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Abstract

In this paper we formulate and solve the problem of universal growth optimal investment
in two-assetdiscrete time markets with proportional transaction costs. We do not make any
distributional assumptionson the market return sequencesand construct a policy with growth
rate at least as large asany interval policy. Sinceinterval policiesare ²-optimal for independent
identically distributed (I ID) markets (Iyengar,2002), it follows that our policy when usedin an
I ID market is able to \learn" the optimal interval policy and achieve growth optimalit y, i.e. it
is a universal growth optimal policy for I ID markets.

1 In tro duction

The objective of growth optimal investment is to maximize the long-run interest rate. Growth

optimal investment in independent identically distributed (I ID) discrete time horse race markets

with no transaction costs was intro duced in Kelly (1956). Kelly showed that log-optimum invest-

ment, where the investor maximizes the conditional expected logarithm of the one step return,

maximizesthe growth rate of the cumulativ e wealth. Breiman (1961) extendedthe growth optimal

framework to investment in I ID discrete time markets with generalassetreturns. In I ID markets

the log-optimum investment policy is a constant rebalancepolicy, i.e. in every market period the

current portfolio is rebalanced to a single constant portfolio, namely the log-optimum portfolio.

Algoet and Cover (1988) showed that conditionally log-optimum investment is growth optimal for

stationary ergodic markets with generalassetreturns. Subsequently , Cover (1991) formulated the

problem of investment in markets where one doesnot make any distributional assumptionson the

sequenceof assetreturns and constructed a sequential policy that does as well in growth rate as

any other constant rebalancedpolicy, even those chosenin hindsight. Such an investment policy

was termed a universal investment policy in the sensethat it dominates all the policies that could

possibly be optimal for an I ID market. The universal result wasextendedto an individual sequence

result in Ordentlich and Cover (1998)(seealso Cover and Ordentlich, 1996).
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All of this earlier work assumesthat the markets do not have transaction costs. Unfortunately,

the policiesdesignedfor markets without costsdo not perform well in a market with costs. In fact,

in a continuoustime market such policieslead to immediate bankruptcy (Davis and Norman, 1990).

Although the situation in discrete time markets is not as severe (Kalai and Blum, 1997), one can

do substantially better by incorporating the costsinto the model. Growth optimal investment with

costswasintro ducedby Taksaret al. (1988) in the context of geometricBrownian markets with one

risky assetand cash. In this paper we will assumethat the transaction costsare proportional to the

transaction amount. Several related works, notably Davis and Norman (1990), Shreve and Soner

(1994), and Akian et al. (1996), study utilit y maximization in two-assetmarkets with costs. Iyengar

(1997) and Akian et al. (2001) extended the growth optimal investment framework to continuous

time markets with several risky assets.Iyengar and Cover (2000) investigated the e®ectof costs in

the horseracesetting and establishedthat the growth optimal policy rebalancesto a portfolio that

maximizesa combination of the one-stepreturn and transaction cost. This result was extendedto

I ID discrete time markets with several assetsin Iyengar (2002). In all of this work on markets with

costs it is assumedthat the distribution of the assetreturns in known to the investor.

In this paper weconsidertwo-assetmarketswhereonedoesnot makeany distributional assump-

tions about the market returns. For such a market we construct an investment policy with growth

rate at least as large as any interval policy (seeSection 2), even those chosenin hindsight. Since

the results in Iyengar (2002) imply that the classof interval policies (seeSection 2) is ²-optimal

for two-assetI ID markets, it follows that our policy has a growth rate arbitrarily closeto optimal

for any ¯xed I ID market, i.e. our policy is a universal growth optimal policy for I ID markets. A

crucial step in the proof of this result is to establish that the portfolio processcorresponding to

an interval policy ® is a continuous function ®. Continuit y is guaranteed for constant rebalance

policies; therefore, previous universal results (Cover, 1991;Cover and Ordentlich, 1996) implicitly

assumecontinuit y and cannot be directly used in our context. Once continuit y is established,the

universal result follows from simple modi¯cations of results in the literature.

Our contributions can be better understood by constrasting our results with those in Iyengar

(2002). Iyengar (2002) studies growth optimal investment in I ID markets with several (i.e. greater

than 2) assetswhereasthis paper is concernedwith two-assetmarkets where one does not make

any distributional assumptionsabout the market returns. The central result of this paper is the

construction of a policy that doesaswell asany interval policy. By itself, this result doesnot imply

any optimalit y results for two-assetI ID markets, i.e. growth optimal investment in two-assetI ID

markets is not a special caseof the problem consideredhere. However, combining our result with

the result that interval policiesare ²-optimal (Iyengar,2002) leadsto the conclusionthat the policy

constructed in this paper is a universal growth optimal policy for I ID markets.

The outline of this paper is as follows. In Section 2 we intro duce our model for a two-asset

discretetime market with proportional transaction costsand brie°y review the optimalit y results for

stochastic markets establishedin Iyengar(2002). In Section3 we construct the universal investment

policy and discussits properties; and Section4 concludeswith someremarks, connectionto general
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markets and open issues.

