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Abstract

In this paper we formulate and solve the problem of universal growth optimal investment

in two-asset discrete time markets with proportional transaction costs. We do not make any

distributional assumptions on the market return sequences and construct a policy with growth

rate at least as large as any interval policy. Since interval policies are ε-optimal for independent

identically distributed (IID) markets (Iyengar, 2002), it follows that our policy when used in an

IID market is able to “learn” the optimal interval policy and achieve growth optimality, i.e. it

is a universal growth optimal policy for IID markets.

1 Introduction

The objective of growth optimal investment is to maximize the long-run interest rate. Growth

optimal investment in independent identically distributed (IID) discrete time horse race markets

with no transaction costs was introduced in Kelly (1956). Kelly showed that log-optimum invest-

ment, where the investor maximizes the conditional expected logarithm of the one step return,

maximizes the growth rate of the cumulative wealth. Breiman (1961) extended the growth optimal

framework to investment in IID discrete time markets with general asset returns. In IID markets

the log-optimum investment policy is a constant rebalance policy, i.e. in every market period the

current portfolio is rebalanced to a single constant portfolio, namely the log-optimum portfolio.

Algoet and Cover (1988) showed that conditionally log-optimum investment is growth optimal for

stationary ergodic markets with general asset returns. Subsequently, Cover (1991) formulated the

problem of investment in markets where one does not make any distributional assumptions on the

sequence of asset returns and constructed a sequential policy that does as well in growth rate as

any other constant rebalanced policy, even those chosen in hindsight. Such an investment policy

was termed a universal investment policy in the sense that it dominates all the policies that could

possibly be optimal for an IID market. The universal result was extended to an individual sequence

result in Ordentlich and Cover (1998)(see also Cover and Ordentlich, 1996).
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All of this earlier work assumes that the markets do not have transaction costs. Unfortunately,

the policies designed for markets without costs do not perform well in a market with costs. In fact,

in a continuous time market such policies lead to immediate bankruptcy (Davis and Norman, 1990).

Although the situation in discrete time markets is not as severe (Kalai and Blum, 1997), one can

do substantially better by incorporating the costs into the model. Growth optimal investment with

costs was introduced by Taksar et al. (1988) in the context of geometric Brownian markets with one

risky asset and cash. In this paper we will assume that the transaction costs are proportional to the

transaction amount. Several related works, notably Davis and Norman (1990), Shreve and Soner

(1994), and Akian et al. (1996), study utility maximization in two-asset markets with costs. Iyengar

(1997) and Akian et al. (2001) extended the growth optimal investment framework to continuous

time markets with several risky assets. Iyengar and Cover (2000) investigated the effect of costs in

the horse race setting and established that the growth optimal policy rebalances to a portfolio that

maximizes a combination of the one-step return and transaction cost. This result was extended to

IID discrete time markets with several assets in Iyengar (2002). In all of this work on markets with

costs it is assumed that the distribution of the asset returns in known to the investor.

In this paper we consider two-asset markets where one does not make any distributional assump-

tions about the market returns. For such a market we construct an investment policy with growth

rate at least as large as any interval policy (see Section 2), even those chosen in hindsight. Since

the results in Iyengar (2002) imply that the class of interval policies (see Section 2) is ε-optimal

for two-asset IID markets, it follows that our policy has a growth rate arbitrarily close to optimal

for any fixed IID market, i.e. our policy is a universal growth optimal policy for IID markets. A

crucial step in the proof of this result is to establish that the portfolio process corresponding to

an interval policy α is a continuous function α. Continuity is guaranteed for constant rebalance

policies; therefore, previous universal results (Cover, 1991; Cover and Ordentlich, 1996) implicitly

assume continuity and cannot be directly used in our context. Once continuity is established, the

universal result follows from simple modifications of results in the literature.

Our contributions can be better understood by constrasting our results with those in Iyengar

(2002). Iyengar (2002) studies growth optimal investment in IID markets with several (i.e. greater

than 2) assets whereas this paper is concerned with two-asset markets where one does not make

any distributional assumptions about the market returns. The central result of this paper is the

construction of a policy that does as well as any interval policy. By itself, this result does not imply

any optimality results for two-asset IID markets, i.e. growth optimal investment in two-asset IID

markets is not a special case of the problem considered here. However, combining our result with

the result that interval policies are ε-optimal (Iyengar, 2002) leads to the conclusion that the policy

constructed in this paper is a universal growth optimal policy for IID markets.

The outline of this paper is as follows. In Section 2 we introduce our model for a two-asset

discrete time market with proportional transaction costs and briefly review the optimality results for

stochastic markets established in Iyengar (2002). In Section 3 we construct the universal investment

policy and discuss its properties; and Section 4 concludes with some remarks, connection to general
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markets and open issues.

