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FUNCTIONAL LARGE DEVIATION PRINCIPLES
FOR FIRST-PASSAGE-TIME PROCESSES

BY ANATOLII A. PUHALSKII AND WARD WHITT

Insiitute for Problems in Information Transmission
and AT&T Bell Laboratories

We apply an extended contraction principle and superexponential con-
vergence in probability to show that a functional large deviation principle
for a sequence of stochastic processes implies a corresponding functional
large deviation principle for an associated sequence of first-passage-time
or inverse processes. Large deviation principles are established for both
inverse processes and centered inverse processes, based on corresponding
results for the original process. We apply these results to obtain functional
large deviation principles for renewal processes and superpositions of in-
dependent renewal processes.

1. Introduction. In this paper we investigate how a (functional) large
deviation principle (LDP) for a sequence of stochastic processes can be used to
deduce a corresponding (functional) LDP for an associated sequence of first-
passage-time or inverse processes. Given a real-valued stochastic process X =
(X(t), t > 0) with sample paths that are unbounded above and satisfy X(0) >
0, the associated inverse process is defined by

(1.1) X Yt)=inf{s > 0: X(s) > ¢}, ¢t>0.

(We use = to denote a definition.)

Previous papers [6, 17, 25, 27, 28] have shown how convergence in dis-
tribution in the function space D = DJ[0, o) with one of the Skorohod [22]
topologies of {X,, n > 1}, where X, = (X,(¢), t > 0), is related to that of
{X;!, n > 1}. Those papers also show how convergence in distribution of the
sequences of centered processes {c,(X, —e), n > 1} and {c,(e— X,;1), n > 1}
are related, where ¢, — 0o as n — oo and e is the identity function; that is,
e(ty=t, t>0.

Our purpose here is to show that these results have fairly direct analogs
in the large deviations context, with the contraction principle playing the role
of the continuous mapping theorem and an extended contraction principle in
[13] and [18], Section 2 (also see [2] and [24]), playing the role of extensions
of the continuous mapping theorem in Theorem 5.5 of [1] and on page 68 of
[28]. The general theme of relating LDP’s to weak convergence is discussed by
Puhalskii [13-16, 18, 19]. This paper extends [3] and [18]. Glynn and Whitt
[3] established some corresponding relations between one-dimensional LDP’s
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for inverse processes. Section 3 of [18] dealt with functional LDP’s for inverse
processes for the weak topology and established functional LDP’s for renewal
processes. This paper corrects functional LDP’s for inverse processes corre-
sponding to Theorems 3.2 and 6.1 here that had been given in a preliminary
draft of [3].

Here is how the present paper is organized. In Section 2 we discuss func-
tion space topologies and restrictions on the limit functions under which the
inverse map (1.1) is continuous. In Section 3 we present LDP’s based directly
on these continuity properties. In Section 4 we establish preliminary results
about superexponential convergence in probability, which plays the role with
LDP’s that ordinary convergence in probability plays with weak convergence,
as in Theorem 4.1 of [1]. In Section 5 we use the results about superexpo-
nential convergence in probability to obtain LDP’s for centered first-passage-
time processes. In Sections 6 and 7 we apply these results to obtain LDP’s
for renewal processes and superpositions of renewal processes. The LDP’s for
centered processes are established in a triangular array setting.

The results in this paper are applied in [21]. There functional LDP’s are es-
tablished for waiting times and departure times in single-server queues with
unlimited waiting space. (The results here and in [21] are briefly summa-
rized in [20].) Just as for the heavy-traffic diffusion limits in [5], the results
for inverse processes help establish large deviation principles for processes
stemming from the basic network operations of superposition, splitting and
departure. We illustrate this phenomenon here by our treatment of superpo-
sition processes. More generally, the large deviation principles are important
for determining the probabilities of rare events in the queueing model, such as
hitting times of high levels. The large deviation principles also are intimately
connected to the asymptotics of steady-state tail probabilities in the queueing
model; for example, see [4] and Section 6 of [18].