2 Mark et mo del

We consider a two-assetmarket which opens for trading at discrete instants in time. The price

dynamics of the assetsis described by the sequenceof non-negative price relative vector f x n =

(xn (1); xn (2))T : n ¸ 1g, where xn (i ), i = 1; 2, is the ratio of the closing to the opening price

of asset i over the period n. The observed sequenceof price relatives over ¯rst n market periods

is denoted by xn
1 = f x1; : : : ; xng. We do not make any distributional assumptions about the

sequencexn
1 . However, we assumethe following regularity condition.

Assumption 1 There exist 0 < r < r such that r · xk (1)
xk (2) · r , for all k ¸ 1.

This regularity condition is almost always satis¯ed by real markets and is closely related to the

notion of diversity intro duced by Fernholz (2000).

The market levies proportional transaction costs at a rate ¸ i on asset i , i.e., the sale of one

dollar of asset i nets only (1 ¡ ¸ i ) dollars in cash. Similarly, one dollar of asset i costs (1 + ¸ i )

dollars. We assumethat cash mediates all transactions. Therefore, selling one dollar of asset i

and investing the proceedsin asset j involves ¯rst selling one dollar of asset i to receive (1 ¡ ¸ i )

dollars in cash; then using this capital to buy (1¡ ¸ i )
(1+ ¸ j ) dollars of assetj . Although we have assumed

symmetric transaction costs,all the results carry over to the caseof asymmetric costs.

The investor starts with an initial wealth of S1 invested in a portfolio b1, where the portfolio

0 · b · 1 represents the proportion of the total wealth invested in asset1 (note that we do not

allow any short selling). In the the beginning of the n-th market period, the cumulativ e wealth is

denoted by Sn and the portfolio by bn , i.e. the dollar amount invested in asset1 (resp. asset2) is

Snbn (resp. Sn (1 ¡ bn )). In every investment period, the investor has the option to trade from bn to

a new portfolio zn 2 [0; 1]. However, this trade results in a lossof wealth becauseof the transaction

costs in the market. Let w(bn ; zn ) denote the net realized wealth when one dollar at portfolio bn is

traded to portfolio zn . By equating the transaction costs ¸ 1 jwzn ¡ bn j + ¸ 2 jw(1 ¡ zn ) ¡ (1 ¡ bn )j

to the lossin wealth 1¡ w, it follows that w(bn ; zn ) is the unique positive solution of the nonlinear

equality

¸ 1 jwzn ¡ bn j + ¸ 2 jw(1 ¡ zn ) ¡ (1 ¡ bn )j = 1 ¡ w: (1)

Sincethe transaction costsareproportional, wealth Sn investedin portfolio bn would net w(bn ; zn )Sn

at portfolio zn .

Subsequently the market revealsthe price relative vector x n . Sinceonedollar of asseti is worth

xn (i ) dollars, one dollar invested in portfolio zn yields the wealth W(zn ) given by

W(zn ) = znxn (1) + (1 ¡ zn )xn (2) (2)

and the new portfolio bn+1 is given by

bn+1 =
znxn (1)

znxn (1) + (1 ¡ zn )xn (2)
=

zn rn

zn (rn ¡ 1) + 1
; (3)
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where r n = xn (1)
xn (2) .

This processrepeats itself in every market period. Thus, the cumulativ e wealth Sn is given by

Sn = Sn¡ 1w(bn ; zn )W(zn );

= S1

n¡ 1Y

k=1

w(bk ; zk )W(zk ); (4)

and is invested in the portfolio bn . In this work, we are interested in maximizing the growth rate

of the wealth of the investor, i.e. very loosely speaking we want to maximize

g = lim
n!1

n 1
n

logSn

o
= lim

n!1

n 1
n

logS1 +
1
n

nX

k=1

£
logw(bk ; zk ) + logW(zk )

¤o
:

This optimization problem is not yet well de¯ned becausewe have not speci¯ed the constraints on

the decisionsof the investor. These restrictions will be motivated by the structure of the growth

optimal policies in stochastic markets.

Consider the stochastic version of the problem where the sequencef x n : n ¸ 1g satis¯es

Assumption 1 and is, in addition, I ID according to a known distribution. Supposethe investor in

this stochastic market is restricted to policies that are non-anticipating and self-¯nancing, i.e. all

transaction costsand future investments are ¯nanced by the wealth generatedby the policy without

any fresh wealth. Denote the set of feasible policies by ¦. Then the growth optimal investment

problem in I ID markets is as follows: characterize the optimal growth rate function g(b) given by

g(b) = sup
¼2 ¦

½
lim inf
n!1

1
n

E logS¼
n (b)

¾
; (5)

whereS¼
n (b) is the total wealth generatedby policy ¼up to time n starting from the initial portfolio

b1 = b. And if the supremum in (5) is achieved, then characterize a policy ¼opt that achievesg(b),

i.e. a policy that is growth optimal.

A policy ¼is called an interval policy if it is stationary, Markov, i.e. the portfolio zk is only a

function of the current portfolio bk , and has the following structure:

¼(bk ) =

8
><

>:

®1; bk < ®1;

bk ; bk 2 [®1; ®2];

®2; bk ¸ ®2;

(6)

for some[®1; ®2] µ [0; 1]. Thus, an interval policy exercisescontrol only if the portfolio leaves the

no-trade interval [®1; ®2] and in that casemaps the portfolio to the closestend-point.

