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Abstract

This paper characterizes equilibrium outcomes of extensive form games with incomplete in-
formation in which players can sign renegotiable contracts with third-parties. Our aim is to un-
derstand the extent to which third-party contracts can be used as commitment devices when it
is impossible to commit not to renegotiate them. We characterize renegotiation-proof contracts
and strategies for general extensive form games with incomplete information and apply our re-
sults to two-stage games. If contracts are observable, then the second mover obtains her best
possible payoff given that she plays a renegotiation-proof strategy and the first mover best re-
sponds. If contracts are unobservable, then a “folk theorem” type result holds: Any outcome in
which the second mover best responds to the first mover’s action on the equilibrium path and the
first mover receives at least his “individually rational payoff”, can be supported. We also apply our
results to games with monotone externalities and to a model of credibility of monetary policy and
show that in both cases renegotiation-proofness imposes a very simple restriction.
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1 Introduction

Could an incumbent firm deter entry by contracting with third parties, such as a bank or a labor
union? Could a central bank (or a government in a union) credibly commit to monetary policy (or
fiscal policy) through a contract with the government (or supranational body)? More generally can
contracts with third parties change the outcome of a game to the advantage of the contracting player?
When contracts are non-renegotiable, the answer to this question is in general yes.! In fact, there are
several “folk theorem” type results for different classes of games with observable and non-renegotiable

third-party contracts.?

The effects of unobservable and non-renegotiable third-party contracts are
also well-understood: Nash equilibrium outcomes of a game with and without third-party contracts
are identical (Katz (1991)). In fact, all (and only) Nash equilibrium outcomes of the original game
can be supported as a sequential equilibrium outcome of the game with unobservable and non-
renegotiable contracts (Kockesen and Ok (2004) and Kockesen (2007)).3

In this paper we seek an answer to this question for renegotiable contracts. When a player in a
game lacks the reputation to commit to a course of action that is not sequentially rational, writing a
contract with a third-party is a natural way to achieve such a commitment. However, if the contract-
ing parties also lack the reputation to commit not to renegotiate the contract, one has to consider
renegotiable contracts. We analyze if and how renegotiable third-party contracts change the equilib-
rium outcomes of extensive form games with incomplete information. In the main body of the paper
we consider only two-player two-stage games where the second mover (player 2) has some payoff rel-
evant private information. In what we call the original game, Nature moves first and determines the
state of the world 6. After that, player 1 chooses an action a; without observing 0. Player 2 observes
both 6 and a,, chooses a,, and the game ends. Payoff function of player i = 1,2 is u;(ai, a»,0). Player
1’s strategy is simply a choice of action a; whereas player 2’s strategy is a function b, (a,,0).

In the game with contracts we let player 2 sign a contract with a neutral third-party before the
original game starts. A contract specifies transfers between player 2 and the third-party as a function
of the contractible outcomes, which we assume to be the action choices of the two players, (a;, a,).
The underlying and crucial assumption is that the private information of player 2 is not observable
by any other player, including the third-party, and thus non-contractible. Given a contract f, the
third-party’s payoff is f(ai, a») whereas player 2’s is uy(ay, az,0) — f (a1, az).

Our main objective is to understand the outcomes of the original game that can be supported in
some equilibrium of the game with contracts. The first question that we need to answer is the type
of strategies b, (a;,0) that can be supported by a contract, i.e., incentive compatible strategies. Since
contracts cannot depend on 6, incentive compatibility imposes some restrictions on b,. In order to
get a handle on these restrictions, we assume that player 2’s payoff function exhibits increasing dif-
ferences in (0, ay). It then follows that strategy b, is incentive compatible if and only if it is increasing

in 6 (This is Proposition 2 on page 9).

1See, among many others, Vickers (1985), Fershtman and Judd (1987), Sklivas (1987), Kockesen et.al. (2000), Brander and
Lewis (1986), Bolton and Scharfstein (1990), Snyder (1996), Spencer and Brander (1983), Brander and Spencer (1985), Eaton
and Grossman (1986), Walsh (1995).

2See Fershtman, Judd, and Kalai (1991), Polo and Tedeschi (2000), and Katz (2006).

3Prat and Rustichini (2003) and Jackson and Wilkie (2005) analyze related models in which players can write action
contingent contracts before the game is played. Unlike the current paper, in these papers contractual relationships are not
exclusive and the focus is on the efficiency properties of the equilibrium set. Also related is Bhaskar (2009), in which players
need to pay a price to a supplier in order to play certain actions that are controlled by the supplier.



The second important step is to characterize the restrictions imposed by renegotiation. We model
renegotiation as a game form: After player 1 moves, player 2 can make a renegotiation offer to the
third-party, who knows a,, but not 0, and can either accept the offer or reject it. We define rene-
gotiation-proof equilibrium as a perfect Bayesian equilibrium in which the equilibrium contract is
not renegotiated after any (6, a;) and characterize the renegotiation-proof contracts and strategies
(This is Theorem 1 on page 11). We also provide necessary and sufficient conditions for a strategy
to be renegotiation-proof (Propositions 3 and 4).* These results generalize quite readily to arbitrary
extensive form games with incomplete information where players are free to use mixed strategies,
to environments in which the third-party is not neutral, and to stronger notions of renegotiation-
proofness (See Section 4).

In Section 5 we present the implications of the above results in terms of the outcomes of the
original game. We allow contracts to be observable or unobservable (by player 1) and renegotiable or
non-renegotiable. We show that if contracts are observable, then player 2 can commit credibly to his
Stackelberg payoff, i.e., the best payoff that he can achieve given that player 1 plays a best response.
If the contracts are non-renegotiable, then the only restriction on the Stackelberg payoffis that player
2 uses an increasing strategy (Proposition 6). If contracts are renegotiable, then they also have to
be renegotiation-proof (Proposition 8). We also show that these are the only outcomes that can be
supported (Propositions 7 and 9). In other words, as long as one respects the restrictions imposed by
incentive compatibility and renegotiation-proofness, contracts indeed serve as credible commitment
devices.

We next consider unobservable contracts. We show that if contracts are non-renegotiable, then
any Bayesian Nash equilibrium of the original game in which player 2’s strategy is increasing can be
supported (Proposition 10). In fact, we prove a folk theorem type result: any outcome (af , a;‘ @) of
the original game in which a; () is a best response to a; for each 6 and player 1's payoff is at least as
large as his “individually rational” payoff, can be supported (Corollary 1). Definition of individually
rational payoff is different from the standard one in that player 2, in minimizing player 1’s payoff, is
restricted to using increasing strategies. Similar results hold for renegotiable contracts except that in
the definition of the individually rational payoff player 2’s strategy is restricted to be increasing and
renegotiation-proof (Proposition 11 and Corollary 2).

Note that renegotiation affects the games with observable and with unobservable contracts in the
same way: In both cases the only additional restriction is that the strategies used by the contracting
party must be renegotiation-proof. This means that the difference between what can be supported
with observable and unobservable contracts does not depend on renegotiation. In particular, if the
Stackelberg payoff obtained with observable contracts is a Bayesian Nash equilibrium, then unob-
servable and renegotiation-proof contracts may still serve as commitment devices, but the Stackel-
berg payoffis not the only equilibrium outcome anymore. On the other hand, if the Stackelberg payoff
obtained with observable contracts is not a Bayesian Nash equilibrium, then unobservable contracts
might not serve as commitment devices. Using a distinction introduced by Schelling (1960), with

unobservable contracts (renegotiable or not) we can only commit to a threat, while with observable

40ur assumption that the third-party cannot observe 6 during renegotiation is crucial. Otherwise, the result is trivial:
One can only support the perfect Bayesian equilibria of the original game. This is because, if both a; and 6 are common
knowledge, then player 2 and the third-party would renegotiate away any strategy of player 2 that does not maximize the
joint surplus, i.e., player 2’s payoff in the original game.



contracts (renegotiable or not) we can also commit to a promise.> We illustrate this point with two
applications: entry-deterrence and credibility of monetary policy. We show that it is possible to deter
entry with renegotiation-proof contracts even when they are unobservable, whereas, in the monetary
policy game, commitment to a low inflation rate is possible only with observable contracts.

Entry-deterrence game is an example of a more general class of games, which we call games with
monotone externalities and analyze in Section 6.1. In games with monotone externalities, player 1’s
payoffis increasing or decreasing in Player 2’s action for a given action a,. Suppose, for concreteness,
that player 1’s payoff is increasing in ay. If contracts are non-renegotiable, then player 2 can obtain
a favorable outcome by punishing player 1 by playing the smallest a, whenever he plays an unfa-
vorable action. Since a constant strategy is increasing, incentive compatibility does not bring any
further restrictions on the outcomes that can be supported with non-renegotiable contracts. On the
other hand, renegotiation-proofness imposes a very specific type of constraint on the kind of punish-
ment player 2 can inflict upon player 1: The highest type of player 2 must play a best response while
the other types could keep playing the smallest action (Corollary 3).% In other words, the additional
restriction renegotiation-proofness brings about depends on the probability of the highest type: The
lower this probability, the less severe is the effect of renegotiation.

The class of games with monotone externalities is large and contains many economic models.
The canonical example, of course, is the Stackelberg competition. We show that in this game, the
follower firm indeed benefits from renegotiation-proof third-party contracts. This game can also be
construed as an entry deterrence game, in which case we show that entry can always be deterred with
non-renegotiable contracts but only under certain conditions with renegotiation-proof contracts, i.e.,
renegotiation has real bite in these games.

In Section 6.2, we apply our results to the well-known problem of credibility of monetary policy:
Once the public forms expectations of inflation, the government has an incentive to create surprise
inflation in order to decrease unemployment. This implies that inflation is inefficiently high in the
rational expectations equilibrium (Kydland and Prescott (1977), Barro and Gordon (1983)). Contracts
with central banks have been suggested as a possible solution to this problem (Walsh (1995), Persson
and Tabellini (1993)). In fact, in many countries central banks have mandates in the form of inflation-
ary targets, which may be interpreted as contracts. With observable and non-renegotiable contracts
we obtain a result that is well-known in the literature: The equilibrium outcome of the game with
contracts has no inflationary bias and induces the socially optimal policy (Proposition 14). If the con-
tracts are observable and renegotiable, the inflationary bias cannot be eliminated completely but is
lower than the one resulting from discretionary monetary policy (Proposition 15). In other words,
the possibility to renegotiate the contract reduces the commitment role played by contracts but does
not eliminate it. Also in this application, renegotiation-proofness imposes a very specific type of con-
straint on the equilibrium strategies of the contracting party (monetary authority): The inflation rate
chosen by the monetary authority in the “worst” state of the world (e.g., a financial crisis) is the same
as the inflation rate chosen without contracts (i.e., higher), while the inflation rate chosen in all other

states is the same as the inflation rate chosen in the game with non-renegotiable contracts. There-

5In other words, with unobservable contracts we can support non-sequentially rational strategies only off the equilib-
rium path while with observable contracts, we can support non-sequentially rational strategies also on the equilibrium
path (See Kockesen and Ok (2004) and Kockesen (2007)).

6This is true when player 1’s payoffis increasing in player 2's action. If his payoffis decreasing, then the harshest punish-
ment player 2’s can impose is to play the highest action for all types other than the lowest, who must play a best response.



fore, in this case too, the higher the probability of the worst state, the more severe is the effect of
renegotiation.

These two applications have also an interesting implication about optimal credible commitments.
A commitment (or a contract) thatis optimal to carry out in every state of the world will never be rene-
gotiated and therefore is very credible. However, such contracts are rarely optimal ex ante because in
many situations it is beneficial to commit to a different strategy. Monetary policy is a case in point.
Another way to achieve high credibility is to make renegotiation very difficult. For example, in many
countries central banks have a mandate to hit a particular inflation target, which cannot be altered.
Such contracts, however, may turn out to be suboptimal ex post, for example when a small probabil-
ity event such as a financial crisis occurs. This is exactly what happened in many countries including
England, where the government has an incentive to create some inflation in order to escape the lig-
uidity trap but cannot do so because of the aforementioned mandate of the central bank.” Our results
suggest that in order to achieve optimal commitments that are also credible, one needs to allow flex-
ibility in some states of the world. For example, optimal monetary rule that is also credible would

need to allow for a higher inflation rate in case of a serious crisis.

RELATIONSHIP TO THE LITERATURE

The general message of this paper is that while renegotiation does limit the commitment value of
third-party contracts (in general, renegotiation has bite), it does not completely destroy it. This mes-
sage complements and clarifies the results in the existing literature. Dewatripont (1988) analyzes an
entry-deterrence game in which the incumbent signs a contract with a labor union before the game
begins. A potential entrant observes the contract and then decides whether to enter or not. Rene-
gotiation takes place after the entry decision is made, during which the union offers a new contract
to the incumbent. The crucial assumption is that the incumbent has some payoff relevant private
information during the renegotiation process. Dewatripont (1988) shows that commitment effects
exist in such a model and may deter entry when contracts are publicly observable. One contribu-
tion of our paper is to show that commitment effects exist in arbitrary two-stage games: For example
oligopoly models with price competition and games in which credible commitment to monetary and
fiscal policy is valuable. Furthermore, we show that commitment effects exist even if the contracts
are unobservable and hence they exist also if we allow the contracts to be renegotiated immediately
after they are signed. In fact, allowing for secret renegotiation right after the contracts are signed has
no effect on the results if the game is with unobservable contracts and reduces the case of observable
contracts to unobservable ones.?

Caillaud et al. (1995) applies Dewatripont’s (1988) idea to a game between two principal-agent
hierarchies. In the first stage of their game each principal decides whether to publicly offer a con-
tract to the agent; in the second stage each principal offers a secret contract to the agent, which, if
accepted, overwrites the public contract that might have been offered in stage 1; in the third stage
each agent receives payoff relevant information, decides whether to quit, and if he does not quit, he
plays a normal form game with the other agent. Their main question is whether there exist equilibria

of this game in which the principals choose not to offer a public contract in stage 1. If the answer

7See Tim Harford's article in Financial Times on March 1, 2013 for more on this issue.

8There is another difference between our model and Dewatripont (1988): In our renegotiation protocol, the informed
party makes the new contract offer, whereas in Dewatripont’s, it is the uninformed party who makes the offer. This turns
out to make a difference as we discuss in Section 6.1 (Proposition 12)



to this question is no, then the interpretation is that contracts have commitment value. They show
that contracts have commitment value if the market game stage is of Cournot type, but not if it is
of Bertrand type. Moreover, when contracts have commitment value, they reduce the payoff of the
contracting parties. The received message of Caillaud et al. (1995), in comparison with Dewatripont
(1988), is that by allowing secret renegotiation, Caillaud et al. (1995) enhanced the realism of the
model and clarified the role of strategic contracting.” The crucial difference between our model and
Caillaud et al. is that they assume that agents play a simultaneous move game (and principals offer
contracts to the agents simultaneously) whereas we focus on sequential move games. Therefore, one
contribution of our paper is to show that the differences between the results of Caillaud et al. (1995)
and Dewatripont (1988) do not depend on allowing secret renegotiation right after the contracts are
signed, but instead depend on the fact that Dewatripont (1988) studies a sequential move game while
Caillaud et al. (1995) a simultaneous move game.

In a related paper, Gerratana and Kockesen (2012) also study the effects of renegotiation-proof
third-party contracts in two-stage games. However, that paper assumes that the original game is with
perfectinformation whereas the current one assumes it is a game with incomplete information. Some
aspects of the analyses of these two models are similar and use similar tools, namely theorems of the
alternative. Indeed, results on renegotiation-proof contracts and strategies in Section 3 (Theorem 1
and Propositions 3 and 4) are exact analogs of their counterparts in Gerratana and Kockesen (2012).
However, the games to which these are applied are completely different, and so are the effects of
renegotiation. For the class of games for which Gerratana and Kogkesen (2012) obtain sharp results,
renegotiation has no bite, that is, the outcomes of games with unobservable and non-renegotiable
contracts are robust to the introduction of renegotiation.!? This is not true in the current paper, where
renegotiation, in general, has a bite. Furthermore, in the current paper we extend our results to (1)
arbitrary extensive form games and mixed strategies; (2) to non-neutral third-parties; and (3) to the
case of observable contracts.

In addressing the question of how renegotiation affects the commitment value of third-party con-
tracts we assumed that in the renegotiation stage the contracting party and the third-party have asym-
metric information.!! This choice seems natural in settings where the original game has incomplete
information. Therefore, we hope that the analysis developed in this paper could be used for other

applications not considered in this paper.

2 The Model

Our aim is to understand the effects of renegotiation-proof third-party contracts in extensive form
games. In this section, we will do this in a particularly simple environment: two-stage games with
private information, which we call the original game. The main reason we present our results for
two-stage games is ease of exposition. Still, we should note that many models in economics such as
the entry game, the Stackelberg game, and monopolistic screening belong to this class of games. Fur-

thermore, we show in Section 4.1 that our main characterization results extend to arbitrary extensive

9See Bolton and Dewatripont (2005) pages 631-636.
10gee Gerratana and Kockesen (2012) Section 6.
U This modeling choice follows Dewatripont (1988) and Caillaud et al. (1995). However, other researchers analyzed differ-
ent kind of frictions in the renegotiation stage (see for example Bensaid and Gary-Bobo (1993), who find that renegotiable
contract have commitment effects in a model with non-transferable utility).



form games with incomplete information as long as they satisfy an increasing differences property
(see Definition 8).

We allow one of the players to sign a contract with a third-party before the original game begins
and call this new game the game with third-party contracts. The contract specifies a transfer between
the player and the third-party as a function of the contractible outcomes of the original game. The
crucial aspect of our model is the presence of asymmetric information between this player and the
third-party during the renegotiation phase.

More precisely, we define the original game, denoted G, as follows: Nature chooses 6 € © ac-
cording to probability distribution p € A(®). After the move of Nature, player 1, without observing 6,
chooses a; € A;. Lastly, player 2 observes (6, a;) and chooses a, € A;. We assume that A;, Az, and ©
are finite and let p(0) denote the probability of Nature choosing 6. Payoff function of player i € {1,2}
isgiven by u; : Ax©® — R, where A = A; x Aj.

The game with third-party contractsis a three player extensive form game described by the follow-
ing sequence of events: Player 2 offers a contract f : A — R to a third-party. The third-party accepts
(denoted y) or rejects (denoted n) the contract. In case of rejection the game ends and the third-party
receives a fixed payoff of § € R while player 2 receives —oco.!? In case of acceptance, player 1 and 2 play
the original game. We assume that throughout the entire game 6 remains the private information of
player 2.

Since offering a contract that is rejected yields player 2 a very small payoff, the contract offer will
be accepted in all equilibria. Therefore, for simplicity, we omit the third-party’s acceptance decision
from histories and represent an outcome of the game with third-party contracts as (f,8, a1, a»). The
payoff functions in the game with contracts are given by vy (f, a1, a2,0) = uy (a1, a2,0), v2 (f, a1, a2,0) =
Uz (ay,a2,0) - f (ay,a2),v3 (f, a, ag,B) = f (a1, az), where v3 is the payoff function of the third-party.
Note that the payoff function of the third-party assumes that he is neutral towards the outcome of
the game, i.e., he cares only about the transfer. In Section 4.2 we relax this assumption and allow the
third-party also to have intrinsic preferences over the outcomes of the original game.

The game is with renegotiable contracts if the contracting parties can renegotiate the contract
after player 1 plays a; and before player 2 chooses a,. We assume that player 2, who is the informed
party, initiates the renegotiation process by offering a new contract, which the third-party may accept
or reject. If the third-party rejects the renegotiation offer g, then player 2 chooses a, € A, and the
outcome is payoff equivalent to (f,6,a1,az). If he accepts, then player 2 chooses a, € Ay and the
outcome is payoff equivalent to (g,0, a1, az).

We say that the game is with observable contracts if the initial contract is observed by player 1.
Otherwise, we say that the game is with unobservable contracts. In other words, there are four pos-
sible games with third-party contracts depending upon whether the contract is renegotiable or non-
renegotiable and observable or unobservable. Given an original game G, we will denote the game
with non-renegotiable and observable contracts with I'yo(G), non-renegotiable and unobservable
contracts with I' vy (G), renegotiable and observable contracts with I'ro(G), and renegotiable and un-
observable contracts with I'gy (G).

A behavior strategy for player i € {1,2,3} is defined as a set of probability measures §; = {§;(I) :
I € .4}, where .¢; is the set of information sets of player i and §;(I) is defined on the set of actions
available at information set I. One may write 3;(h) for §;(I) for any history h € I. By a system of

12This assumption is made only to eliminate equilibria in which no contract has been signed and can easily be relaxed.



beliefs, we mean a set pu = {u(l) : I € .#; for some i}, where u(I) is a probability measure on I. A
pair (B, u) is called an assessment. An assessment (S, u) is said to be a perfect Bayesian equilibrium
(PBE) if (1) each player’s strategy is optimal at every information set given her beliefs and the other
players’ strategies; and (2) beliefs at every information set are consistent with observed histories and
strategies.'3

We will limit our analysis to pure behavior strategies, and hence a strategy profile of the origi-
nal game G is given by (b1, by) € A; x Ag“ O 14 por any behavioral strategy profile (b;, by) of G, de-
fine the expected payoff of player i = 1,2 as U;(b1, b2) = Y gco p(@)u;(b1,b2(b1,0),0) and the best
response correspondences as BR;(by) = argmax, ¢4, Ui (aq, b») for all by € Aflxe and BRy(a;,0) =
argmax, c 4, uz(ay,ay,0) for all (a;,0) € A; x ©. We say that a strategy profile (b7, b;) is a Bayesian
Nash equilibrium of G if b} € BR;(b;) and b5 (by,0) € BR»(bj,0) for all 6. The difference between a
perfect Bayesian equilibrium and a Bayesian Nash equilibrium, of course, is that the former requires
player 2 to best respond to every action of player 1, whereas the latter requires best response to only
the equilibrium action. Therefore, every perfect Bayesian equilibrium is a Bayesian Nash equilibrium
but not conversely.

For any behavior strategy profile (b;, b2) in G, we say that an assessment (§,u) in T'x(G), k =
NO,NU,RO,RU, induces (b1, by) if in T'(G) player 1 plays according to b; and, after the equilibrium
contract, player 2 plays according to b,.!°

Our ultimate aim is to characterize renegotiation-proof equilibria, in which the equilibrium con-

tract is not renegotiated after any history.'® More precisely,

Definition 1 (Renegotiation-Proof Equilibrium). A perfect Bayesian equilibrium (8%, u*) of Tro(G)
and T'ry(G) is renegotiation-proof if the equilibrium contract is not renegotiated after any a; € A;
and 0 € O.