2 Market model

We consider a two-asset market which opens for trading at discrete instants in time. The price

dynamics of the assets is described by the sequence of non-negative price relative vector {xn =

(xn(1), xn(2))
T : n ≥ 1}, where xn(i), i = 1, 2, is the ratio of the closing to the opening price

of asset i over the period n. The observed sequence of price relatives over first n market periods

is denoted by xn1 = {x1, . . . ,xn}. We do not make any distributional assumptions about the

sequence xn1 . However, we assume the following regularity condition.

Assumption 1 There exist 0 < r < r such that r ≤ xk(1)
xk(2)

≤ r, for all k ≥ 1.

This regularity condition is almost always satisfied by real markets and is closely related to the

notion of diversity introduced by Fernholz (2000).

The market levies proportional transaction costs at a rate λi on asset i, i.e., the sale of one

dollar of asset i nets only (1 − λi) dollars in cash. Similarly, one dollar of asset i costs (1 + λi)

dollars. We assume that cash mediates all transactions. Therefore, selling one dollar of asset i

and investing the proceeds in asset j involves first selling one dollar of asset i to receive (1 − λi)

dollars in cash; then using this capital to buy (1−λi)
(1+λj)

dollars of asset j. Although we have assumed

symmetric transaction costs, all the results carry over to the case of asymmetric costs.

The investor starts with an initial wealth of S1 invested in a portfolio b1, where the portfolio

0 ≤ b ≤ 1 represents the proportion of the total wealth invested in asset 1 (note that we do not

allow any short selling). In the the beginning of the n-th market period, the cumulative wealth is

denoted by Sn and the portfolio by bn, i.e. the dollar amount invested in asset 1 (resp. asset 2) is

Snbn (resp. Sn(1−bn)). In every investment period, the investor has the option to trade from bn to

a new portfolio zn ∈ [0, 1]. However, this trade results in a loss of wealth because of the transaction

costs in the market. Let w(bn, zn) denote the net realized wealth when one dollar at portfolio bn is

traded to portfolio zn. By equating the transaction costs λ1 |wzn − bn|+ λ2 |w(1− zn)− (1− bn)|

to the loss in wealth 1−w, it follows that w(bn, zn) is the unique positive solution of the nonlinear

equality

λ1 |wzn − bn|+ λ2 |w(1− zn)− (1− bn)| = 1− w. (1)

Since the transaction costs are proportional, wealth Sn invested in portfolio bn would net w(bn, zn)Sn

at portfolio zn.

Subsequently the market reveals the price relative vector xn. Since one dollar of asset i is worth

xn(i) dollars, one dollar invested in portfolio zn yields the wealth W (zn) given by

W (zn) = znxn(1) + (1− zn)xn(2) (2)

and the new portfolio bn+1 is given by

bn+1 =
znxn(1)

znxn(1) + (1− zn)xn(2)
=

znrn
zn(rn − 1) + 1

, (3)
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where rn =
xn(1)
xn(2)

.

This process repeats itself in every market period. Thus, the cumulative wealth Sn is given by

Sn = Sn−1w(bn, zn)W (zn),

= S1

n−1∏

k=1

w(bk, zk)W (zk), (4)

and is invested in the portfolio bn. In this work, we are interested in maximizing the growth rate

of the wealth of the investor, i.e. very loosely speaking we want to maximize

g = lim
n→∞

{ 1
n
logSn

}
= lim

n→∞

{ 1
n
logS1 +

1

n

n∑

k=1

[
logw(bk, zk) + logW (zk)

]}
.

This optimization problem is not yet well defined because we have not specified the constraints on

the decisions of the investor. These restrictions will be motivated by the structure of the growth

optimal policies in stochastic markets.

Consider the stochastic version of the problem where the sequence {xn : n ≥ 1} satisfies

Assumption 1 and is, in addition, IID according to a known distribution. Suppose the investor in

this stochastic market is restricted to policies that are non-anticipating and self-financing, i.e. all

transaction costs and future investments are financed by the wealth generated by the policy without

any fresh wealth. Denote the set of feasible policies by Π. Then the growth optimal investment

problem in IID markets is as follows: characterize the optimal growth rate function g(b) given by

g(b) = sup
π∈Π

{
lim inf
n→∞

1

n
E logSπn(b)

}
, (5)

where Sπn(b) is the total wealth generated by policy π up to time n starting from the initial portfolio

b1 = b. And if the supremum in (5) is achieved, then characterize a policy πopt that achieves g(b),

i.e. a policy that is growth optimal.

A policy π is called an interval policy if it is stationary, Markov, i.e. the portfolio zk is only a

function of the current portfolio bk, and has the following structure:

π(bk) =





α1, bk < α1,

bk, bk ∈ [α1, α2],

α2, bk ≥ α2,

(6)

for some [α1, α2] ⊆ [0, 1]. Thus, an interval policy exercises control only if the portfolio leaves the

no-trade interval [α1, α2] and in that case maps the portfolio to the closest end-point.