Growth optimal investment in general (i.e. number of assets¸ 2) discrete-time I ID markets

with proportional costs was studied in Iyengar (2002). The summary of the results as applicable

to two-assetmarkets is as follows.

Theorem 1 (Corollary 3 and Theorem 6 in Iy engar (2002)) The following results hold for

the growth optimal investment problem in two-asset discrete-time IID markets with proportional

transaction costs:
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(a) The growth rate function g(b) is a constant g independent of the initial portfolio b.

(b) For every ² > 0 there exists an ²-optimal interval policy ¼, i.e. the growth rate g¼ of policy ¼

is at least g ¡ ².

(c) An interval policy ¼achievesits growth rate g¼ almost surely, i.e.

g¼ = lim
n!1

1
n

E logS¼
n = lim

n!1

1
n

logS¼
n ; a.s.

We now return to markets where one does not make any distributional assumptions on the

market price relatives. The motivation for studying such markets is that they are a good model for

stochastic markets where the distribution is unknown, or maybe non-stationary. SinceTheorem 1

assertsthat an interval policy will be arbitrarily closeto optimal (we, however, do not know which

particular one), we restrict the investor to interval policies. Thus, the set of admissiblepolicies is

I =
©

® = [®1; ®2] : 0 · ®1 < ®2 · 1
ª

: (7)

Since the growth rate g is independent of the initial wealth and initial portfolio, we assumethat

the investor beginswith initial wealth S1 = 1 and initial portfolio b = 1
2 .

We do not restrict the investorsto usenon-anticipating policies. In fact, we allow the investors

to choosethe investment policy with hindsight, i.e. the interval policy up until the n-th market

outcome can be chosenafter observing the market sequencex n
1 . The main result of this paper is

that there exists a non-anticipating policy that performs aswell asany interval policy, to ¯rst order

in the exponent, even those chosen with hindsight, i.e. the policy is a univeral growth optimal

policy for I ID markets. This universal policy, although non-anticipating and self-¯nancing, is not

stationary.

3 Univ ersal investmen t in two asset mark ets

Let ® 2 I denote the interval policy with the no-trade interval [®1; ®2] µ [0; 1],
©

b®
n : n ¸ 1

ª

denote the sequenceof market opening portfolios corresponding to policy ®,
©

z®
n : n ¸ 1

ª
denote

the correctedportfolios dictated by ®, and
©

S®
n : n ¸ 1g denotethe sequenceof cumulativ e wealths

generatedby ®.

Let ®¤
n denote the optimal interval policy in hindsight, i.e. the interval ®¤

n = [®¤
n;1; ®¤

n;2] is

chosenafter observing the sequencex n
1 and maximizes the wealth Sn de¯ned in (4). Denote the

optimal wealth by S¤
n . Note that the subscript n refers to the fact that the policy ®¤

n is chosen

after observing xn
1 ; the policy itself is a stationary interval policy.

Next we de¯ne our candidate universal policy b¼. The policy b¼ invests (d®=
R

I d®)-fraction of

the initial dollar according to the policy ® and managesthe pools separately. At time n, a dollar

investedin policy ® is worth S®
n and is investedin portfolio b®

n . Sincethe initial wealth investedin
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the policy ® was (d®=
R

I d®), we have that the wealth bSn generatedby the policy b¼is given by

bSn =

R
I S®

n d®
R

I d®
: (8)

Furthermore, at time n, the policy ® dictates a move from the portfolio b®
n to the portfolio z®

n ,

resulting in a wealth w(b®
n ; z®

n )S®
n at z®

n . The portfolio bzn corresponding to the universal policy

b¼is obtained by weighting the portfolio of each of the individual policies ® by the corresponding

wealth w(b®
n ; z®

n )S®
n , i.e.

bbn =

R
I w(b®

n ; z®
n )S®

n z®
n d®

R
I w(b®

n ; z®
n )S®

n d®
: (9)

This policy b¼is the counterpart for the market with transaction coststo the universalpolicy de¯ned

in Cover (1991). The policy b¼is clearly non-anticipating and self-¯nancing but not stationary. It

is easyto seethat a policy that managesthe pools on paper, thereby saving the transaction costs

resulting from o®setting trades, would result in a higher growth rate.

Although the policy b¼is not practical, its performancecanbeapproximated by practical policies

as follows. The wealth bSn can be written as bSn = E[S®
n ] where the expectation is with respect to

a uniform distribution over I . Let ®j , j = 1; : : : ; N , be I ID samplesfrom the uniform distribution

on I . Supposewe invest 1
N dollars in each of theseN policies and managethem separately. Then

the time n wealth 1
N

P N
j =1 S®j

n ¼ bSn , provided N is reasonablylarge. Kalai and Blum (1997) give

explicit bounds for N as a function of the desiredaccuracyand con¯dence.

