfies

xP[P] = 1. Consider now the partial sum vectors
(w9 27) == O TPI ALY X2 D) = Q1 XY, X)), (5.550)

Either a:% = 0, in which case 27 = 0 also, or if 2/ > 0 then 27 /x% is consistent with the

X X g = Xld_ ince —X 0] = 1. i
measure —&y on A (defined by 07 lq] = NOBE Vq € A). So since R [Q;] =1, it follows
from our comment at the beginning of the section that

a:j/x% € Conv(Q;) C Conv(Wj). (5.551)

The vectors (1‘%, 27) thus satisfy condition (2) of the theorem, and they satisfy the other
two conditions by the fact that the sets ); are disjoint, by the definition of measures and
of partial sums, and by the fact that x*'[P] = 1. As for the converse, the proof given in

Lemma 5.25 suffices, as it does not assume that the union is disjoint. O

5.5 The Depth First Algorithm and the Pitch £ Constraints

We will now set out to show that where P is as in Definition 5.13 and P’ is as in Definition
5.14, at level k, the P’th column of U will satisfy every (homogenized) pitch < k constraint
that is valid for P’. Recall the notation '[P = xf, z"[Y]] = =}, "[N;] = x},, and recall
that the points y € P’ are of the form y = (y1/, 917, .-, Yn', Ynr). We will thus show that
where we denote the projection of z¥ on its ¥; and N; coordinates as #¥, for any valid
constraint o’z > 3 on P’ with (a, 3) > 0, and of pitch < k, the column z¥ of any matrix

U satisfying the algorithm constraints at level > k will satisfy
n n
Bzl < alil = Zalwﬁ + Zaluxﬁ. (5.552)
=1 =1

Note that if all M.y are of the form Y}, then it is easy to see that P is just the projection
of P’ on the 1’,...,n/ coordinates. Thus every constraint that is valid for P will be valid
for P’ as well (where the constraint is applied to its 1’,...,n' coordinates). So in that case
we will be guaranteed that at level k, the vector ¥ will satisfy every (homogenized) pitch
< k constraint that is valid for P. Stated precisely, where we denote the projection of z’
on its Y] coordinates as ¥, and where we denote the Y; coordinates of 2% as z'[Y]] = :clP ,

then for any valid constraint a’z > 8 on P with (a, 3) > 0, and of pitch < k, the column
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xF of any matrix U satisfying the algorithm constraints at level > k will satisfy in this case
n

pat < alzl = Zalxlp. (5.553)
I=1

The next few lemmas will characterize P and P’ in standard integer programming
formulation, i.e. as the set of points in {0, 1}" that satisfy a (exponentially large) collection
of linear constraints. We will see that P’ is the feasible region of a set covering problem,

and that it can be thought of as a relaxation of P.
Lemma 5.29 Where P is as in Definition 5.13, then

P={ye{0,1}":

t1(I1) t2(I1,51,12) th(11,51,12,325+ s Tn—1Jn—1,1n)

Z Z Z YF (I gr,Ta o Inogn) = 1

n=1 jz2=1 Jn=1
V indexing families {I1,...,In}}

where we define yjr = y;, and yjr =1 —yp, j=1,...,n

Proof: This follows from Lemma 5.12 and (5.220). O

For our standard example
P=(M1UY2)N(Y3UYy) U ((Y5UYs) N (Y7UY3)) (5.554)

the indexing function I; must be I; = 1, and there are four possible functions Is:

L(1) =1, (2) =1 (5.555)
L(1) =1, L(2)=2 (5.556)
(1) =2, L(2) =1 (5.557)
(1) =2, L(2)=2. (5.558)

There are thus four possible families Z, and thus by Lemma 5.29, P is the set of points
y € {0,1}™ that satisfy the four constraints

Yraany T Yra2) TYra2nn) T Yra212) =Yt Y2 +ys +ye > 1 (5.559)
Yr,1,1) TYr1,2) TYra221) TYra222 =1 +ty2+yr+ys > 1 (5.560)
Y21 T Yraa22) tYra2nn) TYr212) = Y3 T Yst Y5 Hye = 1 (5.561)

Yr,1.2,0) TYr1,22) T Yr221) T Yra222) =Ys+ys+yr+ys > L. (5.562)
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Lemma 5.30 Where P and P’ are as in Definitions 5.13 and 5.1/ respectively, then

P ={yec{0,1}*":
t1(I1) t2(I1,51,12) tn(I1,91,12,92, s Tn—1n—1,In)

Z Z T Z Yf#(11,51,12,52In,3n) > 1 (5.563)
Jji=1  ja=1 Jn=1

Y indexing families {I1,...,In}} for P

yl'Zl—yl’H l:l,,n}

Proof: Observe first that P’ can be written as

mi+nti1(i1) ma(it,j1) t2(éi1,5182)  Mu(it,edn—1) th(i1,50h—1,0h)

!
ﬂ U ﬂ U ﬂ U Yf(il,jlw",ih,jh) (5.564)
i1=1 j1=1 dp=1 jo=1 in=1 jn=1

where for each | € {1,...,n}, the value iy = my + [ satisfies ta(m1 + 1) = 2, and ¢,(m1 +
l..)=mp(mi+1,...)=1forallr=2,... h,and f(m1 +1,1,1,...,1) =1 and f(m1 +
[,2,1,...,1) = 1”. The indexing families for which I; = 1,...,m are exactly the same
for P" as for P, and for any indexing family for which Iy € {my + 1,...,m1 + n}, the
functions I, ..., I are all constants with value 1. Thus there is only one indexing family
Z =A{I,...,I} for each of the n values Iy = m; + [. Applying Lemma 5.29 to these n

families, we obtain the n additional constraints

2 1 1
< Z Z Z Yf(matigl,..,1) = Yo + Y. O (5.565)
n=lje=1 jp=1

Definition 5.31 Where P is as in Definition 5.13, and where T = {I,..., I} is an in-
dexing family for P, then let

AZ)={qe{l,....n", 1" ... .n"}:

f(Il)jlaI2(jl)7j2) .. 'th(jla cee 7jh—1)7jh) =q fOT some (jlv s 7jh)} (5566)

and define
= > g (5.567)

qeA(T)

The purpose of introducing the sets A(Z) is to reduce all positive coefficients in con-

straints of the form (5.563) to 1. For example, if

P=(1iNN)U(Y1NYy) N ((YsNnN)U(YanYy)) (5.568)
o 2 2 2 1
P = ﬂ U ﬂ U M iy i yin o) (5.569)
=1 j1=141=1 jo—1
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where
f(,1,1,1) =1, f(1,1,2,1) =2", f(1,2,1,1) =1, f(1,2,2,1) =4 (5.570)

f(2,1,1,1) =3, £(2,1,2,1) =1", f(2,2,1,1) =2, f(2,2,2,1) = 4". (5.571)

Then say I; = 1 and I, = 1 as well. The equation of the form (5.563) corresponding to this
indexing family is

1<yra11,) tYraziy =y +y1 =2y (5.572)

(where we understand y; to be y; and y;» to be 1 —y; for each [ = 1,...,n). Obviously the
coefficient, 2, can be reduced to 1 while maintaining the validity of the constraint. In this
case A(I,I) =1, and

y(A(l, I2)) = y1. (5.573)

We thus obtain from Lemmas 5.29 and 5.30 the following lemma.
Lemma 5.32 Where P and P’ are as in Definitions 5.13 and 5.1/ respectively, then
P={ye{0,1}":
y(A(Z)) > 1, Y indexing families T for P} (5.574)
where we take yy to be y; and ypr to be 1 —y; for each I = 1,...,n. Equivalently,
P={y= v,y YY) € {0, 13" :
y(A(Z)) > 1, VY indexing families T for P,

yir+yp =1, j=1,...,n} (5.575)
and
P'={y = (1,917 Yo, yr) € {0,117 :
y(A(Z)) > 1, Y indexing families T for P

Consider again the example P C {0,1}* defined by
P=(MNN)U(¥1NYy)) N ((Y3NN)U(Y2NYy)) (5.577)

(introduced after Definition 5.31). There are eight possible families 7 corresponding to the
two possible choices for I; (i.e. I} =1 and I; = 2), and the four possible choices for I (i.e.

{I2(1),12(2)} = {1,1} or {1,2} or {2,1} or {2,2}). The eight corresponding sets A(Z) are
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1. {1}

2. {1/,4"
3. {21}
4. {2" 4"}
5. {3,2'}
6. {3,4'}
7. {17,2'}

8. {17,4"}

259

(There is considerable redundancy here, but that needn’t concern us.) Thus P is the set of

points y € {0,1}* that satisfy
izl yitya>l, A—y)+y =21, 1—y2)+tysa>1,

ys+y2>1, yz3+ya>1, (I—y1)+ye>1, (1—y1) +ys>1

Equivalently, P is the set of points (y1/,y17, ..., Yn, Ynr) € {0,1}® that satisfy
yv 21 yv+yr 21, yor +yr 21, yor ya 2 1,

yy tyr 21 ys tye 21, yir tyr 21, yir +ye 211
yl'+yl” :17 lzl,,4
and P’ is the set of points (yi/,y17, ..., Yn', Ynr) € {0,1}® that satisfy

yr 21 yrtyr 21, yor tyr 21, yor +ya 2 1,

yy +yr =21, y3r +ya 21, yir +yr 21, yir +ye 2> 1

yl’—{—yanl, l=1,...,4.

(5.578)

(5.579)

(5.580)

(5.581)

(5.582)

(5.583)

(5.584)

(5.585)

‘We have thus established that all P defined as in Definition 5.13 have a natural relaxation

as the feasible region of a set covering problem. The methodology that we used therefore to

prove the pitch k result for set covering problems in Subsection 5.2.2 can therefore be applied

here as well. Before we come to a formal proof, however, we need two more preliminary

results.
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Lemma 5.33 Consider an inequality o'z > 3, a > 0, with pitch w(a,3) = k > 0. Let
v € {l,...,n} be such that oo, > 0, and define & to be the same as o, but with &, set to

zero, then

(@, f—ay) <k —1. (5.586)
Proof: Consider the following listing of the positive coordinates of a:
0< @s(1) < Qs(2) <0 S As(|support(a)]) - (5.587)

Let us say that «a, is the u’th smallest positive coefficient of «, i.e. v = s(u), then

k-1 k=L v >3- >3- =0B—qay,:u>k
S d = { il Qs(iy 2 B— gy =2 B— gy =B —apiu> - (5.588)
i=1

Zi:l,...,k, itu Os(i) = B — Qg(y) = B—ay:u<k

Lemma 5.34 Let P and P’ be as in Definitions 5.18 and 5.14 respectively. Given an

T

inequality o' x > 3, « > 0 that is valid for P', then either there exists some indexing

family, T = {11, ...,1y}, for P, such that
A(Z) C support(«) (5.589)
or ol > 3 is dominated by the inequalities
z; >0, j=1,1"...,n',n" and (5.590)
Ty +xpm>1, i=1,...,n. (5.591)
Proof: We will show that if there is no indexing family Z = {I,..., I} for P, such that
A(Z) C support(«) (5.592)
then either 3 < 0 (and so o’z > 3 is dominated by = > 0), or

> min(ayr, agr) > 3 (5.593)
1€{1,...,n}:¢’ i" Esupport(a)

in which case x > 0 and zy + ;» > 1, i = 1,...,n, imply that o’z > 3. The proof is by
induction on 7(a, 3). Where m(«, 3) = 0, then the result is simple. Assume now that the
lemma holds for all constraints with pitch < k, where & > 0, and consider a valid inequality
(for P'), oTx > B3, with (o, 8) = k + 1. Suppose that there is no A(Z) C support(c).
Suppose further that there is no i € {1,...,n} such that i’ and " are both € support(«).
Then consider y € {0,1}?" defined by

y; = 1iff j & support(ar), j=1,1", ... ,n/,n" (5.594)
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then y satisfies all inequalities y(A(Z)) > 1 as well as all inequalities y;; + y;» > 1 and
nevertheless o’y = 0. Thus since a’z > 3 was assumed to be valid, it must be that 5 < 0
(note that this also contradicts the assumption that m(«, 5) = k+1 > 0). Assume now that
that there is some i € {1,...,n} such that i and " both belong to support(«), (w.l.o.g.)

with ay < oy, and define @ to be the same as a but with &; = 0. Then
alz > B —ay (5.595)

is also valid for P’, and by Lemma 5.33, it is of pitch < k. If 8 < a; then (5.593) is satisfied
trivially, so assume that 5 —a; > 0. Thus by induction, since there is no A(Z) C support(&)
either, it must be that

ﬂ — Oy S Z min(dj/, @j//) = (5596)

JELL, g 7 Esupport(a)
Z min (o, ). (5.597)
je{1,...,n}:5",5" €Esupport(&)

Observe now that i',i” € support(«), but they are not both in support(@), and therefore

> min(aj, ajr) = (5.598)
j€{1,....,n}:5" 5" €support(a)
Z min(a;r, ajr) + min(agr, agr) = (5.599)
j€{1,...,n}:5",5" €Esupport(&)
Z min(aj/, Oéj//) +ay >0 (5600)

JE{L,...,n}j’ 5" €support(Q)

which proves the lemma. O

Now we are ready for our main result. Recall that by Lemma 5.22, at level w of the

depth first partitioning algorithm, for every

v=T{i1, 51, ij,di 5 {03, 53, im, ety 5,95, i, G ) (5.601)

with s < w, i.e. for every unordered collection of ordered sets of integers

I IRRRR O 18 SR 0 L SR 70 1% SUU £ LAUR - 18 (5.602)

with s < w, and with every 4, and j; within their appropriate bounds, the column vector
¥ € Rt is defined and satisfies all of the algorithm constraints regardless of whether
or not v satisfies algorithm conditions (1) and (2). Note also that for the purposes of the

following theorem, we will be representing vectors z¥ as ¥ = (zg, 7).
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Theorem 5.35 Let P and P’ be as in Definitions 5.13 and 5.14 respectively. Then each
vector x¥ defined in Lemma 5.22 with respect to level w of the depth first partitioning

algorithm, where

v =T}, 51, vip, dh b {5, 5%, ik, 3B Y e {05, g8, e, 35 ) (5.603)

and s < w, satisfies

ol'z? > pay (5.604)

for every constraint o’z > 3 that is valid for P', with m(«, ) < w—s. In particular, where
v =P, so that s =0 and 2° = 2 = (1,27), the column x¥ satisfies that for every valid

constraint oz > B on P’ of pitch < w, we have T3 > 3.

Note: For ease of expression, given a valid constraint o’z > 3 for P’ (so that o € R*™),
we will allow ourselves to say that a vector ¥, which is in R?"*!, “satisfies” oz > 3, if

alzv > Bxg.

Proof: The proof will be by induction on the pitch of the valid constraints. The pitch
0 constraints are all dominated by the inequalities ¥ > 0 which hold for every v, so every
column z satisfies all pitch 0 constraints. If a valid constraint a’z > 3 is dominated by
the inequalities x > 0 and xj + 2~ > 1 then it is also trivial that every column " satisfies
alz > 3, as the xj + 0 > o inequalities are themselves dominated by the inequalities
xj + 0 = w0, which hold for every column v. Assume now that w —1 >k > 0 and every

valid constraint a’ > 3 with 7(a, 3) < k holds for every vector z, for each

e N AT TP I 1 SR U1 0 F A T 0 1) SO (- SO 1 4§ (5.605)

with s < w, and for which w — s > k. That is, assume that every valid constraint of pitch
< k holds for each vector for which the theorem asserts that it will hold. Consider now an
arbitrary valid inequality on P’, a”a > 3 of pitch k + 1, where a2 > 3 is not dominated

by the inequalities > 0 and xj + z;» > 1, and consider an arbitrary z, where

v= T({Z%vjlla s 7il117j111}7{i%’j%7' : 'ail22ajl22}a R {Zi]fa - aZlSS?]lSS}) (5606)

with w — s > k + 1. If we can prove that 2¥ must satisfy a2 > 3 then the theorem will be
proven.

By Lemma 5.34, there must be some indexing family, Z = {13, ..., I}, for P, such that
A(T) C support(a). Assume first that for some r € {1,...,s}, I" = h, ¢] = I;, and

& =007, .. ), VI=2,... h. (5.607)
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Then f(i7,...,J;) € A(Z) C support(a), and by 5.423, we also have

Observe now that the constraint a’z > 8 — « £( , where & is the same as a but with

0T T

apiy,..jr) =0, s also valid for P’. Moreover, by Lemma 5.33, its pitch is strictly less than
m(a, B) = k + 1, so by induction z" satisfies

i > (B — g, e = (5.609)
CYTJAJU = _Ti'v + af(l{,yjz)m;(q,%) = (5610)
and so x¥ satisfies o’z > 3. So assume that there is no r € {1,...,s} for which i} =

I, and if = L(j1,...,j]_1), VI = 2,...,h, and let r € {1,...,s} be such that ij =
L%, ..., j[1), Vl=1,...,u for maximal v < h. (If there is no r € {1,...,s} with i{ = I
then let u = 0.) Let [*t! = u + 1. Define

=g 0=1,... (5.612)

Thus by construction, the ordered set

{0yt LGt e (5.613)
coincides with {d, j7,...,4,,j.}, but the ordered set
{Il’]f+1" "7Iu(]f+17' "7jzt%)7]5+171u+1(]f+17"'7]5-"_1)} (5'614)

does not coicide with any {7,471, ...,4y,jy, i1 }- We can thus apply (5.432) to obtain

tqul(Il7jf+17‘-~,1u7j7‘i+171u+1) 11 +1
wv — Z xv(s+19{117j; 7"'7IU+17jZ+1})_ (5.615)

-s+1_
]u+171

We can now further decompose x¥ by applying (5.426) to each element of the sum (5.615),
yielding z¥ =

s+1 51
tusr () tur2(Tg Tt Tug 1,55 Tur2)

.s+1 ss+1 -s+1

E E xv(5+17{fldf e ut 1,00 51 Tut2,dy to ) (5.616)
s+l _ s+l _
J2+1—1 JZ+2—1

since

(s + 1 (T DI + 1, g, fiTh) = (5.617)
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v(s+ 1, {I,. .., 5551, Luso, 513 )). (5.618)

Applying (5.426) repeatedly in the same manner, we eventually obtain

tut1(-) th() 1

= Y 3 LT, (5.619)
.s+1_ ss+1__
Jup1=1 Jp =1

By (5.423), each column 2+ L03i ) satisfies

D = gl T, (5.620)

Moreover f(Iy,...,j;*") € A(Z) C support(a), and therefore where & is the same as « but
with @f(h?._.’jz-!—l) = 0, then

alw > f—oyq e (5.621)

is valid for P’ and of pitch < k as above. Thus, by induction, each vector I R R/ A
must satisfy the corresponding constraint (5.621), and therefore by (5.620), it must satisfy

alz > 3 as well, as above, i.e.
A (5.622)

sHL{I1, !