We say that a strategy profile (b, b,) of the original game G can be supported with observable
and non-renegotiable contracts if there exists a perfect Bayesian equilibrium of I' yo(G) that induces
(b1, bp). Similarly, a strategy profile (b, b2) of the original game G can be supported with observ-
able renegotiation-proof contracts if there exists a renegotiation-proof perfect Bayesian equilibrium
of T'ro(G) that induces (b1, b»). Similarly for unobservable and non-renegotiable and unobservable
renegotiation-proof contracts.

One important question is whether we are “missing” equilibria by restricting the analysis to rene-
gotiation-proof equilibria. The following result, known as renegotiation-proofness principle, shows
that the answer is no.

Proposition 1 (Renegotiation-Proofness Principle). If there is a perfect Bayesian equilibrium of the
gameT'ro(G) (resp. T'ry(G)) that induces a strategy profile (by, by) of the original game G, then there
exist a renegotiation-proof perfect Bayesian equilibrium of T ro(G) (resp. I'ry(G)) that induces the same
strategy profile (b1, b»).

13gee Fudenberg and Tirole (1991) for a precise definition of perfect Bayesian equilibrium.

141 Section 4.1 we relax this and allow also mixed strategies. This introduces some technical difficulties but our main
results go through.

15Note thatin I'g(G) and I' gy (G), player 2 may choose an action a € A; either without renegotiating the initial contract
or after attempting renegotiation.

16\ye follow the previous literature in our definition of renegotiation-proof equilibrium. See, for example, Maskin and
Tirole (1992) and Beaudry and Poitevin (1995).



Proof. In Section 8. O

AN EXAMPLE: ENTRY DETERRENCE

In order to illustrate our main query as well as some of our results later on, we introduce a very
simple entry game in this section (See Figure 1). Player 1 is a potential entrant, who may enter (E) or
stay out (O) and player 2, who is the incumbent, may fight (F) or accommodate (A) entry.

Figure 1: Entry Game

We assume that fighting is costly, and it is costlier for the high cost incumbent (type c;) than for
the low cost (type ¢;): z—w > x—y > 0. The entrant believes that the incumbent’s type is low cost with
probability p € (0,1).

The unique perfect Bayesian equilibrium (PBE) of this game is (E, AA), i.e., the entrant enters
and both types of the incumbent accommodate. We assume that the monopoly profit is larger than
the highest possible profit following entry, i.e., m > x. In other words, the incumbent would ben-
efit from deterring entry, and one way of achieving this would be to sign a contract with a third-
party that makes fighting optimal. For example, the following contract makes playing FF optimal:
f(F) =6, f(A) =0+ (z— w). Is such a contract renegotiation-proof? If not, can entry still be deterred
with renegotiation-proof contracts? In what follows we will answer these questions and also char-
acterize the equilibrium outcomes that can be supported with third-party contracts under different

assumptions regarding their observability and renegotiation-proofness.

3 Renegotiation-Proof Contracts

In this section we will provide results that help identify the set of outcomes of any original game G
that can be supported by renegotiation-proof perfect Bayesian equilibria of the game with observable
(or unobservable) and renegotiable contracts.

In order to decide whether to accept a new contract offer in the renegotiation phase of the game
with renegotiable contracts, the third-party forms beliefs regarding player 2’s strategy under the new

contract and compares his payoffs from the old and the new contracts. In equilibrium, these beliefs



must be such that player 2’s strategies are sequentially rational, i.e., incentive compatible, under the
new contract. Let the contract space be € = R41*42 and define incentive compatibility as a property

of any contract-strategy pair (f, b2) € € x A?l 0,

Definition 2 (Incentive Compatibility). (f, b2) € € x A;‘ 10 45 incentive compatibleif
uz(ay, ba(ay,0),0) - f(ay, ba(ay,0) = uz(ay, ba(ay,0"),0) — f(ay, ba(a1,0") forall a; € A; and 0,6’ € ©.

We say that a strategy b, is incentive compatible if there is a contract f such that (f, b,) is incentive
compatible. We can obtain a sharp characterization of incentive compatible strategies if we impose
more structure on the original game. To this end, let -y be a linear order on ® and ~, a linear order

on Ay, and denote their asymmetric parts by >y and >,, respectively.

Definition 3 (Increasing Differences). uy : A} x A2 x ® — R is said to have increasing differences in
(g, Z2) if for all a; € Ay, 6 Z 0" and ay 2o a, imply that uy (a1, az,0) — uz(ay, a,0") = uz(ay, a,,0) -

up (a1, ay,0"). Itis said to have strictly increasing differencesif 6 > 6’ and a, >, a;, imply that uy(a,, az,0)—-

/ ! / !
u2(a1) a2)9 ) > uz(aly azye) - uz(alr azre )-

Definition 4 (Increasing Strategies). by : A} x © — Aj is called increasing in (729, ») if for all a; € A;,
0 Zp 0’ implies that by (a1,0) 222 b2(a1,6"). Denote the set of all increasing by by B; .

For the rest of the paper, we restrict attention to games G in which there exist a linear order on ©
and a linear order on A, such that u, has strictly increasing differences in (2Zg,772). Standard argu-
ments show that under increasing differences, incentive compatibility implies that b, is increasing.

The following proposition states this result and shows that its converse also holds.

Proposition 2. Ifuy: A; x A, x® — R has strictly increasing differences, then a strategy by : A} x© — Ay

is incentive compatible if and only if it is increasing.
Proof. Omitted. O

The only if part follows from a standard argument in contract theory. In order to prove the if
part fix an arbitrary a; € A;, let the number of elements of ® be n, and order its elements so that
0" =g 0" =g -+-0% = 61, For any contract-strategy pair (f, by), define f(a1); = f(a1, bz2(a1,07)), j =
1,...,n, and let, with an abuse of notation, f(a;) € R"” be the vector whose jth component is given
by f(a1) j. When u; has increasing differences, incentive compatibility of (f, b») is equivalent to the

local upward and downward constraints:'”

fla)j—fla)j+1 = up(ay, bo(ar,6),07) — us(ay, ba(ay,0°°H,07), j=1,...,n-1

—fla)j-1+ fa)j < uz(ar, ba(@,07),07) — up(ay, ba(ar,0771),0%), j=2,...,n

For any a; € A;, we can write these inequalities in matrix form as Df(a,;) < (72(6;1, by), where D is a
matrix of coefficients and Us(ay, b») a column vector with 2(n — 1) components, whose component

2j —11is given by

Uz(ar, b2)2j-1 = tz(ar, ba(a1,07),09) — up(ar, ba(ar,67 ™), 6%)

17See, for example, Bolton and Dewatripont (2005), p. 78.



and component 2 is given by
Oa(ar, by)zj = up(ar, by(ar,071),07") — up(ay, by (ar,07),67)

Therefore, the proof will be completed if we can show that if u, has strictly increasing differences
and b, increasing, then there exists f(a;) € R” such that Df(a;) < Us(ay, by). This follows easily from
Gale’s theorem for linear inequalities (Mangasarian (1994), p. 33).

We next define our renegotiation-proofness concept, which follows from the definition of rene-

gotiation-proof perfect Bayesian equilibrium (Definition 1).

Definition 5 (Renegotiation-Proofness). We say that (f, b;) € € x A;‘l 9 s renegotiation-proof if for
all a; € A; and 6 € © for which there exists an incentive compatible (g, b») such that

uz(ay, ba(ay,0),0) — glay, ba(ar,0)) > uz(ay, b (@1,0),0) — f(ar, b (ay,0)) 1

there exists a 8’ € © such that
flay, by (a1,0") = g(ay, ba(ay,60") )

In words, if, for some (0, a;), there is a contract g and an incentive compatible continuation play
b, such that player 2 prefers g over f (i.e., (1) holds), there must exist a belief of the third-party (over
6) under which it is optimal to reject g, which is implied by (2).18

Finally, we define a renegotiation-proof strategy as,

Definition 6 (Renegotiation-Proof Strategy). A strategy b, € Ag‘l 9 s renegotiation-proof if there ex-
ists an f € € such that (f, by) is incentive compatible and renegotiation-proof. Denote the set of all

renegotiation-proof strategies by Bf.

Definitions 5 and 6 are indeed the correct definitions to work with, in the sense that they identify
the conditions that any contract f and strategy b, must satisfy to be part of a renegotiation-proof
perfect Bayesian equilibrium of I'ro(G) or I'ry(G). Indeed, if a strategy b, of the original game is
not renegotiation-proof, then there is no perfect Bayesian equilibrium (of the game with renegotiable
contracts) in which a contract f is offered and b, is played without renegotiating f. This simply
follows from the fact that if (f, b2) is not renegotiation-proof, then there is (a;,0) and a contract g
that would be accepted for any belief of the third-party at the renegotiation stage and increase player
2’s payoff. In other words, f will be renegotiated after (a;,0) and therefore the equilibrium is not
renegotiation-proof. In fact, the converse of that statement also holds: If b, is renegotiation-proof,
we can construct a perfect Bayesian equilibrium of the game with renegotiable contracts in which the
equilibrium contract is not renegotiated after any a; and 6. Of course, the equilibrium contract and
b, will also have to satisfy other conditions for them to be part of an equilibrium, but these would
depend on whether the contracts are observable or unobservable, an issue which we will address in
Section 5.

In this section we present a result that characterizes renegotiation-proof contracts and strategies.
In order to understand this result one should first realize that condition (2) in Definition 5 is satisfied

18This definition allows beliefs to be arbitrary following an off-the-equilibrium renegotiation offer. An alternative defi-
nition would be to require the beliefs to satisfy intuitive criterion. In Section 4.3 we show that our results go through with
minor modifications when we adopt this stronger version.
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trivially if the strategy b, does not lead to a higher surplus for the contracting parties after (a;,0).
In other words, for each a; and i = 1,...n, we need to check renegotiation-proofness of (f, b; ) only

against strategies that belong to the following set:
B(ay,i,by)={by€ A?‘X@ : by is increasing and uz(al,bz(al,ei),ei) > uz(al,bz‘(al,ei),ei)}. 3)

By Definition 5, (f, b;) is not renegotiation-proof if and only if there exist a; € A;, i =1,...n, and
incentive compatible (g, b,) such that u,(a;, bg(al,ﬁi),ei) —-glay); > w(a, b;(al,B,-),B,-) — f(a1); and
gla1)j> f(ay)jforall j =1,...,n. As we have discussed after Proposition 2, when u; has increasing
differences, incentive compatibility of (g, b,) is equivalent to Dg(a;) < (72 (a1, b2). Therefore, (f, b; ) is

not renegotiation-proof if and only if there exist ay, i, b, and € € R” such that
D(f(a) +e) < Ualar,by), € < up(ar, bz(a1,0",0") - uz(a1, by (@1,6"),0"), &> 0.

These conditions can be written as [Ax > 0,Cx = 0 has a solution x], once the vector x and ma-
trices A and C are appropriately defined. Motzkin’s theorem of the alternative then implies that
the necessary and sufficient condition for being renegotiation-proof is [A'y; + C'y, =0,y > 0,y =
0 has a solution y1, y»]. The fact that uy has increasing differences can then be used to prove the

equivalence of this condition to the one stated in the following theorem.

Theorem 1. (f,b;) € € x A;lxg is renegotiation-proof'ifand only if forany a, € A,,1 €{1,2,...,n}, and
by €B(ay,i, b;) thereexistsake {1,2,...,i — 1} such that

. . . . l_l -
uz(ay, by(ay,0"),0") — up(ar, by (a1,6",0") + Y Uslar, ba)zj-1 < fla))k— f(ar)i 4)
j=k
orthereexistsanle{i+1,i+2,...,n} such that
. . . . l -
uz(a, ba(a1,0"),0") — up(ay, by (a1,6',0") + Y Us(ar, bo)o(j-1) < flar)— flar); (5)
j=i+l

Proof. Omitted. u

Theorem 1 characterizes the conditions for which (f, b;) is renegotiation-proof. Our next step is
to find conditions for a strategy b; to be supported with renegotiation-proof contracts. The following

definition facilitates the exposition.

Definition 7. Forany a;, i =1,...,n and b, € B(ay, i, b;) we say that m(by) € {1,2,..., n} is a blocking
typeif

i-1

up(ar, bp(a1,0",0") — up(ar, by (@1,60",00 < Y. [Oalar, b3)2j-1 - Ualar, ba)zj-1] (6)
j=m(by)
or
. . . . mb,) R
us(ay, by(a,0"),0") — uz(ay, by (@,60",0") < Z [Uz(alyb;)Z(j—l)_UZ(aI»bZ)Z(j—l)] (7
Jj=i+l

We obtain the following necessary conditions for a strategy b, to be renegotiation-proof.
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Proposition 3. A strategy b; € Ag“ 9 js renegotiation-proof only if forany a; € Ay, i €{1,2,...,n}, and
by € B(ay, i, b;) thereis a blocking type.

Proof. Omitted. u

The above condition becomes also sufficient for renegotiation-proofness with an additional re-

quirement about the relation of blocking types for different renegotiation opportunities.

Proposition 4. A strategy b; € Aghxe is renegotiation-proof if for any a; € Ay, i € {1,2,...,n}, and
by €B(ay,i, b;) thereis a blocking type m(bé) suchthatk <1, m(bf) >k, and m(bé) < limply m(bf) <
m(bl).

Proof. Omitted. O

The conditions given in Proposition (3) and (4) coincide when player 2 has only two types. There-
fore, Proposition (3) is a full characterization result for such games. Although, they fall short of pro-
viding a full characterization in games with more than two types, they help us do so in environments

with more structure as we demonstrate in Section 6.

EXAMPLE: ENTRY DETERRENCE

Let ¢, >¢ c; and A > F and observe that z— w > x— y implies that u; has strictly increasing differ-
ences. Proposition 2 therefore implies that the set of incentive compatible strategies are {FF, FA, AA}.
Are these strategies renegotiation-proof? AA is clearly renegotiation-proof because both types are
best responding and hence B(E, ¢c;, AA) = B(E, ¢;, AA) = . How about FF? For both types playing
A s a better response and hence ‘B(E, c¢;, FF) = {AA} and *B(E, ¢y, FF) = {FA, AA}. Is there a blocking
type for ¢;, i.e., does (7) hold for m(b,) = ¢;,? Since

ux(E,A,c;)—ux(E,Fc))=x—y>ux(E,Fcp) —uz(E,Fcp) — (Ua(E, A, cp) — U (E, A, cp)) =0

the answer is no, i.e., FF is not renegotiation-proof. Is FA renegotiation-proof? In this case ‘B (E, c¢;, FA) =
{AA} and 'B(E, cp, FA) = ¢. Is there a blocking type for ¢;? Since

uZ(E)ArCl) - uZ(E)ECl) = x_yf uZ(E)ArCh) - uZ(E)ECh) - (uz(E)A) Ch) - uZ(ErA) Ch)) =Z—-Ww

the answer is yes. Therefore, the set of renegotiation-proof strategies is {FA, AA}. In other words,
renegotiation-proofness in this example is satisfied whenever the high cost type best responds. Also
note that for the high cost type, not best responding is costlier, i.e., z— w > x — y. Credible commit-
ment, in this example, requires best responding when it is very costly no to do so. Finally, an example
of a contract that supports FAis f(F) =6, f(A) =0+ (x—y).

4 Extensions

So far we have assumed that the original game has only two stages and conducted the equilibrium
analysis in pure strategies. Furthermore, we have assumed that the third-party is neutral. In this
section we show that all our main results can be generalized to a much more general class of extensive

form games with incomplete information and they are true in mixed strategy equilibria as well. We
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also discuss how our results are modified when third-parties are not neutral. Finally, we present the

implications of a stronger definition of renegotiation-proofness.

4.1 General Extensive Form Games

Although we have stated our results for two stage games in which only player 2 has private informa-
tion and has the right to sign a contract with a third-party, we can generalize them to arbitrary finite
extensive form games with incomplete information and perfect recall. The only restriction we impose
is that players’ payoff functions in the original game exhibit increasing differences in a sense that we
will make precise.

Define the original game G as an extensive form game with incomplete information in which
player i € {1,..., n} privately learns his type 8; € ©; at the beginning of the game. Assume that Nature
chooses types independently and let |®;| = n;. After the types are determined players start taking
actions. We denote the set of histories (excluding the moves of Nature at the beginning) by H and
denote a typical history by h = (ay, a1, a, ..., ax), where ay is the initial node (or empty history) and
aj denotes the jth action taken in this history. Payoff function of player i is given by u; : Z x © — R,
where Z is the set of (finite) terminal histories and O is the set of all type profiles 8 = (84, ...,0,).

The set of pure strategies of player i is given by S; and a mixed strategy for player i is a probability
distribution over S; for each 8;, i.e., a mapping o; : ©; — A(S;). A pure strategy profile is denoted by s
and mixed strategy profile by o. Denote the set of all information sets at which player i moves by .#;
and the set of all information sets in the game by .#. At any information set I € .#;, player i has a set of
pure strategies available for the rest of the game, denoted S;|; and defined as the restriction of S; to
information sets of player i that follows (and includes) I. A belief system is a collection of probability
measures m = {m(I) : I € £}, where m(I) for I € .#; is defined over I x ©®_;. A pair (o, m) is called an

t.19

assessment. ” We say that an assessment is consistent if beliefs at every information set are derived

from prior beliefs, observed histories, and strategies using Bayes’ Law whenever possible.
We assume that for every player i and information set I € .%;, S;|; is a chain. In other words, there
is a binary relation 7~; on ®; and —5; on S; that is reflexive, antisymmetric, transitive, and complete.zo

~

We denote the asymmetric parts of 7—; and 2~ s; by >; and >;, respectively.

~

Fix a player i and an information set I € .#;. Given an history k € I, if the type profile is 8, player i

plays s; € S;l;, and other players play s_; € S_;|j, payoff of player i can be written as u; (h, s;,s-;,0;,0_;).

Definition 8 (Increasing Differences). We say that an original game G has increasing differences if for

~

anyi€ N, I€.%;,0; ;0 and s; Zs; s; imply that
ui(h, si,s-i,0;,0-)) —u;i(h,s;,s_;,0;,0_;) = u;(h,s;,s_;,0,0_;) — u;(h, s}, 5_4,0,0_;)

forall hel, s_; € S_j|;, and _; € ©_;. It is said to have strictly increasing differencesif 8; >; 6;. and

19The original game as well as the games with contracts that we will define shortly have perfect recall and therefore for
every behavior strategy there is an outcome equivalent mixed strategy and vice versa. Therefore, we are free to work with
either the behavior or mixed strategies, whichever more convenient.

20Note that any chain is a lattice. Also, we omit the dependence of >~ ; on I to avoid notational clutter.

21We can do that by finding the terminal history z(h, s;, s_;) that is reached when players play according to (s;,s_;) after
h and defining u; (h, s;,s-;,0;,0_;) = u;(z(h,s;,s-;),0;,0_;).
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si >si S; imply that
ui(h, si,s-i,0i,0-) —u;i(h, s}, s;,0;,0_;) > ui(h, s;,s-;,0},0_;) — u;(h, s}, 5-;,0},0_;)

forallhel, s—;i€8_ilp, and 9_,' €0O_;.

In other words, an original game G has increasing differences if the payoff functions have increas-
ing differences in (s;,0;) € S;|; x ©; at every information set [ irrespective for how the other players
play and what the types of the other players are. We assume that the original game G has strictly
increasing differences. Examples of games with increasing differences include repeated ultimatum
bargaining and chain store games.

The induced game with non-renegotiable and renegotiable contracts are straightforward gener-
alizations of their counterparts for two stage games. Each player i independently offers a contract
fi : Z — R to a distinct third-party ¢;, who accepts or rejects it. In case of rejection the game ends, ¢;
receives a fixed payoff of 6; € R, and player i receives —co. In case of acceptance Nature chooses 6
and players in N play G.

We assume that only player i observes his type 8;, and that this is the only source of asymmetric
information between i and the third-party ¢;. In other words, at any point in the game both the main
player and his third-party observe the same histories. The payoff functions are given by v;(f, z,0) =
ui(z,0) - fi(2), vy, (f,2,0) = fi(2).

One of the conditions that strategies must satisfy in any perfect Bayesian equilibrium of the game
with contracts, is that player i’s strategy must be sequentially rational, or incentive compatible, under
the contract. Increasing differences imply that this is equivalent to strategies being increasing. Define
a mixed strategy as increasing if any pure strategy in its support is increasing in the type. We have the

following counterpart to Proposition 2.

Proposition 5. If the original game G has strictly increasing differences, then a mixed strategy is incen-
tive compatible if and only if it is increasing.

Proof. Omitted. u

The game is with renegotiable contracts if the contracting parties can renegotiate the contract at
any point throughout the game. At any information set I € .#; player i either offers a new contract
gi : Z — R to the third-party ¢; or chooses an action. If player i offers a new contract, the third-party
either accepts or rejects it.

We retain the same definition of renegotiation-proofness. Fix a consistent assessment (o, m). We
say that a contract strategy pair (f;,o;) is renegotiation-proof at (o—;, m), if whenever there is a con-
tract g; and an incentive compatible continuation play o’ such that player i of type 0; strictly prefers
(gi 0;.) over (f;,0;) atinformation set I, there must exist a type 6;. for which expected transfers under
(fi,0 ;) at least as high as the transfers under (g;, "))

In order to state the counterpart to our main result for renegotiation-proof contracts we need a
few more definitions. Fix a consistent assessment (o, m) and let Ulf”m (0;. ,0i11) be the expected payoff
of player i of type 0; to playing mixed strategy o, € A(S;|;) conditional on reaching information set I.
Similarly, let F{"" (0"}|I) be the expected transfers.