The main result of this paper is that, under somemild regularity conditions, the investment

policy b¼performs aswell asany ¯xed interval policy ®, including the optimal policy ®¤
n , at least to

¯rst order in the exponent. We needsomepreliminary results in order to prove that b¼is a universal

investment policy.

Lemma 1 Let µ = [µ1; µ2] and ® = [®1; ®2] be any two interval policies. Then

b®
n+1 ¡ bµ

n+1 = (z®
n ¡ zµ

n ) ¢
rn

(zµ
n (rn ¡ 1) + 1)(z®

n (rn ¡ 1) + 1)
; (10)

where rn = xn (1)
xn (2) . Suppose policies µ and ® do not exercise any control in market periods j =

k; : : : ; n, i.e. zµ
j = bµ

j and z®
j = b®

j , j = k; : : : ; n. Then iterating (10) we get

b®
n+1 ¡ bµ

n+1 = (z®
k¡ 1 ¡ zµ

k¡ 1) ¢
nY

j = k¡ 1

r j

(zµ
j (r j ¡ 1) + 1)(z®

j (r j ¡ 1) + 1)
: (11)

Remark 1 Since Wn (z) = znxn (1) + (1 ¡ z)xn (2) ¸ 0 for all z 2 [0; 1], the evolution relation (10)

implies that the market does not alter the order of the portfolios, i.e. z®
n ¸ zµ

n ) b®
n ¸ bµ

n .

Pro of: From (3) we have that

b®
n+1 ¡ bµ

n+1 =
z®

n rn

z®
n (rn ¡ 1) + 1

¡
zµ

n rn

zµ
n (rn ¡ 1) + 1

;

= (z®
n ¡ zµ

n ) ¢
rn

(zµ
n (rn ¡ 1) + 1)(z®

n (rn ¡ 1) + 1)
: (12)
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Lemma 2 establishesthat the portfolios f z®
n : n ¸ 1g are equicontinuous functions of ®. This

equicontinuit y is crucial for proving the universal investment result. For constant rebalancepolicies

zn = b¤, b¤ 2 [0; 1], n ¸ 1; therefore, all the previous universal results (see,e.g. Cover, 1991;Cover

and Ordentlich, 1996) could implicitly assumeequicontinuit y of f zn : n ¸ 1g.

Lemma 2 Fix a non-empty interval policy ® = [®1; ®2] ½ (0; 1), and a market sequence x1
1

satisfying Assumption 1. Then there exist ±0 and m > 1 (functions of ®, r and r ) such that for all

interval policies µ = [µ1; µ2] with jµi ¡ ®i j · ± · ±0, i = 1; 2, we have

jbµ
n ¡ b®

n j · m±; jzµ
n ¡ z®

n j · m±; for all n ¸ 1:

Remark 2 The assumptions that interval ® = [®1; ®2] 6= ; and ® = [®1; ®2] ½ (0; 1) are both

critic al to the result. The proof does not work if either of theseconditions are violated.

Pro of: We ¯rst establish that for any interval policy µ = [µ1; µ2] with jµi ¡ ®i j · ±, i = 1; 2,

jzµ
n ¡ z®

n j · max
©

jbµ
n ¡ b®

n j; ±
ª

: (13)

The bound (13) is establishedby consideringthe following cases:

(a) bµ
n 2 [µ1; µ2] and b®

n 2 [®1; ®2]: Sincezµ
n = bµ

n and z®
n = b®

n , it follows that jzµ
n ¡ z®

n j = jbµ
n ¡ b®

n j:

(b) bµ
n 2 [µ1; µ2] and b®

n < ®1: In this case,we have

jzµ
n ¡ z®

n j = jbµ
n ¡ ®1j;

= max
©

bµ
n ¡ ®1; ®1 ¡ bµ

n

ª
;

· max
©

bµ
n ¡ b®

n ; ®1 ¡ µ1
ª

; (14)

· max
©

jbµ
n ¡ b®

n j; ±
ª

;

where (14) follows from the fact that b®
n < ®1 and bµ

n ¸ µ1.

(c) bµ
n 2 [µ1; µ2] and b®

n > ®2: Here,

jzµ
n ¡ z®

n j = jbµ
n ¡ ®2j;

= max
©

bµ
n ¡ ®2; ®2 ¡ bµ

n

ª
;

· max
©

µ2 ¡ ®2; b®
2 ¡ bµ

n

ª
; (15)

· max
©

±; jbµ
n ¡ b®

n j
ª

;

where (15) follows from the fact that b®
n > ®2 and bµ

n · µ2.

All the remaining casescan be resolved in a manner similar to the cases(b) and (c) above. Thus,

the proof of the lemma reducesto establishing the inequality jbµ
n ¡ b®

n j · m±.
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Let b®
max (resp. b®

min ) denote the maximum (resp. minimum) possible portfolio value when

interval policy ® is employed. Then

b®
max =

®2r
®2(r ¡ 1) + 1

; b®
min =

®1r
®1(r ¡ 1) + 1

: (16)

Let ±1 = min
©®1

2 ; 1¡ ®2
2

ª
, bmax = (®2+ ±1 )r

(®2+ ±1 )( r ¡ 1)+1 , and bmin = (®1 ¡ ±1 )r
(®1 ¡ ±1 )( r ¡ 1)+1 . Then bmax (resp. bmin )

is the maximum (resp. minimum) possibleportfolio value when an interval policy ¯ = [¯ 1; ¯ 2] with

j¯ i ¡ ®i j · ±1, i = 1; 2, is employed.