Since, by (5.619), z¥ is a sum of vectors z*( D we conclude that o”z? > Bzl as

well. O

The following corollary now follows from the theorem and from Lemma 5.6 and Corollary

5.8.

Corollary 5.36 The convex hull of P is obtained by the algorithm no later than level 2n—1,

and where each f(-) maps into {1',...,n'} then it is obtained no later than level n — 1.

It is also worth mentioning that there is a particular significance in the fact that the
partial sum vectors z¥ are also guaranteed to satisfy all constraints of up to a certain pitch.
It is often the case that a high pitch constraint o’z > 3 is not implied by valid lower pitch
constraints of the form (af)Tz > B¢, but is nevertheless implied by constraints of the form
(a)Tzv" > B for some collection of sets {v'} (where the 2 are partial sum vectors) and
low pitch valid constraints (a)?z > 3. Recall that such was the case for the odd hole,
odd antihole and odd wheel constraints for the stable set problem (i.e. imposing valid low
pitch constraints for P on partial sums of x was sufficient to guarantee that x will satisfy

the odd hole, odd antihole and odd wheel constraints), as was shown in chapter 4.
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5.6 Breadth First Partitioning

The breadth first version of the algorithm represents essentially the same idea as the depth
first algorithm, but the expansions will be done in a different order. An important difference
between them, however, is that at a given level k, the breadth first algorithm may never
define the set P in terms of explicit intersections of sets Y or N, but only in terms of sets
Q@ and R. Thus it will be necessary to append constraints that relate the sets @ and R to
the sets Y and N. In any case this is something that ought to be done for the depth first
algorithm as well, as was noted earlier, and the methodology to be presented here can be
applied there as well. One other point to note is that the breadth first algorithm at level k

will only run in polynomial time if the terms my,...,tx(-) are all constants.
Breadth First Partitioning Algorithm, Level k£ > 1

Step 1 : Form the Matrix
Where P is as in Definition 5.13, form a matrix U with rows indexed by P and each

of the sets Ry, and Qg (including the sets Q;, . j, = My and append a row for

7;17--~’jh))’
each Q‘;;.} as well. Form a column for each of the sets

v=T{it g1, i dh b (i, 38 i gt {85 58 ) (5.623)

for all unordered collections of s ordered 2I"-tuples of positive integers (r = 1,...,s),
TP ) SR (L 3 (5.624)
with all 4, < mq(i7,...,50_1), do < tu(if,...,0_1,%,) for all 1 <" <k, and all s > 0 for

which the following conditions hold:

1. No ordered set {if,j{,...,i,j-},1 < r < s, is equal to any other ordered set
{/l:,ll‘t7j%""7i}{"’jﬁ}7 1 SUSS’ u#,r'

2. For each r,7' < s, r #1/,
{1, it = a1, i b= de = (5.625)

If s = 0 then the set defined by (5.623) is defined to be P, and the associated column

is denoted 2”. In general, the v’th column, where v is of the form (5.623), will be denoted .

Step 2 : Impose Constraints
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Each column thus corresponds to either P or to the pure intersection of () sets, Q¢ sets and
R sets that describes the sets of the form (5.623), as per Definition 5.15. For each column

¥ of the matrix, we will write
5Q(U) = {all indices {il,jl, Ce ilajl} : Qil,j1,~-~iz,jl

is an element of the intersection that describes v in Definition 5.15} (5.626)

and for v = P, define §¢(v) = (). Define §%°(v) in a similar fashion. The set 6%(v), however,

will be defined as follows:
6% (v) = {all indices {i1,j1,...51—1, 11,9} :

either R, jy,..i_yji_1,ii OF Some Qi ji...iy jy

is an element of the intersection that describes v in Definition 5.15} (5.627)
and these three sets together uniquely identify ». Similarly for each row @, . j, of the
matrix we will write

0°(Qir,t) = {in, i} (5.628)
Qi) = i, J1 - i1} (5.629)
89 Qi) =0 (5.630)
and for each row (Q, .. j,)¢ we will write
09 (Qi,)) = {ins i} (5.631)
5Q((Qi1,---7jl)c) =0= 5R((Qi1,---7jz)c) (5.632)
and for each row Ry, ;.. ; we will write
SP((Riy jy.iy) = {1, 1y it} (5.633)
0((Riy i) = 0 = 6 ((Riy j...n)- (5.634)
For each matrix entry w, v we associate the triple
(69 (w) U 6% (v), 69° (w) U 69 (v), 6% (w) U 67 (v). (5.635)

For any pair of matrix entries (w,v) and (w’,v’) such that

69 (w,v) C 69w, v"), 69 (w,v) C 69 (w',v"), 6% (w,v) C 6% (w',v) (5.636)
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write the constraint

Impose the constraint

For each column z¥ of U impose the constraints:
z¥ >0
Q4] + 2'[Q%4] = 2*[P), ¥Qy,
if f(ila s 7jh) = f(zh cee )jh) then

z'[Qiy,...5n] = 2°[Q5, ]

lf f(il, e 7jh) = j/ and f(gl,. .. ,3h) = j” then

2"(Qi,...in] = 21(Q5,,. 5,

267

(5.637)

(5.638)

(5.639)

(5.640)

(5.641)

(5.642)

We will relate the @ and R rows to each other via the following constraints. For each

column zv of U impose:

xv[P] < x”[Ril], il = 1,. BN 5]
(P> S a(Re] — (my — 1)a”[P]

i1=1

xv[Ril] > $U[Qi1,j1]7 V(ilaﬁ)

tl(il)

e’[Ry] < ) a¥1Qiy ], V(i 1)
Ji=1

xv[Qihjl] < Iv[Ril,jhiz]v v(il’jlvh)

ma(i1,J1
xv[Qihjl] >
i2=1

"L.U[Rilvjlv---vih} > xv[Qila---vth V(i1 Jn)

tr(-)

xv[Ri17j17---7ih] < Z xv[Qil,---,th (i1, ji, - -

Jjn=1

)
‘TU[Ril,]i,iz] - (mQ(il’jl) - 1)xv[P]7 v(ihjl)

(5.643)

(5.644)
(5.645)
(5.646)
(5.647)
(5.648)
(5.649)
(5.650)

(5.651)

The partitioning constraints are the same as they were for the depth first algorithm. O

Comments on the Breadth First Algorithm:
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e Observe that for each [ = 1,...,n, there must be some Y; or IV; in the set theoretic

expression that defines P (i.e. some f(i1,...,jn) € {I',"} so that My, is either

----- Jn)
Y; or N;) or else P can be equivalently recast in a lower dimension. Thus considering
that for each Qy.y set (including My.)), there is a row for both Q.; and Q‘E.}, without
loss of generality we can assume that there is a row for each Y;, [ = 1,...,n. There is
thus an entry 2[Y]] for each I = 1,...,n. As usual, each entry x°[q] of the matrix is
construed by the algorithm to be the value xz[vNgq] of a lifted vector = consistent with
some set function y on A, and the vector (z”[V3],...,2F[Y,]) = (x[Y{], ..., x[¥.F])
belongs to Conv(P) iff x can be chosen to be a measure on A with x[P] = 1. The
constraints imposed by the algorithm are all necessity conditions for this to in fact be
the case. (As with the depth first algorithm, we may equivalently think of the lifted
vector z as being consistent with a set function y on P and (zF[V3],...,2P[Y,]) =

(x[YL), - .-, x[Y,F]) belongs to Conv(P) iff ¥ can be chosen to be a probability measure
on P.)

e We defined a separate row for each set Q.. j, = M 7 and then asserted that

i1500r5n)
these rows must be equal for each i1,...,jp, and i1,...,J, for which f(i1,...,7) =
f(i1,...,7n). It would have been easier to simply define one row for each of the ele-
ments [ € {1',1”,...,n/,n"} for which some f(i1,...,jn) = . With such a construc-
tion (done carefully), constraint (5.637) would have also implied constraints (5.641)
and (5.642) directly. The algorithm is easier to describe, however, in the way that we

have written it.

e For all row entries w, the valid constraint z¥[w] < xf, which follows from the fact that

for every w, v entry of the matrix, v Nw C v = v N P, is implied by (5.637).
e Constraint (5.637) generalizes constraint (5.423)

e We have used the indices of the intersection described in Definition 5.15 to form the
0 sets, but we have not made the most efficient use of these indices. In particular

we have included indices for sets R, that are elements of the intersection

11,0158 —1,J1—1
even where @, j,...i,;, is also an element of the intersection, despite the fact that
Rijiyip i1 = Qiygi,iyjy- For example, where P = Ry N Ry N R3, the description

as per Definition 5.15 of T'({1,1},{2,1}) is
RoNRgN Q171 NRiNR3N Q271 (5.652)

which would yield
SR(T({1,1},{2,1}) = {1}, {2}, {3}. (5.653)
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But Ry O Q1,1 and Ry D Q21 so T'({1,1},{2,1}) can actually be written as

RsN Q11N Q2 (5.654)

which would yield

SH(T({1,1},{2,1}) = {3}. (5.655)
(We could also observe that the set T'({1,1},{2,1}) is an element of the partition
obtained by partitioning both R; and Rs as per Lemma 5.2, so in principle neither Ry
nor Ry needs to be included in the intersection.) We have moreover included indices

even of sets R;, j, .. that do not appear in the intersection at all, so long as

A1-1,J1-1
some set Qi j,...i,;, does. Our reason for doing this is to make explicit that every set

Qiujl,mil,jl can also be written as Qi17j17--~il’jl N Ri17j1,~~~izf1,j171'

e The sequence of constraints (5.643) - (5.651) follows from the fact that for every

w, v entry of the matrix, v Nw C P, and from the following rules, which hold for

all measures x and all measurable subsets {Si,...,S5;} of a measurable set Q with
X[ < oo
l
U -]>Xsh Vh=1,...,1 (5.656)
!
X SZ-] < x[Sh], Vh=1,...,1 (5.657)
i=1

zl: (5.658)

l

X |8 =

=1

l
|Us
YI; —(I=1)x[Q]. O (5.659)

It is easy to see that all of the constraints imposed by the algorithm are valid. We will

not be discussing this algorithm in detail, but here is an example to help concretize the ideas.

Example: Consider

2 2 2 2
=N U N U Meaisi) (5.660)
i1=1j1=149=1 jo=1
with
f(]‘? 17 17 1) = 1/7 f(17 17 172) = 3//7 f(17 1727 1) = 2/7 f(17 17272) = 5”7 (5661)
f(1,2,1,1) =1", f(1,2,1,2) =5, f(1,2,2,1) =2", f(1,2,2,2) =3", (5.662)

f(2,1,1,1) =4, £(2,1,1,2) =1", f(2,1,2,1) =3", f(2,1,2,2) =¥, (5.663)



Algorithms Driven by Set Theoretic Structure 270

f(2,2,1,1) =1/, £(2,2,1,2) =5, f(2,2,2,1) =4, f(2,2,2,2) =3" (5.664)
P=[((Y1UN;)N(Y2UNs)) U ((N1UY5)N (N2 UN3)) N (5.665)
[(YaUN1)N(N3UY5)) U ((YaUY5)N (YaU N3))l. (5.666)

The Q. and Ry sets are thus as follows:

By =((Y1UN3)N(Y2UN5)) U ((N1UY5) N (N2 UN3)) (5.667)
Ro= (YaUN)N(N3UYs)) U ((YiUYs)N (YaU Ng) (5.668)
Q1,1 = (Y1UN3)N (Y2 U N5) (5.669)

Q12 = (N1UY5)N (N2 U N3) (5.670)

Q21 = (YaUN1) N (N3UY5) (5.671)

Q22 = (Y1UY5)N (YaU N3) (5.672)
Ri110=Y1UN3 (5.673)

Ri12=Y2UN5s (5.674)

Ris1=N1UYj5 (5.675)

Ri22= Ny UN3 (5.676)

Ro11=Y,UN; (5.677)

Ry 12 = N3UYj5 (5.678)

Roo1=Y1UY5 (5.679)

Ro22=Y4UN3 (5.680)
Yi=0Q111,1=Q2211=(Q121,1) = (Q2,1,12)° (5.681)

Y2 = Q1121 = (Q1,2,21)° (5.682)

N3 =Q1112=0Q1222==0Q2121= Q2222 (5.683)
Yi=Q21,1,1=Q2221 (5.684)

Y5 = Q1212 = Q2122 = Q2212 = (Q1,1,22)° (5.685)

There is a row for each of the Ry, sets, and for each @y, there is a row for @ and

for ‘f.}. At level 1 of the algorithm there will be columns for each of the sets:

P, T({1,1}), T({1,2}), T({2,1}), T({2,2}), (5.686)
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T({1,1},{2,1}), T'({1,1},{2,2}), T'({1,2},{2,1}), T ({1,2},{2,2}). (5.687)

Here is an example of the 6% notation:
09T({1.1}) = {1,1} (5.688)
since T'({1,1}) = Ra N @Q1,1. Another example is
9T ({1,2},{2,2})) = {1,1},{2,2} (5.689)

since T'({1,2},{2,2}) = Ro N (Q1,1)° N Q12N Ry N (Q2,1)° N Q22. Note that the Ry and
Ry can actually be dropped from this intersection as Q1,1 € Ry and Q22 C Ry. As we
indicated in the comments, a different (more efficient) implementation of the algorithm
would recognize that T'({1,2},{2,2}) is an element of the partition formed when both Ry
and Ro are partitioned as per Lemma 5.2, and thus neither Ry nor Ry would be included
in the representation of T'({1,2},{2,2}) that is used to generate §’*. The approach that we

have taken in our implementation, however, is the reverse, and thus for example,

§f(Q11) = {1} (5.690)
and therefore
SH(T({1,1})) = {1}, {2}. (5.691)
Here are some examples of the §9° notation:
69 (Qa1, T({1,1})) = 0 (5.692)
09 (T({1,2},{2,2})) = {1,1},{2,1} (5.693)

We will now give two examples that illustrate how the various constraints work together.

Illustration 1: Note first that

TOD(Q] = XTI 21 N Q1) (5.604)

for a set function y consistent with x. But T'({1,2}) N Q1,1 = 0, so we would like to have
xT({l’Q})[Ql,l] = 0. We will now show how the algorithm constraints guarantee that this

will in fact be the case. Note that
39(Q5 1, T({1,2})) = 6%(P, T({1,2})) (5.695)

and

0™(Q 1, T({1,2})) = 6"(P, T({1,2})) (5.696)
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and since Q1 ; is an element of the intersection that defines 272D we also have
0U(QEL, T({1,21) = 6 (P, T({1,2}), (5.697)

Thus (5.637) implies that
2] = 2T P (5.698)

and this implies, by (5.640), that

2TAL2D[Q, 1] = 0. (5.699)

Illustration 2: As another example of how the constraints enforce set theoretic relation-
ships, consider

2T UW[Qs1] = X[R2 N Q11 N Q2] = X[Q1,1 N Q2,1] (5.700)

and consider

2"ID[Ry] = X[R1 N Q2,1 N Ry] = X[R1 N Qa1]. (5.701)

Thus since Q1,1 C Ry, if the set function x is to be measure, then we must have x[Q1,1 N

Q2,1] < x[R1 N Q2,1], and thus
T D[Qy] < TRy, (5.702)

The algorithm constraints ensure that this relationship holds since

09(Q2,1, T({1,1})) = {1,1},{2,1} 2 69(Ry, T({2,1})) (5.703)
0(Q21, T({1,1})) = {1}, {2} = 6" (R2, T({2,1})) (5.704)
89 (@21, T({1,1})) = 0 = 69° (R, T({2,1})) (5.705)

and thus inequality (5.702) follows from (5.637). It is interesting to note that even had
we defined §%(v) in the same fashion as 69(v) and 69°(v), i.e. only counting the indices
{i1.j1,... 41} of sets Ry, j, .4 that actually appear in the intersection that defined v in
Definition 5.15, the algorithm constraints would still be sufficient to establish (5.702). The

partitioning constraint

xT({l’l}) — xT({lvl}’{Q’l}) + xT({l’l}’{2’2}) (5706)

implies that
TALIN[Q, 1] = £TULIMZID [0y 1] 4+ 2TALIH22D(, | (5.707)
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and

TAHZ2 [0, 1] =0 (5.708)
by the reasoning used in Illustration 1. Thus

LT[, ] = 2TL21D[0, . (5.709)

Now even if §%(v) only includes the indices of the R sets that actually appear in the

intersection that defined v, we still have

Qa1 T({1,1},{2,1})) = {1}, {2} = 6%(Ry, T({2,1})) (5.710)
and, as above,
09 (Q21, T({1,1},{2,1})) = 0 = 69" (R2, T({2,1})) (5.711)
and
89(Qa1, T({1,1},{2,1})) = {1,1},{2,1} D 69(Ry, T({2,1})) (5.712)

and thus, as above, inequality (5.702) follows from (5.637). O

Again, as with the depth first partitioning algorithm, we could also describe complete
partitioning variants, but in this implementation we have in any case already taken care
not to ignore the Q¢ sets.

Our main objective in introducing this second algorithm is to show that there are po-
tentially many ways to partition, and we need not always partition down to intersections
of sets Y; and NNV;. Rather we can partition down to more complicated sets and then use
measure theortic constraints to relate these to measures of the sets Y;. The following chap-
ter will take this observation further by introducing some completely different partitioning

strategies.
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Chapter 6

Common Factor Algorithms

6.1 Introduction

The fundamental idea that makes partial summation (or disjunctive programming, for that
matter) useful is that subsets of the feasible region that are smaller and more highly struc-
tured may be easier to characterize than the feasible region as a whole. Thus if the entire
feasible region can be covered by such subsets then this better characterization of the indi-
vidual subsets may translate into a better characterization of the feasible region as a whole.
The algorithms described in the previous chapter partition P in a methodical manner that
will eventually characterize Conv(P) completely. The algorithm to be described in this
chapter also accomplishes this goal (though it is applicable only to a much narrower class
of sets P), but in a more interesting way.

In this chapter we will be dealing with sets P C {0,1}" of the form

P= ﬁ U M (6.1)

i=1jEA;
where A; C {1/,1”,...,n/,n"}, and for each I = 1,...,n, My =Y, ={y € {0,1}" : y; = 1}

and M;» = N; = Y. As was noted in the previous chapter, P can also be represented as
P={ye{0,1}":y(4;)>1,i=1,...,n} (6.2)

where we define y(A;) = > jea, Y; and where for each [ = 1,...,n we define yy = y; and
yr =1-y.