For any i € N, I € .#;, consistent assessment (g, m), and a’i :09; — A(S;];) define ﬁ?’m(o’l.ll) asa

column vector with 2(n; — 1) components, where component 2j — 1 is given by Uf’m((f;. (0{ ),0711) —
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Uf'm(a’i(efl),@ﬂ[) and component 2; is given by U™ (o, (9{“),91'“, \n-U" (0} (9{),49“1 D, j=
1,2,...,n;—1. Similarly, define F?’m(a’l.ll) asthe n; vector whose jth componentis givenbny’m((f;.(B{)II),
j=L12,...,n; —1.22 Let

$i(1,j,00) = 10", :©; — %;|: 0, is increasing and U7 (0';(6]),6711) > UT™ (067,671 1)}

be the set of all mixed strategies at information set I that is increasing and increases the payoff of
player i type j over his payoff under o;.
Theorem 1 generalizes in a quite straightforward way:

Theorem 2. Fix a consistent assessment (0,m) and i € N. (f;,0;) € € x Z; is renegotiation-proof at
(0-i,m) ifand only if forany I € ;, j =1,...,n;, and 0’; € 2il,j,0;) thereexistsa ke {1,2,...,j—1}
such that

o S j-1
U™ e}0),0]10 - U™ (0460)),6]11 + ZkU,f”’"w;lI)Zt_l <F/"oilDe-F "D  ©®
=

orthereexistsanle{j+1,j+2,...,n;} such that

S o !
Uy ™o} 60),0]10 - U™ (06)),6]11) + ZlUf'm(O';-II)z(t—l) < F)"™(oilD - F™ oD (9)
r=j+

Proof. Omitted. u

Once the definition of a blocking type is appropriately modified (see Definition 7), Propositions 3

and 4 also generalize in a straightforward manner.

4.2 Interested Third-Party

In our model we assumed that the third-party has no interest in the outcome of the original game
other than the transfer from (or to) player 2. This is not always the case with third-party contracts. For
example, the government in its contractual relationship with a central bank is likely to be interested in
the outcome of the game between the central bank and the public. Similarly, the European Union in
its contractual relationships with Airbus is interested in the entry game played by Airbus and Boeing.
We can easily think of many other instances of games with third-party contracts in which the third-
party itself is interested in the outcome of the game. How do our results change if this is the case? The
answer turns out to be straightforward and intuitive.

Let us(ay, az,0) be the third-party’s payoff function so that under contract f his payoff would be
uz(ay, az,0) + f (a1, a). We say that (f, bJ) is renegotiation-proof if for all a; € A; and 0 € © for which
there exists an incentive compatible (g, b») such that

uz(ay, ba(ay,0),0) — glay, ba(ar,0)) > uz(ay, b (@1,0),0) — f (a1, b (ay,0))

22Note that independence of types across players implies that the beliefs of player i over k and 0_;, i.e., m(h,0_;|I), do
not depend on ;. For the same reason expected transfers to pure strategy s; do not depend on 6;.
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there exists a 8’ € © such that
us(ay,b;(a1,0"),0") + f(ay, by (a1,0") = us(ay, ba(ay,0"),0") + g(ay, ba(a1,0"))

In the model with neutral third-party a renegotiation opportunity arises whenever there is an in-
creasing strategy that increases player 2’s payoff u,(a;, as,6), which is the total surplus available to
player 2 and the third-party in that model. When the third-party is no longer neutral, total surplus
available becomes uy(ay, a»,0) + us(ay, az,0). Accordingly, a renegotiation opportunity arises when-
ever there is an increasing strategy that increases total surplus us(ay, az,0) + us(as, a,8). Therefore,

we modify the definition of B(ay, i, b; ) as the set of strategies by that are increasing and satisfy
uz(ay, ba(a1,0"),0") + us(ay, ba(a1,0"),0") > up(ar, by (a1,0"),0") + uz(a, b (a1,0"),0")}.

We can now state the modified version of Theorem 1:

Theorem 3. (f,b;) is renegotiation-proof if and only if for any a; € Ay, i € {1,2,...,n}, and b, €
B(ay,1i, b;) thereexistsa ke {1,2,...,i— 1} such that

uz(ar, ba(ar,0"),0") — uz(ay, b (ar,0"),0") + uz(ar, ba(ar,0%),0%) — us(ay, b (ar,0%),0%)+

i-1

Y Uslar, ba)2j-1 < fla))k — f(ar); (10)

j=k
orthereexistsanle{i+1,i+2,...,n} such that

us(ay, bo(ar,0%),0") — us(ay, b3 (a1,6"),0) + uz(ar, ba(ay,0"),0") — uz(ar, b (a,6"),0")

1
Y Ualar, by)agj—n) < flay); - fla)); (A1)

j=i+l
Proof. Omitted. u

Note that an interested third-party introduces two changes into the result: First, a renegotiation
opportunity arises only if it increases the total surplus rather than just player 2’s payoff. This might
in fact help a contract become renegotiation-proof, if, for example, the third-party and player 2 have
completely opposite preferences. Second, compared with (4) and (5), inequalities (10) and (11) have
extra terms on the left hand side, which might help or hurt a contract become renegotiation-proof
depending upon the sign of those terms.

Again, once the definition of a blocking type is appropriately modified, Propositions 3 and 4 can

be easily generalized to the case of non-neutral third-party.

4.3 Strong Renegotiation-Proofness

Our definition of renegotiation-proofness follows directly from the assumed game form for the rene-
gotiation procedure, i.e., player 2, who is the the informed party, makes a new contract offer and the
third-party, who is uninformed, accepts or rejects. In a renegotiation-proof equilibrium, the contract
is never renegotiated, and therefore any renegotiation offer is an out-of-equilibrium event. This al-
lows us to specify the beliefs of the third-party freely after a new contract offer. This may be found
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unreasonable and a more plausible alternative could be to require beliefs satisfy the conditions spec-
ified in the intuitive criterion introduced by Cho and Kreps (1987).

In our setting, intuitive criterion requires that, given an equilibrium contract strategy pair (f, b;)
and following a renegotiation offer (g, b»), beliefs put positive probability only on types for which
(g, by) is not equilibrium-dominated, i.e., only on those types 6’ for which

up(ay,ba(a1,0"),0") — glay, ba(ay,0") = uz(ay, by (a1,60"),0") — f (a1, b5 (a1,0"))

This leads to the following definition.

Definition 9 (Strong Renegotiation-Proofness). We say that (f, b}) € € x Ag“ 9 s strongly renegoti-
ation-proof if for all a; € A; and 8 € O for which there exists an incentive compatible (g, b») such
that

uz(ay, ba(ay,0),0) — glay, ba(ar,0)) > uz(ay, b (@1,0),0) — f(ar, b (ay,0)) (12)
there exists a 8’ € © such that
f(dlyb;(dlﬁl)) > g(ay, ba(a1,0") (13)
and
us(a1,ba(a1,0'),0") — glar, ba(ay,0") = uz(ay, b; (a1,6",6") — f (a1, b5 (a1,0")) (14)

This is exactly the same as renegotiation-proofness except that it adds condition (14), which al-
lows us to construct beliefs that satisfy intuitive criterion after any renegotiation offer. It can be shown

that when we work with this definition, Theorem 1 needs to be modified as follows.
Theorem 4. (f,b;) is strongly renegotiation-proof if and only if for any a € Ay, i € {1,2,...,n}, and

by € B(a,, i,b;) thereexistsa ke {1,2,...,i— 1} such that

uy(ay, ba(ay,0%),0") — up(ay, b (ay,08"),0") —min{0, uy(ay, ba(a1,6%),0%) — u (ay, b (a1,0%),0)
i-1
+ ) Uslar, br)zj1 < flai— fla));  (15)
=k

orthereexistsanle{i+1,i+2,...,n} such that

us(ay, bo(a1,0%),0") — us(ay b3 (a1,0"),0") — mini0, us (ay, by (a1,0"),0") — uz(ay, b3 (a1,0"),0M)}

1
+ ) Uslay, bo)a-y < fla)); - fla); (16)

j=i+l
Proof. Omitted. O

It is also easy to show Propositions 3 and 4 go through with a minor modification similar to the

one made in Theorem 4.

5 Equilibrium Outcomes of Games with Contracts

There may be legal or technological constraints that might render contracts non-renegotiable and

therefore outcomes that can be supported by non-renegotiable contracts are of interest on their own.
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Furthermore, understanding non-renegotiable contracts will help place our results within the litera-
ture and allow us to isolate the effects of renegotiation. Similarly, and irrespective of whether a con-
tract is renegotiable, there may be valid reasons why a contract maybe observable or unobservable.
Legal contracts between a firm and a bank, or a government and an international body, and many
compensation contracts are observable yet subject to renegotiation if the parties find it in their ben-
efit to do so. Other contracts can be either secret or subject to renegotiation before the game begins,
i.e., they can be unobservable. In this section we will present results regarding the outcomes that can

be supported under different assumptions about the contracts.

5.1 Observable Contracts

Let us assume that the contract signed between player 2 and the third-party before the game begins

is observable to player 1 but may or may not be renegotiated after player 1 moves in the game.

5.1.1 Non-renegotiable Contracts

If the contracts are observable but not renegotiable, then we can show that player 2 can obtain the
best payoff possible given that player 2 plays an increasing strategy and player 1 best responds. More
precisely, define the best Stackelberg payoff of player 2 as Uf = MaXp, e p; MaXp, e BR, (by) U2 (b1, b2) and
the worst Stackelberg payoff as UZW = MaXy,ep; ming, egg, b,) U2 (b1, b2).

Proposition 6. If contracts are observable, then Uf — 0 can be supported with non-renegotiable con-
tracts.

Proof. In Section 8. u

The proof of this result is quite easy. In the definition of the best Stackelberg payoff, player 2 is
playing the best increasing strategy, say b, , given that player 1 is playing a best response that is most
favorable for player 2. Proposition 2 implies that b is incentive compatible, i.e., there is a contract,
say f*, that makes it optimal to play. It is easy to show that there is a perfect Bayesian equilibrium of
the game with observable and non-renegotiable contracts in which player 2 offers f* with expected
value 8, player 1 plays the most favorable best response to that, say b}, and player 2 plays b3 (b;,0)
after (f*, by, 0). Expected payoff of player 2 in such an equilibrium is Uf —-0.

We can also show that player 2 cannot get a payoff that is smaller than his worst Stackelberg payoff.

Proposition 7. If contracts are observable, then UZW — 0 is the smallest payoff that can be supported

with non-renegotiable contracts.
Proof. In Section 8. O

In order to see why let l;g,a1 argming, . B U(ay, by) for any a; € A;. In other words, for any a,,
b, 4, is the worst increasing strategy for player 1 that player 2 can play. Since by 4, is increasing,
it can be shown that there is a contract that makes it uniquely optimal to play. Now let b (b,) €
argminbleBRl(bZ) Uz (b1, b2), b; € argmax, g U (b5 (b2), bo), and a; = by (b;). Note that Uz (a;, by) =
UZW and suppose, for contradiction, that player 2 gets a payoff that is strictly smaller than UZW -0.
We show that there exists a contract that makes it uniquely optimal to play b; (a;,0) after a; and
Ez,al (a1,0) after any other a;. If Player 2 offers this contract, player 1 must play a best response to
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b;. This is because for any a; ¢ BR;(b}), we have Ui (bry(b3), b;) > Uy (a1, by) = Ur(ay, Bzyul). There-
fore, deviation to such a contract yields a gross payoff of at least U, (a;, by) = (72W and a net payoff
arbitrarily close to UZW — 0, a contradiction.

Of course, we have full characterization if player 1’s best response correspondence is single-valued,
i.e., BRy(by) is a singleton for any b, € B, : The unique equilibrium payoff of player 2 that can be sup-

ported with observable and non-renegotiable contracts is UZB -0.

5.1.2 Renegotiable Contracts

If the contracts are observable and renegotiable, then player 2 can again achieve his Stackelberg pay-

off, except that the definition of this payoff must reflect the fact that player 2 plays a renegotiation-

proof strategy. Define the best and worst renegotiation-proof Stackelberg payoffs of player 2 as Uf R
Maxy, ¢ gk MAXp, e BR, (b,) U, (b1, by) and the worst Stackelberg payoff as UZWR = maxp, ¢ r ming, egRr, (b,) U2(b1, b2)
and note that the difference in the definitions comes from the fact that player 2 has to play a renego-
tiation-proof strategy.

Proposition 8. If contracts are observable, then UfR — 6 can be supported with renegotiation-proof

contracts.
Proof. In Section 8. u

The proof of this result also constructs an equilibrium in which player 2 receives the best Stack-
elberg payoff that he can get by playing a renegotiation-proof strategy. There is however a compli-
cation in the proof compared with the proof of Proposition 6. When contracts are non-renegotiable
any deviation from the contract that induces the best Stackelberg outcome under increasing strate-
gies must still induce an increasing strategy. This implies that no deviation can yield a higher payoff.
When contracts are renegotiable a deviation may or may not induce a renegotiation-proof strategy
and hence we cannot tell whether such a deviation can yield a payoff that is strictly higher than the
best Stackelberg payoff that can be obtained by a renegotiation-proof strategy. However, in the proof
of Proposition 8 we construct an equilibrium in which any deviation obtained via renegotiation can
also be obtained via a renegotiation-proof strategy, and this gives us the desired result.

We can again show that player 2 cannot get a payoff that is smaller than his worst Stackelberg

payoff that can be obtained with renegotiation-proof strategies.

Proposition 9. If contracts are observable, then UZW R _ 5 is the smallest payoff that can be supported

with non-renegotiable contracts.
Proof. Proof of this result is similar to that of Proposition 7 and omitted. O

The above results provide sharp predictions for equilibrium outcomes of the games with observ-
able contracts. In particular, they show that third-party contracts play the role of a commitment
device to the extent that player 2’s strategy respects the constraints brought about by incentive com-
patibility, in the case of non-renegotiable contracts, and renegotiation-proofness, in the case of rene-
gotiable contracts. The implications of these results in terms of the equilibrium outcomes depend on
the specifics of the original game. We present some of these implications in our running example and

further in Section 6.
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EXAMPLE: ENTRY DETERRENCE

Assume that p # 2/3 so that player 1’s best response correspondence is single-valued:

O, p>2/3
br (FF) =0,bri(AA) = E,bri(FA) =
E, p<2/3

Remember that the set of incentive compatible strategies is By = {FF,FA, AA} and the set of rene-
gotiation-proof strategies is Bf = {FA, AA}. Therefore, the Stackelberg payoff of player 2 given that
he plays an incentive compatible strategy is m, which he achieves by playing FF. Proposition 6 and
7 imply that this is the unique payoff that can be supported with observable and non-renegotiable
contracts. In other words, entry-deterrence is the unique equilibrium outcome. How about with RP
contracts? If p > 2/3, then the Stackelberg payoff is m, obtained by playing FA, whereasif p <2/3, FA
does not deter entry and the best player 2 can do in this case is to play AA, with payoff px + (1 - p)z.
In other words, if p > 2/3 unique equilibrium outcome is entry-deterrence and if p < 2/3 unique

equilibrium outcome is entry and accommodate.

5.2 Unobservable Contracts

We now assume that the initial contract between player 2 and the third party is not observable to

player 1. Again there are two possibilities: the contract could be renegotiable or non-renegotiable.

5.2.1 Non-Renegotiable Contracts
If contracts are non-renegotiable, we have the following characterization.

Proposition 10. A strategy profile (by, b;) of the original game G can be supported with unobservable
and non-renegotiable contracts if and only if (b}, b3) is a Bayesian Nash equilibrium of G and b; is

increasingin (%9, 72).
Proof. In Section 8 O

This result shows that unobservable third-party contracts potentially enlarges the set of outcomes
that can arise in equilibrium. Furthermore, while earlier papers showed that, when there is no asym-
metric information, any Nash equilibrium of the original game can be supported with unobserv-
able contracts, this result shows that only the subset of Bayesian Nash equilibria in which the second
player plays an increasing strategy can be supported if, instead, there is asymmetric information.

This result also has an immediate corollary in terms of the outcomes that can be supported. For
any strategy profile (b, by) € Ay x Ag“ XG, we define an outcome (a,, a») € A; x A2@ of Gas a; = b; and
ax(0) = by(b1,0). Define the individually rational payoff of player 1 as

U] = max min U (ay, by). (17)
_ a1€ A, byeBS

This is the best payoff player 1 can guarantee for herself in game G, given that player 2 plays an in-

creasing strategy.>> The following easily follows from Proposition 10.

23We should also note that this is different from the definition of individually rational payoff used in the repeated games
literature, which is the minmax payoff rather than the maxmin payoff. The maxmin payoff is at most equal to the minmax
payoff.
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Corollary 1. An outcome (ay, a;) of the original game G can be supported with unobservable and non-
renegotiable contracts if and only if (1) a; (0) € BRy(ay,0) for all0 and (2) Uy (a,a;) = U7 .

Again, note that, in general, outcomes that are not perfect Bayesian equilibrium outcomes of the
original game can also be supported. This can be achieved by writing a contract that leads player 2 to
punish player 1 when he deviates from his equilibrium action. Since contracts cannot be conditioned
on 6 and uy has increasing differences, player 2 can only use punishment strategies that are increasing
in 6. The best that player 1 can do by deviating is therefore given by U, and his equilibrium payoff
cannot be smaller than this payoff. This is condition (2). Condition (1), on the other hand, simply
follows from the requirement that only Bayesian Nash equilibrium outcomes can be supported, and
hence, player 2 must be best responding along the equilibrium path.

Note that if 6 were contractible as well, we would not need to limit the punishment strategies
to be increasing. In this case, condition (2) would have the individually rational payoff defined as

maxg s, min, _ a,xe Up(ay, b2). In that case, the result would be the exact analog of those in models

without asymfIzlee?ric information, i.e., Kogkesen and Ok (2004) and Kockesen (2007).

We should also note that there are interesting environments in which non-contractibility of 6
does not restrict the set of outcomes that can be supported with non-renegotiable contracts. For
example if player 1’s payoff does not depend on 6, then the punishment does not have to depend on
0 either. Therefore, one can simply use a constant punishment after each deviation, which would be
increasing by construction. A second environment is games with monotone externalities, in which u,
is increasing (or decreasing) in a,. In this case, after any a;, the harshest punishment is the lowest (or

highest) a,, which is constant and hence increasing.

5.2.2 Renegotiable Contracts

Suppose now that the contracts are unobservable and renegotiable. The counterpart to Proposition

10 is the following:

Proposition 11. A strategy profile (b}, b;) of the original game G can be supported with unobservable
and renegotiation-proof contracts if and only if (b, b) is a Bayesian Nash equilibrium of G and b; is

increasing and renegotiation-proof.
Proof. In Section 8 u

This result too has an immediate corollary. Define the best payoff player 1 can guarantee for her-
selfin game G, given that player 2 plays a renegotiation-proof strategy as UX = max,, e 4, min besk Utlar, b,).
We have the following corollary.

Corollary 2. An outcome (ay,a;) of the original game G can be supported with unobservable and
renegotiation-proof contracts if and only if (1) a; (0) € BRy(ay,0) for all0 and (2) Uy (ay, a;) = Q{?.

In order to apply the results on unobservable contracts the crucial piece of information is the
individually rational payoff of player 1 given that player 2 plays an increasing or a renegotiation-proof
strategy. We illustrate how this can be done in Section 6.1 for a large class of games that we call games
with monotone externalities. We show that in those games the only thing that distinguishes the case

of renegotiation-proof contracts from non-renegotiable contracts is that the highest type of player 2
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must play a best response to any a; under renegotiation-proof contracts, whereas the only restriction

is that he plays an increasing strategy in the case of non-renegotiable contracts.

EXAMPLE: ENTRY DETERRENCE
Individually rational payoffs of player 1 are given by

U; = max min U, (a1,by) =U;(O,FF) =0

a €Ay b,eB}
U,(O,FA) =0, >2/3
UIR = max min U1 (al,bz) = ! P
a€A) pyeBE Ui(E,AA)=2-3p, p<2/3

Corollary 1 implies that (O, FF) and (E, AA) can both be supported with unobservable and non-
renegotiable contracts. Corollary 2 implies that if p > 2/3 both (O, FA) and (E, AA) can be supported
with unobservable and RP contracts, whereas if p < 2/3 only (E, AA) can be supported.

6 Applications

6.1 Games with Monotone Externalities

We say that an original game G is a game with monotone externalities if player 1’'s payoff is mono-
tonically increasing or decreasing in player 2s action, i.e., for any a;, and 6, a, 7> a, implies either
uy(ap, aé,@) > uy(ay,a»,0) or ui(ay, aé,@) < u;(ay, as,0).2* Such positive or negative externalities are
very common in economic models. Indeed, the class of games that satisfy these conditions includes
Stackelberg and entry games, sequential Bertrand games with differentiated products, monopolistic
screening, and ultimatum bargaining, among others.

Assume that contracts are unobservable. Fix a; € A;, let a, (a2) be the smallest (largest) element
of A,, and define

a,, VYOif uj(ay,ay,0) increasing in a,
by (a1,0)=4
az, VOifu;(a;,ay,0) decreasing in a,

Note that this strategy is increasing in 8 and it is the harshest punishment player 2 can inflict upon
player 1, i.e., b; € argming, . B Ui (a1, by) for all a;. In other words, the individually rational pay-
off of player 1 given that player 2 plays an increasing strategy is given by U = max,, U;(ay, by).
We can directly apply Corollary 1 and conclude that an outcome (a;,a;) of the original game G
with monotone externalities can be supported with non-renegotiable contracts if and only if a; (0) €
BRy(aj,0)for all 0 and Ui (ay,a;) = U;.

Which outcomes can be supported with unobservable and renegotiation-proof contracts? Propo-
sition 3 implies that the harshest punishment strategy b; is not renegotiation proof.?® Using Propo-
sition 4 we can show that, if ; is increasing in a,, the harshest renegotiation-proof punishment is to
make the highest type of player 2 play a best response, while the other types play the smallest a, (see

24Note that player 1’s payoff may be increasing in a, for some a; and decreasing for others.

25See Lemma 3 in Section 8, which shows that renegotiation-proofness of a strategy by € A?l <0 implies that the highest
(lowest, resp.) type does not have a profitable deviation to a higher (lower, resp.) action.
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Lemma 2 in Section 8). Similarly, if u; is decreasing in a,, the harshest renegotiation-proof punish-
ment is to make the smallest type best respond and the other types play the largest a,.
More precisely, let bgl(al) € argminazeBRz(ahen) ui(ay, az,0™ and b; () € argminazeBRz(ahel) uy(ay, a, 0.

Define the punishment strategy as

ay, if uy (ay, az,0) increasing in a, and 6 < 6"
bXa;y), if uy(a;,as,0) increasing in a, and 6 = 6"

bRa,0)={ 2" nn B 2 (18)
as, if uy (a1, a,0) decreasing in a, and 6 > o!

bl(a1), if ui(a1,az,0) decreasing in ap and 0 = 0!