Growth optimal investment in general (i.e. number of assets ≥ 2) discrete-time IID markets

with proportional costs was studied in Iyengar (2002). The summary of the results as applicable

to two-asset markets is as follows.

Theorem 1 (Corollary 3 and Theorem 6 in Iyengar (2002)) The following results hold for

the growth optimal investment problem in two-asset discrete-time IID markets with proportional

transaction costs:
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(a) The growth rate function g(b) is a constant g independent of the initial portfolio b.

(b) For every ε > 0 there exists an ε-optimal interval policy π, i.e. the growth rate gπ of policy π

is at least g − ε.

(c) An interval policy π achieves its growth rate gπ almost surely, i.e.

gπ = lim
n→∞

1

n
E logSπn = lim

n→∞

1

n
logSπn , a.s.

We now return to markets where one does not make any distributional assumptions on the

market price relatives. The motivation for studying such markets is that they are a good model for

stochastic markets where the distribution is unknown, or maybe non-stationary. Since Theorem 1

asserts that an interval policy will be arbitrarily close to optimal (we, however, do not know which

particular one), we restrict the investor to interval policies. Thus, the set of admissible policies is

I =
{
α = [α1, α2] : 0 ≤ α1 < α2 ≤ 1

}
. (7)

Since the growth rate g is independent of the initial wealth and initial portfolio, we assume that

the investor begins with initial wealth S1 = 1 and initial portfolio b = 1
2 .

We do not restrict the investors to use non-anticipating policies. In fact, we allow the investors

to choose the investment policy with hindsight, i.e. the interval policy up until the n-th market

outcome can be chosen after observing the market sequence xn1 . The main result of this paper is

that there exists a non-anticipating policy that performs as well as any interval policy, to first order

in the exponent, even those chosen with hindsight, i.e. the policy is a univeral growth optimal

policy for IID markets. This universal policy, although non-anticipating and self-financing, is not

stationary.

3 Universal investment in two asset markets

Let α ∈ I denote the interval policy with the no-trade interval [α1, α2] ⊆ [0, 1],
{
bαn : n ≥ 1

}

denote the sequence of market opening portfolios corresponding to policy α,
{
zαn : n ≥ 1

}
denote

the corrected portfolios dictated by α, and
{
Sαn : n ≥ 1} denote the sequence of cumulative wealths

generated by α.

Let α∗
n denote the optimal interval policy in hindsight, i.e. the interval α∗

n = [α∗
n,1, α

∗
n,2] is

chosen after observing the sequence xn1 and maximizes the wealth Sn defined in (4). Denote the

optimal wealth by S∗
n. Note that the subscript n refers to the fact that the policy α∗

n is chosen

after observing xn1 ; the policy itself is a stationary interval policy.

Next we define our candidate universal policy π̂. The policy π̂ invests (dα/
∫
I dα)-fraction of

the initial dollar according to the policy α and manages the pools separately. At time n, a dollar

invested in policy α is worth Sαn and is invested in portfolio bαn. Since the initial wealth invested in
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the policy α was (dα/
∫
I dα), we have that the wealth Ŝn generated by the policy π̂ is given by

Ŝn =

∫
I S

α
ndα∫

I dα
. (8)

Furthermore, at time n, the policy α dictates a move from the portfolio bαn to the portfolio zαn ,

resulting in a wealth w(bαn, z
α
n )S

α
n at zαn . The portfolio ẑn corresponding to the universal policy

π̂ is obtained by weighting the portfolio of each of the individual policies α by the corresponding

wealth w(bαn, z
α
n )S

α
n , i.e.

b̂n =

∫
I w(b

α
n, z

α
n )S

α
nz

α
ndα∫

I w(b
α
n, z

α
n )S

α
ndα

. (9)

This policy π̂ is the counterpart for the market with transaction costs to the universal policy defined

in Cover (1991). The policy π̂ is clearly non-anticipating and self-financing but not stationary. It

is easy to see that a policy that manages the pools on paper, thereby saving the transaction costs

resulting from offsetting trades, would result in a higher growth rate.

Although the policy π̂ is not practical, its performance can be approximated by practical policies

as follows. The wealth Ŝn can be written as Ŝn = E[Sαn ] where the expectation is with respect to

a uniform distribution over I. Let αj , j = 1, . . . , N , be IID samples from the uniform distribution

on I. Suppose we invest 1
N

dollars in each of these N policies and manage them separately. Then

the time n wealth 1
N

∑N
j=1 S

αj
n ≈ Ŝn, provided N is reasonably large. Kalai and Blum (1997) give

explicit bounds for N as a function of the desired accuracy and confidence.

The main result of this paper is that, under some mild regularity conditions, the investment

policy π̂ performs as well as any fixed interval policy α, including the optimal policy α∗
n, at least to

first order in the exponent. We need some preliminary results in order to prove that π̂ is a universal

investment policy.