We close this introduction by giving an illustrative application. Suppose
that (N(¢), t > 0) is a counting process such that ¢t !N(t) — ¢ > 0 as
t — oo, and we want to approximate the probability P(N(¢) > at, N(2t) <
(a +b)¢) for large t, where a > ¢ > b. Thus we are considering the probability
that N has unusually large values in the interval [0, ] and unusually small
values in the interval [¢, 2¢]. By the methods here, it may be possible to show
that {(n"'N(nt), t > 0), n > 1} obeys an LDP in function space with rate
function

1) = [ () dt

for absolutely continuous x with x(0) = 0 and I(x) = oo otherwise, where A is
' a (nonnegative convex) “local” rate function on R with A(c) = 0. Then we may
apply the contraction principle with this LDP to deduce that

limsup¢t~tlog P(t7IN(t) > a, t71N(2t) < a +b) < —(A(a) + A(D))

t—00
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and -
lim inf t ™ log P(t"IN(t) > a, t IN(2t) < a +b) = —(A(a) + A(b)),

which supports the rough approximation
P(t7IN(t) > a, t71N(2t) < a + b) ~ exp(—t(A(a) + A(D)))

for large ¢.

2. Functions and topologies on D and its subsets. This section
largely follows Section 7 of [28], but there will be a few changes. In par-
ticular, there will be a correction for treating the inverse function with the
M, topology. (This correction is relevant for convergence in distribution as
well as for LDP’s.) Let D be the space of all right-continuous real-valued
functions x = (x(¢), ¢ > 0) on the nonnegative half line [0, co) with left
limits everywhere in (0, c0). Let E be the subset of functions x in D that are
unbounded above and satisfy x(0) > 0. Let D' be the subset of nondecreasing
functions in D and let E* = En D',

We are primarily interested in the inverse function, defined for any x € E
by (1.1); there x is a sample path of X. Also define the supremum function for
any x € D by

2.1 xt(t) = sup{x(s): 0 < s < t}, t>0.

Obviously, if x € E, then x~1 € E' and x' € E'.

We consider the Skorohod [22] J; and M, topologies on D and a minor
modification of the M topology denoted by M. For these topologies, D is
metrizable as a separable metric space. Let D have the Borel o-field induced
by its topology. For the topologies we consider, the Borel o-fields coincide with
the usual Kolmogorov o-field generated by the finite-dimensional projection
maps. The J; topology is quite familiar; it is as in [1], [7], [28]. Recall that
the M, topology on D is defined in terms of the completed graph

I(x) = {(u, t) € R x R\{0}: u € [x(t—) A x(2), x(t—) Vv x()]}
U {(x(0), 0)},

where x(¢—) denotes the left limit of x at ¢, A denotes the minimum and v
denotes the maximum; see [12], [22], [27], [28]. We will call a pair of continuous
functions (u,t) = ((u(s), (s)), s > 0) such that ¢(s) is nondecreasing with
t(0) = 0 a parameterization of I'(x) if I'(x) = U{(u(s), t(s)): s > 0}. A sequence
{x,, n > 1} in D converges to x in D(M,) if there exist parameterizations
(uy, t,) of x,, n > 1, and (u, t) of x such that ‘

(@23 sug{lun(s) —u(s)|+|t,(s)—t(s)|]} >0 asn— oo

(2.2)

for all T > 0.
What we would like is for the inverse function in (1.1) to be continuous on
E, but we must impose constraints when we work with the Skorohod [22] J4
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and M, topologies with domain extended from [0, 1] to [0, c0). We have the
following result.

LEMMA 2.1. (a) The supremum function is continuous in the J; and M,
topologies. (b) Thé inverse function in (1.1) is measurable on E, is continuous
in the M, topology at those x for which x~1(0) = 0, and is continuous in the
J ;1 topology at each strictly increasing x.

Part (a) is in Section 6 of [28]. The J; result in part (b) and the need for the
J; condition are given on page 82 of [28]. However, the M, condition is missing
in [27] and Theorem 7.1 of [28]. To see that the M, condition is needed, let
x,(t) =t/n,0 <t <1,and x,(t) =t —1, t > 1. Clearly x, - x (M) where
x(t)=0,0<t<1and x(¢)=¢t—1, ¢t > 1. However, x,;1(0) =0 4 x%(0) =1
as n — 0o, so that x;1 4 x~1 (M,) as n — oo.

With the M condition added, the M; continuity proof is as in [27]. We look
at the inverse as the composition of the inverse and supremum maps. Hence, it
suffices to consider the inverse map on E'. Continuity is established by noting
that, given the M, condition, each parameterization (u, ¢) of x can serve as a
parametric representation of x~1 when the roles of u and ¢ are switched.