The best payoff that player 1 can achieve against this strategy is U f =max, U (a, bf). We can then
apply Corollary 2 to games with monotone externalities.

Corollary 3. An outcome (ay,a;) of an original game with monotone externalities can be supported
with unobservable and renegotiation-proof contracts if and only if (1) a; (0) € BRy(aj,0) for all0 and
@) Ui(a},a;)zUR.

Therefore, the effect of renegotiation in this environment is very clear. If the contracts are un-
observable and non-renegotiable, then any outcome (a,, az) in which player 2 best responds on the
equilibrium path and punishes player 1 in the harshest possible way off-the-equilibrium can be sup-
ported. With unobservable and renegotiation-proof contracts player 2 cannot punish player 1 in the
harshest possible way anymore: the highest (or the lowest) type must play a best response even off-
the-equilibrium path.

We next apply these results to a game that has been a canonical example for issues related to
commitment: Stackelberg and entry-deterrence games.

QUANTITY COMPETITION AND ENTRY-DETERRENCE

Consider a Stackelberg game in which firm 1 moves first by choosing an output level ¢; € Q; and
firm 2, after observing ¢, chooses its own output level g, € Q. Inverse demand function is given by
P(q1,q2) = max{0,a — q1 — g»}, where a > 0, and we assume Q; is a rich enough finite subset of R,
whose largest element is a.26 Cost function of firm 1 is C1(q1) = cq1, where c is common knowledge,
whereas the cost function of firm 2 is C>(g2) = 0g2. We assume that 0 € 01,02,...,6™, where n =2,
is private information of firm 2 and 6! < 6% < --- < 8", Firm 1 believes that the probability of 6 is
given by p(0?) and for ease of exposition we assume that expected value of 6 is equal to c. The profit
function of firm i is given by 7;(q1, g2,0) = P(q1,g2)q; — Ci(q;) and we assume that both firms are
profit maximizers.

To ensure positive output levels in equilibrium we assume that @ > 20" — ¢, in which case the

(Stackelberg) equilibrium outcome of this game is given by

a—c a-20+c
2’ 4

(91, 950)) =

Define the game G as follows: Let A} = Q; and Ay = {—¢2 : g2 € Q2} and define ~—; on A; as a; 7=;
a; < a; = a;and g as 0 g 0' < 0 = 0'. Let the payoff function of player i be given by u;(ay, az,0) =

26we introduce this assumption so that player 2 can choose a high enough output level to drive the price to zero.
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wi(a1,—ap,0), forany (aj, ay) € A; x Ay. The game G is strategically equivalent to the Stackelberg game
defined in the previous paragraph. It is also easy to show that u, has strictly increasing differences in
(ay,0) and u, is increasing in ay.

Let us first assume that contracts are unobservable. Since u, has strictly increasing differences
and u, is increasing in a,, we can apply Corollary 1 and Corollary 2 to characterize all the outcomes
that can be supported with non-renegotiable as well as renegotiation-proof third-party contracts. In
order to apply Corollary 1, we need to calculate the individually rational payoff of player 1, i.e., U as
defined in equation (17). The harshest punishment firm 2 can inflict is to drive the price down to zero
by producing a for any type 6. Since this is a constant (and hence an increasing) strategy;, it follows
that U, = 0. In other words, any outcome (af , a; (8)) such that firm 2 best responds to ai‘ and firm 1
gets at least zero profit can be supported with non-renegotiable contracts. In particular, entry can be
deterred with non-renegotiable contracts.

Can entry be deterred with renegotiation-proof contracts? In order to apply Corollary 2, we need
to first calculate player 1’s individually rational payoff given that player 2 plays a renegotiation-proof
strategy. The discussion above implies that the harshest punishment is obtained when the highest
type of player 2 best responds while the other types choose the lowest ay, i.e., a; = —a. Player 1’s ex-
pected payoff when player 2 plays this strategy is given by %p(@”) (a+0"—a)) a; — ca;y. Its maximum,

i.e., player 1’s individually rational payoff, is therefore equal to

0, p@"H)(a@+0™ -2¢c<0

(p(O™) (a+6™)-2¢)*
8p(9") )

U=
=1 =
pO@"H)(a+0™—-2¢c>0

a;+0-a

Condition (1) of Corollary 2 requires that a; (0) = for all 6, and hence U (a;, a;) = %((x —c—
ay)a; . Therefore, by condition (2), any outcome such that %((x -c-aj)a; =zU f can be supported.
Also note that if p(0™)(a +6") —2¢ > 0, then Q{? is strictly positive. This implies that entry cannot

be deterred if p(0™)(a +6™) —2¢ > 0. Therefore, we have the following result:

Corollary 4. Entry can be deterred with unobservable and non-renegotiable contracts. It can be de-

terred with unobservable and renegotiation-proof contracts if and only if p(0™)(a +0") —2¢ < 0.

Now let us assume that contracts are observable. The best payoff that player 2 can obtain in

o . . . ;+0—
the original game is the monopoly outcome, i.e., a; = 0 and a; (0) = 4 +2 2. If contracts are non-

renegotiable, then Player 2 can obtain this outcome exactly the same way as with unobservable con-
tracts: If player 1 plays any a; > 0, punish him by flooding the market, i.e., choose a, = —a. In other
words, with observable and non-renegotiable contracts the unique outcome is the monopoly (entry-
deterrence) outcome.

Could player 2 achieve the monopoly outcome with renegotiation-proof contracts? The above
analysis implies that the answer is yes as long as Q{" =0, i.e, p@™)(a+80") —2c <0. It is easy to
see that if this condition holds, then the unique equilibrium outcome that can be achieved with ob-
servable and renegotiation-proof contracts is the monopoly outcome. If, on the other hand, p(0™) (a+
0™)—2c¢ > 0, then monopoly outcome can no longer be supported with renegotiation-proof contracts.

However, player 2 can obtain the following outcome: Player 1 plays aj, where aj is the smallest a;
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such that

(pO™ (@ +6™ —2¢)°
8p(6")

1
E(a—c—ai‘)ai‘z

a;+0-a
2
consistent with player 2 punishing with the harshest possible renegotiation-proof strategy off-the-

and player 2 plays a; (0) = for all 6. In this outcome, player 1 produces the smallest amount
equilibrium and best responding on the equilibrium path.

Dewatripont (1988) has analyzed a similar entry game and showed that entry can be deterred
with renegotiation-proof contracts under certain conditions. His conditions are different from ours
because he uses a different renegotiation-proofness concept, namely durability, first introduced by
Holmstrom and Myerson (1983). A decision rule is durable if and only if the parties involved would
never unanimously approve a change from this decision rule to any other decision rule. Holmstrom
and Myerson showed that this is equivalent to interim incentive efficiency when there is only one
player with private information. In our context, only player 2 has private information and hence a
contract-strategy pair (f, b; ) is interim incentive efficient (and therefore durable) if and only if there
is no a; € A; and an incentive compatible (g, b,) such that after a; every type of player 2 and the
third-party do better under (g, b»), with at least one doing strictly better.

We have a characterization of durable strategies for the two-type case, i.e., when © = {9',62},
and even in that case, the relationship between our concept of renegotiation-proofness and dura-
bility turns out to be quite subtle. It is not difficult to show that neither concept implies the other
one in general. However, in games with monotone externalities it can be shown that durability im-
plies renegotiation-proofness. The entry-deterrence game is a game with monotone externalities,
and therefore, if entry can be deterred with durable contracts, it can also be deterred with renegotia-
tion-proof contracts. In fact, in the entry-deterrence game player 2’s payoff function is single-peaked
and for such environments we have a complete characterization of durable outcomes that is particu-
larly easy to apply. Using this characterization, we can show that the relationship between durability

and renegotiation-proofness is strict.

Proposition 12. In the entry-deterrence game with two types, if p1(0? + a) > (0% — ), then entry can

be deterred with renegotiation-proof contracts but not with durable contracts.
Proof. Available upon request. O

Remember that the harshest renegotiation-proof punishment strategy of the incumbent is to
flood the market if entry occurs, except for the highest type (type 62), who has to best respond. Dura-
bility still requires that the highest type best responds. The difference is that flooding the market for
type 6! is not a durable strategy: There is a restriction on how much the incumbent can produce in

response to entry, which is condition (d) of Proposition 1 in Dewatripont (1988).

6.2 Commitment to monetary policy

In this section we apply our results to the problem of credibility of monetary policy (Kydland and
Prescott (1977), Barro and Gordon (1983)). Consider the following model. Public (player 1) forms
expectations of inflation rate 7¢ after which the economy receives a zero mean shock 6 and the policy

maker (player 2) sets the inflation rate 7. Unemployment rate is given by an expectation augmented

25



Phillips curve with a stochastic shock, U = U* — a(m — n°) + 6, where @ > 0 and U" is the natural rate
of unemployment. The policy maker’s objective function is —U? — > whereas the public aims to
accurately forecast the inflation rate.

We can study this model in our framework by defining the following game G. Let a; = n°, a, =7,
A=A, =R,0€{0,6%,...,6",and ' <6? <--- <0".%" Let probability of 67 be p(8’) and ¥°; p(6")0" =
0. Define ZZ» on Ay as ap 72 a, © ap = a, and g as 0 7y 6’ < 6 = 6'. Let the payoff functions be
u (m8,m,0) = —(n¢ — m)?, up(n®,m,0) = —(U* —am —n°) +0)% - ,6712.28 It is easy to show that u, has
strictly increasing differences in (r,0).

With an abuse of notation denote the public strategy as 7° € R and the policy maker’s strategy as
(7% 6). The literature looks at a particular class of equilibria known as rational expectations equilib-
riain which the public always predicts the inflation rate accurately: 7 =Y; P(Hi )7 (€, 0%). In order to
allow comparison with the extant literature, we restrict attention to strategies of policy maker that are
separablein 6 and ¢, i.e., w(7%,0) = /(7% +7(0), and such that % # 1.29 The equilibrium outcome
of the original game G, then, is the same as what is known as the rational expectations equilibrium in

the literature:

Proposition 13. The unique perfect Bayesian equilibrium of the original game G is given by n°® = % u*

andn(n¢,0) = a;"iﬁne+ az"frﬁ(U* +0), with outcome n® = %U* andn(0) = %U* + az;'frﬁ

Proof. Omitted. u

As it is well known this outcome is inefficient and the policy maker would rather commit to the

a
this commitment (Walsh (1995) and Persson and Tabellini (1993)) and our next result reproduces this

policy #(0) = 0, which results in zero expected inflation. Contracts have been shown to achieve

result.

Proposition 14. The unique outcome supported by observable and non-renegotiable third party con-

tractsisn® =0 andn(0) = aZLJrﬁB'

Proof. In Section 8. O

However, the interpretation of this result has been criticized by McCallum (1995, 1997), whose
“second fallacy” argument can be rephrased in terms of renegotiation: How credible can be a com-
mitment through a contract when both parties have an incentive not to enforce it? The next result
states what can be obtained with renegotiable contracts and therefore addresses the criticism by Mc-

Callum.

Proposition 15. The unique outcome supported by observable and renegotiable third party contracts
is
e apn

pe=—_0n (19)
az(l - pn) + :6
2 g, 0<0"
n(0) =4 P - (20)
a a — n
a2+ﬁ9+ az(1-pp)+p’ 0=0

27In our model we assumed that A; and Ay are finite. In this application, we are assuming that they have the cardinality
of the continuum. In order for the results of the paper to go through, we need to assume that player 2 is restricted to offer
contracts f after which player 1 and 2’s optimal continuation plays are well defined.

28We assume that the third-party is neutral. If not, we can modify our results as suggested in Section 4.2.

29See Lemma 4 for the reasons behind these restrictions.
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Proof. In Section 8. u

Proposition 15 tells us that if contracts can be renegotiated, the inflationary bias cannot be com-
pleted eliminated. However, the average inflation rate is less than the one produced by the discre-
tionary monetary policy (i.e., the one without commitment). In other words, the possibility to rene-
gotiate the contracts reduces the commitment role of contracts, but does not completely eliminate
it.

An interesting feature of the equilibrium outcome with renegotiable contracts is that the real-
ized inflation differ from the non-renegotiable case only in the “worst state” of the world 6”. This
implies that the average inflation rate is increasing in the probability p,. As p, approaches one, 7°
approaches %U * (the inflation rate without commitment), while as p, approaches zero, the average
inflation rate approaches zero (the inflation rate under full commitment).

Another observation is that in this model, unlike in the entry-deterrence model, unobservable
contracts (whether they are renegotiable or not) are completely ineffectual in solving the problem of
credibility of monetary policy. Indeed, if the contracts are unobservable, then the only outcome of
the original game that can be supported is the equilibrium outcome of the original game given by the

rational expectations equilibrium without commitment.3°

7 Conclusion

In this paper we studied the extent to which renegotiation reduces the commitment value of third-
party contracts in extensive form games with incomplete information. In order to isolate the effect
of renegotiation, we compared the outcomes that can be supported with non-renegotiable contracts
with those that can be supported with renegotiable contracts, and showed that when renegotiation
cannot be excluded the committing party is restricted to choose renegotiation-proof strategies. More
precisely we showed that when the contracts are observable to the first mover, then the second mover
obtains her Stackelberg payoff that can be achieved with renegotiation-proof strategies. When the
contracts are not observable, then some kind of a “folk theorem” is true: Any outcome in which the
second mover best responds to the first mover’s action and the first mover obtains his individually
rational payoff can be supported. In the definition of the individually rational payoff, player 2 is re-
stricted to using increasing and renegotiation-proof strategies.

The restriction imposed by renegotiation-proofness is particularly transparent in some interest-
ing economic applications. In particular, we apply our results to games with monotone externalities,
i.e., games in which the first mover’s payoff is monotonically increasing (or decreasing) in the second
mover’s action, and to a model of credibility of monetary policy (which is not a game with monotone
externalities). The general message is that, while renegotiation does limit the commitment value of
third-party contracts and hence, in general, has bite, renegotiable contracts still have an important
strategic value. In games with monotone externalities, player 2 can induce player 1 to play player 2’s
favorite action by punishing him if he plays some other action. If player 1’s payoff is increasing in
player 2’s action, then the worst punishment is to play the lowest possible action for every type of
player 2. However, this is not a renegotiation-proof strategy. The worst renegotiation-proof punish-
ment is to best respond for the highest type while the others play the smallest action.

30This follows immediately from Propositions 10 and 11 and the restriction in our strategy space.
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In the problem of credibility of monetary policy, it is well-known that with non-renegotiable con-
tracts it is possible to eliminate the inflationary bias and to achieve the socially optimal policy. We
show that if contracts are renegotiable, the rate of inflation in the worst state of the world (e.g., a fi-
nancial crisis) must be the discretionary one, while the rate of inflation in all the other states of the
world are the same as the rate of inflation chosen in the case of non-renegotiable contracts.

The class of games considered in this paper is quite large and we believe that there are many
other interesting models or economic problems that can benefit from the analysis and the methods

developed in this paper.

8 Proofs

In the game with non-renegotiable contracts, player 2 has an information set at the beginning of the
game, which we identify with the null history @, and an information set for each (f,0,a;) € € x© x Ay,
where € = R4*42, Player 3 has an information set for each f € €. If contracts are unobservable, then
player 1 has only one information set, given by %. If contracts are observable, then player 1 has
an information set for each f € ¥. In the game with renegotiable contracts, player 2 has additional
information sets corresponding to each history (f,0, a1, g,y) and (f,0, a1, g n) and player 3 has an

additional information set of each (f, a1, g), which we denote by I53(f, a1, g).

Proof of Proposition 1. Take a perfect Bayesian equilibrium (PBE) (B, 1) of the game I'go(G) that in-
duces the strategy profile (b;, b;) of G and let f* be the contract offered by player 2 to the third party
in the first stage, thatis f,(@) = f*. For each a,, partition the set © in two sets, @gl and @flvl R-@ —@gl ,
where 0 € @51 if the contract f* is renegotiated after (a;,0); thatis 6 € @51 if B2(f*,0,a1) = g for
some g € € and B3(f*,0,a1,8) = y. If ©,4 = @ for all a;, then (B, u) is renegotiation-proof and we
are done. For each a; and 0 € @51 denote with g 4,) the contract that is offered and accepted after
(f*,0,a), thatis Bo(f*,0,a1) = g, and P3(f*,0,a1,80,a,)) = y- Also, for each a; and 6 € ©F de-

note with b the strategy that player 2 chooses after the contract gy 4, is offered and accepted,

86,a1)
ie., Ba(f*,0,a1,86,a)¥) = bgq,,,- For each a; and 0 € OJR, denote with by-(ay,0) the strategy that

player 2 chooses after (f*, a1,0), thatis f2(f*,0, a1) = by (ay,0). Define

f*(ay,ap), if 36 € ©FF such that a, = by« (ay,6)
h*(ay,ap) = 80,an(a1,a2), if30€ @51 such that a, = bg(@,al] (a1,0)

00 otherwise

b (ar,0),  if0e@YR
bh* (alye) = f ! a
bg(B,al)(al»H)r if @ €®§1

Consider the following assessment, denoted (f', i'), in which player 2 offers #* and plays accord-
ingto by, without attempting to renegotiate. Player 1 has the same beliefs asin (8, u), B} (h*) = B1(f ™),
and B (f) = B1(f) for f # h*; Player 3 has the same beliefs as in (8, ), B5(h*) = y, and B5(I) = B3(I)
at any other information set I; 8, (@) = h*, p,(h*,0, a1) = by-(a1,0), and B, (I) = B> (I) at any the other
information set 1.

We will show that (8, ') is a renegotiation-proof PBE of I'ro(G) and induces (bi‘ ,b;‘ ). Since
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By (h*) = by and B,(h*,0,a1) = by:(a1,0) = b;(a1,6), the assessment (B, ') induces (b}, b;), and
since h* is not renegotiated after any (a;,0), it is renegotiation-proof.

In order to prove that (f,u’) is a PBE, we first show that h*(a;, ay) is well defined. Indeed, if
there exist a; € A;, 0 € ©F and a 0’ € ©)F such that by-(a1,6") = Dgga (@1,0) = ay, then f* (a1, a) =
86,4y (a1, az). Suppose, for contradiction, that f* (a1, az) # g@,a,) (a1, a2). Assume first that f*(a;, a) >
80,a)(a1,a2). In the PBE (B, ), after (f*,a1,0"), player 2 chooses bf*(al,B’) = ay and gets a pay-
off of uy(ay, ax) — f* (a1, az). However by choosing g 4,) and then playing a,, player 2 would get
uz(a, az) — g@o,ay (a1, az) > uz(ay, az) — f*(a, a»).3! This implies that player 2 has a profitable devia-
tion, contradicting that (8, 1) is a PBE.

Assume now that f* (a1, a2) < 89,4, (a1, a2). In (B, ), after (f*, a1,0), player 2 renegotiates by of-
fering g(,4,), which is accepted, and 2 chooses ay. He receives a payoff of us(a;, az,0) — g,4,) (a1, a2),
which is smaller than the payoff he could receive by playing a,. Therefore player 2 has a profitable
deviation contradicting that (8, ) is a PBE.

Next, we prove that (h*, by+) is incentive compatible, that is, for all @; and 6:
uz(ay, b (a1,0),0) — h* (a1, by-(a1,0)) = ux (a1, az,0) — h* (a1, ap) for any a € A, 21)

First, assume 0 € @fIVIR so that by: (a1,0) = by« (a1,0). If ay is such that 30’ e @fIVIR, with a; = by« (a1,0') =
by (a1,0"), then (21) becomes

uz(aly bf* (01)9)16) _f* (aly bf* (alye)) = uz(aly bf* (alyel))e) _f*(aly bf* (alyel))

which holds by optimality of b ¢ (ay, 0). If a, is such that there exist ' € 951 such that a, = by, (a1,0') =
bg(ﬁ’,al) (a;,0"), then (21) holds because otherwise after (a1,0) player 2 could offer 8',4;) and once ac-
cepted, play a, = bg(e/,al) (a1,0"). Thisyields a payoff of up (a1, az,0)—g@',a,) (a1, a2) > uz(ay, bf(ar,0),0)—
f*(a1,by+(a1,0)), implying that player 2 has a profitable deviation after (f*,0, a;) and contradicting
that (B, ) is a perfect Bayesian equilibrium.32 Finally, if there is no 6’ € ©, with a, = by, (a1,6"), then
(21) holds trivially.

Next, assume 6 € ©F so that by (a;,6) = bgga(@1,0). If ay is such that 36" € ONE, with a, =
by (a1,0") = b (a1,0"), then (21) holds, because, otherwise after (a;,60) player 2 could choose a, =
bf«(ay,0") (without renegotiating f*) and could get a payoff of

uz(aly bf* (aly 6,); 6) - f* (aly bf* (aly 6,)) > uz(aly bg(e,ﬂl) (aly 6))9) - g(e,al) (aly bg(e,ﬂl) (alye))~

This implies that player 2 has a profitable deviation after history (f,8, a;), contradicting that (8, ) is
a PBE. If a, is such that there exists a 0’ € @51 with a, = by+(a;,0') = bg(e/,aly (a1,0"), then (21) holds,
because, otherwise player 2 could offer g ,,) after (a;,0) and once accepted play a; = bg(e,val) (a1,0").
This yields

u2(a1) dz» 0) - g(@’,al) (a]r az) > uz(alr bg(B,al] (a]re))g) - g(H,al) (al) bg(g,al] (alre))

and shows that player 2 has a profitable deviation after history (f,0, a;), contradicting that (8, u) is a

3INote that 8(6,a;) (a1, az) is accepted after a; in (f, p) since 0 € @gl by hypothesis.
32Note that 8(0',ay) is accepted by construction.
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PBE.33 Finally, if there is no 6’ € ©, with a, = by, (a1,60’), then (21) holds trivially.

We now verify that (8, ') is indeed a perfect Bayesian equilibrium of I'z (G). For player 1, § (h*) =
B1(f*) is optimal because for any a;, h* and f* induce the same outcome. Similarly, for any f # h*,
B’ and B_; induce the same continuation play, which implies that 8} (f) = B(f) is optimal. For player
3, B3(h*) = y is optimal because f3(f*) = y is optimal and k* and f* induce the same continuation
play; B5(f,a1,8) = B3(f, a1, g) is optimal because B, (f,0, a1, g, x) = f2(f,0, a1, 8, x), for x =y, n.