The basic idea underlying the algorithm to follow is to partition P into parts that make
the specific linear constraints that we are given most effective. Specifically, note that the
constraints of the form

y(A) >1,i=1,....,m (6.3)



Common Factor Algorithms 275

become maximally effective, in the sense that they are convex hull defining, when there is
no overlap between the index sets A; (we will prove this formally later). Speaking loosely,
one way to eliminate overlapping variables from a system of inequalities is to assign them
values. The algorithm will therefore consider the subsets of P defined by assigning partic-

ular 0,1 values to all overlapping variables for various subsets of the constraints.

Example: If P is the set of 0,1 solutions to the system of constraints

r1+xo+a3+ 26 > 1 (6.4)
To+x3+a4+a7>1 (6.5)
T3+ 14+ 25+ 36 > 1 (6.6)

then the overlapping variables for the first and second constraints are xo and z3. If we

assign the values, say, o = 0 and z3 = 0 then the system of constraints becomes

1 +a6 2> 1 (6.7)
e +ax72>1 (6.8)
T5+x6 > 1 (6.9)

The first and second constraints now have no overlapping variables, and obviously the set

of 0,1 integer solutions y € {0,1}" to this system (with yo = 0 = y3) is a subset of P. O

Note that the set of 0, 1 solutions to the modified system of constraints is a subset of P.
Thus if we can cover P with such sets, and if we can characterize the convex hulls of those
sets (a job that has become simpler due to the elimination of the overlapping variables of
at least some of the constraints), then by Theorem 5.28, we will obtain a characterization
of Conv(P) as well.

Obviously we cannot efficiently consider all possible 0,1 values that may be assigned
to the overlapping variables, but we will see that nice results can be obtained even if we
consider only the case where values of zero are assigned to the overlapping variables, and
then a limited number of other cases. We will identify two ways in which the remaining
cases can be handled efficiently. Perhaps the more interesting of the two arises from the
observation that for any pitch k& inequality (Definition 5.1), a’z > 3, the subset T C P
made up of all points for which & or more of the coordinates indexed by support(a) have

value 1, always satisfies that o’z > 3 for every y € T. This is a complicated set to describe,
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and the description that we gave is not “nice”, in the sense of “niceness” defined in the first
section of the previous chapter, but this will nevertheless prove to be a useful subset of P.

This algorithm, like the depth first partitioning algorithm of the previous chapter, will
also generate in polynomial time a relaxation of Conv(P) whose feasible points satisfy all
valid pitch k constraints for each fixed k. But this is not actually its most interesting feature,
as the depth first partitioning algorithm will accomplish this goal (generally) faster, and for
a much broader range of problems. This algorithm is interesting in that it takes advantage
of the specific behavior of the constraints so as to partition in a less obvious, somewhat
asymmetric fashion, and, in one of its versions, over more unusual sets. A consequence of
the new methodology will be a new termination criterion that is independent of the number
of variables and the number of constraints. Thus this algorithm can in principle terminate
with Conv(P) very quickly (in terms of m and n), which is something that cannot be said
for any of the other algorithms described until now. (Those other algorithms may obtain
the convex hull quickly, but they have no means of recognizing this. The Sherali-Adams
type algorithms will actually never terminate until they have described a complete spanning
set for A.) We will also see that this extra structure leads to some nice results if positive

semidefiniteness is to be enforced.

6.2 The Set Covering Case
We will consider first the set covering case, i.e.
m
P=) U M; (6.10)
i=1j4eA;C{1,1'...n",n""}
where there is no [ € {1,...,n} for which there are numbers i,h € {1,...,m} such that

I' ¢ A; and I” € A;,. By way of some changes of variables, we can equivalently express P in

this case as

P:(m] U v (6.11)

i=1jeA;C{L,...,n}
The general case
P = ﬁ U M; (6.12)
i=14eA;,C{1,1'....n",n"'}
for which we can have [ € {1,...,n} for which there are numbers i,h € {1,...,m} such
that I’ € A; and [ € Ay, will be considered later.
The following lemma, which states that where the sets 4; C {1,...,n} are mutually
disjoint, then the system of inequalities > ;c 4, 2; > 1, i =1,...,m is convex hull defining,

was proven earlier (Theorem 3.34), but is repeated here for convenience.
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Lemma 6.1 Consider
H={ye{0,1}":y(B;)>1, Vi=1,...,m} (6.13)

where Bi, ..., By are disjoint subsets of the index set {1,...,n}, and y(B;) = 3 cp, Yj»

i.e. there are no overlapping variables. Then where
H={xe[0,1]":2(B;)>1, Vi=1,...,m} (6.14)

we have

Conv(H)=H.O (6.15)

The following statement is a direct consequence of Lemma 6.1, but we will state it

explicitly for clarity.
Corollary 6.2 Let P C {0,1}™ be defined by
P={ye{0,1}":y(4;) >1,i=1,...,m} (6.16)

where A; is a subset of the index set {1,...,n}, and consider the strengthened subsystem
that is obtained by removing all overlapping variables from a particular size k subset of the

constraints indezed by some r = {r(1),...,r(k)} C{1,...,m},

Pr={ye{0,1}" 1 y(B,u) =1, i=1,...,k} (6.17)
where
Boy=4un- U Ay (6.18)
G=1,.k, i

and assume that all B,y # 0. Let aTx > 8 be any inequality that is valid for P". Then
any x € [0,1]" for which

1. x5 =0, Vj € Ay N Ay, for anyr,l € {1,... .k}, v #1, i.e. all of the overlapping

variables are set to zero

2. x(Ar(i))>17 1=1,...,k

also satisfies a’x > (. O

(Note that the expression “strengthened subsystem” as a description of P refers to the
fact that P is a strengthening of the subsystem described by the k constraints y(Ars)) =
1,i=1,...,k.)
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Thus any point = that belongs to the subset of [0,1]™ in which all of the overlapping
variables are set to zero, and that satisfies the constraints x(A4;) > 1, i = 1,..., m, will also
satisfy all constraints that are valid for the strengthened subsystem. Recall that if y is a
(signed) measure and v is a set, then the partial sum (signed) measure x" is the (signed)
measure for which x"[¢q] = x[vNg] for all sets ¢ on which the (signed) measure x is defined.
Observe now that for any = = (z[Y{"],...,2[Y,F]) € Conv(P), and any lifting of that = to

a (signed) measure, the partial sum of the lifted = defined with respect to the set

C(r) = N NP (6.19)

j:5 belongs to 2 distinct 4,
must satisfy z¢() [Yjp ] = 0 for every overlapping coordinate j (since z¢(") [YjP | =z[C(r)n

Y}'] = 2[0] = 0). Thus the constraint

2COY =0 (6.20)

is valid for each j such that j belongs to 2 distinct A, ;). Note also that the constraint

20 (4;) > 250 (6.21)
(where we have represented z¢(")[P] as mg (T)) is valid as well for each i = 1,...,m as all

constraints that are valid for x are valid for all partial sums of z too (Corollary 3.67).
Imposing (6.20) and (6.21) thus guarantees that for any valid constraint a’z > 3 on the
strengthened subsystem we will have aT2¢() > ﬁxoc(r).

We will now show that for any pitch k constraint, o’z > 3, that is valid for P,
there is some k or smaller sized subset of the constraints y(A4;) > 1, indexed by some
r(1),...,r(s), s <k, such that o’z > /3 is indeed valid for P". Imposing (6.20) and (6.21)

will thus guarantee that 2€(") will in fact satisfy the (homogenized) pitch k constraint

alzx > Bxy.

Theorem 6.3 Let P C {0,1}" be defined as in Corollary 6.2, let k > 0 and let o'z > 3,
a >0, with 0 < 7(a, B) < k, be an inequality that holds for all y € P. Then there exists

some subcollection

{Ar(l)a cee 7Ar()\)}a 0 < A < k (622)
such that where we define
By=4n- U Ay (6.23)
G=1,0N, ji
and
P*={ye{0,1}":y(B,)) =1, i=1,...,)\} (6.24)

we have
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1. A,y C support(a), i=1,...,A
2. By #0,i=1,...,\
3. alz > B is valid for P*

Proof: Consider first the case a’x > 3 where m(a,3) = 0. Let A = 0 and therefore
P~ ={0,1}". As a pitch zero constraint we must have 5 < 0, so since o > 0, alz > Bis
indeed valid for {0, 1}".

Assume now that the theorem holds for all valid constraints of pitch j, j < k—1 >0,
and consider a valid constraint o’z > B > 0 of pitch k. Note first that there must
be some A, C support(c), or else we could set y; = 0 for all j € support(a), and y; =1
everywhere else, and thereby satisfy every constraint and nevertheless have a’y = 0. Choose
A, C support(a) such that no A;, i € {1,...,m}, is a proper subset of 4,. Let v(1) € 4,
be the index of the minimum coefficient «; : j € A,. We will construct our strengthened

subsystem in three steps. First consider the collection
A% ={A; : A; C support(o)} (6.25)

and note that 4, € A%

Observe that al'z > 0 is valid for the system
{y €{0,1}" : y(A;) > 1,VA; € A%} (6.26)

(Otherwise there would be a y € {0,1}" that satisfies all constraints y(A;) > 1 for which
Aj € A%, but for which nevertheless aly < 3. Resetting all yj, J & support(a), to 1 will
maintain o’y < B and will guarantee that y satisfies the rest of the constraints as well,
which is a contradiction.)

First we will eliminate only those overlapping variables that are indexed by A, —{v(1)}.

For all A; € A* — {A,} define
Bj = A; — (Ao — {v(1)}) (6.27)

Observe that B; # () for any j since, by assumption, no 4; C A,. Clearly we must still

have that o’z > 3 is valid for the system
PY={y e {0,1}": y(A,) > 1,y(B;) > 1, Vjs.t. 4; € A* — {A4,}} (6.28)

as this is just a strengthening of the system (6.26) defined above.

Consider now the valid constraint

ale>p— Qry(1) (6.29)
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where @ is the same as a but with a,() reset to zero. By Lemma 5.33 we have 7(a, 8 —
(1)) < k—1. By induction there must therefore be a subcollection of {A,, Bj tj st Ay e
A* — {A,}} that satisfies the three conditions of the theorem. Thus there must be

Br(l),...,Br(,\), A<k-1 (6.30)
each of which is in support(a) (so this excludes A,), such that when we define
Bwy=Bw- U By (6.31)
J=lo, G
then no Br(i) is empty, and the constraint a’x > 3 — (1) is valid for the system defined
by the Br(i). This completes the second step; the third and final step, which is to append
on A, with all of its overlapping indices removed, follows now.

Consider the collection

A’!‘(l)? s ,Ar()\)a Ay (632)

and define B,.;) and B, as per the statement of the theorem. Condition (1) is satisfied for

this collection by construction, and clearly
Byiy=Bruy, i=1,...,) (6.33)

as the Er(i) have already had their indices that overlap with A, —{v(1)} removed, and they
never overlapped v(1). Moreover, v(1) € B,, so B, # (), so condition (2) is satisfied as well.
Suppose now that we are given an arbitrary y € {0,1}" that satisfies y(B,) > 1 and all
y(B,@)) = 1. Consider that we must have y; = 1 for some j € B,, that a; > a, (), and
that, since B, and all of the B, (; are disjoint, if we define y to be the same as y but with
yj = 0, then y still satisfies all B, ;) > 1. Thus, by induction,
a'y>B—ayn) = (6.34)
a'y=a"g+ayj=a"y+a; > B—a,n +ta; =40 (6.35)
Definition 6.4 Let k > 0. For every collection Fy, of k of the A;, define

C(Fp) = N NP (6.36)
j:j belongs to two distinct A;eF,

Thus C(Fy) is the subset of P in which all of the overlapping variables from the collection
of k constraints defined by Fy, are set to zero. If k < 2, then

C(Fy) = P (6.37)

i.e. the empty intersection is construed as P.
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Observe that each set A; can be thought of as representing a forbidden configuration in
the sense that no point of P can have all of its A; coordinates set to zero. In set theoretic

notation,

N NS =0. (6.38)

JEA;
The set C'(F) can be thought of as a kind of common factor of the forbidden configurations
Njea, N]P, A; € Fp, in the sense that for each A; € Fj, we have
C(F)N ()N =0 (6.39)
JEB;

Where Bz — AZ - Uj:Ajefk, ‘]752 Aj

Definition 6.5 Let k > 0. Define C, to be the collection of all expressions C(Fj), 0<5<
k, for which Fj = {A.1),---, Ay} is such that where we define
By =4Aw— U Aw (6.40)
h=1,...,j,h+i

then for alli=1,...,7,
B, # 0. (6.41)

Observe that technically this is not a collection of sets but rather of set theoretic expres-
sions, which can be represented by the index sets of the intersections. Thus one would not
double list sets with identical index sets for their intersections. For example C(0)) = P, and

C(A;) = P as well, but a listing of the members of, say, Co would not list P twice.

Example: Suppose that P is the set of points in {0,1}" that satisfies

1+ a9 +a3>1 (6.42)
1+ t+x4>1 (6.43)
T1+x3+a4>1 (6.44)
To+ w3+ x4 > 1. (6.45)

Then
Ay ={1,2,3}, As ={1,2,4}, A3 ={1,3,4}, Ay ={2,3,4} (6.46)

and

C(Fp)=P, Vk<2 (6.47)

C({A1, A}) = N n Ny (6.48)
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C({Ay,A3}) = NP n NP
C({A1,As}) = NP nNF
C({Ag,A3}) = N{ n N[
C({A2, As}) = Ny N Nf
C({As, Ad}) = N5 N Nf

and

C_2 = {P7 C({AlﬂAQ})7 C({A17A3})7 C({A17A4})7
C({Az2, A3}), C({A2, Ad}), C({As3, Ad})}.

But

C({A1, A2, A3}) = C({A1, A, Ay}) = C({A1, A3, Ay}) = C({Ag, A3, As}) =

N NN NP nNF

and

A —(AQUAg) =0=A — (AQUA4) =
A1 — <A3 UA4) = AQ — (Ag UA4)
and therefore
C3=Cy 0
Definition 6.6 For any expression of the form

C = N N

J
jEICL,.m}

define 6(C) C {1,...,n} to be the index set of the intersection, i.e.
o(C) = J.

We will also define §(P), corresponding to the empty intersection, as

282

(6.49)
(6.50)
(6.51)
(6.52)

(6.53)

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)

(6.63)

(Note that ¢ should not be confused with the 6%, §%, or §9° sets that were described in the

previous chapter. Those sets were also index sets, but they are not related to ¢.)

The following statement now follows from Theorem 6.3
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Corollary 6.7 For any valid constraint, o'z > (3 of pitch no more than k, there exists
some Cy € Cy, with §(Cy) C support(a), such that any (xo,z) € [0,z0]", (xo > 0), for
which

1. x; =0, Vj € 6(Cy)
2. x(A;) >z, i=1,...,m
also satisfies a’x > Bxg.

Proof: By Theorem 6.3, there exists a collection of A < k constraints, with index sets

Ar@), ©=1,..., X such that where we define

Boy=4n- U Ay (6.64)
G=1,00N, G
and
P ={y € {0,1}" : y(Byy)) > 1, i =1,..., A} (6.65)
we have

L. A € support(a), i=1,..., A
2. By #0, i =1,...,\
3. o'z > B is valid for P.

Thus where we write C' = C({A4,(1), ..., A, }), then C' € C;, and 5(C) C support(a). Thus
since there are no overlapping variables in the system of constraints that defines P%, any

x € [0, 1]™ for which
1. z; =0, Vj € §(C)
2. JZ(AT(Z)) > 1, 1= 1,...,/\

must satisfy a’z > 3. Thus if (zg,2) € [0,20]", (zo > 0) satisfies the conditions of the
corollary, then either xy = 0, in which case the corollary clearly holds, or if g > 0, then we

have o (x/x¢) > 3, which implies that o’z > Bxo. O

Thus so long as we impose the valid constraints
29" =0, Vjedcy) (6.66)

and

:L’Ck(Al-) > xock, i=1,...,m (6.67)



Common Factor Algorithms 284

for each C}, € Cp, then we will be guaranteed that for every constraint o’z > 3 with pitch

j < k, some zC* satisfies o 2% > ﬁz:ock.
Definition 6.8 For each C € Cy,, defined by

cC= () N/, (6.68)

for each r < |6(C)|, define C~"(C) to be the collection of all expressions
A N'n Y, (6.69)
jeJ’ jeJ”
for which J' U J" = 6(C), J NJ" =0, and for which |J"| = r, i.e. it is the collection of
sets that arise from negating (complementing) r of the elements of the intersection (6.68)

defining C'.

Define C;." as

¢;m = ¢ (6.70)
CeCy,

Obuviously, é,;o = Cg.

Let v > 0. For each C € Cy of the form (6.68), with |6(C)| > r + 1, define C~>" to be the
set of all points in P that fail to belong to r + 1 or more of the terms of the intersection

(6.68). Define C;.~" to be the collection {C~>" : C € Cy}.

As above, the collections C_k_ " and C_k_ “" would not be defined technically as collections
of sets, but rather as collections of the indices that define those sets. Observe also that

C~"(P) = for any r > 0.

Example: Where P is as in the example following Definition 6.5, so N{ N N& € Co,
then
CYUNINNDY={Y' nNE, NP YY) (6.71)
and
(NCNNP)Y ™ ={yeP:yy=1=yp}=YnYl. (6.72)

For a more instructive example of the C} “T sets, consider P defined as the set of 0,1
solutions to the system

T+ wo w3+ ws+ w5 > 1 (6.73)
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r1+xot+ a3+ a4 +ax6>1 (6.74)
1+ T2+ 23+ T5 + 16 > 1 (6.75)
T1+To+ x4+ 25 +F36 > 1 (6.76)
r1+x3t+ a4+ a5 +36>1 (6.77)
To+x3+ x4+ 25+ 736 > 1 (6.78)

Here the set Cy := N¥' N NS N N£ N NF belongs to Cz, and

(Cy)~>! = {y € P : 2 or more from among {y1, y2,y3,y4} have value 1} = (6.79)
Y nyy) u (v nysd) u (" ny/)u (6.80)
2" nyd) v (B ny) v (v nYl). o (6.81)

We have now established that for an arbitrary pitch j constraint, o’z > 3, j < k, so
long as we introduce partial sum vectors ¢ for each Cj, € C, and we constrain them by
(6.66) and (6.67), there will be some zC+ that satisfies aZz%% > Bz5*. We would like to
ensure that the full vector z also satisfies a’x > Bxy. But O} is only a small subset of P,
and recall that in order to ensure that z itself satisfies the constraint, we need to cover P
by subsets of P all of whose partial sum vectors satisfy the constraint. That is, in order to
guarantee that z satisfies o’z > Bz, we need a sequence of partial sum vectors z%', ..., z%

such that the sets ¢, ..., ¢ partition P, so that
t
x = Z z¥, (6.82)
i=1

and such that every z% satisfies o’z > fBzo.
Note now that P can indeed be partitioned by the subsets defined by all possible as-
signments of values to the overlapping variables. For example if the overlapping variables

are y1, y2 and ys, then P is partitioned by the eight subsets

YNy nyd (6.83)
Y nyyd nNF (6.84)
(6.85)

N NN NP (6.86)



Common Factor Algorithms 286

corresponding to the eight possible choices of values for y1, y2 and y5. We have shown that
for any valid pitch j constraint, o’z > 3, with j < k, there exists some subcollection of
A < j of the {4;} such that the partial sum vector corresponding to the subset C} € Cj
of P defined by a choice of 0 for each overlapping variable must satisfy a’z > Bxq. If we
can guarantee that every assignment of values to the overlapping variables will also yield a
partial sum vector that obeys the constraint, then we will indeed be able to conclude that
x also satisfies the constraint. But there are two problems. Firstly, if some overlapping
variables are assigned a value of 1, then this assignment yields a subset C' of P of the form

N N'n ) Y/ (6.87)

jes(C) JEA(C)

But instead of constraints of the form (6.66), this assignment will yield constraints

zf =0, jedC) (6.88)

a§ =, jeAQ), (6.89)

and there is no guarantee that constraints (6.67) together with constraints (6.88) and (6.89)
will also be sufficient to ensure that a?z¢ > ﬂmg . A second problem is that there may be
too many assignments of values to consider.