Lemma 1 Let θ = [θ1, θ2] and α = [α1, α2] be any two interval policies. Then

bαn+1 − bθn+1 = (zαn − zθn) ·
rn

(zθn(rn − 1) + 1)(zαn (rn − 1) + 1)
, (10)

where rn = xn(1)
xn(2)

. Suppose policies θ and α do not exercise any control in market periods j =

k, . . . , n, i.e. zθj = bθj and zαj = bαj , j = k, . . . , n. Then iterating (10) we get

bαn+1 − bθn+1 = (zαk−1 − zθk−1) ·
n∏

j=k−1

rj

(zθj (rj − 1) + 1)(zαj (rj − 1) + 1)
. (11)

Remark 1 Since Wn(z) = znxn(1) + (1− z)xn(2) ≥ 0 for all z ∈ [0, 1], the evolution relation (10)

implies that the market does not alter the order of the portfolios, i.e. zαn ≥ zθn ⇒ bαn ≥ bθn.

Proof: From (3) we have that

bαn+1 − bθn+1 =
zαnrn

zαn (rn − 1) + 1
−

zθnrn
zθn(rn − 1) + 1

,

= (zαn − zθn) ·
rn

(zθn(rn − 1) + 1)(zαn (rn − 1) + 1)
. (12)
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Lemma 2 establishes that the portfolios {zαn : n ≥ 1} are equicontinuous functions of α. This

equicontinuity is crucial for proving the universal investment result. For constant rebalance policies

zn = b∗, b∗ ∈ [0, 1], n ≥ 1; therefore, all the previous universal results (see, e.g. Cover, 1991; Cover

and Ordentlich, 1996) could implicitly assume equicontinuity of {zn : n ≥ 1}.

Lemma 2 Fix a non-empty interval policy α = [α1, α2] ⊂ (0, 1), and a market sequence x∞
1

satisfying Assumption 1. Then there exist δ0 and m > 1 (functions of α, r and r) such that for all

interval policies θ = [θ1, θ2] with |θi − αi| ≤ δ ≤ δ0, i = 1, 2, we have

|bθn − bαn| ≤ mδ, |zθn − zαn | ≤ mδ, for all n ≥ 1.

Remark 2 The assumptions that interval α = [α1, α2] 6= ∅ and α = [α1, α2] ⊂ (0, 1) are both

critical to the result. The proof does not work if either of these conditions are violated.

Proof: We first establish that for any interval policy θ = [θ1, θ2] with |θi − αi| ≤ δ, i = 1, 2,

|zθn − zαn | ≤ max
{
|bθn − bαn|, δ

}
. (13)

The bound (13) is established by considering the following cases:

(a) bθn ∈ [θ1, θ2] and bαn ∈ [α1, α2]: Since z
θ
n = bθn and zαn = bαn, it follows that |z

θ
n− zαn | = |b

θ
n− bαn|.

(b) bθn ∈ [θ1, θ2] and bαn < α1: In this case, we have

|zθn − zαn | = |bθn − α1|,

= max
{
bθn − α1, α1 − bθn

}
,

≤ max
{
bθn − bαn, α1 − θ1

}
, (14)

≤ max
{
|bθn − bαn|, δ

}
,

where (14) follows from the fact that bαn < α1 and bθn ≥ θ1.

(c) bθn ∈ [θ1, θ2] and bαn > α2: Here,

|zθn − zαn | = |bθn − α2|,

= max
{
bθn − α2, α2 − bθn

}
,

≤ max
{
θ2 − α2, b

α
2 − bθn

}
, (15)

≤ max
{
δ, |bθn − bαn|

}
,

where (15) follows from the fact that bαn > α2 and bθn ≤ θ2.

All the remaining cases can be resolved in a manner similar to the cases (b) and (c) above. Thus,

the proof of the lemma reduces to establishing the inequality |bθn − bαn| ≤ mδ.
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Let bαmax (resp. bαmin) denote the maximum (resp. minimum) possible portfolio value when

interval policy α is employed. Then

bαmax =
α2r

α2(r − 1) + 1
, bαmin =

α1r

α1(r − 1) + 1
. (16)

Let δ1 = min
{
α1

2 ,
1−α2

2

}
, bmax =

(α2+δ1)r
(α2+δ1)(r−1)+1

, and bmin =
(α1−δ1)r

(α1−δ1)(r−1)+1
. Then bmax (resp. bmin)

is the maximum (resp. minimum) possible portfolio value when an interval policy β = [β1, β2] with

|βi − αi| ≤ δ1, i = 1, 2, is employed.

Define

m = max

{
bαmax(1− bmin)

α1(1− (α2 + δ1))
,
(1− bαmin)(α2 + δ1)

(1− α2)(α1 − δ1)

}
, (17)

and

δ0 = min
{
δ1,

(α2 − α1)

2m

}
. (18)

Fix a comparison policy θ such that max{i=1,2} |θi − αi| ≤ δ ≤ δ0. Define b
θ
max and bθmin as in (16).