For player 2, B, (f,0,a1,8,x) = B2(f,0,a1, 8, x), for x = y, n, is optimal by construction. Similarly,
for any f # h*, B,(f,0,a1) = B=(f,6,a;) is optimal since continuation plays after (f,60,a;) are the
same under § and f’. Now consider optimality of 8, (h*,0,a:) = by:(a1,6). Suppose first that 6 €
@flvl R Incentive compatibility of (h*, by-) implies that there is no profitable deviation to a different
action ay. There cannot be a profitable deviation to offering a contract either, because continuation
play after any such contract is the same under § and f’ and hence if there was such a contract, then
playing according to b+ (a1,0) would not be optimal under 8. Now suppose 6 € 951 . Again, incentive
compatibility of (h*, by+) implies that there is no profitable deviation to a different action a,. Suppose,
for contradiction, that there is a profitable deviation to offering a contract g’. If g’ is rejected, then
incentive compatibility of (h*, by,) is contradicted. If g’ is accepted, then it is also accepted in under
B. If this were to bring a higher payoff, then renegotiating to g(,,,) would not be optimal in . Finally,
B,(®) = h* is optimal because h* and f* yield the same expected payoffs and any f # h* induces the
same continuation play under ' and B. Consistency of beliefs follows easily.

The proof for a perfect Bayesian equilibrium (8, u) of the game I'g;(G) is virtually identical and
omitted. O

We first introduce some notation. Let the number of elements in ® be equal to n and order its
elements so that 8" =g 071 =g ---62 =4 1. Let e; be the i™ standard basis row vector for R” and
define the row vector d; = e; —ej4+1,i = 1,2,...,n—1. Let D be the 2(n — 1) x n matrix whose row
2i—1is d; and row 2i is —d;, i = 1,...,n—1. For any a; € A; and b, € A;‘lxe define Ug(al,bg) as a
column vector with 2(n — 1) components, where component 2i — 1 is given by uy(ay, bo(ay,0%),0%) —
up(ay, ba(ar,01),0') and component 2i is given by uz (a1, ba(ay,0°™),0"™) — up(ay, ba(a1,0),6'™h),
i=12,....,n—1.

Notation 1. Given two vectors x,y € R"
1. x=z yifandonlyif x; = y;, foralli =1,2,...,n;
2. x>yifandonlyifx; =z y;,foralli =1,2,...,nand x # y;
3. x>» yifandonlyif x; > y;, foralli =1,2,...,n.
Similarly for <, <, and «.

For any a; € Ay, by € Aflxe and f € €, let f(ai, by) be the column vector with n components,

h

where it component is given by f(al,bg(al,ei)),i =1,2,...,n. For any strategy profile (b, b2) of G

define the expected transfer from player 2 to the third-party as F(by, b2) = }_gece p(0) f (b1, b2(b1,0)).

Proof of Proposition 6. Let b, € argmaxy, . g+ Maxp, e gr, (b,) U2 (b1, b2) and by € argmaxy, cgp, (1) U2(b1, b3).

ote that UP = U, (b¥, b}). Since is increasin construction, there exists a contrac suc
Note that U = U, (b}, b3). Since bj g by construction, th t tract f* such

33 Again note that 8(6',ay) is accepted under (f, p) by construction.
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that (f*, b;) is incentive compatible and F(b},b;) = 6. For any f € €,a; € A;,0 € © choose b, r €
argmax,, ¢ », uz(ay, az,0)— f(ay,ax) and bl,f € argmax ¢ », Ul(a’l, bz,f).

Consider the following assessment (8, 1) of T'(G): B2(®) = f*, B3 (f*) =y, B3(f) = y iff F(by, £, by ) =
6, B1(f*) = by, B1(f) = by p, for [ # f*, B2(f*,0,a1) = b3 (@1,0), B2(f,0,a1) = by, r(a1,0) for all f # f~,
a; € A;,and 6 € O.

If player 2 offers any contract f # f*, the continuation play will be (b, fr b, - If F(by, r b, 1< )
it will be rejected and hence it cannot be a profitable deviation. If F(b;, fr b, = 0, then

Uz (by, by) = F(by,by) = Us(by,b3) =8 =2 Uz (by, £, b2, ) = F(by, £, bo,f)

by construction. Therefore, it is optimal for player 2 to offer f*. Sequential rationality at other infor-
mation sets are easily checked and we conclude that this assessment is a perfect Bayesian equilibrium
of the game with observable contracts. O

Proof Proposition 7. Let by (by) € argming, cpp (p,) U2(b1, b2), b; € argmaxy, c g+ Uz (b (b2), bo), and aj =
b} (b). Note that Uz(ay, by) = UZW and suppose, for contradiction, that player 2 gets a payoff U, <
UZW — 6. We will show that player 2 can offer a contract that supports (aj, b;) and yields a higher
payoff.

For any a; choose Bzyul € argmin,, B Ui (a1, b»). By construction Bzyul is increasing and hence
there exists a contract that makes it optimal to play. We will further show that there exists a contract
that makes it the unique optimal strategy after a;. Assume without loss of generality that Eg’al (a,0) #
Bg’al (a1,0") whenever 0 # 0’ and hence l:)g,a1 (a1,0%) > l:)g,a1 (a,0Y) for all i = 1,...,n.3* Define
Us(ay, by q,) as usual and note that strictly increasing differences and by 4, (a1,0%) >¢ bo,q, (a1,0"™")
imply that

Ug(dl, lt)g,al)gi_l + (72(&1, Eg,al)gi >0, Vi=1,...,n—1.
We will show that there exists f® such that D f* < Us(ay, bo,4,). Define

U 2 _
A=( 2 (a1, b) D)
1 0

and note that there exists f* such that Df% « Us(aq, Bzyal) iff there exists x such that Ax > 0.3°
By Gordan’s Theorem, this is true iff A’y = 0 implies y < 0. It is easy to show that A’y = 0 implies
V1=Y2,Y3=Ya ", Y2(n-1)-1 = Y2(n-1)- Therefore,

n-1

Ay=ysm-n+1 + Z (Us(ay, Bz,ul)Zi—l +Us(ay, BZ,m)Zi)J/Zi—l
i=1

(72(01,52’“1)2,'_1 + ﬁz(al,ilzyal)zi >0,Vi=1,...,n—-1, and A,y =0 1Inplyy <0.

341f there exist i such that 152,41 (a1,0%) = BZ,al (a1,0~1) simply eliminate the incentive compatibility constraint between
them and set fa, (a1, b2,4, (@1,6") = fay (a1, b2,a, (a1,6'~1)).

35To see this let x = (fil )
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Let £ > 0 be small and define f (b}, a2) = 6 + € for all a,. For any a; # by define

a R ,
fl' L, ax= bZ,al(alyel)

oo, otherwise

f(al» 6l2) = {

Under this contract, player 2 plays a best response to a; and according to 152,@1 after any a; # aj.
Player 1, on the other hand, must play a best response to b;. This is because for any a; ¢ BR;(b7),
we have Uy (bry(b3), b;) > Uy (ay, b)) = Uy (ay, i)zyal). Therefore, deviation to such a contract yields a
payoff of U, (b, b;)—6—¢ > Us, for small enough . In other words, player 2 has a profitable deviation,

contradicting that U, is an equilibrium payoff. O

Before we proceed to the proof of Proposition 8 we need to introduce a definition and prove a

supplementary lemma.

Definition 10. We say that a perfect Bayesian equilibrium (g, 1) of the game with renegotiable con-

tracts has conservative beliefs if
B2(f,a1,0) =g €€,p2(f,a1,0,8,y) = bg(ar,0), f2(f,a1,0,8 1) = br(a1,0), f3(I3(f,a1,0)) = y

imply g(bg(a1,0) = f(by(a1,0)).

In other words, whenever, in equilibrium, type 6 renegotiates the contract from f to g, the third-

party should not expect a decrease in the transfer from that type.

Lemma 1. Take any a perfect Bayesian equilibrium of the game with renegotiable contracts and assume
that it has conservative beliefs. Suppose that a contract f is renegotiated after some a; and 6. Then,
there exists a contract strategy pair that is incentive compatible, renegotiation-proof, and induces the

same outcome as f after a,.

This lemma tell us that in any equilibrium with conservative beliefs, one can achieve any outcome

that is achieved via renegotiation after a; by using a renegotiation-proof contract.

Proof of Lemma 1. Fix a a perfect Bayesian equilibrium with conservative beliefs and suppose that
contract f is renegotiated after some a; and 8. Let the set of types after which f is renegotiated be
O and @MF = @\ OF. For any 0 € OF, let gy be the new contract and bg, (a1,0) be the new strategy
of player 2 after a; and 6. Also let br(ay,6) be the equilibrium strategy of player 2 after a; and 6 if
he does not renegotiate f. In other words, we have B,(f,0,a;) = bf(al,B), Vo € @NR,,Bg(f,H,al) =
8o, VO € OR, B2(f,0,a1,80,y) = bgg(al,B), B2(f,0,a1,89,1) = bf(al,B), and B3(I3(f, a1, g)) = y. For
ease of exposition we will omit the reference to a; in the following. Consider the following mixture

menu:

{(80(Dg, (6)), by, 0))geor} U {(f (b5 ©6)), b (0))geons}

It is clear that this menu replicates the outcome induced by f after a;. We also claim that this menu

is incentive compatible and renegotiation proof after a; .

32



Incentive compatibility of (f, b¢) implies that no two types in ©NE has an incentive to mimic each

other. Consider 0,0’ € ©F and suppose, for contradiction, that
uz(bg, (0),0) — g (bg, (0)) < uz(bg, ©@",0) - 8o (bg, @")

But then type 6 could increase her payoff after (f, a;) by offering gg' and playing by, (6') rather than
offering gp and playing by, 0).36
Now let 8’ € VR and 0 € ©F, and suppose for contradiction that

s (by(0"),0") — f(by(6") < uz(byg, (6),0') — go(bg, (6))

This implies that after (f, a;) offering gy, which is accepted in equilibrium, and playing bg, () is a
profitable deviation for type 6'.
Finally, let 8’ € © % and 6 € ®F and suppose, for contradiction, that

112 (bg, (6),0) — 8o (bg, ©)) < uz(b(6"),0) — f (b (©"))

But then type 0 could play by (0') after (f, a;) and receive a higher payoff rather than offering gg, which
is accepted, and playing bg, (6). This proves that the mixture menu is incentive compatible.
Suppose now, for contradiction, that the mixture menu is not renegotiation-proof after a,. Then,

there exists § and an incentive compatible contract strategy pair (h, by,) such that if 0 € ©VE, then,

uz(byp(6),0) — h(by(0)) > uz(br(0),0) — f(br(0)) (22)
if 0 € ©F then
uz(bp(0),0) — h(bp(0)) > uz(bg, (0),0) — g (bg, (0)) (23)
and
h(by(@) > f(bs(©)), 70 e @NF (24)
h(bp(6)) > g5 (bg, (6)),V0 € OF (25)

Since g is accepted for all 0 € ©F and the equilibrium has conservative beliefs,
8y(bg, ) = f(bs()), VO € OF (26)
which, together with (24) and (25), implies that
h(by(@) > f(bs()),¥0 €O 27)

Suppose first that § € VR Inequalities (22) and (27) imply that after (f, a1) type 6 could offer h, which
would be accepted, and increase her payoff, a contradiction that in equilibrium she plays b¢(0) after
(f,a1).

Similarly, if 0 € ©F, then (23) and (27) imply that after (f, a;) type 6 could offer h, which would

36Note that gpr is accepted after (f, a1) in equilibrium by assumption.
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be accepted, and increase her payoff, rather than offering gy, a contradiction. Therefore, the mixture
menu is renegotiation-proof.
Since the mixture is incentive compatible we can easily extend it to a contract whose domain is

the entire A rather than just the range of by and bg,. Define the new contract as

flaz), 30:az=Dbs(0)
h(az) =4 gg(az), 30:ay = bg,(H)

00, otherwise

and note that £ is well-defined since incentive compatibility of the mixture menu implies that when-

ever bf(B’) = bgg (0) = a, for some 6 € OF and 0’ € ®VE we must also have f(az) = gp(ay). O

Proof of Proposition 8. Let b, € argmaxy, . gr Maxp, cpR, (b,) U2 (b1, b2) and by = argmaxy, cgp, 3y U2(b1, by).
Note that UZBR = U (b7, b3). Since b is increasing and renegotiation-proof, there exists f* € € such
that (f*, b;) is incentive compatible and renegotiation-proof with F*(by,b;) = 6. For any f € €, a,
and 0, let by r(a1,0) € argmax uz(ay, az,0) — f(ay, az) and g(f,9,a,) € argmax, uz(ay, ba,g(ay,0),0) -
g(ay, by g(ay,0)) subject to g(ay, bg,g(al,ﬂ’)) > f(ay, bzyf(al,B’)) forall@'.

Consider the following assessment (8, u): B2(®) = f*; Bi1(f*) = by, B3(f*) =y, B2(f*,0,a1) =
b3 (ay,0) for all (a,,0);

g 0 lf u2(a1)bz,g(fvgval)(alye))e) _g(f,G,al)(aly bz,g(fvgval)(alye))
B2(f,0,a,) = (B > up(ay, by r(a1,0),0) — f(ay, b, r(ay,0))

by r(a1,0), otherwise

forany f # f* and (0, a1); B2(f,0,a1,8,y) = b2 g(a1,0) and Ba(f,0,a1,g,n) = by r(a1,0) forall f # f*
and (ay,0, 8); B2(f*,0,a1,8,n) = b;(ay,0) for all (a,,0, g);

¥, glai,bag(ay,0)) > f*(ay, by (a,0)) VO

n, otherwise

Bs(I3(f*,a1,8) = {

and
y, ifglay, byg(ar,0)) = f(ay, by, r(a1,6)) VO

n, otherwise

Bs(Is(f,a1,8)) ={

forany a;, gand f # f*. Obviously, any f # f* induces a continuation strategy bg for player 2, which
may involve renegotiation after some 6. Let player 1 play the same best response to the continu-
ation play irrespective of the contract that induces it. Let the third-party accept f iff continuation
play yields expected transfers at least equal to §. Specify beliefs as follows: p(I3(f*, a1, 8))(@) = p(0)
if g(a1,bo,4(a1,0)) > f*(a1,b;(a1,0)) for all 6 and p(I3(f*, ai,8))(0") = 1 if there exists 8’ such that
f*(a1,b;(a1,0") = glay, by g(ay,0"); Forany f # f* and (a1, g), u(I3(f, a1, 8)0) = pB) if g(ai, brg(a1,0)) =
flay, by p(a1,0)) for all 6 and u* (I3(f, ay, £)(0') = 1 if there exists 8 such that f(al,bzyf(al,ﬁ’)) >
glay, by g(ai,0").

Now consider any contract f # f*. If (f, b2, ¢) is renegotiation-proof, then b, r € Bf and hence f
cannot yield a higher payoff than f*. Therefore, suppose that (f, b,,¢) is not renegotiation-proof and
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let bg be the induced strategy, which includes renegotiation after some a; and 8. Since B3 (I3(f, a1, 8)) =
y iff g(ay, bg,g(al,B)) > f(ay, bzyf(al,B)) for all 8 € ©, the equilibrium constructed above has conser-
vative beliefs. Lemma 1 therefore implies that there exists (h, b, ;) which is incentive compatible and
renegotiation-proof and induces the same outcome as (f, bg ). But no renegotiation-proof strategy
can yield a payoff that is higher than UZB R and hence deviation to f cannot be profitable.

Sequential rationality at other information sets and consistency of beliefs can be checked easily

to show that the above assessment is a perfect Bayesian equilibrium. O

Proof. (Proof of Proposition 10) (Only if) Suppose that (b}, b;) can be supported. Then, there exists
a perfect Bayesian equilibrium (6%, u*) that induces (b7, b3), i.e., B5 (@) = f*, Bs(f*) =y, B} (€) = by,
B5(f*,0,a1) = b;(ay,0) for all a; € A; and 6 € ©. The fact that (b}, b;) is a Bayesian Nash equilibrium
of G is a direct consequence of sequential rationality of players 1 and 2. It must also be the case that
it is optimal to play according to b, under f*. Increasing differences and Proposition 2 implies that
b; is increasing.

[If] Let (b}, b;) be a Bayesian Nash equilibrium of G such that b; is increasing. Proposition 2 implies
that there exists a contract f’ such that (f’, b; ) is incentive compatible. It is not difficult to show that
we can find such a contract whose expected value under (b7, b;) is equal to 6. So assume F'(b%, b3) =

6. Forany b, € A;‘l *® and a € Ay, let bo(a;, ©) be the image of © under b, (a,,.). Define

fl(a1,ap), ifay€bj(a,0)

00, otherwise

f* (a1, az) Z{

for any (a;, ay) € A; x Ay, and

b (a1,0), f=r

€ argmax,, up(ay, az,0) — f(ay, a2), f#f*

b;'f(alre) = {

for any f € €, a; € A, and 0 € ©. Consider the assessment (§*,u*) of I'(G), where §;[@] = f~,
Bslf] = yiffF(bi",b;f) =0, BiI€] = by, B51f.0,a1] = b;f(al,e) forall f €6, a; € A, and 6 € O,
and u*[€1(f*) = 1. It is easy to check that this assessment induces (b, b;) and is a perfect Bayesian
equilibrium of I'(G). O

Proof of Proposition 11. [If] Let (b}, b;) be a Bayesian Nash equilibrium of G such that b; is increas-
ing and renegotiation-proof. This implies that there exists f’ € € such that (f’, b;) is incentive com-
patible and renegotiation-proof. Let f*(a;, az) = f' (a1, a2) — F’(b*,b;) + 0 for all (a1, a2) and note
that F* (by, b;) = 6. Furthermore, using Theorem 1, it can be easily checked that (f*, b;) is incentive
compatible and renegotiation-proof. For any f € €, a1, and 0, let b, r(ay,0) € argmax,, uz(ay, as, 0) -
flay,ax) and 8(f,6,a) € argmaxg ug(al,bg,g(al,e)ﬁ) - g(al,bg,g(alﬁ)) subject to g(al,bg,g(al,e’)) >
flay, by, ¢(ay,0") forall 0'.

Consider the following assessment (6%, u*) of I'r(G): B (@) = f*; B3(f) = y iff continuation play
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yields an expected transfer of at least 6, 8 (€) = by, B (f*,0,a1) = b; (a1,0) for all (a;,0);

g 0 lf u2(a1)bz,g(fygyal](alre))e) _g(f,G,al)(al»bz,g(fygyal)(al»e))
B5(f,0,a1) = o) > uz(ay, by, r(a1,0),0) — f (a1, by r(ay,0))

bz,f(al,B), otherwise

forany f # f* and 0, a1); B5 (f,0,a1,8,y) = b2,g(ay1,0) and B2(f,0,a1,8,n) = by, r(ay,0) for all f # f*
and (ay,0, 8); B2(f*,0,a1,8,n) = b;(ay,0) for all (a,,0, g);

¥, &lai,bag(ay,0)) > f*(ay, b;(a,0) VO

n, otherwise

ﬁ§(13(f*,d1,g))={

and
Y, ifglay, baglar,0) = f(ar, by ¢(ar,0)) VO

n, otherwise

ﬁ; (IB(f» al»g)) = {

forany a;, gand f # f*; u* (€)(f*) =1L, p* Us(f*, a1,8)(60) = p(0) if g(a1, b, g(a1,0)) > (a1, b; (a1,0))
for all 6 and p* (I3(f*,a1,8))(@’') = 1 if there exists 6’ such that f*(ay, b; (a1,0") = g(ay, by ¢(a1,6");

Forany f # f* and (ai, 8), u* (I3(f, a1,8))(0) = p(0) if g(a1, bz g(a1,0)) = f (a1, by, r(ai,0)) for all 6 and

w*(I3(f, a1, 8) (@) = 1 if there exists 8’ such that f(dl,bz’f(dl,gl)) > g(al,bg,g(al,e’)). This assess-

ment induces (b7, b;) and is a renegotiation-proof perfect Bayesian equilibrium.

[Only if] Suppose that I'z(G) has a renegotiation-proof perfect Bayesian equilibrium (8*,u*) that

induces (by, b;). Letting 5 (@) = f*, we have ] (€) = b}, B2(f",0,a1) = b; (a,,0) for all (a;,0), and

1 (€)(f*) = 1. Sequential rationality of player 1 implies that

b} € argmaxU, (a1, b;) (28)
ay
whereas that of player 2 implies u, (a1, b; (a1,0),0)— f* (a1, by (a1,0)) = uz(ay, b, (a1,0"),0)—f* (ay, b; (a1,0"))
for all a; and 0,6’, which, together with increasing differences, implies that b is increasing.
We also claim that

b; (by,0) € argmaxuy (b7, az,0) V6. (29)
a
Suppose, for contradiction, that this is not the case for 8’ and let 4, € argmax a U2 (b%, az,0") and define
€ = up(by, 42,0") — up (b}, b3 (by,0",0") > 0. Define f'(ay, ax) = F* (b}, b;) +€/2 and note that the third-
party accepts f’. Assume first that f’ is not renegotiated after b; and note that sequential rationality
of player 2 implies that 5 (f',0, b}) € argmax,, up(by, az,0). Let bg_f/(al,ﬂ) =p; (f',0,a,). Player 2’s
expected payoff under f is

Us(by, by, ) — F*(by, by) —€/2 > Us(by, by) — F* (b, b;)

contradicting that (8%, u*) is a PBE. A similar argument goes through if f” is renegotiated after b}.
Therefore, by (28) and (29), (by, b;) is a Bayesian Nash equilibrium of G and b; is increasing. Fi-

nally, suppose that b; is not renegotiation-proof. This implies that for any contract f such that (f, b3)

isincentive compatible, there exist a’, 6’, and an incentive compatible (g, b) such that u(aj, b2 (a},6"),0") -
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g(ay, by(ay,0") > up(al, b;(a},0"),0") — f(a, by (a},0") and g(ay, ba(ay,0)) > f(a), b;(a),0)) for all 6.
This implies that, in any perfect Bayesian equilibrium, after history (f,6’, a}) player 2 strictly prefers
to renegotiate and offer g and the third-party accepts it. In other words, there exists no renegotiation-

proof perfect Bayesian equilibrium which induces (b7, b3 ), completing the proof. O

Proof of Corollary 3. Given Corollary 2, we only need to prove that Qf = maxg, Ui (a;, bf). We first
need the following definition

Definition 11. For any b, € Aghxe we say that (ay, i), i € {1,2,...,n} has right deviation (left devia-
tion) at b, if there exists an ap € A, such that a, 77, by(ay,0%) (by(ay,0%) 72 ap) and w(ay, a,0") >
us(aq, by (ay,060%). Otherwise, we say that i has no right deviation (no left deviation)at b,.