Considering the second problem first, observe that we need not consider every assign-
ment explicitly. For any subset C' of P defined by an assignment of k or more values of 1

to overlapping variables, the constraint
29(8(Cy)) > kaf (6.90)

(where Cy, is as above) is valid. One way to see this is to note that if « can be lifted to

¢ is a nonnegative linear combination of the (projected) zeta

a measure, the partial sum z
vectors of the points (the atoms, to be precise) that belong to C, all of which have k or
more 1’s among their §(C;) coordinates. (Another way to see the validity of (6.90) is to note
that a partial sum of a P-measure with respect to a set C C P is itself a measure on the
subset algebra of C'. Thus if x is to be P-measure consistent, then the partial sum vector
x¢ (for which each ¢’th coordinate has value x[C' N q] as per the lifted vector z), must be

consistent with a measure on the subset algebra of C. Thus where 2 refers to the vector

(€Y, ..., 2CY,F]), and 2§ = 2€[P], it must be that either z§' = 0 or else the vector
L ¢c_ 1, cnp Cry P 1 c c

is consistent with a probability measure on the subset algebra of C, and must therefore

belong to Conv(C). In either case, for all constraints /& > w, v > 0 that are valid for C
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we must have 472¢ > wxoc, and clearly as every point in C has k£ or more 1’s among its
§(C;) coordinates, the constraint z(6(C)) > k is valid for C.)
As (6.90) holds for every subset C' defined by an assignment of k or more values of 1 to
overlapping variables, it must also hold for the union of these sets, namely Ck> =1 e
1 _ >k—1
2O B(CR)) > ke (6.92)
and the following lemma will show that (6.92) implies that
— >k—1
aTzCe" > fryt . (6.93)
Lemma 6.9 Given any inequality o’z > 3, with w(a, 3) < k, then any vector (zg,x) €
[0, 20]" ! that satisfies

x(support(«)) > kxg (6.94)

also satisfies a’x > Bxg. In particular, for any intersection C of terms of the form Nj,
such that 6(C) C support(c), any vector (zg,z) € [0,20]"! that satisfies z(6(C)) > kg

also satisfies a’x > Bxg.
Proof: Arrange the coordinates of « so that
0<ap<ay<--- < A support(a)|» ¥j = 0, Vj > ISUPPOW(Q)‘ (695)

If 29 = 0 then the lemma is obvious, so suppose zg > 0. Since z(support(a)) > kxo (so
that |support(a)| > k), and since the «; are increasing (j < |support(«)|), where we define

the vector £ by &; = xg, ¢ =1,...,k, and &; =0, ¢ > k, it must be that

alz>ali. (6.96)
But
k
oli = Z a;xg > P (6.97)
j=1

by the definition of pitch k£ constraints. O

It is therefore not necessary to consider all of the exponentially many possible assignment
of values to the overlapping variables, we need only consider assignments with fewer than
k values of 1, and the subset C'k> k=1 The plan therefore is to decompose the vector z
into the sum of partial sum vectors corresponding to the subsets defined by assignments
of fewer than k values of 1 to the overlapping variables, and the vector 26" We have

now seen how to ensure that the partial sum vector 2%, corresponding to the assignment
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C>k—1 .
k can both be guaranteed to satisfy

of all zeroes, as well as the partial sum vector x
aTz > Brg. Tt remains to show how to guarantee that partial sum vectors ¢, where C' is
the subset defined by an assignment of more than zero but less than k 1’s to the overlapping
variables, will also satisfy the constraint.

Note first that the case for which all of the overlapping variables are assigned value zero
is in a sense the hardest case scenario for satisfying o’z > 3. If some of the overlapping
variables are known to have value 1, then since all of the overlapping variables are in
support(a), to establish a’z > 3 we need only establish a weaker inequality. For example
if 1 =1 and a; > 0 then we need only establish a’z > 8 — aj, where @ is «, but with
the first coordinate replaced by zero, and we have seen this already (Lemma 5.33) to be a
constraint of lower pitch. Thus where, say C is the subset of P defined by an assignment of

value 1 to exactly one of the overlapping variables, say ys3, then after we impose the valid

constraint

23] = xff (6.98)

if we assume that € satisfies all valid pitch k — 1 constraints on P, it will follow that z€
satisfies a’'x > Bzg as well.

In particular, since the pitch 1 inequalities are all dominated by the m constraints
z(A;)) > 1,i=1,...,m, if k = 2 then we only need require the partial sum vectors ¢,
where C' is the subset defined by an assignment of exactly one value of 1 to an overlapping
variable, to satisfy the constraints € (A;) > x§ (in addition to the constraints of the form

(6.98)) in order to guarantee that x¢ satisfies the pitch 2 constraint o’z > Bxg.

Example: Consider P defined as the set of 0,1 solutions to the system

r1+xot+a3+ag+ax5>1 (6.99)
T1+ 2o+ 23+ x4+ 26 > 1 (6.100)
T1+ o+ a3+ x5 +16 > 1 (6.101)
T1+ T2+ x4+ 5+ 36 > 1 (6.102)
1+ T3+ x4+ 25+ 36 > 1 (6.103)
To+ X3+ x4+ x5+ 16 > 1 (6.104)

and observe that the pitch 2 inequality

6
> =2 (6.105)
j=1
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is valid for P. Consider now the following subset Cy € Cy obtained by taking the “common

factor” of the “forbidden configurations” defined by the first two constraints:
NN NP NP ANE. (6.106)

Form partial sum vectors for Cy and for C; ! and for each of the sets

Cy' (1) =Y N n NP NN (6.107)
Cy1(2) = N nY nNPn NS (6.108)
Cy'3):=N'nN’nyf n NS (6.109)
Cy'4) = N'n NP NP nYL. (6.110)

Impose the partitioning constraints

r=a0 420 042G 0 4 507G 4 G 4 0 (6.111)
-1 1 1 1 —>1
N NN S RN R ORI (6.112)

and the valid constraints (where the coordinate x; is understood to mean z[Y}])

29 =252 = 2§ =252 =0 (6.113)

xlc;@) = xocgl(l), and xgcgl(l) = x3c;1(1) = «ngl(l) =0 (6.114)
xgj;l(z) _ xg;(z)’ and xffl@ _ xg;%z) _ xf;%z) _ (6.115)
:vgcz_l@) = x§51(3), and xfz_l(?’) = :cfz_l(?’) = xfz_l(?’) =0 (6.116)
25 m(():;l(zn’ and 27 @) = ;0" _ x§;1<4> _ (6.117)
fofﬂ > 9,0 (6.118)

and impose the valid constraints

T1+ T2 +x3 + T4 + T5 > T
T1 + T2+ 23+ T4+ T > To

xr1+ 22+ 23+ 25+ 2 > X0

(6.119)

(6.120)

(6.121)

1+ 22+ x4+ 25 + T6 2> To (6.122)
L1+ T3+ T4 + 25 + L6 > o (6.123)
(6.124)

T2 + T3 + x4 + T5 + Te > To
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on all partial sum vectors.

Putting together (6.119), (6.120) and (6.113) we can see that z¢? satisfies
6
> x> 2. (6.125)
j=1

Putting together (6.124) and (6.114) we can see that 202 (D gatisfies (6.125). Similarly,
putting together (6.123) and (6.115) we can see that 202 @ gatisfies (6.125), and simi-
larly (6.122) and (6.116) imply that 202 ) satisfies (6.125), and (6.121) and (6.117) imply
that 2C2 4 satisfies (6.125). By (6.118), the partial sum 202" also satisfies (6.125), and
thus the partitioning constraints (6.111) and (6.112) imply that x satisfies (6.125) as well. O

If £ = 3, however, then where C is the subset defined by an assignment of exactly one
value of 1 to the overlapping variables, we need a way to guarantee that ¢ will satisfy the
pitch 2 constraints. But we now know how this may be accomplished: for each Cy € Cs,
partition C' itself into sets of the form C N Cy, C'N Cz_l, and C' N CQ_>1 (where the sets
Cyt € C71(Cy)), and follow the procedure outlined above. Clearly this methodology can be
repeated in polynomial time for all fixed integers k, and this methodology forms the essence
of the algorithm to which we will refer as “Version 1” of the “Common Factor Algorithm?”.

Another methodology for partitioning P — C%, is to do so in the same manner as the

algorithms of the previous chapter, i.e. where we write

t
Ce=) Nf(’j), then (6.126)
j=1
disjoint j—1
P-Cy,= | (Yv@) alf Nf(i)) : (6.127)
j=1,...t i=1

Again the inequality a”

x > [ reduces to a lower pitch inequality on each set YJ(Dj) N

g;ll N &i), implying an inductive technique. The algorithm that arises from this method-
ology will be referred to as “Version 2” of the “Common Factor Algorithm?”.

Before we describe the algorithms formally, we will first generalize the results of this

section, which dealt exclusively with set-covering type problems, to the general case.

6.3 The General Case

Definition 6.10 In line with the notation of the previous chapter, for eachl=1,...,n we

will write Mﬁ) =Y7F, Mﬁ = NZP. We will also define (somewhat asymmetrically)

N = (M[)e, foreachje {11, .. ,n' ,n"} (6.128)
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so that NII/D = Nlp, and Nlﬁtf = YlP, foralll=1,...,n.

The results of the previous section depended heavily on the fact that where P is defined
as

m
P=NUY, A4c{l,....n},i=1....m (6.129)
i=1j€A;

the valid pitch 1 constraints on P are all dominated by the constraints x(A;) > 1. For the

general case

P = ﬁ U M; (6.130)

i=1j€A;

where
A; C {1/7 1H> s ,n',n" , and My =Y, My =Ny, 1=1,...,n (6131)

this does not necessarily hold. Nevertheless there are two fairly straightforward ways to
apply the methodology used for set covering in the previous section to the general problem.

Recall first that for the general problem, P can be equivalently defined as,
P={ye{0,1}":y(A)>1,i=1,...,n} (6.132)

where y(A;) = > ;ca, ¥j, and yp = y;, and yp» = 1 — ;. The forbidden configurations that

define this problem are

N N°n () ¥W= N (6.133)
LleA; L:"eA; JEA;

(ie. for each i = 1...,m, the set of points that violates y(4;) > 1 is (;c4, V;). Recall also

that P can be equivalently expressed as

_P = {(y1,7y1//7"‘7yn/7yn”) c {071}271 .

y(Az) >Li=1,....om, yp+yr =1, 1= 1,...,72} (6134)
which, where for each j € {1/,1”,...,n/,n"} we write
V/={yePC{0,1}*":y; =1}, Nj={yePC{0,1}*":y; =0}, (6.135)

is defined by the forbidden configurations

ﬂ N]/7 ’L.Zl,...,m, and YliﬂYlf/, Nl,/le///, lzl,...,n. (6136)
JEA;

The most obvious option is to apply the set covering technique to the relaxation

P ={y=(y1r,y17, - Ynt,ynr) € {0,1}*":
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y(Al) Z]., i:l,...,m, Y + Yy > 17 l:17”_’n (6137)

instead. (We could then strengthen the relaxation by demanding x; + z;» = 1 from each
of the vectors produced by applying the technique; we will see the details later.) This

relaxation is of the set covering form, and is defined by the forbidden configurations

ﬂ N]P/ (paralleling the original f.c.’s), and N} NN}, 1=1,...,n. (6.138)
JEA;
These m + n forbidden configurations will then be used to produce the collections Cj of
“common factors”, and the algorithm will proceed as in the previous section. (Observe
that the essential characterization of the set covering case is the fact that its forbidden
configurations are all intersections of “no’s”, i.e. sets of the form NZP , Le{l,...,n}. This

“yeses” in the general problem as “no’s”.)

is why we have chosen to recast the
The methodology that we will be using, however, is slightly different. We will see that
it suffices to make use of just the original m forbidden configurations ;¢ 4, N jP " in forming
the collections of “common factors” Cr. We will see, however, that it will be necessary to
relax slightly the definition of the collections Cj.
Note first that the fundamental observation that the removal of overlapping variables
leaves convex hull defining constraints applies to the general problem as well. We will give

here a direct proof of this result for P. The statement will hold for P’ as well, but that will

not directly concern us.

Lemma 6.11 Consider

H={yec{0,1}*":
y(Bi)>1, Yi=1,....m, yp+yp =1, Vi=1,...,n} (6.139)
where the index sets B; are mutually disjoint, and |B; N {l',1"}| <1 for each 1 < i < m and

1 <l <mn. Then where
H={zc[0,1]*:

3:'(B’L> > 1, Vi = 1,...,m, Xy +1’l// = 17 V] = 1’.__7n} (6140)

we have

Conv(H) = H. (6.141)

Proof: Let z* be any extreme point of H. Form an undirected bipartite graph G with
vertex set

{uj: 5=1,...,n} U {v;:i=1,...,m} (6.142)
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and with an edge {u;,v;} for each j,¢ such that either
j'€ B; and 3 >0 (6.143)

or

j" € B; and zj, > 0. (6.144)

Note that, by assumption, we can never have both j € B; and j” € B;. Note also that each
node u; has degree of either 0, 1 or 2, and each node v; has positive degree. Note also that
the degree of a node w; is 2 if and only if 0 <z}, <1 and 0 <z}, <1, and that the degree
of a node v; is 1, with a single edge {u;, v;} incident if and only if either j' € B; and 27, =1
or j" € B; and a7}, = 1.

Consider now any subpath in G of the form
Uy, V1, u2,v2,u3 (6145)

and assume without loss of generality that 1” € By, 2’ € By, 2" € By, and that 3’ € By. It
must be that 0 < 23, < 1 and 0 < 23, < 1. Assume first that z], = 1 = x5,. Then where

we define the vectors z! and 22 to be the same as * but with
xy =z —eand xd, = xh + ¢ (6.146)

and
x3 = +eand x5, = 1k — ¢ (6.147)
for some sufficiently small € > 0, it is clear that ! and x? will both belong to H. But
¥ = %xl + %azQ, which contradicts the assumption that z* is an extreme point of H.
Assume now that z;» < 1 and xg = 1, then where 2! and z? are as above, but with
x%,, =z}, + € and a:%,, = x], — €, then we still have 2t 2? € H and z* = %xl + %x2. The
case for 17 = 1 and x3 < 1 is similar. For the case z1» < 1 and z3 < 1 we will also let
:L'%)/ = x5 —€and :U%, = x3 + € to again obtain the same contradiction.
Thus G can contain no subpath of the form (6.145). It is easy to see that the same
contradiction is obtained if w3 were replaced by u;, so this implies that G can contain no

cycles either. Note also that G cannot contain any path
V1, U, Vg O U1, U2, Vg, U3 (6.148)

since we would have to have in that case (again assuming 2’ € By, 2" € By) both xo = 1
(since v; is a leaf node) and xzo < 1 (since degree(ug) = 2). Thus the only paths that

can exist in G are those that either consist of a single edge of the form {w;,v;}, or which
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consist of exactly two edges, and are of the form uy, v1, us. In the former case we must have
x]» = 1. For the latter case it is easy to see that we must have x7, = x5 = 1 or else we
could again break up z* into a sum %ml + %.I'Q where 2!, 22 € H.

We conclude that every extreme point z* of H is integral, and thus actually belongs to

H. This proves the lemma. O

The following statement, which is an analog of Corollary 6.2, follows directly from

Lemma 6.11, but is stated explicitly for clarity.
Corollary 6.12 Let P C {0,1}?" be defined by
P={ye{0,1}*:y(A)>1,i=1,....m, yp+yw=1,1=1,...,n} (6.149)

and consider the strengthened subsystem that is obtained by removing all overlapping vari-

ables from a particular size k subset of the constraints
P={ye{0,1}*":y(B,i) =1, i=1,... .k y+yr=11=1,...,n}} (6.150)

where

Bo=4n- U Ay (6.151)
G=1,..k, j#i

and where we define y(()) = 0. Let o’z > 3 be any inequality that is valid for P, then any
x €[0,1]?" for which

Loy +xp=11=1,...,n
2. xj =0, for all j that belong to two distinct Ar(i)

3 Sy =1 i=1,.k

r(%

also satisfies o’z > 3. O

Note that, as in the previous section, where C' is the common factor of the forbidden

configurations defined by A,(1y,..., Ay, e

C = N NP (6.152)
j:j belongs to 2 distinct 4,
then z¢ can be validly constrained by all three of the enumerated conditions of Corollary

c

6.12. Thus by Corollary 6.12, so long as we have imposed these constraints on 2%, we will

guaranteed that ¢ will satisfy a”xz > Sz for every inequality o’z > 3 that is valid for
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P. Now we will not be able to show that every valid pitch k constraint for P, ofz > 3,
is valid for some strengthened subsystem P defined by no more than k of the constraints
(which would prove that z¢, where C is the common factor induced by those constraints,
satisfies ax® > Bx§). But we will show that every valid pitch k constraint for P’ (which
is also valid for P), as defined in (6.137), is indeed valid for some strengthened subsystem
P defined by no more than k of the constraints.

The following theorem is an analog of a weaker version of Theorem 6.3.

Theorem 6.13 Let P be as in (6.184); let P’ be as in (6.187), and let Tz > 3, a > 0,
with w(a, B) = k > 0, be an inequality that holds for all y € P'. Then there exists some
(possibly empty) subcollection

{AT(1)7 s 7AT(/\)}7 0< A<k (6153)
such that where we define
Boy=4n- U 4y (6.154)
G=1,0N, i

and
PY={ye{0,1}*" :y(B,y) =1, i=1,...,\, y+yr=11=1,...,n}  (6.155)

(P ={yef{0,1}*" :y(B,sy) =1, i=1,....A, y+ywr>11=1,...,n} (6.156)
we have
1. A,y € support(a), i=1,..., A

2. aT'z > B3 is valid for (P")®, and therefore for P* as well.