The uniform bound on the differences |bθn− bαn| is established by induction on n. To this end, define

T = {tk : k ≥ 1} as follows:

tk =

{
min

{
n ≥ 1 : bαn 6= zαn or bθn 6= zθn

}
, k = 1,

min
{
n ≥ tk−1 + 1 : bαn 6= zαn or bθn 6= zθn

}
, k ≥ 2,

(19)

i.e. t1 is the first time either policy makes a portfolio correction; and tk is the first time after tk−1

that either policy makes a correction.

The starting portfolio bθ1 = bα1 = 1
2 , therefore |b

α
k − bθk| = 0, for k = 1, . . . , t1. Since δ0 ≤

(α2−α1)/2m and at time t1 at least one of the policies makes a correction, only the following four

cases are possible.

(a) bαt1 = bθt1 ≤ min{θ1, α1}: |z
θ
t1
− zαt1 | = |θ1 − α1| ≤ δ.

(b) bαt1 = bθt1 ≥ max{θ2, α2}: |z
θ
t1
− zαt1 | = |θ2 − α2| ≤ δ.

(c) min{θ1, α1} ≤ bαt1 = bθt1 ≤ max{θ1, α1}: Without loss of generality, assume α1 ≤ θ1. Then

|zθt1 − zαt1 | = θ1 − bαt1 ≤ θ1 − α1 ≤ δ.

(d) min{θ2, α2} ≤ bαt1 = bθt1 ≤ max{θ2, α2}: Without loss of generality, assume α2 ≤ θ2. Then

|zθt1 − zαt1 | = bθt1 − α2 ≤ θ2 − α2 ≤ δ.

Thus, |zθt1 − zαt1 | ≤ δ.

Let n0 be the first instant when
∣∣bθn − bαn

∣∣ > mδ. Let n0 ∈ [tk, tk+1− 1). Assume without loss of

generality that bθn > bαn. (If this is not true then (1− bθn) > (1− bαn) and an identical analysis can be

applied to the mirror image.) Neither policy makes any correction in periods j = tk+1, . . . , tk+1−1,

therefore (3) implies

1− bθn0
= (1− zθtk) ·

∏n0−1
j=tk

(
1

zθj (rj−1)+1

)
,

bαn0
= zαtk ·

∏n0−1
j=tk

(
rj

zαj (rj−1)+1

)
,

(20)
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and (11) in Lemma 1 implies that

bθn0
− bαn0

= (zθtk − zαtk) ·
n0−1∏

j=tk

(
rj

(zθj (rj − 1) + 1)(zα(rj − 1) + 1)

)
. (21)

At time tk, at least one of policies makes a correction, i.e. at least one of zαtk and zθtk must be

at one of the end-points of the corresponding no-trade interval. From (21) we have zθtk > zαtk and

δ ≤ δ0 ≤
α2−α1

2m ; therefore, only the following cases are possible:

(a) zθtk = θ1 ≥ zαtk . Since z
α
tk
≥ α1,

bθn0
− bαn0

= (θ1 − α1) ·
n0−1∏

j=tk

(
1

zθj (rj − 1) + 1

)
n0−1∏

j=tk

(
rj

zαj (rj − 1) + 1

)
,

≤ δ

(
1− bθn0

1− zθtk

)(
bαn0

zαtk

)
, (22)

≤ δ

(
1− bθmin
1− θ2

)(
bαmax
α1

)
, (23)

≤ mδ, (24)

where (22) follows from (20), (23) follows from the definition of bαmax and b
θ
min, and (24) follows

from the definition of m in (17). Thus, we have a contradiction.

(b) zθtk ≥ zαtk = α2. Since z
θ
tk
≤ θ2,

bθn0
− bαn0

= (θ2 − α2) ·
n0−1∏

j=tk

(
1

zθj (rj − 1) + 1

)
n0−1∏

j=tk

(
rj

zαj (rj − 1) + 1

)
,

≤ δ

(
1− bθn0

1− zθtk

)(
bαn0

zαtk

)
,

≤ δ

(
1− bθmin
1− θ2

)(
bαmax
α2

)
,

≤ mδ.

The arguments for the bounds are similar to those in case (a). Thus, another contradiction.

(c) Either (zθtk = θ2 and zαtk < α2) or (z
θ
tk

> θ1 and zαtk = α1): In either of these two cases a

direct contradiction cannot be shown. However, we show that one can recourse back to tk−1

and argue that one would either recourse all the way back to t1 or terminate in either cases

(a) or (b). We will prove the result for the case (zttk = θ2 and zαtk < α2) – the other case can

be proved in an identical fashion.