For any b, € Afl “® and (a1,1), i €{1,--+, n}, that has right deviation at by, define
R(a;,i)={k>1i: bg(al,Bk) € BRg(dl,Hk) and i < j < k implies that (a;, j) has no left deviation at b,}
Similarly, for any (a;, i) with i € {1, - -, n}, that has a left deviation at b,, define
Llay,i)={k<i: bg(al,ﬁk) € BRg(dl,Hk) and k < j < i implies that (a;, j) has no right deviation at b},

We need the following lemma:

Lemma 2. b; is renegotiation-proof if for any (a1, i1) that has right deviation and any (a,, iy) that has
left deviation at b;, R(ay,11) # @, L(ay, i) # @, and iy < iy implies R(ay,1,) N L(ay, i2) # @.

Proof of Lemma 2. Similar to the proof of Lemma 6 in Gerratana and Kockesen (2012) and omitted.
O

We can now proceed to the proof of Corollary 3. We first prove that bf is renegotiation proof. Fix
a; and assume u is increasing in a,. Then, there is no (a;, i) with left deviation by construction of bf.
For any (a,, i) with right deviation, we have n € R(ay, ). Similarly, if u; is decreasing in a,. Lemma 2,
therefore, implies that bf is renegotiation-proof.

We next prove that for any a; and renegotiation-proof strategy b, € B, we have U (ay, by) =

Ui (a1, bY). We will use the following lemma

Lemmas3. Ifb; € Agh 9 js renegotiation-proof, then (a,,0") has no right deviation at b, for any a; € A;

Proof of Lemma 3. Similar to the proof of Lemma 7 in Gerratana and Kockesen (2012) and omitted.
d

Fix a; and assume that u; is increasing in a,. Let b, € Bf. Lemma 3 implies that b, (a;,0") 7

b} (ay) and hence u; (a1, ba(a1,0™),0™) = uy (a1, bl (a1),0™) = ui (a1, bR (a1,6™),6™). Also, uy (a1, by (ay,6),6) =

u1(ai, a,,0) for all 6, which implies that U (a1, bp) = Uy (a1, bY). Therefore, UR = max,, Ui (a1, b5). O

Proof of Proposition 14. Denote with B, the set of strategies of player 2, n(n° 0), that are increasing

in 6. To avoid notational clutter, we denote such strategies simply with . Recall that we denote with
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Uf the best Stackelberg payoff, and with UZW the worst Stackelberg payoff, which are given in the

monetary policy example by

7B _ _ * _ _ ey2 _ 2
U, ‘n“;%?neé%%fim{ e;@[u +0—a(@—-n91"p©) ﬁg@n}

UY =max min {- U*+0-am-n91%pO) - ?
) HEBWEBRI(”){ e;@[ ( )1*p(6) ﬁe;@ }

First, we prove that for any 7° € BR, ()

Uy =maxi- Y (U* +0 - a(-7)12p@) - p ¥ 72
n€By  geo 0cO

is unique and therefore UZB = UZW . In order to do this we need the lemmata (4)-(5)

Lemma4. [fn(n°60) = (n°®) +a(0) withn(rn®,0) differentiable and d%’:) #1, then BR () c {n®:n¢=
A + Lo T (O)p(0)}

Proof of Lemma 4. Since we assumed 7 (7°,60) = (%) + 7(0), the set BR; (n) is

BR(n) = argmax— Y _ [n° -7 () - #0)1%p©)
e 0eO

The first order condition of the maximization problem for player 1 is

d“’ e
—2 Y [2° - 7% - 7@ pO) (1 - Z(”e )
0e® ”

)=0

d’;g’:) # 1, the first order condition is satisfied if 7° — 7 (7°%) = Y.9c@ #(O) p(O). 1,

Since we assumed
then, follows that

BR(n) c{n® | n°—7(xn®) = ) #(O)p©O)}
0e®

Lemma 5. The following problem:

V= max V@E@#),A0)=- )Y (U +0-alf(x®)-n+# @) p@) - Y Ax)+7©6)}p®) (30)

{7 (), 7 (6)} 0cO 6cO
subject to
7(0) increasing 81
ne—a@ =y #AO)pO) (32)
0e®

has solution 7 (%) + A (0) = a;:ﬁe

Proof of Lemma 5. We first solve the relaxed problem, obtained by dropping the constraint 7 () in-
creasing, and then verify that the solution to the relaxed problem is indeed increasing in 6.

By substituting (32) in (30) the relaxed problem is equivalent to:

max {- Y {U*+0-al#0)- Y #@p@OFp@) - n°+#0O)- Y #O)p@FpO)}  (33)
ne, 0} peo 0e® 0c® 0cO
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which has the solution

. a

=0 (35)

In order to obtain the solution to the original problem we substitute (34) and (35) in (32), obtain-
ing 7 (%) = —k, which implies
(1) +7(0) = ——6
a

+p

Since 71(0) defined by this equation is increasing in 6, it solves the problem (30). O

By Lemma 4, we have V = U, (7¢). Moreover when 7 (%) + 7 (0) = az;';ﬁe,

BR () ={n°|n°—7(x®) = ) #(O)pO)} = {n° =0}
0€O
This implies that U, (%) = V, hence U, (7°) is unique and therefore U2 = U,".

Since we established UZB = (_JZW , Propositions 6 and 7 imply that the only equilibrium payoff of
player 2 that can be supported with observable and non-renegotiable contracts is UZB — 0. Moreover
by Lemma 5 we know that Uf — 0 is achieved by player 2 committing to the strategy 7 (°,6) = az;';ﬁe.
Therefore the unique outcome supported by observable and non-renegotiable third party contracts
ist¢®=0and 7(0) = aZLJrﬁB'

O

Proof of Proposition 15. Denote with Bf the set of strategies of player 2 that are increasing in 8 and
renegotiation-proof. Recall that we denote with UfR the best renegotiation-proof Stackelberg payoff,
and with UZW R the worst renegotiation-proof Stackelberg payoff, that in the monetary policy example
are respectively

UBR = max max {- U*+0—-a@m-1%1%p©) - 2
s neBgneeBmm){ H;@[ (m 71" p(6) ﬁB;@”}

UVR —max min {- U*+0-am-n1%9°pO) - 72
) neBgneeBm{ H;@[ ( )I*p(©) ﬁg;@ }

First, we prove that for any 7° € BR, ()

Of = max(~ Y [U* +6 - atr -7 p®) - Y. 7%
nEBf 0e® 0cO

is unique and therefore UZ* = G,V *.

Lemma 6. The following problem: choose 7 (n°) and () to maximize

fGER@EE,70) = - Y (U* +60 - ala@®) -2+ 7O p@) - B Y (F() + #(O)’p©)  (36)

0e® [P}
subject to
7(0) increasing (37)
n°—-f(@%) =) #O)p®O) (38)
0e®
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and
2

. a

e
21 p +a2+,66”+a2+,6n (39

AR +70,) =

has a unique solution

_a g 0 <on
7() + 7(0) = { “rp «
* —_ n
a2+ﬁ9+ (l—pn)+ﬁU , 0=0

Proof. We first solve the relaxed problem obtained by ignoring the constraint /() increasing and
then we verify that the solution of the relaxed problem 7 (0) is indeed increasing in 6.
By substituting (38) in (36) and (39), the relaxed problem is equivalent to the following: choose

7(0) and 7¢ to maximize

g ©O),n%) == [U*+0-a#0O) - Zn(e)p(em p@) -p > [#6)- Zﬂ(ﬁ)p(9)+ﬂ] p®) (40)

[?IC] [P}
subject to
neaziﬁ—;n(e)p(e)m(e,,)— ﬁ(U +6,) =0
Define
h(ﬁ(e),ne)meafi ﬁ—gn(e)p(e)m(en)— ﬁ(U +0,). (41)

The Lagrangean of the problem (40) is

L#©),7%0) = Y [U*+0-a(#(O) - Zn(e)p(e)) p@-p Y #(6)- Zn(e)p(e)m] pO)+Ah(#©6),7°)
6O 6O

The critical points of the Lagrangean solve the following system of equations:

A1

:§a2+,6 (42)
For0<0,
10)= =20+ #O)pO) - —2— (43)
T =g TP TG p)
For6 =60,
a JL 1
1 0,) = —2—8, 0)p(0) + 1 14
#On) = 7 50n Z 2OPO+5 a5 ey ™D (44)
A=0, h(7(0),7° =0, Ah(7(8),7°) =0 (45)

First, we show that h(/1(6)) = 0. For contradiction assume that k(7 (0),7¢) > 0. Then A = 0 by (45).
This implies 7° = 0 (by 42) and 7 (0,,) = - ﬁ9n + Y 9 71(0) p(0) by (44), which, once substituted in (41),
implies h(7(0),7°) <0, a contradiction to (45).

Hence, we established that h(#(0),7¢) =0, i.e.,

h(#(0), 7% =n°

n)——5——=U"+0,) = (46)
ﬁ
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The system of equations (42)-(44) and (46) has a unique solution (up to the constant k = Y ¢ 7 (8) p(6)):
_2a*+Papn , .

a?(1-pn)+p
e apn *

2= pmapl

aPn %
ﬁ'(e):{k+azﬁﬁ0_(lz(l—pn)+’5U ’ 0 <"

a APn 1-Pn g7+ —_nn
k+a2+ﬁ0+a2(l—pn)+ﬁ B u*, 0=0

(47)

(48)

which is also the unique solution of the problem (40) since A = 0. To obtain the solution to the original
problem (36), we substitute (47) and (48) in (38), obtaining

inn *

A = ———U* -k (49)
az(l - pn) + :B
and hence
20, 0<0"
#(%) +#(0) = { a+p - (50)
a a —nn
a2+ﬁ9+ a?(1-py)+p’ 0=0
Since 7(0) is increasing in 8, then (50) is also a solution to the original problem (36). O

Now, notice that (39) is a necessary condition for 7 (7¢) + 7 (6) to be a renegotiation-proof strategy
(this follows from Lemma 3), therefore the set of strategies 7 (%) + 7 (0) that satisfy (39) contains the
set of renegotiation-proof strategies. Moreover, from Lemma 2 on page 37 it follows that the strategy
(50) is renegotiation-proof. To see this, observe that for (50), there is no (%,0), that has left deviation
and for each (n¢,0), we have 8" € R(n¢,0). Finally for m = 7 (n°) + 71 (0), the best response of player 1 is
equal to the set defined by (38) that is

el e gl %Pn_
BR, () = {(° | 7° — 7 (7°) 6;@71(9)!7(9)} {m az(l_anﬁU

*}

Therefore U is equal to the value of maximization problem (36), hence it is unique and therefore
UBR=UYR, Since we established UF® = U)"R, Propositions 8 and 9 imply that the only equilibrium
payoff of player 2 that can be supported with observable and renegotiation-proof contracts is l_IfR -6.
Moreover because of lemma 6, we know that (_JZB R_gisachieved by player 2 committing to the strategy
(50). Therefore, the unique outcome supported by observable and renegotiable third party contracts

is

e apn *
af=——"1" y
a?(l-pp)+p
_a n
n(0) = { e 0<0
u* _
250t @a-poep 070"
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1 Introduction

In what follows we provide the omitted proofs of the statements made in our paper “Commit-
ment without Reputation: Renegotiation-Proof Contracts under Asymmetric Information.”
In order to distinguish statements made in that paper from the ones made in this document
we will add a note “(of the main paper)” after those from the main paper.

2 Proofs for Section 3

It is well-known that if b, is increasing, then, under increasing differences, incentive com-

patibility reduces to local incentive compatibility. We state it as a claim for future reference.

Claim 1. If u, has increasing differences in (%29, 7-2) and b, € A;lxe is increasing in (g, 2),
then forany f € €

us(ay, bo(ar,0%),0") - f(a, ba(ai,0%) = us(ar, ba(ar,07),0")— f(ar, ba(ar,07)), foralli,j=1,2,...,n
holds if and only if

us(ar, bo(ar,0%),0") - f(ar, ba(ai,0%) = us(ar, ba(ar,0'™4),09)— f(ar, bo(ar,0'Y), foralli=2,...,n,
and

up(ay, ba(a1,0%),00)—f(ay, ba(a1,0%) = uy(ay, bo(ay, 01,0 - f(ay, ba(ay,0'tY), foralli=1,2,...,n—1.



Proof of Proposition 2 (of the main paper). (Onlyif) Suppose that b, is incentive compatible,
i.e., there exists a contract f such that (f, by) is incentive compatible. Fix orders (79, "2)
in which u, has strictly increasing differences. Take any a; € A; and 6,60’ € ® and assume
without loss of generality, that 6 >4 0’. Suppose, for contradiction, that b, (ay,0") >» by(ay,0).
Sequential rationality of player 2 implies

uz(ay, ba(a1,0),0) - f(ay, ba(ay,0) = us(ay, ba(ay,0"),0) - f(ay, ba(ay,0")
uz(ay, ba(ay,0'),0") — f(ay, ba(ay,0") = uy(ay, ba(ay,0),0") - f(ay, ba(ar,0))

and hence
uz(ay, bo(ay,0),0) — uy(ay, ba(ay,0),0) < uz(ay, ba(ay,0),0") — ux(ay, br(a1,0),0"),

contradicting that u, has strictly increasing differences in (~2y,-2). Therefore, b, must be
increasing in (%2g, 72).
[If] Suppose u; has strictly increasing differences and b, is increasing. We need to prove the

existence of a contract f € € such that

up(ay, ba(a1,0%),0")—f(ay, ba(a1,0%) = us(ay, ba(ay,07),0")— f(ay, bs(ar,6)), forall i, j=1,2,...,

(1)
By Claim 1, (1) holds ifand only if D f(a;, by) < Us(ay, by). Therefore, we need to show that for
any a; € A there exists f(ay, by) € R” such that D f(ay, b,) < Us(ay, b3). By Gale’s theorem for
linear inequalities (Mangasarian (1994), p. 33), there exists such an f(a,, b») € R" if and only
if for any y € R2"V, D'y = 0 implies y' Uz (a1, b}) = 0. It is easy to show that D'y = 0 if and
onlyif y1 = ¥2,¥3 = Ya,-++, Yotn1)-1 = Ya(n-1)- Let Ua(ay, by); denote the i*" row of Uy (ay, by)
and note that since b, is increasing and u; has strictly increasing differences, Us (a1, b2)2i—1 +
Ug(al, by)2; =0, forany i =1,2,...,n—1. Therefore,

n-1

V' Ua(a1,b3) =Y (Ua(ay, ba)2i—1 + Uz(ar, b2)2i) y2i-1 2 0
i=1

This proves the existence of a f(a;, by) € R” such that (1) is satisfied for all a; € A;. We can

complete the proof by defining f € € as

~ flar,ap), 30:ap=Dbz(a;,0)
flar,a) =
00, otherwise

O

Proof of Theorem 1 (of the main paper). By definition (f, b3) € € x Ag‘l *9 jsnot renegotiation-
proofif and only if there exist a; € A}, i =1,2,...,n and an incentive compatible (g, b,) € € x
A, such that up(ay, by(a1,0"),0") - g(ar, ba(a1,0") > us(ay, b (ay,0"),0') - f (@, b (ar,0"))
and g(al,bg(al,ef)) > f(al,b;‘(al,ej)) forall j =1,2,...,n. For any (f, b;) € € x Ag‘”@, let

2

n.



f(a1,b3) € R" be a vector whose j-th component, j =1,2,...,n, is given by f (a1, b; (a1,09)).
Note that incentive compatibility of (g, by) € € x A;‘ 1%0 4q equivalentto Dg(ay, bo) < flz(al, b)
for all a; € A;. Therefore, (f,D;) € € x A?l “® is not renegotiation-proof if and only if there
exist a; € Ay, i =1,2,...,n and (g(ay, b2), by) € R" x Ag‘”@ such that Dg(ay, b,) < Us(ay, bo),
up (a1, ba(ay,0%),0")—g(ar, ba(a1,0") > uz(a, b (a1,0"),0") - f(ay, b} (a1,0")), and g(ay, by) >
f(a1,b3). Also note that g(aiy, by) > f(a1,b;) if and only if there exists an £ > 0 such that

g(a1, by) = f(ay, b3) + €. Therefore, we have the following

Lemmal. (f,b;) € € x Ag‘”@ is not renegotiation-proof if and only if there exist a, € Ay, i =
1,2,...,n, by € AS'*®, ande € R" such that D(f (a1, b})+e) < Uz (ay, by), €; < uz(ay, ba(ay,0%),0")—
up (a1, b (al,0"),0"), and e > 0.

We first state a theorem of the alternative, which we will use in the sequel.

Lemma 2 (Motzkin’s Theorem). Let A and C be given matrices, with A being non-vacuous.
Then either

1. Ax>0andCx=0 has a solution x

or

2. Ay1+C'y,=0,y1 >0, y2 =0 has a solution yy, y»

but not both.
Proof of Lemma 2. See Mangasarian (1994), p. 28. O

For any (f, b}) € € x A;‘IXG, a1 €A, by e A;l’xg, andi=1,2,...,n,define V= Us(ay, by) —
Dfta,by),C=(V -D) and
In+1
li

where I; = (uz(ay, bo(a1,6"),0") — up(ay, b (a1,0"),6"))e; — ;1. Note that C and A depend on
and are uniquely defined by (f, b3), a; and (i, b) but we suppress this dependency for nota-

A=

tional convenience. The following lemma uses Motzkin’s Theorem to express renegotiation-

proofness as an alternative.

Lemma3. (f,D;) € € x Agh 9 s renegotiation-proofifandonlyifforanya; € A;,i=1,2,...,n
and by € AJV*® there exist y € R"™*? and z € R such that A'y +C'z=0,y >0, 2> 0.

Proof of Lemma 3. By Lemma 1, (f,b;) is not renegotiation-proof if and only if there exist
a1 € A, i=12,...,n, b € A?lxg, and ¢ € R" such that D(f(a;,b;) +¢€) < Us(ay, by), €; <
up(ay, ba(ay,0%),0") — up(ay, b (a1,60"),0"), and € > 0. This is true if and only if for some a;, i
and b, there exists an x € R”"! such that Ax > 0 and Cx = 0. To see this let ¢ > 0 and define

o (;s)



Then D(f (a1, b})+€) < Us(ay, by) ifand onlyif Cx = 0. Also, € > O and ¢; < u(a, b2 (a1,0%),0%) -
ur(aq, b; (ay,0%),0") if and only if Ax > 0. The lemma then follows from Motzkin’s Theo-

rem. O

For any (f, b;) € € x Ag‘”@, b, € Ag‘”@, a € Aj,and i =1,2,...,n, let Uz(al,bg)j de-
note the j-th component of vector ﬁz(al, by) and define a1 =1, aj41 = Uz (ay, bs(ay,0%),0") —

u2(a1’ b; (al)ei))ei)) and

i—1 .
A+l = Z Uz(al!bZ)Zj—l + Qi1 _f(alyb;(alrek)) +f(a1’b; (alyel))y for k= 172y---ri_ 1r
j=k
L ] .
a1 = Z UZ(albe)Z(j—l) + Qi1 _f(al)b;(alye )) +f(a1,b;(a],01)), forl=1i+ 1)i+2’---’n’
Jj=i+l
Bj =Us(ar, b2)2j + Us(ar, b2)2j-1, forj=1,2,...,n-1.

Again, note that a; and ; depend on and are uniquely defined by (f, b3), a1 and (i, bz) but
we suppress this dependency in the notation. We have the following lemma.

Lemma 4. For any (f,b;) € € x Ag‘lxg, by € A;”@, a € Ay and i = 1,2,...,n, there exist
y € R"2 and z € R*"Y such that A'y+C'z=0, y > 0, and z = 0 if and only if there exist
e R and 2 € RV such that >0, 2> 0, and

n+l

n—1
D i+ Bizj=0 )
=1 j=1

Proofof Lemma 4. Fix (f,b;) € € x Ag‘”@, by € AQIXG, a1 € Ayand i =1,2,...,n. First note

that for any y and z, A’y + C'z = 0 if and only if

y1 + (uz(a1, ba(ay,0"),0") — uz(ay, b3 (a1,0),0)) ypio + V'2=0 3)
D'z=[A"y]_, 4)

where [A'y]_, is the n-dimensional vector obtained from A’y by eliminating the first row.
Recursively adding row 1 to row 2, row 2 to row 3, and so on, we can reduce (D’ [A’ y] _1) to

arow echelon form and show that (4) holds if and only if

J

ZZj—l :ZZj"‘ZJ/kH, j:172y---yi_1 (5)
k=1
n
ZZj :Z2j—l+ Z YVik+1, j:i)i+]-)---)n_1 (6)
k=j+1
n
Yn+2 = Z Vie+1 (7
k=1



Substituting (5)-(7) into (3) we get

N+ain Z yk+1+Z Uz(ay, b2)2j-1 Z Vi+1+ Z Uz(ay, ba)2; Z J/k+1+Z(Uz(al,bz)2] 1
k=1 j=1 k=1 Jj=i k=j+1 j=1

n-1

+Us(a1, b2)2))22j+ Y (Ua(ar, ba)2j-1+ Uz (ar, b2)2j) 22 j-1— Z(f(al,b*(al,e )~ f(ar, by (@1,0) Y1 =

Jj=i =1

Therefore, A’y + C’z = 0 if and only if equations (5) through (8) hold. Now suppose that there
exist y € R"*? and z € R?""~Y such that y >0, z = 0, and (5) through (8) hold. Define y; = y;,
forj=1,...,n+1and
R 22j, j=1...,i-1
<j=
Zj-1, J=1l...,n—1
It is easy to verify that y > 0, 2= 0, and Z’”l a;jy;i+ 27;11 Bjzj=0.