Note that y(()) = 0, so that if for some i € {1,...,A}, B, =0, then (P)* = 0.

Proof: First consider the collection
A% ={i: A; C support(a)}. (6.157)
Observe that o’z > 3 is valid for the system
(P ={y e {0,1}>" :y(A) > 1,Vi € A%, yy +yw >1, 1=1,...,n}. (6.158)

(Otherwise there would be a y € {0,1}?" that satisfies all constraints 3 + y;» > 1 and

all constraints y(A4;) > 1 for which A; has elements only from support(a), but for which
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nevertheless o’y < B. Resetting all y;, j & support(a), to 1 will maintain o’y < 3 and
will guarantee that y satisfies the rest of the constraints as well, which is a contradiction.)

Suppose first that |A%| < k. Then for all i € A% define

Bi=A—- |J 4 (6.159)
jeA>—{i}

and
(P)° = {y e 0,11 y(B) > L, Vie A% gty >1 I=1,..on}.  (6.160)

Note that (P')® is just a strengthening of (P')* and therefore every point of (P’)* must
satisfy o’z > 3 as well. (If for some i € A%, B; = () then (P')® = (), and so the constraint
oz > B3 is certainly valid for (P')®.)

Suppose now that |A%| > k. Consider any size k subset A* c A and for all i € A®
define

Bi=Ai—- |J 4 (6.161)
jeAa—{i}

and
(P> ={y€{0,1}* 1 y(B;)) > 1, Vie A% yy+yw>11=1,...,n} (6.162)

Again, if there is an i € A® for which B; = @ then (P')* = (), and the constraint o’z > 3

is valid for (P’)®. So assume that there is no such i. Thus every y € (P')® satisfies
y(B;) > 1, Vi e A (6.163)

But since there are k such constraints, and all B; are disjoint and nonempty, there must be
at least £ coordinates j for which y; = 1 and so we must have aTy > 3 by the definition of

pitch k£ constraints. O

The following definition is an analog of a relaxed version of the definition of the common

factors given in Definition 6.5.

Definition 6.14 Where F. is a collection of k sets A; C {1',1”,....n',n"}, for some
k>0, define C(Fi) by

C(Fp) = N NP (6.164)

j:j belongs to two distinct A;eF,

Define Cy to be the collection of all expressions C(F;), j < k, where the collection F; =
{Arq), -+, Ar(jy} is a size j subcollection of {A1, ..., Ap}.
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The definition of the sets C~"(C), C~>", C;;" and C;;~" is parallel to that given in Def-

mation 6.8.

As in Definition 6.4, if Fj is such that {j : j belongs to two distinct A; € Fr} = (), then

C(Fr) = P.

In the discussions to follow it will usually be most convenient to describe intersections

of sets Y} and N/ as intersections of sets NJP, je {1, 17 ...,n/,n"}, and this is what

motivates the following definition:

Definition 6.15 For any expression of the form

C = N NP

J
JEJC{U 170! "}

define §(C) C {1, 1”,...,n',n"} to be the index set of the intersection, i.e.

and define

For any j € {1',1”,...,n/,n"}, define
A . ifj=10
j: /ij 5 l:].,...,n.
U:ifj=1"
If the expression C is of the form
- NN Y
jeJ jeJ
then we will define
S(C)=JuU{j:jeJ}

reflecting the fact that
_ P P
C=(N/n ] N/
jed jyed

For example

S(INU N NL nYd nyd) ={1,2",6",9}.

(6.165)

(6.166)

(6.167)

(6.168)

(6.169)

(6.170)

(6.171)

(6.172)
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It now follows from Theorem 6.13 that for any pitch k constraint, o’z > (3, that is valid
for P’, there is in fact a strengthened subsystem P® defined by A < k of the A;, for which the
constraint oz > /3 is valid as well, and moreover each of those A; is a subset of support(c).
Thus where C' is the common factor of those A;, then C € Ci, §(C) C support(a), and by
Corollary 6.12, any vector z € {0,1}?" for which xy +zp =1, [ =1,...,n, xj = 0 for
all j € §(C), and for which z(A;) > 1, i = 1,...,m (this last condition is actually more
than we need) must also satisfy o’z > 3. We will now state this formally as a corollary to

Theorem 6.13.

Corollary 6.16 For any pitch k constraint, ofx > 8, that is valid for P', there exists
some Cy € Ci,, with §(Cy) C support(a), such that any (xo,z) € [0,20)*" L, (xg > 0), for
which

1. xp+xp =20, l=1,...,m

2. 2; =0, Vj €6(Cy)

3. x(A;) >z, i=1,...,m
also satisfies o’z > frg. O

As we noted above, where «, 8 and C} are as in Corollary 6.16, then xk,c can be validly

constrained by all three of the corollary’s conditions, and this will then guarantee that

alzCk > ﬁxoc’“.

We are now in a position to apply the algorithms outlined in the previous section to the

general problem, and we will do this formally in the following section.

6.4 The Algorithms

6.4.1 Version 1

As with the algorithms of the previous chapter, the original vector (x1,...,x,) € R™ that

we seek to ensure belongs to Conv(P) will be construed as the n values (z[Y{], ..., z[V,F])
for some set function « on P, and (z1,...,zy,) € Conv(P) if and only if that set function can
be chosen to be a probability measure. We will lift the original vector (z[Y{"],...,z[V;F])

by creating new variables for set function values on additional sets z[q], ¢ € P, and we will
place constraints on these new values arising from the requirement that the set function x

be a probablity measure on P. Recall also that where V € P, the partial sum z" is the
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set function on P such that 2" [q] = 2[V N ¢] for each ¢ € P, so that defining appropriate
variables z[qg N V] can allow us to describe (projections of) the partial sum vector 2V as
well.

The basic theme of this algorithm in particular is to partition sets V' C P into sets of
the form V' N C where C' is a set from C; " or ;. ~" for some k and r. Given such partitions
we will write the partial sum vector ="', which will have coordinates for each of the sets
{P,M JP } (among others), as the sum of partial sum vectors 2V,

We will want to ensure that where V is an intersection of sets of the form NJP , (5 €

{1,17,...,n/,n"}), and we write xV[MJP] as x;/ and zV[P] as @y, that

Loy =0, Vjed(V) (since VAN =V = VM =0 for those j)

2. 2V(A) >y, i=1,....m

as these relationships are essential to the theorems of the previous sections. These equal-
ities can be simply enforced directly, but we will obtain them instead from more general
relationships.

The algorithm will successively partition and subpartition P. As is suggested by the
general description of the algorithm in Section 6.2, in order to ensure that pitch k constraints
are satisfied, it will be necessary for elements of these partitions to satisfy certain lower pitch

constraints. Given a partition element of the form
- —Tk— -y -7 —Tk— —Tj+1 —>r;
G, NnC i NG or CF NG, NNy NG T (6.173)

the following function will be used to determine what pitch constraints the associated partial

sum will be required to satisfy.

Definition 6.17 Let k > 1. For each j < k+1, and every k—j+1-tuple, (1, 7k—1,...,7j)

of positive integers, define
k
f(kvrkv'”arj) :k_zrt- (6174)
t=j

Where j = k + 1, then we write
flk) =k. (6.175)

Given k — j positive integers, 1y, ...,rj+1, (j < k), such that f(k,ry,...,7j41) > 2, define

f(kyrg, .. irj41,0) = L. (6.176)
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At the k’th “level” of the algorithm, given j < k + 1, an ordered collection of numbers

r={rj,...,r}, and a set v of the form,
v=CnC i n-ney (6.177)

with each C, ™ e C, ", the quantity f(k,r,...,r;) will identify the pitch of the valid
constraints that the partial sum vector z¥ will be guaranteed by the algorithm to satisfy.
Where j = k + 1, so that » = (), then the set v is the empty intersection, which we will
construe to be P. The vector ¥ will therefore be guaranteed by the algorithm at level k to
satisfy all valid constraints of pitch < k. The algorithm will also define vectors of the form
zv, for
v=C N NGt NG T (6.178)
but these vectors will never be required to satisfy any more than the pitch 1 constraints.
In the course of describing and analyzing the algorithm we will want to make reference
to the pitch of the constraints that partial sums ¥, where v is of the form (6.177) or (6.178),
will be required to satisfy. In other words, we would like a terminology that will refer to

the “f value” of sets. We therefore suggest the following definition.

Definition 6.18 Let k > 1. Given j < k + 1, given rj, ...,y for which f(k,ry,...,7;) is
defined, and given a collection of k — j+ 1 sets C; " € C; ", i = j,...,k, then where

v=C N N nCy, (6.179)

we will write
f(k,v) = f(k,rk,...,75) (6.180)

as a shorthand. Similarly, if C; € Cj, C; " €C, ", i =j5+1,...,k, and

v=C N N et NG T (6.181)

then we will write
fk,v) = f(k,rk,...,75) (6.182)

as a shorthand.

Observe that the intersection C,. "™ N C,:'fl N---N C’j_ "7 is itself an intersection of sets

of the form YjP and NJP. So

sC NG nnCy) (6.183)
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is the index set of that intersection (when that intersection is reexpressed as an intersection
of sets NJP alone, as per Definition 6.15). It should be noticed, however, that a set of the

form

c= () NS (6.184)

Jj€4(0)

might have more than one representation of the form (6.177). In this case the algorithm
will form a vector for each representation and it may pose different requirements for the
pitch of the constraints that the vectors need to satisfy. (A more efficient implementation
of the algorithm would avoid this duplication, but for ease of presentation we will allow it.)
Thus — and this is implicit in Definition 6.18 — the expression f(k,v) is not well-defined
if v is given merely as ﬂjeé(v) NJP . It is only well-defined where we are given the values
Tj,..., Tk in the expression (6.177). Similarly, where v is of the form (6.178), the expression

f(k,v) is only well-defined where we are given the values 7, ..., ry in the expression (6.178).

Observe also that for every set of the form
— —Tp_ —T; —>T;
C,*nC Tt n---nCLit NG, (6.185)
while this is not an intersection of sets of the form YjP and N jP , every point y that belongs

to this set must satisfy

ye N/, VjesC,mnC i N nC. (6.186)
This suggests the following definition.
Definition 6.19

5(Ck—rk N Ck—jli—l A---N C;_:f-l N Cj—>7’j) = 5<Ck—7’k a Ck_jli—l NnN---N C;Zi*-l) (6187)

Algorithm at Level k£ > 1:
Step 1 : Form the Matrix

Let P be as in (6.130). Form a matrix U as follows. Let the rows of U be indexed by

the sets P, Ylp Yo ,YnP , Nf e Nf , the elements of Co, and the forbidden configurations
N, i=1,....m (6.188)
JEA;

The columns of U will be of the following two types.
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1. U has a column for each collection of k — j + 1 sets, C; "*, i = j,..., k such that

(a) j<k+1
(b) f(k,rg,...,r;) is defined, and 1 < f(k,rg,...,7rj) < k

(c) for eachi=4j,...,k, C;" € C7"(C}), for some C; € C;, satisfying
5(Cy) £ 5(Coa) # - £ 5(Ch) and 5(Cy) £ 0. (6.189)

2. U has a column for each collection of k — j + 1 sets, C]-_>Tj, Cli=j+1,...,k
such that

(a) j<k
(b) rj,...,m >0and f(k,rg,...,r;) =1
(c) Cj €Cj, |6(C;)| > rj, and for each i = j +1,...,k, C;"" € C""(C;), for some
C; € C; such that the sets Cy, ..., C}, satisfy (6.189).
The columns of type (1) will correspond to the sets
v=C N N ney (6.190)
and the columns of type (2) will correspond to the sets
v=Cr N N ne T e . (6.191)

As a shorthand, a column of type (1) may be identified as the “v’th column” of the
matrix, where v is the set of the form (6.190) obtained by intersecting the elements of the
k — 7 + 1 member collection of sets that corresponds to that column, i.e. we may refer to
the C,,"™ N C,:'fl N---N Cj_rj column of the matrix. When we refer, however, to the
v=CL™ N C’]:_Tlfl n---N Cj_rj column, it should be understood that we are identifying the
column not merely by the set ;s NJP (which may not identify the column uniquely),
but by the stated selection of 75, ..., 7y, and of sets C;j ..., C;F (and the implied selection

of j). Thus as an additional shorthand (as per Definition 6.18), we will use the notation

f(k,v) (6.192)
with reference to the “v’th column of the matrix” to refer to the quantity f(k,rg,...,r;),
for the selection of integers r;, ..., corresponding to the representation (6.190) of v.

Similarly a column of type (2) may be identified as the “v’th column” of the ma-

trix, where v is the set of the form (6.191) obtained by intersecting the elements of the
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k — 7 + 1 member collection of sets that corresponds to that column, i.e. we may refer to

the C;, ™" NC, " 'n---n CJ-_J:{H N C’j_>rj column of the matrix. Here too, when we refer

to the v’th column, it should be understood that we are referring to a particular choice

. ri+1 . .
of j,rj,..., 1, Cj, Cjil ..., CF, and here too we will allow ourselves to use the notation

f(k,v) to refer to f(k,7k,...,75).

The column of type (1) that is obtained by the choice of j = k + 1 corresponds to the
empty intersection of sets of the form C; . We will construe this column as corresponding

to the set P, and we will refer to it as U or as z*.

For each column UY, we will denote U" by zV and we will denote the entries of the

column by
U"[P] < zg (6.193)
UClY] & 2l (6.194)
U°INF] & ab (6.195)

Step 2 : Impose Constraints

Step 2(A) : General Measure Theoretic Constraints

Enforce the following constraints:

P[Pl =1 (6.196)
z'[u] >0, Yu,v (6.197)
'Y+ 2 [NF] = 2[P], 5=1,...,n, Yo (6.198)
Where u is a forbidden configuration, then
z'[u] =0, Vo. (6.199)

For each w,v entry of the matrix U, where v is of the form (6.190) (i.e. v is a pure

intersection), if there exists some h,l entry of U for which
o(u) Ud(v) Co(h)Ud(l) (6.200)
then enforce

U(u,v) > U(h,l). (6.201)
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If v is of the form (6.191) then (6.201) will also be enforced if [ is of the form C’,;f’“ ﬁé'k_f]{‘l N
NG NG, with

5(u) Ud(v) € 5(h) US(L), 6(Cy) C 6(Cy), and 7 > 1y, (6.202)

For each row u other than the rows corresponding to the sets P, YZP and NZP , enforce

on each v’th column the constraint

2l > 3 @[N] = (|6(u)] — 1)a. (6.203)
j€s(u)

For each column corresponding to a set of the form (6.191) enforce the following in-

equality:

> @' IM]] > (rj + 1)2'[P). (6.204)
Je€8(C5)

Step 2(B) : Partitioning Constraints
For each type (1) column zv of the matrix with

v=C N\ N ney (6.205)
and f(k,v) := f(k,rg,...,r;) =2, for each Cj_1 € Cj_; with

3(Cj-1) €40,6(Ck),...,0(Cj)}, (6.206)

(and recalling from Definitions 6.5 and 6.14 that C~(C;_1) is the collection of sets obtained

by negating exactly one element of the intersection that defined C}_1,) enforce

—Tk —Thk—1 —T‘j —Tf —Thk_—1 —T‘j )
¢, *ne, ko tneng; ¢, ek tnene; U ne;

x =z '+
- “Tk—1 TG =1 - “Tk—1 TG =1
Z 20, FNC, i NGy N + 20k *NC, YT NenC; T ne (6.207)

C;lec=1(Cj-1)
Thus for each v’th column for which f(k,v) = 2, zV is identified as a sum of columns z? for

which f(v) = 1. In general, for each type (1) column zV of the matrix with
v=C NG N ney, (6.208)
f(k,v) =t and 2 <t <k, for each C;_; € Cj_; with

5(Cj—1) ¢ {@, 6(Cr), - 75(Cj)}7 (6'209)
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enforce

—T —ThR_—1 -rj Tk —Th_—1 -y )
LCx e nene Y oG, Y 000G

_|._
Tk “Tk—1 - -1
3 2O oY nene 0o,
C;eC1(C))
=Tk o TR iAo (t=1)
Z .rck NC,_7 ﬂ---ij mcj_l +
—(t—1
ij(i Jec—(t=1(C;_1)
— TR A T o> (1)
£Cr "NCp_1~ NG, N0 (6.210)
where if Cj_1 is an intersection of u < t sets IV ]P , We say
Tk~ k=1 TTf > (1) Tk~ k=1 TG o~ (uth)

for all A > 0, and if C;_; is an intersection of exactly t sets IV JP , We say

Tk “Tk—1 Ty —>(t—1) —Tk “Tk—1 . Ty —t

Thus for each v’th column for which f(k,v) =t > 2, 2V is identified as a sum of columns

a2 for which 1 < f(v) <t. O

Comments on the Algorithm

e Each entry z"[g] of the matrix is the value of z[v N g, i.e. the v N ¢ coordinate of
the lifted vector =, and each column z of the matrix is a projection of the partial

sum of this lifted x taken over the set v. Thus zf

is a projection of the lifted vector
x itself. The constraints are all necessity conditions for the lifted vector x (and
therefore its projections) to be P-probability measure consistent. (This is clear in the
case of constraints (6.196) - (6.199); we will deal with the other constraints in the
later comments.) The projection (zP[Y{'],...,zF[V.F]) = (2[Y{],...,2[Y,F]) of =¥

will belong to Conv(P) if z is indeed P-probability measure consistent.

e Note that we could define rows indexed by other sets as well, and this can make
the algorithm stronger, but none of the results to be proven here will depend on the

presence of more than these rows alone.

e We noted in the definition of the algorithm that the type (1) column for which j = k+1
coresponds to the empty intersection P. Observe that for all other choices of j < k,
there is no type (1) column z¥, with v of the form (6.190), such that é(v) = (). This

can be seen from the fact that P is not a member of any collection C; " for any r > 0,
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and while we can have r; = 0, and P € Cj, the restriction (6.189) requires 6(C};) # 0.
Observe also that (again by the fact that 6(C;) # () we must always have j > 2. Thus
where k = 1, there can be no columns of type (2) (this also follows from condition
(b) of type (2) columns), and the only column of type (1) arises from the choice of

j =k +1,ie. the only column is 2*.

e The idea behind the restriction (6.189) is that if v is of the form (6.190), and for some
q and s we have §(C,) = §(Cs), then either Cy " = C; "=, in which case Cy '? can be
removed from the expression without changing the set v, or else C; *NC; " = (), and
v is empty. Similarly if 6(C;) = 0 (so that r; = 0), then C; can be removed from the
expression without changing the set v. A similar argument holds if v is of the form