De¯ne

m = max
½

b®
max (1 ¡ bmin )

®1(1 ¡ (®2 + ±1))
;
(1 ¡ b®

min )(®2 + ±1)
(1 ¡ ®2)(®1 ¡ ±1)

¾
; (17)

and

±0 = min
n

±1;
(®2 ¡ ®1)

2m

o
: (18)

Fix a comparisonpolicy µ such that maxf i =1 ;2g jµi ¡ ®i j · ± · ±0. De¯ne bµ
max and bµ

min as in (16).

The uniform bound on the di®erencesjbµ
n ¡ b®

n j is establishedby induction on n. To this end, de¯ne

T = f tk : k ¸ 1g as follows:

tk =

(
min

©
n ¸ 1 : b®

n 6= z®
n or bµ

n 6= zµ
n

ª
; k = 1;

min
©

n ¸ tk¡ 1 + 1 : b®
n 6= z®

n or bµ
n 6= zµ

n

ª
; k ¸ 2;

(19)

i.e. t1 is the ¯rst time either policy makesa portfolio correction; and t k is the ¯rst time after tk¡ 1

that either policy makesa correction.

The starting portfolio bµ
1 = b®

1 = 1
2 , therefore jb®

k ¡ bµ
k j = 0, for k = 1; : : : ; t1. Since ±0 ·

(®2 ¡ ®1)=2m and at time t1 at least one of the policies makesa correction, only the following four

casesare possible.

(a) b®
t1

= bµ
t1

· minf µ1; ®1g: jzµ
t1

¡ z®
t1

j = jµ1 ¡ ®1j · ±.

(b) b®
t1

= bµ
t1

¸ maxf µ2; ®2g: jzµ
t1

¡ z®
t1

j = jµ2 ¡ ®2j · ±.

(c) minf µ1; ®1g · b®
t1

= bµ
t1

· maxf µ1; ®1g: Without loss of generality, assume®1 · µ1. Then

jzµ
t1

¡ z®
t1

j = µ1 ¡ b®
t1

· µ1 ¡ ®1 · ±.

(d) minf µ2; ®2g · b®
t1

= bµ
t1

· maxf µ2; ®2g: Without loss of generality, assume®2 · µ2. Then

jzµ
t1

¡ z®
t1

j = bµ
t1

¡ ®2 · µ2 ¡ ®2 · ±.

Thus, jzµ
t1

¡ z®
t1

j · ±.

Let n0 be the ¯rst instant when
¯
¯bµ

n ¡ b®
n

¯
¯ > m±. Let n0 2 [tk ; tk+1 ¡ 1). Assumewithout lossof

generality that bµ
n > b®

n . (If this is not true then (1 ¡ bµ
n ) > (1 ¡ b®

n ) and an identical analysiscan be

applied to the mirror image.) Neither policy makesany correction in periods j = t k + 1; : : : ; tk+1 ¡ 1,

therefore (3) implies

1 ¡ bµ
n0

= (1 ¡ zµ
tk

) ¢
Q n0 ¡ 1

j = tk

µ
1

zµ
j (r j ¡ 1)+1

¶
;

b®
n0

= z®
tk

¢
Q n0 ¡ 1

j = tk

³
r j

z®
j (r j ¡ 1)+1

´
;

(20)
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and (11) in Lemma 1 implies that

bµ
n0

¡ b®
n0

= (zµ
tk

¡ z®
tk

) ¢
n0 ¡ 1Y

j = tk

Ã
r j

(zµ
j (r j ¡ 1) + 1)(z®(r j ¡ 1) + 1)

!

: (21)

At time tk , at least one of policies makes a correction, i.e. at least one of z®
tk

and zµ
tk

must be

at one of the end-points of the corresponding no-trade interval. From (21) we have zµ
tk

> z®
tk

and

± · ±0 · ®2 ¡ ®1
2m ; therefore, only the following casesare possible:

(a) zµ
tk

= µ1 ¸ z®
tk

. Sincez®
tk

¸ ®1,

bµ
n0

¡ b®
n0

= (µ1 ¡ ®1) ¢
n0 ¡ 1Y

j = tk

Ã
1

zµ
j (r j ¡ 1) + 1

!
n0 ¡ 1Y

j = tk

Ã
r j

z®
j (r j ¡ 1) + 1

!

;

· ±

Ã
1 ¡ bµ

n0

1 ¡ zµ
tk

! µ
b®

n0

z®
tk

¶
; (22)

· ±
µ

1 ¡ bµ
min

1 ¡ µ2

¶ µ
b®

max

®1

¶
; (23)

· m±; (24)

where(22) follows from (20), (23) follows from the de¯nition of b®
max and bµ

min , and (24) follows

from the de¯nition of m in (17). Thus, we have a contradiction.