Since zθtk = θ2 it must be that bθtk ≥ zθtk or equivalently 1 − bθtk ≤ 1 − zθtk . Also, zαtk < α2

9



implies that bαtk = zαtk . Therefore,

1− bθn0
= (1− zθtk)

n0−1∏

j=tk

(
1

zθj (rj − 1) + 1

)
,

≥ (1− bθtk)

n0−1∏

j=tk

(
1

zθj (rj − 1) + 1

)
,

= (1− zθtk−1
)

n0−1∏

j=tk−1

(
1

zθj (rj − 1) + 1

)
; (25)

and similarly,

bαn0
= zαtk−1

n0−1∏

j=tk−1

(
1

zθj (rj − 1) + 1

)
. (26)

Since zθtk − zαtk ≤ bθtk − bαtk , Lemma 1 implies that

bθn0
− bαn0

= (zθtk − zαtk)

n0−1∏

j=tk

(
rj

(zθj (rj − 1) + 1)(zαj (rj − 1) + 1)

)
,

≤ (bθtk − bαtk)

n0−1∏

j=tk

(
rj

(zθj (rj − 1) + 1)(zαj (rj − 1) + 1)

)
,

= (zθtk−1
− zαtk−1

)

n0−1∏

j=tk−1

(
rj

(zθi (rj − 1) + 1)(zαj (ri − 1) + 1)

)
. (27)

The bound (27) implies zθtk−1
≥ zαtk−1

. Thus, one is again faced with the same three cases at

time tk−1. At tk−1 if case (a) or (b) prevails, then we have that

bθn0
− bαn0

= δ

n0−1∏

j=tk−1

(
rj

(zθj (rj − 1) + 1)

)
n0−1∏

j=tk−1

(
rj

zαj (rj − 1) + 1

)
,

≤ δ

(
1− bθn0

1− zθtk−1

)(
bαn0

zαtk−1

)
, (28)

≤ δ

(
1− bθmin
1− θ2

)(
bαmax
α2

)
,

≤ mδ,

where (28) follows from the bounds (25) and (26); i.e. a contradiction. Otherwise we recourse

to tk−2; and all the way back to t1. At t1, we have shown that that
∣∣zθt1 − zαt1

∣∣ ≤ δ. Thus,

again a contradiction.

We are now in position to state and prove the main result of this paper. Recall that α∗
n =

[α∗
n1, α

∗
n2] was the optimal stationary Markov interval policy chosen after observing xn1 . The sub-

script n refers to the observation horizon xn1 and is not be taken to mean that the policy is a

function of n.

10



Theorem 2 Let α∗
n = [α∗

n1, α
∗
n2] be the optimal interval policy in hindsight and let S∗

n denote the

wealth at time n associated with the policy α∗
n. Let π̂ be the universal policy and Ŝn be the corre-

sponding wealth. Suppose that α∗
n = [α∗

n,1, α
∗
n,2] is eventually non-empty, i.e. lim infn→∞(α∗

n,2 −

α∗
n,1) > 0, and contained in (0, 1), i.e. lim supn→∞ α∗

n,2 < 1 and lim infn→∞ α∗
n,2 > 0. Then for all

market sequences {xn : n ≥ 1},

lim inf
n→∞

1

n
log

(
Ŝn
S∗
n

)
≥ 0. (29)

Remark 3 Since in the absence of costs it is optimal to rebalance to a fixed portfolio b ∈ (0, 1) (Breiman,

1961; Cover, 1991), one expects that for small transaction costs the optimal policy α∗
n will not allow

the portfolio to drift to b = 0 or b = 1, i.e α∗
n ⊂ (0, 1). Also, for non-zero costs we expect that a

constant rebalance policy (see Cover, 1991) will not be optimal, i.e. α∗
n,2−α∗

n,1 > 0. The proof does

not hold if any of these assumptions is violated.

Proof: Choose a subsequence {nj : j ≥ 1} such that

lim
j→∞

1

nj
log

(
Ŝnj
S∗
nj

)
= lim inf

n→∞

1

n
log

(
Ŝn
S∗
n

)
.

From the hypothesis of the theorem, we have that the policies {α∗
nj

: j ≥ 1} are eventually non-

empty and contained in (0, 1). Therefore, there exists ε > 0 and j0 such that for j ≥ j0 we

have

α∗
nj ,1 > ε, α∗

nj ,2 < 1− ε, α∗
nj ,2 − α∗

nj ,1 > ε. (30)

Fix j > j0 and denote the optimal interval policy α∗
nj

by α∗. In the rest of this proof we will

denote b
α∗nj
k , z

α∗nj
k , S

α∗nj
k by b∗k, z

∗
k and S∗

k , respectively.