(6.191).

e With regard to constraint (6.201), it is clear that if v is of the form (6.190) (u is always
a pure intersection), and (6.200) holds, that uNv D AN 1. If v is of the form (6.191)
and 1 is C}, "™ N C’,ﬁ’{’l n---N CN’;Z“ NC,>™, then uNw is an intersection of the form
QN Cj_ T , where (Q is a pure intersection, and A N[ is an intersection of the form
QN C[ >Tt where Q' is a pure intersection. If, additionally, (6.202) holds, then we
can note immediately that Q" C ). Recall now that the set C; "7 is defined as the set
of points y € P for which more than r; of the coordinates N ]P , J € 0(Cj) have value
0 (recall that for the NJP coordinate to have value 0, where j € {1’17 ..., n/,n"}
means that y = 1if j = I/, and 3 = 0 if j = I”). The set C; ~™ is similarly defined
as the set of points y € P for which more than 7; of the coordinates NJP, Jj e (5(@)
have value 0. Thus since §(C;) C §(C;) and 7 > r;, every point in C; ~™ must have

at least r; of its coordinates NJP, J € 0(Cj) at value 0, and must therefore belong to

C;>Tj as well. Thus C~’t_>7:’5 - C;>rj, which implies that ANl CuNw.

e With regard to constraint (6.203), recall that for each [ € {1,...,n}, N} is defined
as NI', and N}, is defined as Y;”. The constraint is justified by noting that for any
measure X, and any collection of measurable subsets {17, ...,T,} of a measurable set

Q with X[Q] < oo, the measure-theoretic inequality
h

N

j=1

= 3" XIT)— (h - )X[0) (6.213)

X

is always valid.

e Note that the terms
ZEC;""’“ nC, *=tnnc; mC;_>1<t71) (6.214)
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and

1k TR A T (e (u )
N e T T S ) (6.215)

in expression (6.211), as well as the expression

T v Th=1 A TG > (1)
2, "Gy NGy TN (6.216)

in (6.212) have no associated columns, as in this case C;_i(tfl) and C~HM)(C;_y) are

undefined.

e The arguments we gave on page 285 to justify (6.90) will justify (6.204) as well, but
we will reiterate one of those arguments here for convenience. Observe that the partial

sum vector

—Tk —Th—1 —Tj41 7>'rj
Cp "NC_1 " N=NCy 77 NG (6.217)

x

is the sum of the partial sum vectors for each of the atoms of P that belong to the
set C."FNC NN C’j_ﬁ“ N CJ-_>Tj, and each of these is a nonnegative multiple
of the (projected) zeta vector for that atom. But for any atom ¢ C C’j_>rj the zeta
vector (7 must satisfy
> M) =i+ 1= (rj + 1) P] (6.218)
JES(Cy)

by definition of C; T , and therefore the partial sum vector x¢ must satisfy

> @M+ > (r + 1)a?[P]. (6.219)
Jes(Cy)

e Note that as the partitioning constraints ensure that each v’th column for which
f(k,v) > 1 can be written as a sum of w’th columns for which f(k,w) = 1, con-
straints (6.197), (6.198), (6.199) and (6.203) only actually need to be enforced on the

w columns for which f(k,w) = 1.

e For the case v =P (i.e. j=k+1), f(k,P)= f(k) =k, and thus applying (6.210) to
z¥, we obtain that for each C}, € Cy,

_ —(k—1) —>(k—1)
zf = 2% + Z 2O 4o Z 2% + 2% (6.220)
C—1(Ck) c—(k=1(Cy,)

e It is easy to see that for each fixed k, the collections Cj_ "7 with 7, rj < k, are bounded
in size by a polynomial in m (the number of constraints defining the original integer
programming formulation). Thus the algorithm at level k£ runs in polynomial time,
and produces a linear system with a number of variables and constraints that is

polynomially bounded in n and m. O



Common Factor Algorithms 308

Example: Let P be the set of y € {0,1}" that satisfy the following system of constraints:

yity2+(1—ys) =1 (6.221)
yrt+(1—ys)+(1—ys) +ys =1 (6.222)
y1+1—y3)+(1—ya)+(1—ys) =1 (6.223)
y2+ys+ (1 —ya) +ys =1 (6.224)

The forbidden configurations are therefore:

NN nYd = NUnNL NG (6.225)
NPnYS nYylnNE = NEANLnNLnNg (6.226)
NNy nyPnyd = NEnNLnNEQNE (6.227)
NPNANP YNy = NEANInNE NG (6.228)

The elements of the collection Cy (with distinct index sets 6(C')) are:
P, NI, N§, NE nNL, NN, N (6.229)

The collection C3 is comprised of the sets that comprise Co, and the additional sets:

N NE A NE A NE, (6.230)
NI NG, (6.231)

N nNENNE, (6.232)

NL A NL ANL NS NN (6.233)

An example of a set in C"H(N4, N NL) is NI N NZ. An example of a set in C™H(N{/ N
NI N NELNNE) is
Ni 0 NE N NE N NE. (6.234)

An example of a set in C2(NY N NJ N NE N NL) is
NL AN ANL NN (6.235)

At level 3 of the algorithm there will be a row for P, for each of YIP, ..., Yg and Nf, e Néj,

for each of the elements of Co, and for each of the forbidden configurations, and a column:

e for P (with f value 3)
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e for each C5 € C3 — {P} (with f value 1),

o for cach O3 ' € C3' (with f value 2),

e for each C3% € C32 (with f value 1),

e for each C3' N Cy with C3' € C3!, Cy € Cy, subject to (6.189) (with f value 1),

o for each C3 ' NCy ! with O3t € ¢3!ty Cyt € €yt subject to (6.189) (with f value 1),
o for each C; 7% € C; % (with f value 1), and

e for each C3 ' NCy ! with C5' € ¢t €y~ € €571, subject to (6.189) (with f value

1).
Observe that there will be a column for the set
v=NI NN NN ANENNL ecs (6.236)
but for each u’th entry of that column,
S(u) Ud(v) D d(v) = {2,3",5",6',4"} = (NI n NE N NL n NE)Yus(v) (6.237)

and thus by constraints (6.199) and (6.201) every entry of that column has value zero.

An example of constraint (6.203) together with (6.196) is:
2P INL A NE) > 2P [INE] + 2P [NL] — 2P [P) = 2P [V ) + 2P [vF) - 1. (6.238)
Another example, combining with constraint (6.199) is
0=2P[NS N NE N NE AN > 2P NS+ 2PV + 2P Y8 + 2P [NE) -3 (6.239)
which, together with (6.198), implies that
(1= 2"y + 2"V + 2" [V + (1 -2 [Y]) <3 = (6.240)
e[V T+ (1= 2P [ ]) + (- 257 + 2" > 1 (6.241)

which is the second of the constraints that defined P. Constraints (6.198), (6.203) and
(6.199) actually combine to imply that all columns satisfy all four of the initial constraints

(homogenized) that defined P, and we will return to this point soon.

Choosing N{,’ N N217 NN, 5, € Cs, we have the following example of a partitioning constraint:

P NPONQImeP NP ﬂNQImeP NEPANE NANP NPmN,mej

x = 1/ 4 _I_ €T 17 4 _l_ €T 1/ 2!/ 4 + €T 1/ +
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NP NANE ANP NP ﬂN§mN§ NEANE

P
:1: 1// 2// 4// _|_ x 1// _l’_ x 1/ 2//mN4/

_l’_

$O—>2(N1’3m\/25rw§,)

Observe also that the set C~>2(N{, N N&' N NE) is the set
N{, n N nNJ
and that (6.204) and (6.201) imply that

—>2(nP P P
wC (Nl,mNQ,mN4,,)[Y1P]

—>2( P P P —>2/n P P P
xC (N{;NN; NN ;) [YQP] _ xC (Nl,mN2,0N4,,)[Nf] _

—>2(NPANPANP
{L‘C > (NI’QNQ’ONAL”)[P]‘ 0

Lemma 6.20 Each v’th column x¥ of U satisfies
1. 2°[M] =0, Vj € 6(v)
2. :I}U[Nf] = z"[P], Vj € 0(v)

3. ZJ'GAi xU[M]P] > g;v[P]7 Vi=1,...,m

310

(6.242)

(6.243)

(6.244)

(6.245)

(6.246)

Proof: If j € §(v) then 6(v) = 6(v) Ud(P) = 6(v) U 5(NJP), so we conclude by (6.201) that
zV[P] = =[N ]P |, which implies that z"[M jp | = 0 by (6.198). The third relationship follows

from (6.198), (6.199) and (6.203). O

Before we state the next theorem, recall the notation,
P P P
20 = o[MF) = 2[NE] = al¥i")

Ty = x[Ml];] - l‘[NlI’D] = x[NlP]

for each | = 1,...,n. Thus, for example, where I, h € {1,...,n},
apxy + aprap = oapx[ViE] + aprx[NE].
Theorem 6.21 Let A; C{1,1”,....,n/,n"}, i=1,...,m. Let
P={ye{0,1}":y(4A;) >1,i=1,...,m}

where yp = y; and ypr = 1 —y;, and let

Pl:{y€{0ﬂ1}2n)y(‘41)217 Vizla"'amv yl’—i_yl”Zl? l:177n}

(6.247)

(6.248)

(6.249)

(6.250)

(6.251)
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Denote the subvector of ¥ indexed by Ylp, . ,an, Nlp, e Nf as V.

The algorithm at level k will satisfy that for every column x of U, where v is of the
form (6.190) or (6.191), for which f(k,v) = t < k, we have aT2% > pzy, for every
constraint o'z > B3 that is valid for P' such that (o, 3) > 0 and w(a, 3) < t. In partic-
ular, Tz > B2l will hold for every constraint oz > 3 that is valid for P’ for which

m(a, ) < k.

Proof: The valid pitch 1 constraints for P’ are all dominated by the constraints y(A4;) > 1,
and by Lemma 6.20,

x'(A;) >xh, i=1,...,m (6.252)
for every v. This also implies that the theorem holds for each column z" of type (2), as
for each such v, f(k,v) = 1. Assume now by induction that for some 1 < ¢t < k — 1,
the theorem holds for every valid constraint of pitch < ¢, and consider an arbitrary valid
constraint for P', afx > @ for which 7(a, 3) =t + 1. Consider now an arbitrary type (1)

column corresponding to v of the form
v=CnC i n-nCy (6.253)
for which f(k,7g,...,r;) >t+1 > 2 (and so r; > 0 by construction). We will show that

xV satisfies o Z > Bxy by showing that for some Cj—1 € Cj_1, every term in the sum

—Tk A Tk—1 Ty —Th e Th—1 i e
¢, ek nenc; A A

T =X
-k —TE_1 -y 1
Z 2C FNC T INNC NCT
C;lec=1(Cj-1)
—Tk k=1~~~ —t
Z xck NCy_1 " N-NC; ij_1+

C; Y eCc—4(Cj-1)
LCr e i nene Y ne (6.254)
(if it exists) satisfies a’'Z > Buxg.
Note first that t +1 < f(k,rg,...,75) < k—(k—j+1) =j—1, so by Cor 6.16 and

Lemma 6.20, there exists some Cj_1 € Cj_1 with 6(Cj_1) C support(a), such that if U has

a column z% for the expression
w=C"t NG N NG NG (6.255)

then 2 satisfies o’z > Bxg. If §(Cj—1) = 0, then Lemma 6.20 implies that z¥ already

satisfies of'Z > Bxg, and we are done. So suppose that d(Cj-1) # 0, and let us also suppose,
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for the moment, that 6(C;_1) # §(Cs) for any s = j...,k, so there is indeed a column z"
inU.

Consider now the vector

- “Thk—1 .. —Tj —u
ka ﬁCk71 N ﬂC] ﬁC].717 (6.256)

where ¢t > u > 1. (Our assumption that §(C;_1) # 0(Cs) implies that this vector does not
violate (6.189) either.) If Cj_; is an intersection of fewer than u sets of the form N}, then
(6.256) is zero, which certainly satisfies o’ Z > B¢, so assume that this is not the case. Let
A(C;)) be the index set of those terms of the intersection Cj_; that were negated from
the form N} to M} in forming C;. If (6.256) satisfies the valid constraint

Z o5 > Brg — Z o T0 (6.257)

iEsupport(a)—A(CJ:"l) iGA(C]:“l)

then it also satisfies o’z > Bzg since for (6.256), each z; coordinate, i € A(C;), has value

o by Lemma 6.20. Define & by

i } A(CTY
g = | i 1EAG) (6.258)
0:i€A(C;1)
The constraint (6.257) is therefore
a'z>(B- > o (6.259)
iEA(C;)
But by repeated application of Lemma 5.33,
m@B—- Y )< (6.260)
iEA(C)
m(a, B) — |[AC; 2| =7(a, ) —u=1+1—u. (6.261)

But f(k,rg,mg—1,--,75,u) > t+1—u, so by induction (since t + 1 — v < t) inequality
(6.257), and therefore also the inequality o’z > Bz, are indeed satisfied by (6.256).

Finally, consider the vector
—r —Th_ -7, _
L e (6.262)
Again, if Cj_; is an intersection of fewer than ¢ + 1 sets of the form N}, then this vector

is zero, which certainly satisfies a’Z > fBxg. Otherwise, by (6.204) this vector satisfies

S ai > (t+ Dz = o'z > Bag (6.263)
1€6(Cj-1)
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by Lemma 6.9 (since 6(Cj—1) C support(a), and w(a, ) =t + 1). We thus conclude from
equation (6.254) that zv satisfies a’Z > Bx¢ as well.

Until this point we have been assuming that §(Cj_1) # 6(Cs) for any s = j,..., k.
Assume now that there is an s € {j,...,k} for which 6(Cj_1) = §(Cs). Thus we have
§(Cs) C support(a), and since rs > 0, Lemma 6.20 implies that for some i € support(«)
we have z¥ = x§. Thus 2V will satisfy a’Z > Bz so long as it satisfies a7z > (8 — ;)0
(where @ is the same as a but with a; = 0). As above, 7(a,8 — ;) < w(a,5) — 1 =t, and

so the therorem follows by induction. O
Remark 6.22 If P itself is of the form

{ye{0,1}": > y>1,i=1,...,m} (6.264)
leA;

where each A; C{1,...,n}, then we could strengthen the algorithm by replacing the collec-
tions C~" and C=>" by C~" and C~>" respectively, and at level k of the algorithm, for each
t < k, the valid (homogenized) pitch < t constraints for P would all be satisifed by each
subcolumn ¥ for which f(k,v) > t.

6.4.2 Version 2

Definition 6.23 For every C € C;, where we represent C' as

C= () Nin (6.265)
define the collection of sets
Pt P P P P P P o P
CHC) =10, Myqy, Nyy NMyz), Nyay NNy N Mys) ﬂ Nty | 0 Mysoy b
(6.266)

The collection of all sets that belong to some CT(C), C € Cj, will be denoted C]Pt.

Lemma 6.24 For any j and any C € Cj,

Uy c=r (6.267)
CPtecPt(C)

and the union is disjoint.
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Proof: It is clear that the union is disjoint. Represent C' as in (6.265). Any point y in the
universal set P must either belong to every N ﬁr), in which case y € C, or fail to belong to

some Nﬁr)' If it fails to belong to some Nﬁr), then let

u= minw:y ¢ Nﬁw) (6.268)
(obviously u < [6(Cj)]). Then
u—1
P P
y € Ol Ny VM. O (6.269)

Definition 6.25 Given j,k, (2 <j <k+1), and any set v represented as
v=cf'ncft n-neft (6.270)

where each CFt € CF*, define

g(k,v) =7 —1. (6.271)

The empty intersection, v = P, will be said to be of the form (6.270) with j =k + 1, and
thus
g(k,P) = k. (6.272)

Again, as with Definition 6.18, g(k, v) is not well-defined if v is given only by v = Njesw) NJP.
The definition requires that we be given k—j+1 sets CF* € CF* such that v is as in (6.270).

Algorithm Version 2, Level £ > 1
Step 1 : Form the Matrix

Form the matrix U whose rows are indexed by P,Y;",...,Y,P, NP ... NP the elements

of Cy, and the forbidden configurations

N, i=1....m (6.273)
JEA;
and whose columns are indexed by all collections of k — j + 1 sets C*, i = j,..., k such

that
1.2<j<k+1

2. foreachi = j,...,k, each CF'* € CI''(C;) for some C; € C; such that the sets Cj, . .., Cy,
satisfy
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Each such column will be said to correspond to the set
v=cf'nclt n---nctt (6.275)

Where j = k + 1, the column corresponds to the empty intersection, and we will refer to

this column as z*.

Step 2 : Enforce Constraints

Enforce constraints (6.196) through (6.199), (6.201) and (6.203) as in the first version of

the algorithm (constraint (6.204) is not relevant here).
Here are the partitioning constraints:

For each column v of U for which g(k,v) > 2, so that v is of the form (6.275), v satis-
fies restriction (6.274), and j > 3, impose the following constraint: For each C;_1 € Cj—;
such that 6(Cj—1) # 0 and such that 6(C;_1) is distinct from each 6(Cy), t = j,...,k,
enforce

Pt Pt Pt Pt Pt Pt~ Pt
xck NCLZ NG Z $Ck NCL L N-NC; ﬂC]._l. O (6.276)

CJPjIGCPt(Cj_l)

Comments on Version 2:

e For each z" in the sum on the right hand side of (6.276), g(k,w) > 1, and restric-
tion (6.274) is satisfied. Thus there is actually a column for each such z*, and the

constraint is well defined. Observe also that g(k,w) < g(k, v).

e It is clear from Lemma 6.24 that constraint (6.276) is valid, and thus all constraints
imposed by the algorithm are valid. It is also easy to see that for each fixed k the

algorithm runs in polynomial time.

e Applying (6.276) to the empty intersection v = P, we have j = k + 1, and thus for

each C}, € C;, we obtain

L= Y 2O (6.277)
CPteCPH(Cy)

e The idea behind (6.274) is that if v is of the form (6.275) and some 6(C,) = 6(Cy),

then either CI'" = CH) in which case CI* can be removed from the intersection
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without altering the set v, or if CF* % CL! then v = (), since the elements of C*(C;.)
are mutually disjoint. Similarly if any 6(C,) = 0, so that CF* = C, = P, then C}*

can be removed from the intersection without altering the set v.
e Note that Lemma 6.20 holds for Version 2 as well.

e In contradistinction to Version 1, in Version 2 we have included columns for intersec-
tions of the form Cp N --- N Cj, where each C; € C; and j < k. In Version 2 we have
also not fixed the f values of intersections Cj, N---NC; with C; € C; at 1, i.e. Version
2 may further partition such sets. It should be noted, however, that Version 2 could
have also been defined in the absence of both of these features without jeopardizing
Theorem 6.26 (the pitch k result). We have defined it as we have in order to easily
obtain the termination bound for the algorithm that will be described in the next

section. O

Theorem 6.26 Let P and P’ be as in Theorem 6.21. The algorithm at level k will satisfy
that for any subcolumn Z for which g(k,v) = t < k, we have a’z" > Bxy for every
constraint ofx > (3 that is valid for P' for which w(a, ) < t. In particular aTzl > ﬂazop

for every constraint a’'x > 3 that is valid for P' for which m(a, 8) < k.