(b) zµ
tk

¸ z®
tk

= ®2. Sincezµ
tk

· µ2,

bµ
n0

¡ b®
n0

= (µ2 ¡ ®2) ¢
n0 ¡ 1Y

j = tk

Ã
1

zµ
j (r j ¡ 1) + 1

!
n0 ¡ 1Y

j = tk

Ã
r j

z®
j (r j ¡ 1) + 1

!

;

· ±

Ã
1 ¡ bµ

n0

1 ¡ zµ
tk

! µ
b®

n0

z®
tk

¶
;

· ±
µ

1 ¡ bµ
min

1 ¡ µ2

¶ µ
b®

max

®2

¶
;

· m±:

The arguments for the bounds are similar to those in case(a). Thus, another contradiction.

(c) Either (zµ
tk

= µ2 and z®
tk

< ®2) or (zµ
tk

> µ1 and z®
tk

= ®1): In either of these two casesa

direct contradiction cannot be shown. However, we show that one can recourseback to t k¡ 1

and argue that one would either recourseall the way back to t1 or terminate in either cases

(a) or (b). We will prove the result for the case(zt
tk

= µ2 and z®
tk

< ®2) { the other casecan

be proved in an identical fashion.

Since zµ
tk

= µ2 it must be that bµ
tk

¸ zµ
tk

or equivalently 1 ¡ bµ
tk

· 1 ¡ zµ
tk

. Also, z®
tk

< ®2

9



implies that b®
tk

= z®
tk

. Therefore,

1 ¡ bµ
n0

= (1 ¡ zµ
tk

)
n0 ¡ 1Y

j = tk

Ã
1

zµ
j (r j ¡ 1) + 1

!

;

¸ (1 ¡ bµ
tk

)
n0 ¡ 1Y

j = tk

Ã
1

zµ
j (r j ¡ 1) + 1

!

;

= (1 ¡ zµ
tk ¡ 1

)
n0 ¡ 1Y

j = tk ¡ 1

Ã
1

zµ
j (r j ¡ 1) + 1

!

; (25)

and similarly,

b®
n0

= z®
tk ¡ 1

n0 ¡ 1Y

j = tk ¡ 1

Ã
1

zµ
j (r j ¡ 1) + 1

!

: (26)

Sincezµ
tk

¡ z®
tk

· bµ
tk

¡ b®
tk

, Lemma 1 implies that

bµ
n0

¡ b®
n0

= (zµ
tk

¡ z®
tk

)
n0 ¡ 1Y

j = tk

Ã
r j

(zµ
j (r j ¡ 1) + 1)(z®

j (r j ¡ 1) + 1)

!

;

· (bµ
tk

¡ b®
tk

)
n0 ¡ 1Y

j = tk

Ã
r j

(zµ
j (r j ¡ 1) + 1)(z®

j (r j ¡ 1) + 1)

!

;

= (zµ
tk ¡ 1

¡ z®
tk ¡ 1

)
n0 ¡ 1Y

j = tk ¡ 1

Ã
r j

(zµ
i (r j ¡ 1) + 1)(z®

j (r i ¡ 1) + 1)

!

: (27)

The bound (27) implies zµ
tk ¡ 1

¸ z®
tk ¡ 1

. Thus, one is again faced with the samethree casesat

time tk¡ 1. At tk¡ 1 if case(a) or (b) prevails, then we have that

bµ
n0

¡ b®
n0

= ±
n0 ¡ 1Y

j = tk ¡ 1

Ã
r j

(zµ
j (r j ¡ 1) + 1)

!
n0 ¡ 1Y

j = tk ¡ 1

Ã
r j

z®
j (r j ¡ 1) + 1

!

;

· ±

Ã
1 ¡ bµ

n0

1 ¡ zµ
tk ¡ 1

! Ã
b®

n0

z®
tk ¡ 1

!

; (28)

· ±
µ

1 ¡ bµ
min

1 ¡ µ2

¶ µ
b®

max

®2

¶
;

· m±;

where(28) follows from the bounds(25) and (26); i.e. a contradiction. Otherwise we recourse

to tk¡ 2; and all the way back to t1. At t1, we have shown that that
¯
¯zµ

t1
¡ z®

t1

¯
¯ · ±. Thus,

again a contradiction.

We are now in position to state and prove the main result of this paper. Recall that ®¤
n =

[®¤
n1; ®¤

n2] was the optimal stationary Markov interval policy chosenafter observing x n
1 . The sub-

script n refers to the observation horizon x n
1 and is not be taken to mean that the policy is a

function of n.