Let mj , δj0 be the constants that satisfy Lemma 2 for α = α∗
nj
. Then for any interval policy

θ = [θ1, θ2], with |θi − α∗
n,i| ≤ δ ≤ δ0, i = 1, 2, we have that for all n ≥ 1,

|bθn − b∗n| ≤ mjδ, |zθn − z∗n| ≤ mjδ. (31)

From (30) and the definition of δj0 in (18), it follows that there exist δ0 and m such that for all

j ≥ j0,

δj0 ≥ δ0, mj ≤ m. (32)

The wealth Sθn corresponding to any interval policy θ can be expressed as follows:

Sθnj =
n∏

k=1

w(bθk, z
θ
k)W (zθk),

≥
n∏

k=1

[(
w(bθk, b

∗
k)w(b

∗
k, z

∗
k)w(z

∗
k, z

θ
k)
)
·

(
W (z∗k) ·

W (zθk)

W (z∗k)

)]
, (33)

= S∗
nj
·

[
n∏

k=1

w(bθk, b
∗
k)w(z

∗
k, z

θ
k)

]
·

[
n∏

k=1

W (zθk)

W (z∗k)

]
,

11



where (33) follows from the fact that cost of the trade bθk → zθk is no more than the cost of the

trade bθk → b∗k → z∗k → zθk.

From (1) it follows that for all |b− z| ≤ mδ,

w(b, z) ≥ 1−
( mjλmax
1− λmax

)
δ ≥ 1−

( mλmax
1− λmax

)
δ, (34)

where λmax = max{λ1, λ2} and the second bound follows from the fact that mj ≤ m, for all j > j0.

Suppose z∗k < zθk ≤ 1. Then zθk = µz∗k + (1− µ), where (30) and (32) imply that

µ =
1− zθk
1− z∗k

≥
1− z∗k −mδ

1− z∗k
= 1−

( mj

1− α∗
2

)
δ ≥ 1−

(mj

ε

)
δ ≥ 1−

(m
ε

)
δ.

Thus, we have that

W (zθk) = µW (z∗k) + (1− µ)W (1),

≥ µW (z∗k), (35)

≥
(
1−

(m
ε

)
δ
)
W (z∗k), (36)

where (35) follows from the fact that W (1) ≥ 0, and (36) follows from the lower bound on µ.

Similarly, for 0 ≤ zθk < z∗k, we have

W (zθk) ≥
(
1−

(m
α∗
1

)
δ
)
W (z∗k) ≥

(
1−

(m
ε

)
δ
)
.

Therefore,
W (zθk)

W (z∗k)
≥ 1−

(m
ε

)
δ. (37)

From the lower bounds (34) and (37) we have

Sθnj
S∗
nj

≥

(
1−

( mλmax
1− λmax

))2nj(
1−

(m
ε

)
δ
)nj

≥ (1− δ)cnj , (38)

where c = 2mλmax

1−λmax
+ m

ε
and (38) is a consequence of the fact that the concavity of the log-function

implies the bound log(1− cδ) ≥ c log(1− δ).

Define Gδ as follows.

Gδ =
{
θ ∈ I : |θi − α∗

i | ≤ δ
}
,

where δ ≤ δ0. From (38) it follows that for all θ ∈ G,

Sθnj ≥ (1− δ)cnjS∗
nj
.

12



Using the characterization in (8) and the bounds developed above, the wealth Ŝn generated by the

universal policy π̂ can be bounded by,

Ŝnj =

∫
I S

α
nj
dα

∫
I dα

,

≥

∫
Gδ
Sαnjdα∫
I dα

,

≥

∫
Gδ
(1− δ)cnjS∗

nj
dα

∫
I dα

,

= (1− δ)cnjS∗
nj
·

∫
Gδ
dα

∫
I dα

,

= (1− δ)cnjS∗
nj
δ2. (39)

Choose δ = 1
nj+1

. Then (39) implies that for all j ≥ max
{
j0,

1
δ0

}
,

Ŝnj
S∗
nj

≥ e−c
( 1

nj + 1

)2
.

Therefore,

lim inf
n→∞

1

n
log

(
Ŝn
S∗
n

)
= lim

j→∞

1

nj
log

(
Ŝnj
S∗
nj

)

≥ lim
j→∞

1

nj

(
− c− 2 log(nj + 1)

)
= 0.

This completes the proof of the theorem.

The following corollary immediately follows from the previous result.

Corollary 1 Let α = [α1, α2] ⊂ (0, 1), α 6= ∅, be a given interval policy. Then for all market

sequences {xn : n ≥ 1} satisfying Assumption 1 and n ≥ 1
δ0
,

Ŝn
Sαn

≥
e−c

(n+ 1)2
,

where c = 2mλmax

1−λmax
+max

{
m
α1
, m
1−α2

}
, and (m, δ0) are any constants that satisfy Lemma 2.

Proof: The proof of this result is a minor modification of the proof of Theorem 2.

Suppose the market was stochastic with the price relative vectors IID according to a fixed but

unknown distribution µ. It is well known that one can approximate the optimal growth rate to

any degree of accuracy using interval policies (Iyengar, 2002); and since the policy π̂ dominates all

interval policies to first-order, one would expect that the growth rate of this policy π̂ in an IID

market should be arbitrarily close to optimal. The following Corollary establishes this result under

the mild regularity condition that market price relatives satisfy Assumption 1.