Proof: The proof is similar to the proof for Version 1. As in the proof of Theorem 6.21,
the result certainly holds for all valid constraints of pitch < 1. Let 2 < t < k. Assume now
by induction that for all valid constraints o’z > 3 on P’ of pitch no more than t — 1, the
constraint o’ > Bxo holds for every column x? for which g(k,v) > ¢t — 1. Consider now
an arbitrary valid constraint o’z > /3 of pitch ¢t on P’, and consider an arbitrary column

a2 for which k > g(k,v) = h > t. Thus v is of the form
v=Ccftncltn---nctt, (6.278)

with each CI'* belonging to some CF*(C,.) for some C,. € C,.. (If h = k then this is the empty

intersection, i.e. v = P.) If we can show that zV satisfies
Tz > pay (6.279)

then the theorem will be proven. By Corollary 6.16 there exists some Cy € Cg, with
§(Cy) C support(a), such that any (zg, ) € [0, 29", (x¢ > 0), for which

1. xl/+xl”:x07 l:l,...,n

2.z, =0, Vj € 5(Cp)
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3. x(Aj) >xp, i=1,...,m
also satisfies oz > Bxg. Thus if there is a column

in U, then as in the proof of Theorem 6.21, by Lemma 6.20 the algorithm constraints will
guarantee that (6.280) satisfies (6.279). As in the proof of Theorem 6.21, it can also be
shown easily by induction that for every CFt € CP4(C},) — {C}, the column

Pt P P Pt
.’L'Ck ﬂckflﬁ---ﬂChilﬁCh (6281)

will satisfy (6.279) as well. Thus if there is in fact a column (6.280), then z¥ will indeed
satisfy (6.279). If, however, there is no column (6.280), that could only be either because
d(Cp) = 0, or because for some r € {h+1,...,k}, 6(C;) = §(Cp). But if §(Cp) = 0,
then Corollary 6.16 implies that =¥ already satisfies (6.279). Similarly if 6(C,) = §(C}) and
CPtis C, then §(CF*) = §(Cy) and Corollary 6.16 implies that z¥ already satisfies (6.279).
Finally, if 6(C,) = §(Cy,), and CF* € ¢P*(C,) — {C,}, then for some j € §(C,), (6.201)
implies that z} = z§. Thus since 6(C;) = §(Cy) C support(a), it follows (again as in the
proof of Theorem 6.21) that so long as x¥ satisfies all valid pitch ¢ — 1 constraints it will

also satisfy (6.279). By induction, the theorem is now proven. O

6.5 Termination Criteria

As with the depth-first partitioning algorithm of the previous chapter, by Lemma 5.6 and
Corollary 5.8 we know that the convex hull is obtained by both versions of the algorithm
by level n — 1 in the set covering case, and by level 2n — 1 in the general case. One of
the interesting features of these algorithms, however, is that there will be other criteria as
well, potentially independent of n and m, that will guarantee that the convex hull has been
obtained. For example if the index sets A; are disjoint, so there are no common factors
other than the “empty” factor P, so Co = {P}, then the algorithm “terminates” after level
1 with the convex hull (c.f. Lemma 6.11). By “termination” we mean that the matrices
produced at all levels k£ > 1 are all of exactly the same size and are defined by exactly the
same constraints, as in this case, for all levels £ > 1 the matrix U will have no columns
aside from P. The way that we have defined the algorithms, it is always possible to define
additional levels, but eventually the subsequent levels will all be identical and they will
do no new work. We will describe here two simple criteria, one for Version 1 and one for

Version 2, that will guarantee that the convex hull has already been obtained.
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Theorem 6.27 Let P and P’ be as in Theorem 6.21. Let L be the set of indices | €
{1,...,n} such that either ' belongs to two distinct A;, or 1" belongs to two distinct A;. Let

t =min {k : 3C € Cy, satisfyingl' € 6(C) orl" € §(C), VIl € L, and |6(C)| <k} (6.282)

Then by level t of Version 1 of the algorithm, the vector (xP[Y{],...,zP[Y,F]) will be

n

guaranteed to belong to Conv(P).

Proof: Where C € Cj is as in the statement of the theorem, for each r > 0, each set
C™" € C7"(C) is a (possibly empty) subset of P for which every zy,zy, | € L, which
includes every overlapping variable (from the constraints that define P), has been assigned
given 0,1 values. Thus the set C~" is the set of y € {0,1}" that satisfies this assignment
and that satisfies the system of nonoverlapping constraints that is obtained by plugging that
assignment into the original system of constraints. Therefore, denoting the projection on
the Y1,...,Y,, coordinates with the hat symbol, by Lemma 6.11, the algorithm constraints,

and Lemma 6.20, for each vector ¢ ", either (2§ ,2¢ ") =0, or
i /2§ € Conv(C™") C Conw(P) (6.283)
Thus by (6.220), since |6(C)| < t,

P=2+ Y 44 3 " (6.284)
c-tec-1(C) C-18(0) ec- 13O (C)

Since the sets, C~",0 < r < [0(C)|, cover P (actually thay partition P), we conclude by
Theorem 5.28 that 27 € Conv(P). O

Theorem 6.28 Version 2 of the algorithm always obtains the convex hull of P by level |Ca|.
Proof: Consider the following simplified implementation of the algorithm. Redefine
Cj:=Co, Vj >2 (6.285)
so that at any level ¢ > 1 of the algorithm, the columns are indexed by the expressions
v=CcPtncltn...ckt (6.286)

where h < t — 1, and C¥* € CPY(CY),...,CFPt € CPY(Cy,), for some h distinct members
Cy,...,Ch of Co — {P} (by (6.274)). (Recall that Cs is technically defined as the collection
of index sets of the common factors, and thus common factors C' with distinct index sets

d(C) are distinct members of Cz.) Thus for all levels & > |Ca| of Version 2, the algorithm
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constructs the same size matrix with the same constraints. Thus if the simplified algorithm

does in fact guarantee that
(zF[vi], ..., 2P [¥y,]) € Conv(P) (6.287)

for some finite level k, then (6.287) must hold at level |Ca| as well. As the simplified algorithm
at level k is just a weakening of the original algorithm at level k (since Co C C;, j > 2), this
will complete the proof of the theorem. Considering that every C' € Ci is an intersection
of no more than (%) sets from Co, this simplified algorithm is actually very similar to the
original Version 2 algorithm. This will allow us to prove an analog of Theorem 6.26 that
will show that the simplified algorithm also guarantees that for any k, =¥ will satisfy all
valid pitch < k constraints at some finite level ¢ of the algorithm. This will then prove
(6.287), and thus the theorem as well. The proof is essentially identical to that of Theorem
6.26, but it is somewhat more complicated, and we will therefore describe it explicitly.

By Lemma 6.20, the valid pitch 1 constraints are all satisfied for each column of the
matrix generated at every level of the algorithm. We will show, by induction, that for any

k > 2, at any level t > 3°%_,(5) of the algorithm, every column 2V, where v is of the form
v=CcPtnceltn...ncft (6.288)

and each C’ft € CP(C;) for some C; € Co, satisfies that for any integer s, 2 < s < k + 1
such that

h< i(g), (6.289)

2V satisfies all valid constraints for P’ of pitch < s — 1. We will say that h = 0 when v = P
(the empty intersection), so considering that h = 0 satisfies (6.289) for each s < k + 1
(where s = k + 1, the sum on the right hand side of (6.289) has value 0), this will mean
that at level ¢ > Y% (%), the column 2 satisfies all valid constraints of pitch < k. For
example if k = 5, then at level 20 of the algorithm, all intersections of < 20 sets C* satisfy
all pitch 1 constraints. All intersections of < 19 sets C** satisfy all pitch 2 constraints. All
intersections of < 16 sets CT* satisfy all pitch 3 constraints. All intersections of < 10 sets
CP* satisfy all pitch 4 constraints, and z satisfies all pitch 5 constraints.

The case s = 2 is trivial, as all columns satisfy all pitch 1 constraints. Assume now that
the hypothesis holds for all s < ¢, for some ¢ < k, and consider now a valid constraint

aTz > 3 for P’ of pitch ¢+ 1, and an arbitrary column 2V with v of the form (6.288), with

h< ij 3). (6.290)
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By Corollary 6.16, recalling that every C' € Cy (where Cy, is as it was originally defined in
Definition 6.14) is an intersection of no more than (%) sets from Cy, there must be some

collection of sets

{Chs1,Chizs oo, Ch} € Cay w < (%) (6.291)
with
h+w
U d(Cyr) C support(c) (6.292)
r=h+1

such that any (zg,x) € [0, z0)>"*!, (2o > 0), for which
1. xp+axpm=x9, I=1,...,n
2. z; =0, Vj e UMr,, 6(Cr)
3. x(A;) > g, i=1,...,m

also satisfies o’z > Bxg. Without loss of generality, assume that the index sets §(Cj1,.), 7 =

1,...,w are all distinct. Consider now the (possibly empty) collection of sets
W = {Char 7 € {1, ,w}, 8(Chir) & {0,8(CT), ..., 6(Ci)}} (6.293)
and rename the elements of W as
W ={Cht1,--,Chow } (6.294)
where 0 < w’ = |W| < w. Consider now the set
u=Ctn---Cl'nCh N N Chpr (6.295)

If there is a column z%, then as in the proof of Theorem 6.26, the algorithm constraints
guarantee that z* will satisfy a”2 > Bxg. If w’ = 0 (in which case there is certainly a
column z*), then we are done. Otherwise, if there is indeed such a column z*, then there

. !
is also a column z% for each

W =cltn-oftnCrn-onctt,, (6.296)
where C,ﬁw, € CP*(Chywr) — Chiwr, and moreover since
L k
htw <h+w<h+ (%< S G, (6.297)
r=¢+1

each 2 satisfies all valid pitch ¢ constraints for P’. But this will guarantee that each

z¥ also satisfies oz > fxg since 8(Chiw) C support(a) and for some j € 6(Chiy) the
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algorithm constraints imply that a:}‘/ = :z}f/ (as in the proof of Theorem 6.26). Thus by

partitioning constraint (6.276) we obtain that where
a=Cn---CP' NG N N Chyw—1 (6.298)

the column z% satisfies o’z > fxy. Repeating the argument, we conclude that z¥ also
satisfies o’z > Bxy.

If, however, there is no column z%, then, by construction, this could only be because
8(Cq) = 6(Cy) for some g € {1,...,h}, ¢ € {h+1,...,h+w'}. By construction 6(Cy) #
§(CF"), so this implies that CF* € CP(C,) — {C,}. But this implies that for some j €
6(Cy), = = z. Thus since §(Cy) = §(Cy) C support(a), it follows that so long as z"

satisfies all valid pitch ¢ constraints, then it will also satisfy a’x > Bxg. The theorem now

follows from induction. O

6.6 A Positive Semidefiniteness Result

Recall that for a stable set problem on a graph G = (N, E), if C C N is a clique, then the
“clique constraint” that corresponds to C' is
> yup <L (6.299)
{i,j}eCxC
This constraint reflects the fact that if y € {0,1}" is an incidence vector of a stable set, and
no pair of coordinates y;,y; can simultaneously have value 1 for any distinct 4,5 € C, then
there cannot be more than one coordinate with value 1 among all of the {y; : i € C}. In
this section we will deal with a large generalization of clique constraints applied to general

problems with feasible regions

P= U M= (6.300)
i=1j€A;
{ye{0,1}":y(A) >1, i=1,...,m} (6.301)

with each A; C {1/,1”,....,n/,n"}, and yp =y, ypr = 1 —y;, I = 1,...,n. We will be
considering cases where no k blocks of variables from among some ¢ blocks of variables can
simultaneously hold a particular assignment of 0,1 values. For example, if n = 12 and the

blocks of variables are
L {y1,v2,y3}
2. {y4,95. Y6}

3. {yr,ys,y9}
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4. {y10, 11, Y12}

then we will be concerned with situations in which, say, no more than 2 of the following

assignments of values can hold simultaneously (so k = 3 in this case):
Lyi=19y=1y3=0
2.y1=0,y=0, y6 =0
oyr=1,ys=1, y9=1
4 yo=1yu=0, y2 =1

This would be the case if there were the following constraints y(A;) > 1 in the initial

definition of P:

Yir +yor +yy +yu + Y5 + Yo +yr +ysr +yor =1 (6.302)
Y1 + Y Ty + Yy + Ys + Y + Y107 + Y1 + yizr > 1 (6.303)
Y17 + yor + Yy + Yy + ysr + Yo + yior + v + iz 21 (6.304)
Yo +ys + Yo + Yy + ysr + yor + yror + v + 1 = 1 (6.305)

For the assignment, say, y1 = 1, yo = 1, y3 = 0, to fail to hold means that yi»+yor +yz > 1.

Thus if at least two of the given assignments must fail to hold, then at least two of the

inequalities
Yy +yor +yy 21 (6.306)
Yo +ys +ye =1 (6.307)
Y+ ysr +yor = 1 (6.308)
Yior +yir + e 2 1 (6.309)

must hold, which means that
Y17 + Yo +yy +ya +ys + Yo + Yy + Ysr + Yo + yror + Y1 + Yrzr = 2 (6.310)

is a valid constraint on P. In general, an assignment of values to a block of variables
will be represented by an index set S C {1’,1”,...,n/,n”}. For example the assignment
y1 = 1, y2 = 1, y3 = 0 would be represented by the index set {1”,2”,3'} so that the
inequality that will hold iff the assignment fails to hold is y(S) > 1. Under this terminology,

the generalization of the clique constraint is the inequality

2(S) >t —k+1. (6.311)
=1
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Observe that the standard clique inequality corresponds to the special case where the
index sets \S; are the singletons {h"}, h € C, k =2 and t = |C|. We will now show that for
either version of the common factor algorithm, if positive semidefiniteness is imposed on a
particular submatrix of the matrix U generated by the algorithm, then the vector ¥ will
be guaranteed to satisfy these generalized clique constraints at level 2 if ¢t > 2k — 1, and at
level k — 1 otherwise. We will then show that though the relaxation produced by the N+
operator indeed satisfies the standard clique constraints (as shown in Chapter 4), even the
stronger N*T operator defined in Definition 4.29 will require exponential time to satisfy

the generalized clique constraints.

Theorem 6.29 Let A; C{1',1”,....,n',n"}, i =1,...,m, satisfy |[A; N{U',I"}| <1 for all

i=1,....mandl=1,...,n, and let
P={ye{0,1}":y(4;) >1,i=1,...,m} (6.312)

where yy =y, and ypr = 1 —1vy;. Let U be the square submatriz of U whose rows and columns
are indezed by P and the other elements of Co. In addition to the constraints imposed by

the algorithm (either version), let us enforce
U=0 (6.313)

as well. Assume that there exist disjoint subsets S, ..., S of the indices {1',1", ... ,n', n"},
such that |S; N {U',;1"} <1 for each 1 < i <t and each 1 <1 < n, and a positive integer
k <t such that every k-fold union

k
U Si, = 4n (6.314)
j=1

(where i1, ...,i are all distinct elements of {1,...,t}) for some h € {1,...,m}. Thus for
every k-tuple of distinct elements, {i1,...,ix} C{1,...,t}, for each y € P,

> y(Siy) =1 (6.315)

is one of the defining inequalities, y(Ap) > 1, of P.
Then the following constraint will hold for the column vector z¥ at the 2 level of either
version of the algorithm if t > 2k — 1,

t
a(S) =t—k+1 (6.316)
=1

and it will hold regardless of t at the k — 1 level.
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Proof: Observe that each S; represents a block of variables, the I’ € S; variables set to zero
and the [” € S; variables set to one, such that for every k blocks there is a constraint in the
original definition of P that specifically disallows those assignments of values from holding
simultaneously.

As usual, we define the relaxation P’ of P by

P'={y= (v, 917, Yo, Yr) € {0, 117" :
y(A,)>1, i=1,....m, yp+yr >1,1=1,...,n}. (6.317)

Note that the constraint >¢_; 2(S;) >t — k + 1 is valid for P’ under the conditions of the
theorem. Moreover, if t <2k — 2, then t — k + 1 < k — 1 which implies that the constraint
is of pitch less or equal to kK — 1. Thus by Theorem 6.21 and Theorem 6.26, this constraint
must be satisfied by the column z at level k — 1.

So suppose now that ¢t > 2k — 1. Recall that for each j € {1’,1”,...,n’,n"}, the set NJP,

is defined as

NP ={yeP .y;=0}, (6.318)

and recall that each row of the matrix U is indexed by an intersection C' of the form
Njescc) N]P. Our proof method will be to show that under the conditions of the theorem,
if we rename the coordinates of the column ! from the form C' = Njesoy V. JP to the form
' = Njesc) NJP ', then a particular subvector of the column z¥ will be P’-probability
measure consistent. In other words, we will be showing that for some subvector of x”
indexed by some collection of sets C1,...,Cy € P, there exists a probability measure x on

the susbset algebra P’ of P’ such that

x{ N Nf”] :xP[ N NJP], Vi=1,...,¢. (6.319)

JEI(Cy) J€8(Ci)

We will then use the properties of probability measures to obtain relationships between the
quantities of the form x[;es(c) N]P/] = 2P[C;] and to thereby prove the theorem.

Let us say that the block of variables S; is violated by y € P if y(S;) = 0, i.e. if y; =0
for all j € S;. Thus the set of points in P that violates the i’th block is

Bi= (N (= N°n Y. (6.320)
JES: l'esS; 1"es;

More generally, where 0 < r < t, let ¢ = {g1,...,9-} C {1,...,t} index a collection of
distinct blocks of variables. Then the set of points in P that violates all blocks g¢1,..., gr,
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which will be denoted T'(g), is
T(9)=(Bu= () N/, (6.321)
=1 ]EU::I ng

and if r = 0 then T'(¢g) = P. We will show first that for any T'(g), |g| =7, 0 <r < k, there
exists some C(g) € Co such that C(g) = T(g). More specifically, we will show that there
exists a unique element C(g) € Cy whose index set §(C(g)) is also Jj_; Sy;.1 The proof is
as follows. The case r = 0 is trivial, as the empty intersection (namely P) is a member of

Ca, so assume 7 > 1. Select subsets .J; and J; of {1,...,¢} such that
’Jz’ = |jz| =k—r, Jiﬁji:@, gj QJZ'UJZ', g=1,...,7 (6.322)

(This construction requires only that there be 2k — r distinct blocks, and by assumption

t > 2k —1> 2k —r.) Thus, by assumption, there exist distinct v and v for which

Av=JSqU J S Av=1JSqU | Sn (6.323)
=1 heJ; =1 held;

so by the disjointness of the blocks, the common factor of A, and A, is

C({Au, A1) = [ N/ =T(g). (6.324)
i€U;_, So;

There is thus a unique row and column in the matrix U for each g, |g| < k.