10



Theorem 2 Let ®¤
n = [®¤

n1; ®¤
n2] be the optimal interval policy in hindsight and let S¤

n denote the

wealth at time n associated with the policy ®¤
n . Let b¼ be the universal policy and bSn be the corre-

sponding wealth. Suppose that ®¤
n = [®¤

n;1; ®¤
n;2] is eventually non-empty, i.e. lim inf n!1 (®¤

n;2 ¡

®¤
n;1) > 0, and contained in (0; 1), i.e. lim supn!1 ®¤

n;2 < 1 and lim inf n!1 ®¤
n;2 > 0. Then for all

market sequences f xn : n ¸ 1g,

lim inf
n!1

1
n

log
µ bSn

S¤
n

¶
¸ 0: (29)

Remark 3 Since in the absence of costsit is optimal to rebalance to a ¯xed portfolio b 2 (0; 1) (Br eiman,

1961; Cover, 1991), one expects that for small transaction costs the optimal policy ®¤
n wil l not allow

the portfolio to drift to b = 0 or b = 1, i.e ®¤
n ½ (0; 1). Also, for non-zero costs we expect that a

constant rebalance policy (see Cover, 1991) wil l not be optimal, i.e. ®¤
n;2 ¡ ®¤

n;1 > 0. The proof does

not hold if any of theseassumptionsis violated.

Pro of: Choosea subsequencef n j : j ¸ 1g such that

lim
j !1

1
nj

log
µ bSn j

S¤
n j

¶
= lim inf

n!1

1
n

log
µ bSn

S¤
n

¶
:

From the hypothesis of the theorem, we have that the policies f ®¤
n j

: j ¸ 1g are eventually non-

empty and contained in (0; 1). Therefore, there exists ² > 0 and j 0 such that for j ¸ j 0 we

have

®¤
n j ;1 > ²; ®¤

n j ;2 < 1 ¡ ²; ®¤
n j ;2 ¡ ®¤

n j ;1 > ²: (30)

Fix j > j 0 and denote the optimal interval policy ®¤
n j

by ®¤. In the rest of this proof we will

denote b
®¤

n j
k , z

®¤
n j

k , S
®¤

n j
k by b¤

k , z¤
k and S¤

k , respectively.

Let mj , ±j
0 be the constants that satisfy Lemma 2 for ® = ®¤

n j
. Then for any interval policy

µ = [µ1; µ2], with jµi ¡ ®¤
n;i j · ± · ±0, i = 1; 2, we have that for all n ¸ 1,

jbµ
n ¡ b¤

n j · mj ±; jzµ
n ¡ z¤

n j · mj ±: (31)

From (30) and the de¯nition of ±j
0 in (18), it follows that there exist ±0 and m such that for all

j ¸ j 0,

±j
0 ¸ ±0; mj · m: (32)

The wealth Sµ
n corresponding to any interval policy µ can be expressedas follows:

Sµ
n j

=
nY

k=1

w(bµ
k ; zµ

k )W(zµ
k );

¸
nY

k=1

· ³
w(bµ

k ; b¤
k )w(b¤

k ; z¤
k )w(z¤

k ; zµ
k )

´
¢
µ

W(z¤
k ) ¢

W(zµ
k )

W(z¤
k )

¶ ¸
; (33)

= S¤
n j

¢

"
nY

k=1

w(bµ
k ; b¤

k )w(z¤
k ; zµ

k )

#

¢

"
nY

k=1

W(zµ
k )

W(z¤
k )

#

;

11



where (33) follows from the fact that cost of the trade bµ
k ! zµ

k is no more than the cost of the

trade bµ
k ! b¤

k ! z¤
k ! zµ

k .

From (1) it follows that for all jb¡ zj · m±,

w(b;z) ¸ 1 ¡
³ mj ¸ max

1 ¡ ¸ max

´
± ¸ 1 ¡

³ m¸ max

1 ¡ ¸ max

´
±; (34)

where ¸ max = maxf ¸ 1; ¸ 2g and the secondbound follows from the fact that m j · m, for all j > j 0.

Supposez¤
k < zµ

k · 1. Then zµ
k = ¹z ¤

k + (1 ¡ ¹ ), where (30) and (32) imply that

¹ =
1 ¡ zµ

k

1 ¡ z¤
k

¸
1 ¡ z¤

k ¡ m±
1 ¡ z¤

k
= 1 ¡

³ mj

1 ¡ ®¤
2

´
± ¸ 1 ¡

³ mj

²

´
± ¸ 1 ¡

³ m
²

´
±:

Thus, we have that

W(zµ
k ) = ¹W (z¤

k ) + (1 ¡ ¹ )W(1);

¸ ¹W (z¤
k ); (35)

¸
³

1 ¡
³ m

²

´
±
´

W(z¤
k ); (36)

where (35) follows from the fact that W(1) ¸ 0, and (36) follows from the lower bound on ¹ .

Similarly, for 0 · zµ
k < z¤

k , we have

W(zµ
k ) ¸

³
1 ¡

³ m
®¤

1

´
±
´

W(z¤
k ) ¸

³
1 ¡

³ m
²

´
±
´

:

Therefore,
W(zµ

k )
W(z¤

k )
¸ 1 ¡

¡ m
²

¢
±: (37)

From the lower bounds (34) and (37) we have

Sµ
n j

S¤
n j

¸
µ

1 ¡
³ m¸ max

1 ¡ ¸ max

´ ¶ 2n j ³
1 ¡

¡ m
²

¢
±
´ n j

¸ (1 ¡ ±)cnj ; (38)

where c = 2m¸ max
1¡ ¸ max

+ m
² and (38) is a consequenceof the fact that the concavit y of the log-function

implies the bound log(1 ¡ c±) ¸ c log(1 ¡ ±).