Conversely, suppose that there exist y € R™1 and 2z € R™V such that $>0,2=0,and (2)
holds. Define y; = y; for j=1,...,n+1and y,» —Z:’ L Vj.-Foranyj=1,...,i-1,letzj =
2j+Z{C:1 Jk+1and zpj = Zj, andforany j = i,...,n-1,letz;j_1 = Zjand zpj = 2j+Z,’C’:j+1 Vi+1-
It is straightforward to show that y > 0, z = 0, and (5) through (8) hold. This completes the

proof of Lemma 4. O

Lemma 3 and 4 imply that (f, b]) € € x A?l Qs renegotiation-proofif and only if for any
ay € Ay, i€{l,2,...,n}and b, € AA1X®
2 =0, and equation (2) holds. We can now complete the proof of Theorem 1 (of the main

paper).

there exist € R*™! and 2 € R"~V such that y > 0,

[Only if] Suppose, for contradiction, that there exist a; € A}, i = 1,2,...,n and an increasing
by € A?lxg such that up(ay, ba(a1,0%),0") > us(ay, bj (a1,6"),0"), but thereisno k=1,2,...,i -
1 such that (4) holds and no [ =i +1,..., n such that (5) holds. This implies that a; > 0 for all
j=1,...,n+1. Since u, has increasing differences, §; = 0 for all j =1,...,n— 1. Therefore,
y >0 and Z = 0 imply that Z;’ill a;y;+ Z;.’;ll Bjzj > 0, which, by Lemma 4, contradicts that
(f,b3) is renegotiation-proof.

[If] Fix arbitrary a; € Ay, i = 1,2,..., n and increasing b, € A5 *® such that u,(aj, by (a;,0),0)

up(ay, b (aq, 0%),0%). Suppose first that there exists a k € {1,...,i — 1} such that (4) holds. This
implies that a;+; >0 and ar.; <0. Let Y1 =1, Jiy1 = lk“ = 0, and all the other y; =0

and Z; = 0. This implies that equation (2) holds and, by Lemma 3 and 4, that (f, b3) is rene-
gotiation-proof. Suppose now that there exists an [ € {i + 1,..., n} such that (5) holds. Then,

a;r1>0and a1 <0. Let y141 =1, i1 = ’“ >0 and all the other y; = 0 and Z; = 0. This,
again, implies that (2) holds and that (f, b; is renegotlatlon -proof. O

Proof of Proposition 3 (of the main paper). Suppose that b; is renegotiation-proof and fix a;,

i=1,...,nand a by(ay,0") € B(ay,i,b;). Forany j=1,...,n,let ¢cj = e; — ej, where e; is the

(8)



j th standard basis row vector for R”, and define
]' =
Cj

wi = uz(ay, ba(ay,0"),0") — uz(ar, by (a1,0),0") + Y Uz(ay, ba)zj1
j=k

Also let

. . . . l —_
w; = up(ar, ba(ar,0"),0") — uz(ay, by (a1,6"),0) + ) Us(ar, ba)agj-1)

Jj=i+l

forany ke{l,...,i—1}and [ € {i +1,...,n} and define

j_

Vi = (UZ(al)b;))

Incentive compatibility of (f, b;) implies that D f (a1, b;) < Us(aq, b3). Renegotiation proof-
ness, by Theorem 1 (of the main paper), implies that ci f (a,, b;) <-wiforsomeke{l,...,i—
1}orc;f(ay, by) < —w;forsomel € {i+1,...,n}. Suppose first that there existsa k€ {1,...,i—1}
such that ¢ f (a1, b;) < —wy. Then we must have Ej f (a1, b;) < Vi.. By Gale’s theorem of lin-
ear inequalities, this implies that x =0 and E ;Cx =0 implies x' V. = 0. Denote the first 2(n—1)
elements of x by y and the last element by z. It is easy to show that E;Cx = 0 implies that
V2j-1=yej+zforjelk,k+1,...,i—1tand y2j1 = ypj for j ¢ {k,k+1,...,i — 1}. Therefore,

n-1 n-1
' > 7
XVi= ) Usla,b3)2y2;+ ) Us(@1,b3)2j-1¥2j-1 — 2Wi
j=1 j=1

-1 i-1
(Uz(a1,b3)2j + Uz(ay,b3)2j-1)y2j + 2(~wi + ) Us(ay, by)z2j-1)
=1 j:k

n

v
o~

This implies that —wy + 3 ;;}C Us(ay, b3)2j-1 =0 and hence k is a blocking type.
Similarly, we can show that, if there exists an / € {i + 1,..., n} such that ¢; f (a1, b;) < —wy,
then [ is a blocking type, and this completes the proof. O

Proof of Proposition 4 (of the main paper). Let b; € A?l *© be an increasing strategy satisfy-
ing the conditions of the proposition. We will show that there exist an f € 6 such that (f, b5)
is incentive-compatible and renegotiation-proof. Fix an a; € A; and foreachi=1,---,n and
b; € Blay,1, b_f;) pick a blocking type m(bé) = 1,---, n that satisfies the conditions given in
the proposition. For each i =1 and bé € %(a,1,b;) define the n-dimensional row vector



Cpi = €~ € piy) where e; is the j th standard basis row vector for R”, and the scalar wpi as
2 2 2

wyi = up(ay, by(a1,0"),0") — up(ay, by (a1,0),0")
2

i1 4 m(by) ,
+1{m(b§')si—1} Z _ UZ(alrb;_)Zj—l +1{ism(b§'—l} Z Uz(a1,b§)2(j—1)- )
j=m(b) j=itl

Note that for a given a; € Ay and i =1,---,n, %(ay, i, b3) is finite and let X" | |9 (ay,i,b)| =
p. Denote with C(a;), the p x n matrix composed of all the rows Cpi and with W (a;)the p

dimensional vector with component w;; corresponding to each bé. Let E(a;) be the matrix
2

E(ay) =
' (C(al))
and V (a;) the column vector
V(al) — UZ(alybz)
-Wi(a1)

Now, if for each a; € A;, we can find an f(as, b;) such that E(a;) f (a1, b;) < V(ap) the
proof would be completed. In fact, if E(a1) f (a1, b;) < V(a1), then Df(ay,b;) < U (ay, b3),
which implies that (f, b;) incentive compatible. Furthermore, E(a)f (a1, b;) < V(a;) im-
plies W(a;) < —C(a1) f (a1, b;) and, by Theorem 1 (of the main paper), that (f, b3) is rene-
gotiation-proof. Gale’s theorem of linear inequalities implies that there exist f(a,, b_f;) eR”
such that E(ay) f (a1, b;) < V(ap) if and only if x € RP+2(n=D "y > (0 and E(a;)'x =0 implies
x'V(ay) = 0. Decompose x into two vectors so that the first 2(n—1) elements constitute y and
the remaining p components constitute z. Notice that foranyi =1,...,nand bé € B(ay, i, b;)
there is a corresponding element of z, which we will denote Zpi-

Recursively adding row 1 to row 2, row 2 to row 3, and so on, we can reduce E(a;)’ to a

row echelon form and show that E(a;)'x = 0 if and only if

V2j-1=)2j+ % Zpi iy <j<i-1 ~ Lisjsmiy-1)] (10)
2
forj=1,...,n-1.

Let J_ ={j €{l,....n—1}: 3bi suchthati < j < m(b)) -1} and J, = {j € {1,...,n— 1} :
Elbé such that m(bé) < j <i-1} and note that J_ n J; = @. To see this, suppose, for contra-
diction, that there exists a j € J_ N J,. Therefore, there exists a bé such thati < j < m(bé) -1
and bél such that m(bél) < j =i’ —1. This implies that i < i/, m(b}) > i, m(bg) < i, but
m(bé) > m(bé’), contradicting the conditions of the proposition. We can therefore write (10)

as

V2j= Y21t Z_Zbél{isjsm(bé')—” .
b



for j € J_ and

V2j-1=V2j + 22 Ly <j<iony (12)
b
forjeJ,.
Finally note that
n—-1 n—-1
, . .
XVia) =} Uplan,b)2jy2j+ Y Un(an, b3)aj132j-1= ) 245 Wy
j=1 j=1 b,

Substituting from (11) and (12) we obtain

XVia) =Y [Oalar,b3)2j+ Uslar, b3)2j-1] y2j-1+ Y, [Ualar, b3)2j + Uslar, b3)2j-1] y2;

jei- JeJ+
i-1 m(bi)-1
7 * 7 *
22 |~ Wy + Loy 2 U20anb)aja+ Loy ), Uzlan, b
b, j=m(bi) j=i

Increasing differences, the definition of m(bé), and y, z = 0 imply that x'V = 0, and the proof
is completed. U

For any strategy profile (b1, b2) of G define the expected transfer from player 2 to the
third-party as F(by, b2) =Y geo p(0) f (b1, b2(b1,0)).

3 Proofs for section 4.1

In the game with non-renegotiable contracts, player i has an information set at the begin-
ning of the game, which we denote @, and an information set for each (f;,0;,I) € € x 9; x .%;.
In the game with renegotiable contracts I'r(G), player i has additional information sets cor-
responding to accepted or rejected renegotiation offers, (f;,0;,1,g,y) and (f;,0;,1, g, n), and
player #; has an additional information set of each (f;, I, g).

The following is well-known but we state it without proof for easy reference:

Lemmab5. Let (0, m) be a consistent assessment and f; € RZ. For anyi,0;, 1 € ¥;

oi(1,0)) € argmax{U;(c’,0_;, m|I,0;) — F; (0}, 0_;, m|I)} (13)

gl
if and only if every pure strategy s; € supp(o;(I,0;)) satisfies

s; € argmaxU;"" (s;,0;|1) = F{"™ (s;|I) (14)

S;i€Silr

Lemma 6. Let (0, m) be a consistent assessment and f; € R%. Then for any i, 0;, I € .%;, (13)
implies that o; is increasing at I.



Proof of Lemma 6. Fix a consistent assessment (g, m). Our assumption that u;(h, s;,s-;,0;,0—;)

has strictly increasing differences in (s;,0;) implies that
vi(h,si,s-,0;,0_;) =u;(h,s;,s_;,0;,0_;) = fi(h,s;,s_;)

has strictly increasing differences. Furthermore, since S; is a chain, v;(h, s;, s-;,0;,0_;) is su-
permodular on S;. Finally, note that Uf’m(si,HiII)—Ff’m (s;|I) is nothing but v;(h, s;, s_;,0;,0_;)
integrated over (s_;, h,0_;) and, since supermodularity and strictly increasing differences are
preserved under integration, we conclude that Ulf”m (s;,0;1) — Fl‘”" (s;|I) is supermodular on
S; and has strictly increasing differences in (s;,8;).

Now let 0;(1,0;) satisfy (13). Then, by Lemma 5, every pure strategy s; € supp(o;(l,0;))
satisfies (14). Well known monotone comparative statics results (see for example Theorem
2.8.4 in Topkis (1998)) then imply that

0;>;0;,s; €supp(o;(1,0,), s; € supp(o;(1,0)) = s; Zsi S

which proves that o; is increasing at I. O

Let the number of elements in ©; be equal to n; and order its elements so that 6?" =i
9;”_1 AR -9? =i 0 11 Lemma 5 has shown that sequential rationality of i at information set 1
is equivalent to

S; € argmafo’m(si,QiII) - Flf”m(sill)
S;i€Silr

for every s; € supp(o;(1,8;)). The following lemma shows that this is equivalent to an incen-

tive compatibility condition.

Lemma 7. Fix a consistent assessment(o,m),i € N, 1€ .%;,ando;:0; — A(S;|1). There exists

a contract f, such that

01(07) € argmax U™ (0}, 0/11) - EZ™ (0D, Y j = 1,..., ms. (15)

o€Zil;
iff there exists a contract f; such that

Uy ™ 0i0,0]10 - F ™ 00D = UT " (0105),0]10 - ™ 00910, ¥ j,k=1,..., ;.
(16)

Proof of Lemma 7. Necessity is immediate. For sufficiency, suppose that there exists a con-
tract f; such that o; : ©; — A(S;|;) satisfies (16). Define f, as follows

fi(h, si, s-4), if3j:s; €supp(ai(9{))
maxg, {U;"" (s;,0;) — U™ (0:(0:),0,) + F""(0;(0)|1)}, otherwise

1

fih,si,s_i) =



It is easy to show that s; : ©; — S;|; and f, satisfy (15). O

For any 0;,0", € Z; define 2Z,; by 0; 4 07 iff 5; ZZs; s} for all s; € supp(o;) and s} €
supp(a'l.). The following lemma shows that increasing differences in pure strategies implies

increasing differences in mixed strategies.

Lemma 8. Fix an assessment (o,m), i € N, and I € %;. If Uf’m(s,-,eill ) has (strictly) increas-
ing differences in (s;,0;) € Si|; x ©;, then Uf’m(ai,eill) has (strictly) increasing differences in
(0;,0;) € Zi|[ x O;.

Proof of Lemma 8. Let 0; ;0 and 0; 2Z; 0. This implies that s; 2Z; s for all s; € supp(o;)

~Y

and s; € supp(a’l.). Therefore, increasing differences in (s;,0;) implies
Uf’m(si,eill) - Uf””(si,eﬁ-ll) = Uf’m(S;-,QilI) - Uf’m(S;-,QQ-II)
for all s; € supp(c;) and s; € supp(c’). This implies

Y oisUT (51,00~ UT (s, 00D =Y. oL sHIUT ™ (), 0:0D) — UT ™ (s, 0411

s;esupp(o;) s;esupp(o7})

and hence

Uy"™(0:,0:i1D - U™ (0:,0;|D = U™ (07,0;1D) - U™ (07, 0;1D.

This lemma has a useful corrolary:

Corollary 1. Fix an assessment(o,m),i€ N, and I € .9;. Ifo’m(si,H,-II) has (strictly) increas-
ing differences in (s;,0;) € Si|; x ©;, then U?’m(ai,eill) —Ff'm(ailI) has (strictly) increasing
differencesin (0;,0;) € ;|1 x ©;.

Let e; be the j™® standard basis row vector for R” and define the row vector d i=ej—
ej+1,j = 1,2,...,n; — 1. Let D be the 2(n; — 1) x n; matrix whose row 2j — 1 is d; and row
2jis —=dj, j=1,...,n-1. Forany i € N, I € .%;, consistent assessment (o, m), and a’i :
0; — A(S;|;) define Ulf”m(a; |I) as a column vector with 2(n; — 1) components, where compo-
nent 2j —1 is given by Uf’m(U; (9{),9j|1) - U;"’”(a;(ej“),ef |I) and component 2 j is given by
usm @ 0,001, 1D - US™ (00,6711, j=1,2,...,n; — 1. Similarly, define F7"™ (o)1)
as the n; vector whose jth component is given by F;"" (¢, (HZ)II), j=1,2,...,n;—1.

The following lemmas show that if s; : ©; — S;|; is increasing then it satisfies (16) iff it

satisfies local conditions and express it in a convenient matrix notation.

Lemma9. Fixi€ N and I € ¥; andleto;:0; — A(S;) be increasingand V; : Z; x ©; — R has
increasing differences in (0;,0;). Then,

Vi(a:(0),0)) = Vi(0:(05),0),¥j, k=1,...,n (17)

10



Vil:(0),0) 2 Vie,0!H,00,vj=2,...,n (18)
and
Vi(0:(0),0) 2 Vi(e,07"H,00,¥j =1,...,n; - 1. (19)

Proof of Lemma 9. Necessity is immediate. For sufficiency, suppose that (18) holds. This
implies Vi(0;(0)),0)) = Vi(0:(0]™"),0)) and Vi(04(0)™",0]™") = Vi(0,(0]*),0/™"), which, in
turn, implies
Vi(0:(67),61) = Vi(a;077),0) + Vi (01677, 007 — Vi(0:6779), 007 — Vi(0:(6772),67)
+Vi(o:(0]7),0) 2 0
Therefore,
Vi 0)),0)) - Vi(0:(0]7),0)) = Vi(0:10]™),0) - V(040 ), 0D - Vit0:0]7H,0]7h
= Vi(os 07,0020

where the second inequality follows from increasing differences. We have proved that (18)
implies all downward constraints. It can be similarly shown that (19) implies all upward
conditions. O

Lemma 10. Fix a consistent assessment (o, m), i € N, a contract f;, I € #;, and leto;: 9; —
3|1 be increasing. Then (16) holds iﬁcDﬁf'm(aiII) < Uf’m(aill).

Proof of Lemma 10. Follows from Corollary 1 and lemma 9. O

Lemmall. Fixie N, 0;:0; — A(S;), I € ¥, and let |S;| = k. If there exists n; vector F, then
there also exists a k vector f such that

k ;
Fj=Y oi(s10]) f;
=1

whenever o ;(0;) # 0;(0) for any0;,0’ € ©;.

Proof of Lemma 11. The proofis done if we can show that the following system of equations

has a solution for f:
Yf=F

where jth row of Y is given by o; * Bl] Since 0;(0;) # Ui(OZ.) for any 61-,9:. € 0;, therows of Y
are independent. Therefore, rank(Y) = rank (Y F), and the proofis completed. O

11



Proof of Proposition 5 (of the main paper). [Only If] Follows from Lemma 6.

[If] We need to prove the existence of a contract f; such that for any I € .%;

Uy ™ 00,0010 - FY ™ 000D = UT " (0105),0]1D - ™ 00010, ¥ j,k=1,...,n;.
20)

By Lemma 10, (20) holds if and only if Dﬁf’m (o;|]) < flf’m (oi|I). By Gale’s theorem for
linear inequalities (Mangasarian (1994), p. 33), there exists a ﬁf’m(aill) € R™ such that
Dl_ff’m(a,-II) < U?’m(aill) if and only if for any y € [R{i("i_l), D'y = 0 implies y’Uf’m(aiII) >
0. It is easy to show that D'y = 0 if and only if y1 = y2,¥3 = ya,-**, Yon-1-1 = Yo(n;-1)-
Let flf’m (oilI)j denote the it row of flf’m (0i|I) and note that since o; is increasing and
U?’m(ai,eill) has strictly increasing differences, Uf’m(aill)gj_l + U?’m(aill)gj > 0, for any
j=1,2,...,n;—1. Therefore,

I’li—l

YU oiD =Y (U 0ilD2j-1+ U™ (0:112))y2j-1 20

j=1

Lemma 11 implies that as long as different types play different mixed strategies we can use
this ﬁf'm(ai |I) € R™ to construct F(s;) for each s; € S;|;.1. We can then define

fi(h,si,s—;j) =F(s;))Vh,s_;.

and use this f; to construct a contract that satisfies incentive whose expectation satisfies
(16). This completes the proof. O

Proof of Theorem 2 (of the main paper). Fix i € N and a consistent assessment (o, m). By
definition (f;, 0;) is not renegotiation-proof at (o_;, m) if and only if there exist I € .#;, j =
1,...,n;, g € 6,and 0’ : ©; — X;|r such that

U ™(0}09,0011) - GPM o O)ID = U™ (0400),01D - G (0} ONID, YL,k =1,...,n;

21)
Uy oh©),010 - GI @} 0DID > U Mo 0),0110 - Mo 0DIn @2)
G?™M (@ ONID > F"™ (0:001D,Yk=1,...,n;. (23)

Define éf’m(aglI) as n; vector whose kth component is given by G?’m(a'i(ef)lI). By
Lemma 10, (21) is equivalent to Déf’m(a'ill ) < ﬁf’m (0|1). Therefore, we have the follow-

ing:

L1f different types use the same strategies, we can simply eliminate one of them from the incentive compat-
ibility constraints.

12



Lemma 12. Fix i€ N and a consistent assessment (o, m). (f;,0;) is not renegotiation-proof at
(0_i,m) if and only if thereexist [ € .%;, j =1,...,n;, g €6, a’l. :0; — 2|1, and € € R"™ such
that D(F]"" (o;|I) +&) < U] (01D, £; < U™ (0,(01),611) - U™ (04(6)),6111), and & > 0.

l
Fix i € N, a consistent assessment (o, m), (f;,0:), [ € %, j =1,...,n; a’i :0; — Zilg.
Define V = U (@}|1) - DE?™(@4ID), C=(V -D), and

Inl-+1)
lj
where [; = (Uf’m(0; (9{),9{ II)—Uf’m(ai(Blj),H{ |I))e1—ej+1. The following lemma uses Motzkin’s

Theorem to express renegotiation-proofness as an alternative.

A=

Lemma 13. Fix i € N and a consistent assessment (o0, m). (f,0;) is renegotiation-proof if and
only if forany I € ;, j =1,...,n;, 0, : ©; — 2|y, there exist y € R"** and z € R*"~V such
that A'y+C'z=0,y>0,z=0.

Proof of Lemma 13. Let >0,¢ € R, and define

o (;s)

Then D(ﬁf'm(aiIIHe) < ﬁf'm(a'ill) ifand onlyif Cx=0. Also, e >0and ¢; < U™ (07, (9{),9{|I)—
Uf’m(ai(9{ ),9{ |I) if and only if Ax > 0. The lemma then follows from Motzkin’s Theo-
rem. =

Fix i € N, a belief system m, c € Z_;, (f,0;), [ € %;, j=1,...,n;, and a’i € 2;|7. Define
a1 =1, a1 =U;"(0}0),6]1D - U™ (0:6)),0]1D, and

i1 .
Qp+1 = Z Ulq,m(o-,ill)Zl'—l +aj+l _Fla’m(o-l(elk)l-[) +Fla"m(0-l(6‘l])|l)) for k= ]-)2’---)j - ]-)
t=k

l .
a1 =Y. U0 D1y + ajur — F " (0:0DID + F) "0 ONDID, forl=j+1,j+2,...,n;
r=j+1

B: =U"™ (0" | Doy + U7 (0| Dos1, fort=1,2,...,n;—1.
1 l 1 1
We have the following lemma.

Lemma 14. Fix i € N, a consistent assessment (o, m), (f;,0), 1€ %, j=1,...,n;,0;:0; —
3;|1. Thereexist y € R"*? and z € R*"~Y sych that A’y +C'z=0, y >0, z 2 0 if and only if
there exist j € R and 2 € R~V such that >0, 2= 0, and

ni+1 n;i—1

Z aftj}t'f’ Z ﬁt2t=0 (24)
=1 =1
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Proof of Lemma 14. First note that for any y and z, A’y + C'z = 0 if and only if

N+ UT@0)),6710 - UT™0:0)),071D)yp,42+ V2 =0 (25)
D'z=[A"y] (26)
where [A'y|_, is the n;-dimensional vector obtained from A’y by eliminating the first row.