For each i = 1,...,t, define the set B} by

B = NI (6.325)
JES;

and for each g with |g| < t, define the set T'(g) as

T
T =(B,= (] NS (6.326)
= J€Uims Sas

and where g = (), we construe 7"(g) as

T'(g) = P’ (6.327)

! Recall that the “common factors” C(F) € Cs are identified by their index sets §(C(F)), which are
the sets of indices shared by the elements of F. By our definitions, common factors of collections F with
identical index sets are only listed once in Cz, so the index set U:Zl Sg; uniquely identifies an element of Ca.
Even if, however, we had neglected to enforce such a rule and listed elements of Cs for every family F of < 2
distinct Aj;, it still follows from algorthm constraint 6.201 that the rows of U corresponding to elements of
Co with identical index sets are themselves identical.
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(as P’ is the universal set with respect to sets of the form N]P "). Observe that for each
g=A{g1,...,9-} with r > k, there exists some h € {1,...,m} such that
T
T'g)=(\B,= () N'c(N'=0 (6.328)
i=1 i€U_, Sq; JEAR

and T'(g) = 0 as well for the same reason.

Define now the vector X with a coordinate for each 7"(g), |g| < k (technically, X should
be construed as having a coordinate for each g, |g| < k, but we will be referring to each
g’th coordinate as X[T"(g)]) with value ”[T(g)]. (The quantity 2”[T(g)] is more precisely
referred to as z¥'[C(g)], where C(g) is the element of Cy that is defined by the index set
3(C(g)) = Ui=1 Sg;, but we will refer to this quantity as well using “I"” notation.) Note that
X has a coordinate for T'(()) = P’ with value z*[T'(0))] = 2 [P] = 1 by (6.196). Consider
the subvector X of X with coordinates for only those g such that 77(g) # 0. Observe now
that T7"(g) = () means that there are no points y € P’ with a 0 in each j coordinate for every

j € 6(T(g)).2 But we claim that this implies that either:

e Indices I’ and !” both belong to 6(T(g)) for some [ € {1,...,n}, and therefore
X[T'(g)] = #¥[T(g)] = 0 by algorithm constraints (6.198) and (6.201). Or:

e There must be some A;, i € {1,...,m} such that A; C 6(7(g)), in which case
X[T'(g9)] = z¥[T(g)] = 0 by algorithm constraints (6.199) and (6.201).

To see this, suppose that there is no [ € {1,...,n} with I',l” € §(T(g)), and that there
is also no A; with A; C §(T(g)). Then the point 5 € {0,1}?" with zeroes in exactly the
d(T(g)) coordinates would satisfy y(A;) > 1, Vi=1,...,m,and yp+yp > 1, Vi=1,...,n,

which implies that € P’, which is a contradiction. We therefore conclude that
X = (X,0). (6.329)

Observe now that for each T'(g) such that T"(g) # 0 then where y € {0,1}?" is such
that y; = 0 iff j € §(T'(g)), then y € P’ (or else T"(g) would have been empty). Thus the
collection, to be denoted 7 C P’, of the nonempty sets T"(g), |g| < k is a subcollection of
the linearly independent spanning collection I J]\D,, (defined in Definition 3.51). By Theorem
3.53 and Corollary 3.40, there therefore exists a P’-signed-measure x’ that agrees with X
in the sense that for each T"(g), |g| < k,

X[T'(9)] = X'[T"(9)]. (6-330)

2 By this we mean Ui_, Sg;- This set is more accurately referred to, however, as §(C(g)) as 8 is technically
a function of set theoretic expressions such as C(g) rather than of sets such as T'(g).
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Define the collection of sets 7/ C P’ by
T ={unv:u,veT} (6.331)

and define ¥ to be the projection of the signed measure x’ on RT'. Define now the matrix UX
with rows and columns indexed by 7, with each (T'(g),T'(g*)) entry denoted as UX(g, g*),
and of value X[T"(g) NT'(g*)] = X[T"(g U g*)]. Thus by definition, y is P’-signed-measure

consistent. Observe moreover that
T =T U{0} (6.332)

since for any T'(g),T'(¢*) € 7, if T'(gU ¢g*) € T then T'(g U g*) = (0 by definition if
lgUg*| <k, and if |gU ¢g*| > k, then we also have T"(g U g*) = 0 by (6.328). Thus 7 is an
inclusion maximal linearly independent subcollection of 7’. It now follows from Theorem
4.10 that if additionally, UX > 0, then ¥ must actually be consistent with a measure on
P’. Considering moreover that X[P'] = X[T"(0)] = x/[T"(0)] = X[T"(0)] = X[T'(®)] = 1
(as shown above), we would conclude that y is P’-probability-measure consistent. We will

now show that the algorithm constraints, together with the constraint U > 0, do in fact

guarantee that UX > 0.

Consider the submatrix U of U with rows for each T'(g) such that T"(g) # 0. Each entry

of the matrix U satisfies

: { P[T(gUg)] = X[T'(gUg)] : lgUg'| <k (6.333)

Ulg,g%) = .
0:[lgug’|>k

by (6.201) and (6.199). Moreover, for each g, g* with |g U ¢g*| < k such that T"(g U g*) # 0,
we have

X[T'(gUg")] =X[T'(gUg")] = XIT'(gUg")] =UX(g,g%). (6.334)

For each g, g* such that |g U ¢*| < k, but T"(g U g*) = () we have by (6.329),
X[T'(gug*)] =0=x[0] = X[0] = UX(g,9"). (6.335)

(The second equality follows from the additivity property of signed measures). Finally, for
each g, g* such that |g U ¢g*| > k we also have T'(g U g*) = () by (6.328), and therefore

Ulg,g*) =0 =x[0] = X[0] = UX(g,9"). (6.336)
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We conclude that U = UX. Thus since U is a submatrix of the positive semidefinite matrix
U, it follows that UX > 0 as well, and we now conclude that ¥ is consistent with some

probability measure x on P’.

Note that for any finite measure X’ defined on P’, and any collection of sets {W7, ..., W,.}
in P/,

> XMW =

i=1
> X [{y e P : ybelongs to > i sets from among {W1,...,W;}}]. (6.337)
i=1

This is true in greater generality as well, but to see why this is true in this case we need
only note that for each zeta vector corresponding to a point y € P’, which we will denote
¢Y, ¢Y[W;] =1iff y € W;. Thus if y belongs to j of the sets {Wy,..., W, }, then for exactly
those j sets (Y[W;] = 1, and for each i < j (and for no i > j),

¢V [{y € P': y belongs to > i sets from among {W1,..., W, }}] = 1. (6.338)

So clearly (Y satisfies (6.337), and therefore each finite measure, which is a nonnegative
linear combination of the (¥, must satisfy (6.337) as well.

Consider now that as a probability measure on P’, xy must satisfy that for each i > 0,
X [{y € P’ : y belongs to at least i sets of the form B;}} <1 (6.339)

and by (6.328), where i > k we have

X [{y € P': y belongs to at least i sets of the form B;}} = x[0] = 0. (6.340)

Thus by (6.337), x must satisfy

¢
Z X [{y € P': y belongs to at least i sets of the form B;}} =
i=1

k—1
Z X [{y € P’ : y belongs to at least i sets of the form B;}] <
i=1

k—1. (6.341)

(A simpler, though arguably less instructive proof of (6.341) would be obtained by noting
that each zeta vector (¥, y € P’ must satisfy 3t_; ¢"[B/] < k — 1, as no point in P’ can

violate more than k£ — 1 blocks. Thus ¥, as a convex combination of those zeta vectors, must
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also satisfy this constraint.)

Note now that for each i = 1,...,t, Bl =T'(g) where g = {i}, so X has a coordinate
for each Bj. If B} # (), then

X[Bj] = X[B]] = ¥[B]] = x[B] (6.342)

and if B} = (), so that X has no B} coordinate, we still have X[B}] = 0 = x(B}) by (6.329).

Thus by (6.341),
¢

Y X[Bj] = iX[Bg] <k-1 (6.343)
=1 =1

Now applying algorithm constraints (6.196) and (6.203), we have

(2

X[B]l=a"[Bi] > > x[N]]—|Si|+1= (6.344)
JES;

(L —a[M]]) =S|+ 1= (6.345)

JES;
1Si] = Y a[M]]—[Si|+1= (6.346)

JES;
1—z(5). (6.347)
So by (6.343),
k—1>> X[Bjl>t—)Y x(S) = (6.348)
1=1 =1

t z(S) >t—k+1.0 (6.349)

1

As we noted at the beginning of the section, the constraints of the form (6.316) described
by Theorem 6.29 are quite a considerable generalization of the clique constraints of the stable
set problem. It is the fact that the common factors capture a great deal of the problem’s
structure that is largely responsible for this result. Similar “block of variables” versions
of the odd antihole, odd hole and odd wheel constraints can also be shown to hold, and
for the latter two the constraints can be obtained quickly even without enforcing positive
semidefiniteness.

We will show now that even for the case of k = 2, the N rank of the constraint (6.316)
rises with n. In the worst case its rank will be > L%J To make the presentation simpler,

we will also assume that P is of the form P = (V2 U;c4, Y7 (with each 4; C {1,...,n}),
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but this assumption does not change anything substantial.

For the purposes of the following theorem, recall from Definition 1.2 that where P C

{0,1}", then K (P) is defined as
{ye{0, 13" tyg=1,(y1,...,yn) € P} (6.350)
and that where @ C [0, 1]", then K (Q) is the homogenized version of Q, i.e.
K(Q) = Cone({z € [0,1]"" : 2o =1, (x1,...,2,) € Q}). (6.351)

Recall also that
K(Conv(P)) = Cone(K(P)). (6.352)

Theorem 6.30 Let Si,...,S; be disjoint subsets of {1,...,n}. Let
P={ye{0,1}":y(S) +y(S;)>1, Vi=1,...,n, j=1,...,n, i # j} (6.353)
and let
P={ye0,1]":y(S)+y(S;)>1, Vi=1,....n, j=1,....,n, i #j}. (6.354)

Let v be the cardinality of the second-largest set S;. Then for all positive integers | <

min{t — 2,~}, the valid constraint

> y(Si) > (t—1)yo (6.355)

i=1

on K (P) is not valid for the set (NTH){(K(P)).

Proof: We will construct a measure y on A (the subset algebra of {0,1}"), for which the

vector

({0, 13", x[Yal, -+, x[Ya)) (6.356)

violates the constraint

i=1 \jesS;

t
2. (Z xm]) > (t = Dx[{0,1}"] (6.357)
but for which each partial sum measure y¥ satisfies

> XM = xPH0, 1}, Vi # (6.358)
ueS;US;
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for each @ of the form
Q=) M (6.359)
h=1

where each My, € {Y1,...,Y,,N1,...,N,}, and w < min{t — 2,7}. By Remark 3.68 and
Definition 4.29 it will then follow that for every w < min{t — 2,7}, the vector defined
by (x[{0,1}"], x[Yi],- .., x[¥n]), which violates (6.357) and therefore does not belong to
Cone(K (P)), nevertheless belongs to (NT1)?(K(P)), which proves the theorem.

The construction is as follows. Without loss of generality, let us assume that Sy,...,S;

are arranged in order of decreasing cardinality. For each i = 1,...,¢, let j; be a particular

element in S;. Define the atom

t
r= () Nn[)Yn N Ni=(Y;n (] N (6.360)
JES1US: i=3 jesUSul_, Gih)e =3 ieWUisliipe

and assign x(r) = 1. For each t-tuple,
H = (l,hi,ho,....0_1,hi31,. .., hy) (6.361)

where each h; € S;, and | € {3,...,t}, define the atom

st = ﬁYhi n N N (6.362)
S U

and assign x(s) = 1, and assign all other atoms measure zero. Recall that the measure of
a set is the sum of the measures of the atoms that the set contains. For each atom s, for
each i = 1,...,t, i # [, there is exactly one j € S; such that s? C Y;. Thus each atom sH
contributes ¢t — 1 units to either side of (6.357). The atom r, however, is contained in only
t — 2 of the sets Y}, and so r contributes t — 1 to the right side and only ¢ — 2 to the left
side, so x indeed violates (6.357). For every {i,j} # {1,2}, every s such that s C Q,
as well as r (if » C @), contribute no more to the right side of (6.358) than to the left, so
all partial sums satisfy all of these constraints. (Recall that atoms that are not subsets of
@ do not contribute to (6.358) at all.) Furthermore, even where {i,j} = {1, 2}, for any Q
such that some s C @, s contributes 2 units to the left side of (6.358) and one unit to
the right. So even if r C @) as well, and therefore r contributes one unit to the right side

and none to the left, the partial sum x% continues to satisfy the constraint (6.358). Thus

all we need to show is that for all

Q= ﬂ My, w < min{t — 2,7}, r CQ (6.363)
h=1
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there is some s C Q. Given such a Q, r C Q implies that there exist subsets

JC | J{i) and L C (U{j,}) M+ L =w (6.364)
=3 =3

such that
Q=[NNNY;. (6.365)

jeL jeJ
Since w < y there must be some h; € S7 and hy € Sy such that neither belong to L, and
since w < t — 2 there must be some [ € {3,...,t} such that [ ¢ J. Define

H = (l,h1,ho,73, s Ji—1sJi41s- -+ Jt)- (6.366)

Then s C Yj for each j € J, and hy,hy & L, together with L N U!_3{j;} = 0 implies

moreover that s7 C N; for each j € L. Thus s ¢ @ and the theorem is proven. O

For the case

t=n—2|Z]+2, ISi| =18/ =[], IS =1, i=3,....1 (6.367)

the theorem gives us a lower bound of |2 | for the N*+ rank of (6.355).

6.7 All Configurations Forbidden
In this section we will consider the set P given by
1
P={ye{0,1}": 3 yj+ > (1-y) > ¥ C{l,...,n}} (6.368)
jedJ jeJ°

This set was first introduced in [CCH89], and was analyzed in [CDO01], [GT01] and in [Lau01].
The set is clearly empty, as every possible configuration is forbidden. Nevertheless, the N
rank of the linear relaxation of this problem is n, as shown in [CDO01] (and it is not hard to
show that its N** rank is n as well), and it is conjectured in [Lau01] that its Lasserre rank
is n — 1. Changing the right hand side to > 1 reduces the bound for N** only by 1, but

it makes the problem suitable for the application of our algorithms. We will show that the

first version of the common factor algorithm determines the set to be empty by level k = 3.

Theorem 6.31 Let
P={ye{0,1}":> yj+ > (1-y;)>1, VJC{l,...,n}. (6.369)
JjeJ jeJe
Then the system of constraints enforced by Version 1 of the algorithm at level 3, applied to

P, is infeasible.
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Proof: We will show that the algorithm constraints at level 3 will require in this case that
the column 2 = 0. But constraint (6.196) demands ¥ [P] = 1, and so there can be no
feasible solutions.

Observe first that every intersection

A" n N (6.370)
leJ leJ

for which J and J partition {1,...,n} is a forbidden configuration. Thus every intersection
A" n N (6.371)
leJ leJ

for which J and J are disjoint subsets of {1,...,n} with |[J| + |J| < n — 1, belongs to
Co. In particular, for each [ = 1,...,n, the expression Nlp € Cy, and for every disjoint
J,J C{1,...,n} such that |J| + |J| < n — 1, every intersection
C=(N NV ectcect (6.372)
leJ leJ
Consider now the case |J|+|J| =n—1, JNJ =0, and {1,...,n}—(JUJ) = {h}. Applying

the algorithm constraints (as per Lemma 6.20),

le/ + Zl‘l// —+ Th 2 o and (6373)
leJ leJ
Z [L'l/ —|— Z xl// —|— l’h// Z ZL’O (6374)
leJ leJ

to the column x¢ yields z$, > 2§ and 2§, > z§. But 2§, + 2§, = z§ (by (6.198)), which
implies (by (6.197) and (6.201)) that

a§ > 22§ = 2§ =0=2"=0. (6.375)
We will now prove by a backwards induction that for each » = 0,...,n — 1, for every
intersection
C=(N Y, [J+ ]| =r (6.376)
leJ leJ

(with J and J disjoint), each type (1) column z¥ of the matrix U (i.e. v is of the form
(6.190)) for which §(v) = 6(C) satisfies z¥ = 0. Recalling that by algorithm contraint
(6.201), all matrix entries in type (1) columns associated with a common intersection of
sets Y and N have the same value, the base case, r = n — 1, has already been established.
Assume now that the hypothesis holds for each r € {¢,...,n — 1} for some 1 <t <n —1,
and consider the set

cl=\N O\ I+ T =t -1 (6.377)
leJ leJ
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(with J and J disjoint). Observe that C3' € C3*. Let h € {1,...,n} be such that h ¢ JU.J.
Choose N}” € Cy, and apply algorithm constraint (6.210) to obtain that for each type (1)

column 2V of the matrix for which §(v) = §(C5 ),
2v=2% =20 N 40 =04 0=0 (6.378)

by hypothesis, which proves the induction. Thus where » = 0 then the set C' defined by
(6.376) is P, and we conclude that z¥ = 0. O

6.8 Further Work

There are a number of avenues that call for further study. The first and most obvious is
the question of what other types of partitioning schemes can be used, and can the choice
of partitioning scheme be tailored to the problem? What other results can be obtained by
partitioning (or covering - we noted already that strict partitions are not necessary) over
clever choices of sets?

Is there a way to partition effectively using sets that are “not nice”, in the terminology
used at the beginning of Chapter 5, to develop algorithms to handle arbitrary feasible sets
of the form P = {y € {0,1}" : Ay > b}? Our use of the sets C~~" perhaps indicates that

“nice” characterization.

some use can be made even out of sets that have no

We indicated in Chapter 3 that the relationship between measures and convex hulls can
be generalized to countably large feasible sets. This generalization can be pusued further.

Another point to consider is that the algorithms of the final two chapters did not make
use of all of the machinery developed in Chapters 3 and 4. In particular they made only
light use of positive semidefiniteness and measure theoretic constraints. These could be
used to greater advantage perhaps in the context of an attempt to ensure P-signed mea-
sure consistency, and a choice of sets that maximizes the effectiveness of results such as

Lemma 4.4 and Theorem 4.10. Measure preserving operators also seem to be interesting

and potentially useful objects.
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