De¯ne G± as follows.

G± =
n

µ 2 I : jµi ¡ ®¤
i j · ±

o
;

where ± · ±0. From (38) it follows that for all µ 2 G,

Sµ
n j

¸ (1 ¡ ±)cnj S¤
n j

:

12



Using the characterization in (8) and the bounds developed above, the wealth bSn generatedby the

universal policy b¼can be bounded by,

bSn j =

R
I S®

n j
d®

R
I d®

;

¸

R
G±

S®
n j

d®
R

I d®
;

¸

R
G±

(1 ¡ ±)cnj S¤
n j

d®
R

I d®
;

= (1 ¡ ±)cnj S¤
n j

¢

R
G±

d®
R

I d®
;

= (1 ¡ ±)cnj S¤
n j

±2: (39)

Choose± = 1
n j +1 . Then (39) implies that for all j ¸ max

©
j 0; 1

±0

ª
,

bSn j

S¤
n j

¸ e¡ c
³ 1

nj + 1

´ 2
:

Therefore,

lim inf
n!1

1
n

log
µ bSn

S¤
n

¶
= lim

j !1

1
nj

log
µ bSn j

S¤
n j

¶

¸ lim
j !1

1
nj

¡
¡ c ¡ 2 log(n j + 1)

¢
= 0:

This completesthe proof of the theorem.

The following corollary immediately follows from the previous result.

Corollary 1 Let ® = [®1; ®2] ½ (0; 1), ® 6= ; , be a given interval policy. Then for all market

sequences f xn : n ¸ 1g satisfying Assumption 1 and n ¸ 1
±0

,

bSn

S®
n

¸
e¡ c

(n + 1)2 ;

where c = 2m¸ max
1¡ ¸ max

+ max
n

m
®1

; m
1¡ ®2

o
, and (m; ±0) are any constants that satisfy Lemma 2.

Pro of: The proof of this result is a minor modi¯cation of the proof of Theorem 2.

Supposethe market was stochastic with the price relative vectors I ID according to a ¯xed but

unknown distribution ¹ . It is well known that one can approximate the optimal growth rate to

any degreeof accuracyusing interval policies (Iyengar, 2002); and sincethe policy b¼dominates all

interval policies to ¯rst-order, one would expect that the growth rate of this policy b¼ in an I ID

market should be arbitrarily closeto optimal. The following Corollary establishesthis result under

the mild regularity condition that market price relativessatisfy Assumption 1.
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Corollary 2 Suppose the market sequence f X n : n ¸ 1g is IID according to a ¯xed, unknown

distribution ¹ and satis¯es Assumption 1. Let d¹ be the optimal achievablegrowth rate. Then for

all ² > 0,

lim inf
n!1

1
n

log bSn ¸ d¹ ¡ ²; a.s.

Pro of: Fix ² > 0. Let ®¹ = [®¹
1 ; ®¹

2 ] be an ²-optimal interval policy for the market and let

f S¹
n : n ¸ 1g be the associated wealth sequence. From Corollary 3 and Theorem 6 in Iyengar

(2002) we have that

lim
n!1

1
n

logS¹
n = lim

n!1
E

h1
n

logS¹
n

i
¸ d¹ ¡ ²:

For all 0 < ¸ < 1, we have that ®¹ ½ (0; 1) and ®¹ 6= ; (see Iyengar, 2002, for details). Thus,

Corollary 1 implies that

lim inf
n!1

1
n

log bSn ¸ lim sup
n!1

1
n

logS¹
n ; a.s.

Therefore,

lim inf
n!1

E
h1

n
log bSn

i
¸ d¹ ¡ ²:

This establishesthe result.

Corollary 2 shows that the policy b¼learns the ²-optimal interval ®² = [®²
1; ®²

2]; and is, thus, able to

achieve a growth exponent arbitrarily closeto optimal, i.e. it is a universal growth optimal policy.

Thus, in return for an in¯nitesimal decreasein the growth rate exponent, one can designa policy

that is robust to errors in estimating the distribution of the assetreturns.

4 Conclusion

In this paper we formulated and solved the problem of identifying universal growth optimal strate-

gies for discrete time two-assetmarkets with proportional transaction costs. We constructed an

investment policy that weakly dominates all interval policies in growth rate. Sinceinterval policies

are ²-optimal for I ID markets (Iyengar, 2002), it follows that our policy is a universal growth opti-

mal policy. Crucial to the proof of the universal investment result is the special structure of interval

policies { interval policies entail a natural continuit y of the portfolio processthat is captured in

Lemma 2; and the \size" of the set of interval policies is not too large which is critical in the proof

of the lower bound in Theorem 2.

The universal result proved in this paper is of limited value sinceit holds only for markets with

two assets.The natural analogof interval policiesfor markets with more than two assetsarepolicies

that correct the portfolio to a closedconnectedno-trade set. Although this classcontains ²-optimal

policies for all ² > 0 (Iyengar, 2002), it does not satisfy the two regularity properties required for

establishing a universal investment result. If the investor could be restricted to convex no-trade

setswithout violating the ²-optimalit y property, a universal investment result would follow.
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