Recursively adding row 1 to row 2, row 2 to row 3, and so on, we can reduce (D’ [A’ y] _1) to
arow echelon form and show that (26) holds if and only if

t

22t-1 :Z2l+zyk+l! t:172y---yj_1 (27)
k=1
n;
ZZZ':ZZt—l+ Z J’k+1, t:j)j+]-)---)ni_1 (28)
k=t+1
n;
Yni+2 = Z Yi+1 (29)
k=1

Substituting (27)-(29) into (25) we get

n; j-1 ni—1 n; j-1
i+ ) Yty U700 Dar Y v+ ), U7 0002 Y i+ ) (U7 (0]1D2i1

t
k=1 t=1 k=1 t=j k=t+1 t=1

n;i—1 n;

+T7M(@5 D222t Y. (7™ @D+ U7 ™0 D20 22021~ Y (FO™ (0100 D~F7™ (0101 D) yiar = 0

=] k=1

Therefore, A’y + C'z = 0 if and only if equations (27) through (30) hold. Now suppose that
there exist y € R™ +2 and z € R2™i~D gych that ¥>0,z=0, and (27) through (30) hold. Define
Vi=ypfort=1,...,n+1and

. 22t t:1,...,j—1
Zr = )
Zot-1, t=j,...,ni—1

It is easy to verify that § >0, 2> 0, and X"  a, 9, + X[ 12, = 0.

Conversely, suppose that there exist y € R”*! and 2 € R"~Y such that § >0, 2= 0, and
(24) holds. Define y; = y; for t =1,...,n; +1 and yy, 42 = Z'Zglj/t. Forany t=1,...,j -1,
let zo;—1 = 2; +Z,t€:1j/k+1 and zp; = Z¢, and for any t = j,...,n; — 1, let zp;_1 = 2; and zy; =
Zr+ ZZ’: 141 Vi+1. It is straightforward to show that y > 0, z = 0, and (27) through (30) hold.

This completes the proof of Lemma 14. O

Fix i € N and a consistent assessment (o, m). (f,0;) is renegotiation-proof at (o_;, m) if
and only if forany I € .%;, j =1,...,n;, 0, : ©; — Z;[;, there exist y € R"*! and 2 € R"~V such
that y >0, Z = 0, and equation (24) holds. We can now complete the proof of Theorem 2 (of

the main paper).

14
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[Only if] Fix a consistent assessment (o, m), i € N, and (f;,0;). Suppose, for contradiction,
thatthereexist I€ .%;, j = 1,...,n;, and increasing o', : ©; — Z;|; such that Uf’m(a’l.(B{),B{II) >
U;"’”(ai(ef),eﬂn, but thereisno k=1,2,..., j — 1 such that (4) holdsandno I = j +1,...,n;
such that (5) holds. This implies that a; >0 forall ¢ =1,...,n; + 1. Since U™ (0},60;|]) has
increasing differences, f; = 0 for all ¢t = 1,...,n; — 1. Therefore, y > 0 and Z = 0 imply that
Z'ZQI ay+ Z’Zgl B:z: > 0, which, by Lemma 14, contradicts that (f;,o;) is renegotiation-
proof.

[If] Fix a consistent assessment (o,m), i € N, and (f;,0;). Let I € ., j =1,...,n;, and a’i :
©; — X;|; be increasing and U;"" (¢, (9{),9{|I) > U;f'm(ai(e){),eﬁl). Suppose first that there
exists a k € {1,..., j — 1} such that (4) holds. This implies that a;,; > 0 and ars; < 0. Let

Vi1 =1, Pjs1 = _ao;’:l > 0, and all the other j; = 0 and 2; = 0. This implies that equation

(24) holds and, by Lemma 13 and 14, that (f;,0;) is renegotiation-proof. Suppose now that
there existsan [ € {j +1,..., n} such that (5) holds. Then, a;; >0and a;; <0. Let y;; =1,

Vji+1= ao;’:ll > 0 and all the other j; = 0 and 2, = 0. This, again, implies that (24) holds and
that (f;, 0;) is renegotiation-proof. O

Definition 1. Fix a consistent assessment (o, m) and i € N. Forany [ € .%;, j =1,...,n;, and
o€ $:(I, j,0i) we say that bje{l1,2,...,n;}is a blocking typeif there existsa k € {1,2,..., j— 1}
such that

. . =1 .
Uy oh0),0!1D -U " (0:6)),0]11) < Zb (U™ (il Dar-1 = U™ (071 D21l B1)
= i

or thereexistsan /€ {j + 1, j+2,...,n;} such that
S S =1 .
Uy (o;0),0/1) - U 0:0)),0011) < Zb (U7 (0ilD2e-1 = U™ (01 D2e-1]  (32)
1=0j
We obtain the following necessary conditions for a strategy o; to be renegotiation-proof.

Proposition 1. Fix a consistent assessment (o, m) and i € N. A mixed strategy o ; is renegotia-
tion-proofonly if forany I € .%;, j=1,...,n;, and o', € S, j,0;) thereis a blocking type.

The above condition becomes also sufficient for renegotiation-proofness with an addi-
tional requirement about the relation of blocking types for different renegotiation opportu-

nities.

Proposition 2. Fix a consistent assessment (o0, m) and i € N. An increasing mixed strategy o ;
is renegotiation-proofifforany I € %;, j =1,...,n;, and o', € S, j,0}) thereis a blocking type
bj such that k <1, by > k, and b; < I imply by, < b;.

Proof of Proposition 1. Fix a consistent assessment (o, m) and i € N and suppose that the

mixed strategy o; is renegotiation-proof. Fix I € .%;, j =1,...,n;, and an increasing o, : ©; —
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>;|; such that Uf’m(a;(H{),H{II) > U;f'm(ai(e){),e){u). Forany t=1,...,n; let ¢; = ej — ey,

where e, is the t'h standard basis row vector for R, and define

)

S S j-1
wy = U] (070,010~ U™ (0:0)),0]ID+ Y U™ (0} D21
=k

Also let

1

S o !
wy=U7"(0}0)),0]1D - U™ (0:0),0] 1D+ Y. U™ (01 D20-1y
t=j+1

forany ke{l,...,j—1}and [ € {j+1,...,n;} and define

V=

U;"’”(oim)

Incentive compatibility of (f;, o';) implies that Dﬁf’m(aill ) < Uf’m(ailI ). Renegotiation proof-
ness, by Theorem 2 (of the main paper), implies that ckﬁf'm(ailI) < —wy, for some k €
{1,...,j—1} or clﬁf'm(aill) < —w; for some [ € {j +1,...,n}. Suppose first that there exists
akefl,...,j—1} such that ckﬁf’m(aill) < —wy. Then we must have Ekﬁf’m(aill) < V. By
Gale’s theorem of linear inequalities, this implies that x = 0 and E;Cx = 0 implies x'Vj = 0.
Denote the first 2(n; — 1) elements of x by y and the last element by z. It is easy to show
that E;Cx = 0 implies that y»; 1 = yor+zfor t € {k,k+1,...,j—1} and y»;1 = ypj for ¢ ¢
{k,k+1,...,j—1}. Therefore,

ni—1 N ni—1 R
XVie= )Y U0l Daryac+ Y, U0l D2i-1Y20-1 — 2Wk
=1 t=1
ni—1 N R j-1 .
=Y (U7™0ilD2r + U (01 Dar-1)yor + 2(—wi+ Y U™ (0111)24-1)
t=1 =k
>0

This implies that —w; + Z{;}C Ulf”m(ai |)2;-1) = 0 and hence k is a blocking type.
Similarly, we can show that, if there exists an [ € {i + 1,...,n;} such that clﬁf’m(aill ) <

—wj, then [ is a blocking type, and this completes the proof. O

Before we proceed to the proof of Proposition 2 we need the following lemma:

Lemma 15. Fix a consistent assessment (0,m) and i € N. (f;,0;) € € x Z; is renegotiation-
proofat(o_;, m) if forall I € .#;,0; € ©; such that there exists (g;, s:.) € € x S| that is incentive
compatible at (o_;, m) and

U;(s;(1,05),0-;,m|1,0;) — G;(s;(1,0;),0_;, m|1,0;) > U;(0;(I,0;),0_;, m|1,0;) — Fi(0;(I,0;),0_;, m|1,0;)
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there exists a 0 € ©; such that
Fi(0;(1,0),0-;,m|I,0)) = G;(s:(1,0}),0-;,m|1,0)

Proof of Lemma 15. By definition (f;, ;) is not renegotiation-proof at (o_;, m) if and only if
thereexist [ € .%;, j=1,...,n;, g € ¢, and 0; :0; — A(S;l7) such that (21)-(23) hold. This is
true iff there exists s;. :0; — S;|; such that

U?™(s;00,0;1D) = GI ™ (sODID) = U™ (s305),00D) - GI ™ (54,0911, Y1, k=1,...,n; (33)
Uy (s,00),0]10 - GT(s;0DID > U 040,010 - FT Mo 0DID 39)

G?™M(sHONID > FP™ (0:001D, Yk =1,...,n;. (35)

This is because if there exists an s;., that satisfies (33)-(35) then there trivially exists a’i that
satisfies (21)-(23). Conversely, let there be a a’i that satisfies (21)-(23). This implies that there
is an s;. € supp(a’l.) that satisfies (35) for all k = 1,...,n;. Then this s; also satisfies (33) and
(34) because 07} (6;) € argmax,» U™ (077,0{11) = G (0|1} iff s} € argmaxy U™ (s],0]11) -

G7™(s!|I) for any s € supp(0’). 0

Proof of Proposition 2. Fix a consistent assessment (o, m) and i € N and suppose that the
mixed strategy o; is increasing and satisfies the conditions of the proposition. We will show
that there exist an f; € € such that (f;, ;) is incentive-compatible and renegotiation-proof
at (0_;,m). Fix I € #; and for each j =1,...,n; define

Sil,j,0) = {s;:©; — S;l|r: s} is increasing and Uf’m(s;-(elj),@{lI) > Uf’m(ai(elj),@{l[)}.
(36)

Foreach j=1,...,n; and s{ € §,—(I,j,ai) pick a blocking type b(s{) such that k < [, b(sl’.“) >k,
and b(sf) <l imply b(sf) < b(sf). By Lemma 15, if (f;,0;) is renegotiation-proof against any
s; € §l~ (I, j,0;) itis also renegotiation—proof against any 0; € fl- (I,j,09).
Foreach j=1,...,n; and sf € Si(I, j,0;) define the n;-dimensional row vector cj=ej—
€y sy where e; is the tth standard basis row vector for R, and the scalar wj as l
=1 ,
U7 (s] 1Dz

w =UP"(s]©0),0/10 - U7 (0:0),0]1D +1,
’ t=b(s])

bsh=j-1)

wh
. Fom

1 apehoy 2 U7 D0
! t=j+1

Note that §,—(I,j,ai) is finite and let Z;’il |§,~(I,j,ai)| = g. Denote with C(I), the g x n matrix
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composed of all the rows ¢ ; and with W (I) the g dimensional vector with component w ;

corresponding to each s{ . Let E(I) be the matrix

E(]) = b
lew
and V (I) the column vector
Uf"’"(aill))
vih=| ‘!
40}

Now, if for each I € .#;, we can find an ﬁf’m(aill) such that E(I)ﬁf’m(aill) < V(I) the
proof would be completed. Indeed, ifE(I)ﬁf’m(aiII) < V(I), then Dl_flf”m(a,-II) < Ulf”m(ai D,
which implies that there exists f; such that (f;,0;) is incentive compatible (see Lemma 11).
Furthermore, E(I)F“f’m(aill) < V(I) implies W (I) < —C(I)ﬁf’m(ailI) and, by Theorem 2, that
(fi,0;) is renegotiation-proof.

Gale’s theorem of linear inequalities implies that there exist 1_5?""(0,- |I) such that E(I) ﬁf’m(ai |1 <
V(I) if and only if x € R7*20% =1 x > 0 and E(I)'x = 0 implies x'V (I) = 0. Decompose x into
two vectors so that the first 2(n; — 1) elements constitute y and the remaining g components
constitute z. Notice that for any j = 1,...,n; and s{ € §,~(I,j,0i) there is a corresponding
element of z, which we will denote zZj.

Recursively adding row 1 to row 2,L row 2 to row 3, and so on, we can reduce E(I)' to a row

echelon form and show that E(I)'x = 0 if and only if

Yar-1 = Yar+ ;Zs{ W ipishyzesjony ~ Lijsrspish-n)! 37

Si

fort=1,...,n;-1.

Let T_={tef{l,...,n; —1}: Els{ suchthat j < ¢ < b(s{) —1ltand T, ={te{l,...,n;—1}:
Elslj such that b(slj ) <t < j—1} and note that T_ N T = @. To see this, suppose, for contradic-
tion, that there exists a t € T_ N T.. Therefore, there exists a s{ suchthat j<t< b(slj )—1and
sljl such that b(sljl) <t < j'—1. This implies that j < j/, b(s{) > j, b(sljl) < j',but b(slj) > b(s{,),
contradicting the conditions of the proposition. We can therefore write (37) as

Y2r=Y2r-1+ ijsljl{jgtsb(sl]:)—l} 58

Si

for te T_ and
Yae-1= Yot +Zj4zs{1{b(s{)srsj—1} (39)

S
i

forte T,.
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Finally note that
ni—1 ni—1

V=) O7™0ilDayar+ Y, U7 @il D2r-1y2e-1 =) 2 jw
=1 =1 j i i

Si

Substituting from (38) and (39) we obtain

XV =Y (070l D2+ T 0 il Dar-1] yara+ Y. [T (0il Dae + T (041 D2-1] yas

teT- teTs
j-1 b(s))-1
rro,m . ) ryo,m .
L ag w2 UMD+ D U7
slj l ' ! t:b(s{) ' t=i

Increasing differences, the definition of b(s{ ), and y, z = 0 imply that x'V = 0, and the proof
is completed. U

4 Proofs for section 4.2

Proof of Theorem 3 (of the main paper). By definition (f, b3) € € x Ag‘l *9 jsnot renegotiation-
proofif and only if there exist a; € A}, i =1,2,...,n and an incentive compatible (g, b,) € € x
AL such that up(ay, by (ay,0"),0")~g (a1, ba(a1,0") > up(ay, bi (a1,0%),0")~ f (a1, b (ay,01)
and us(ay, ba(ay,09),07) + g(ar, bo(a1,607)) > us(ay, b (a1,07),67) + f (ay, b} (a1,67)) forall j =

1,2,..., n. Therefore, we have the following

Lemma 16. (f,b;) € € x Ag‘”@ is not renegotiation-proof if and only if there exist a) € Ay, i =
1,2,...,n,by € A;‘IXG, and e € R" such that D(f (a1, b;)+¢) < Ug(al, by), €; < us(ay, ba(ay,0%),0%)—
ug(al,bg(a{,ei),ei), and ug(al,bg(al,Bf),Bf)—ug(al,bg(al,ej),BfHEj >0forallj=1,...,n.

Define the matrices V and C as in the proof of Theorem 1 (of the main paper), and define
the matrix A as follows: its row 1 is e}, row n+2is [;, and row j + 1, for j =1,..., n, is given by
[us(ar, b2(a1,67),607) — us(ay, by (a1,67),67)]e;1 + ej11. We have the following lemma, whose

proof is similar to that of Lemma 3.

Lemma 17. (f,b;) € € x Ag‘”@ is strongly renegotiation-proof if and only if for any a, € A,
i=1,2,....nandb, € Agh *© there exist y € R"*2 and z € R%"™ such that Ay +C'z=0, y >0,

z=0.

The rest of the proof is almost identical to that of Theorem 1 (of the main paper), and
therefore is omitted.
O
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5 Proofs for section 4.3

Proof of Theorem 4 (of the main paper). By definition (f, b;) € € x Agh *9 js not strongly renegotiation-
proofif and only if there exist a; € A}, i =1,2,...,n and an incentive compatible (g, b,) € € x

A€ such that up(ar, by(ar,6%),01)—g(ar, ba(ar,61) > us(a, by (ar,6"),6)~ f (a1, b (a1,0'),

gla, bx(@1,0") > f (a1, b; (a,0"), and g(ar, bx(@1,0")~ f (@1, b (a1,6") > min{0, uz(ar, bz (ar,07),67)~
up(ay, b (aq, 07),07)} for all j=1,2,...,n. The following lemma easily follows.

Lemma 18. (f,b;) € € x A:‘;lxg is not strongly renegotiation-proof if and only if there exist
a€A;,i=1,2,...,n, b € Ag‘”@, and € € R" such that D(f (a1,b) +€) < Us(ay,by),0< €; <

up(ay, ba(ay,0%),0")—uz(ar, b} (at,0"),0"), and e j > min{0, ux (a1, ba(ay,07),09)—uz (a1, b (a1,67),67)}
forall j=1,2,...,n.

Define the matrices V and C as in the proof of Theorem 1 (of the main paper), and define
the matrix A as follows: its row 1 is e}, row n+2is [;, and row j+ 1, for j =1,..., n, is given by
—min{0, uz(a1, b2(a1,609),67) — uz (a1, b (a1,67),07)}e; + ej41. We have the following lemma,
whose proof is similar to that of Lemma 3.

Lemma 19. (f,b;) € € x Ag‘”@ is strongly renegotiation-proof if and only if for any a, € A,
i=1,2,....,.nandb> € Agh “® there exist y € R"? and z e R?"Y such that A'y+C'z=0,y >0,
z=0.

The rest of the proof is almost identical to that of Theorem 1 (of the main paper), and
therefore is omitted. O

6 Proofs for Section 5.1.2
Proof Proposition 9 (of the main paper). Let

b (by) € argmin Us(by, bo)
b1€BR; (b2)

b; € argmax U, (b; (b2), b2)

szBg

and aj = by (b;). Note that Uy(a;, b;) = Ugv R and suppose, for contradiction, that player 2
gets a payoff U, < UZW R _ 5. We will show that player 2 can offer a contract that supports
(af, b;) and yields a higher payoff.

For any a; choose Bg,al € argminb2 eBR Ui (a1, by). By construction Bg,al is increasing and
hence there exists a contract that makes it optimal to play. As in the proof of Proposition 7,
we can show that there exists a contract f* such that I;g,al is the unique optimal strategy

and (f“, 152,“1) is renegotiation-proof after a,. Let € > 0 be small and define f(b],a2) =0 +¢
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for all a,. For any a; # b} define

a ~ .
fi 1’ a2:b2,a1(a1’01)

oo, otherwise

f(al! aZ) = {

Under this contract, player 2 plays a best response to a; and according to 152,“1 after any
a1 # a;. Player 1, on the other hand, must play a best response to b;. This is because for
any a; ¢ BR;(by), we have Ui (br(b;),b3) > Uy(ay, by) = Ul(al,l}gyal). Therefore, deviation
to such a contract yields a payoff of U, (b, b;‘) —5—¢ > U,, for small enough €. In other words,

player 2 has a profitable deviation, contradicting that U, is an equilibrium payoff. O

7 Proofs for section 6.2

Proof of Proposition 13 (of the main paper). In the original game G, player 2 chooses 7 after
observing 7¢ and the realization of §. For each 7¢ and 6, player 2 chooses 7 to maximize
—(U* +0 — a(r - n°)? — Br?. The first order conditions yield the optimal strategy for player
2 as

2
a
n(n%,0) = 7+

a
a’+p a’+p

(U* +0). (40)

Given the optimal strategy of player 2, player 1 chooses 7° to maximize — Y gcg (71— (°, 0))2 p(0).

The first order condition is

az
)Y (@ —n(x,0)pB) =0

-2(1-
az + :6 0e®

which is solved as

=) nxn0)p®)

€O
Substituting it in to (40), we obtain
a
nt==U"
B
and
a a
ax0)==U"+ 0
( ) B P
completing the proof. O
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8 Proofs for section 8

Proof of Lemma 2 (of the main paper). Fix a; € Ay, i € {1,---,n}, and bé € B(ay,1,b;). Since
A, is linearly ordered, we have bl (ai,0;) 72 b (a1,0") or b} (a1,0;) 72 bi(a1,0"). First, as-
sume that bl (a1,0;) 72 bj (a1,0"), i.e., (a1, 1) hasright deviation at b}, and note that R(ay, i) #
@ by assumption. Let J={j eN:i+1<j<minR(a;,i)—1and b;(al,ef) >5 bé(al,ej)}. If
J=,let m(bé) =minR(a;,i) andif ] # @, let m(bé) =min /. It is simple to show that

mb}) o o
Y (wetar, biar, 0771,01) - us(an, b3 (a1,6771),07)
Jj=i+l

~[uz(a1, bi(a1,0'™),0'™) — up(ay, b (ar,67 71,677 1]
2 2

+ up (a1, b (a1, 0™PD), 0™y — yy (ay, bl (ay,0™P2),0M D) >0 (41)
2 2

Inequality (41) implies that m(bé) is a blocking type.

Now assume that b; (a;, 0% 9 bé (ay,0Y), i.e., (aj, i) has left deviation at b, and note that
L(ay,i) #@. Let J={j e N:maxL(i)+1 < j < i—1and bl(a1,07) >, b} (a1,67)}. If J = @, let
m(bl) = max L(i) and if ] # @, let m(b}) = maxJ and note that

i_l . . . . .
Y (watar, b3 (a1,671),07) ~ ws(ar, b (@1, 071,07
j=m(bi)

— [ug(ay, b (a1,07™),09) — us(ay, bl (ay,071),09)]
2 2

+ up(ar, b (a1, 0™PD), 0™y — yy (ay, bl (ay,0™P2),0M D) >0 (42)
2 2

Inequality (42) implies that m(bé) is a blocking type.

Finally assume that there exist (ay, i1) and (a;, i) with i; < i, such that m(bél) > i1 and
m(béz) < ip. This implies that (ay, i) has right deviation and (a,, i») has left deviation at b,
which imply that R(ay, i1) # @, L(ay, i2) # @ and R(ay, i1) N L(ay, iz) # @. But this implies that
m(bél) < m(béz) and the proofis completed by applying Proposition 4. O

Proof of Lemma 3 (of the main paper). Suppose, for contradiction, that there exists an a] €
A; such that (a},0") has right deviation at by, i.e., there exists an a, € A, such that a, 7,

bo(a’,0™) and ux(a,,a,,0™ > u,(a’, b,(a',0™),0™). Define
1 1 1 1

I aé’ 0=0"
bz(alye) = , n
by(d,0), 0<¢0

Note that b/, is increasing and therefore b, € B (aj, n, by). It is easy to show that for (a}, n, b))
there is no blocking type and therefore, by Proposition 3 (of the main paper), b, is not rene-

gotiation proof. O
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