13



Corollary 2 Suppose the market sequence {Xn : n ≥ 1} is IID according to a fixed, unknown

distribution µ and satisfies Assumption 1. Let dµ be the optimal achievable growth rate. Then for

all ε > 0,

lim inf
n→∞

1

n
log Ŝn ≥ dµ − ε, a.s.

Proof: Fix ε > 0. Let αµ = [αµ1 , α
µ
2 ] be an ε-optimal interval policy for the market and let

{Sµn : n ≥ 1} be the associated wealth sequence. From Corollary 3 and Theorem 6 in Iyengar

(2002) we have that

lim
n→∞

1

n
logSµn = lim

n→∞
E
[ 1
n
logSµn

]
≥ dµ − ε.

For all 0 < λ < 1, we have that αµ ⊂ (0, 1) and αµ 6= ∅ (see Iyengar, 2002, for details). Thus,

Corollary 1 implies that

lim inf
n→∞

1

n
log Ŝn ≥ lim sup

n→∞

1

n
logSµn , a.s.

Therefore,

lim inf
n→∞

E
[ 1
n
log Ŝn

]
≥ dµ − ε.

This establishes the result.

Corollary 2 shows that the policy π̂ learns the ε-optimal interval αε = [αε1, α
ε
2]; and is, thus, able to

achieve a growth exponent arbitrarily close to optimal, i.e. it is a universal growth optimal policy.

Thus, in return for an infinitesimal decrease in the growth rate exponent, one can design a policy

that is robust to errors in estimating the distribution of the asset returns.

4 Conclusion

In this paper we formulated and solved the problem of identifying universal growth optimal strate-

gies for discrete time two-asset markets with proportional transaction costs. We constructed an

investment policy that weakly dominates all interval policies in growth rate. Since interval policies

are ε-optimal for IID markets (Iyengar, 2002), it follows that our policy is a universal growth opti-

mal policy. Crucial to the proof of the universal investment result is the special structure of interval

policies – interval policies entail a natural continuity of the portfolio process that is captured in

Lemma 2; and the “size” of the set of interval policies is not too large which is critical in the proof

of the lower bound in Theorem 2.

The universal result proved in this paper is of limited value since it holds only for markets with

two assets. The natural analog of interval policies for markets with more than two assets are policies

that correct the portfolio to a closed connected no-trade set. Although this class contains ε-optimal

policies for all ε > 0 (Iyengar, 2002), it does not satisfy the two regularity properties required for

establishing a universal investment result. If the investor could be restricted to convex no-trade

sets without violating the ε-optimality property, a universal investment result would follow.

14



References

Akian, M., Menaldi, J. L., and Sulem, A. (1996). On an investment-consumption model with

transaction costs. SIAM J. Control Optim., 34(1):329–364.

Akian, M., Sulem, A., and Taksar, M. I. (2001). Dynamic optimization of long term growth rate

for a mixed portfolio with transactions costs. Math. Fin., 11:153–188.

Algoet, P. H. and Cover, T. M. (1988). Asymptotic optimality and asymptotic equipartition prop-

erties of log-optimum investment. Ann. Prob., 16(2):876–898.

Breiman, L. (1961). Optimal gambling systems for favourable games. In Proc. Fourth Berkeley

Symp. Math. Statist. Probab., 1. Univ. California Press.

Cover, T. M. (1991). Universal portfolios. Mathematical Finance, 1(1):1–29.

Cover, T. M. and Ordentlich, E. (1996). Universal portfolios with side information. IEEE Trans.

on Info. Theory, 42(2).

Davis, M. H. A. and Norman, A. R. (1990). Portfolio selection with transaction costs. Math. Oper.

Res., 15(4):676–713.

Fernholz, E. R. (2000). Stochastic portfolio theory. Springer-Verlag, New York.

Iyengar, G. and Cover, T. M. (2000). Growth optimal investment in horse race markets with costs.

IEEE Trans. Info. Theory, 46.

Iyengar, G. N. (1997). Analysis of growth rate in continuous time markets with transaction costs.

Technical report, Stanford University.

Iyengar, G. N. (2002). Growth optimal investment in discrete time markets with costs. Submitted

to Math. Oper. Res.

Kalai, A. and Blum, A. (1997). Universal portfolios with and without transaction costs. In Proc.

10th COLT, pages 309–313.

Kelly, J. L. (1956). A new interpretation of information rate. Bell Syst. Tech. J., 35:917–926.

Ordentlich, E. and Cover, T. M. (1998). The cost of achieving the best portfolio in hindsight. Math.

Oper. Res., 23(4):960–982.

Shreve, S. E. and Soner, H. M. (1994). Optimal investment and consumption with transaction

costs. Ann. Appl. Probab., 4(3):609–692.

Taksar, M., Klass, M. J., and Assaf, D. (1988). Diffusion model for optimal portfolio selection in

the presence of brokerage fees. Math. Oper. Res., 13(2):277–294.

15