Another approach to the problem of the continuity of the inverse mapping
on D is to change the topology instead of adding the extra condition. In [18] the
continuity for the weak topology was proved. Here we use a weaker topology,
which we call M) and which is defined in the same way as M, except that
we change I'(x) to

(2.4) I'x)={(u,t) e R x R_: u € [x(t—) A x(¢), x(t—) v x(¢)]},

where x(0—) = 0. Stated another way, ['(x) is the extended graph I'(x) com-
plemented by adding the segment [0, x(0)] if x(0) > 0 or [x(0), 0] if x(0) < 0.
We say that x, — x in D(M}) if (2.3) holds for some parameterizations of
I"(x,) and I"(x). More rigorously, D(M) is a metric space with metric d’ de-
fined as follows. If x = (x(¢), t > 0) and y = (y(¢), t > 0) are elements of D,
let

d}(x, y) = inf [sup{lu()gi(4(p)) ~ v()8(r(5))

+ |Hs)gn(K(s)) = r(s)er(t(s)I}],

where g,(t) equals 1 for ¢ less than &, equals O for ¢ greater than £+ 1 and
is a linear interpolation between % and % + 1, and (u(s), {(s), s = 0) and
(v(s), r(s), s > 0) are parameterizations of x and :y, respectively, and the
infimum is taken over all the parameterizations. Then

WX, y) AL
ok '

(2.5)

26 d(x,y)= Y
k=1

metrizes M. It is not difficult to show that (D, d’) is a separable metric
space and d’ induces the Kolmogorov o-field. In addition, the M, topology is
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stronger than the M topology; that is, overall the topologies are ordered by
J, > M, — M. Convergence x, — x is equivalent for all three topologies
at continuous x with x(0) = 0. Moreover, on E' with the M topology x, — x
is equivalent to pointwise convergence x,(t) — x(¢) at all continuity points
except possibly for ¢ = 0. The following is the key lemma.

LEMMA 2.2. The supremum function in (2.1) on D and the inverse function
in (1.1) on E are continuous in the M’ topology.

PROOF. The argument for the supremum function is straightforward. The
claim for the inverse function follows since if (u, ¢) is a I"-parameterization of
x € E', then (¢, u) is a I"-parameterization of x~1. O )

We will need another basic lemma. Let e be the identity function; e(t) = ¢
for ¢ > 0. Let ¢ be any real number.

LEMMA 2.3. If x € E', then
d'(c(x —e), cle—x71)) <d'(x,e).

PROOF. For any % and ¢ > 0, let (u(s), t(s), s > 0) and (¢(s), ¢'(s), s >0)
be I"-parameterizations of x and e, respectively, so that

s1<1’1€){|u(s) —t(s)| + [t(s) =t (9)|} <dj(x, e)+&.

Note that (c(u(s) — #(s)), t(s), s > 0) is a ["-parameterization of c(x — e).
Moreover, since x € ET, (c(u(s) — t(s)), u(s), s > 0) is a ["-parameterization
of c(e — x71). Using these parameterizations, we see that, for any c,

W(e(x —e), cle—a™h) < Ssl;llle){lu(S) —t(s)l}
< Ssgg{lu(S) — ()l +]t(s) — ()}

<dj(x,e)+e.

Since & was arbitrary, dj(c(x—e), c(e—x71)) < dj(x, e) for each &, from which
the conclusion follows.

3. Initial large deviation conclusions. We now draw large deviation
conclusions from the continuity properties in Section 2. Recall that all spaces
we consider are separable metric spaces. Following Varadhan [23, 24], we say
that a function I(x) defined on a metric space S and taking values in [0, o0]
is a rate function if the sets {x € S: I(x) < a} are compact for alla > 0, and a
sequence {P,, n > 1} of probability measures on the Borel o-field of S (or a
sequence of random elements {X,, n > 1} with values in S and distributions
P,) obeys the LDP with the rate function I if '

1
lim sup -~ log P,(F) < — j161611{: I(x)

n—>oo
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for all closed F C S, and
.. .1 .
h;lzll)lol.}f - log P,(G) = — }cIel(f; I(x)

for all open G C 8.

We establish new LDP’s from previously established ones by applying the
contraction principle [23, 24] or an extension [13] and [18], Section 2. Here
are statements: the contraction principle states that if {X,, n > 1} obeys an
LDP with rate function I and if f is continuous, then {f(X,),n > 1} obeys
an LDP with rate function

3.1 I'(y)= inf I(x).
3.1 ()= inf I(x)

Our extended contraction principle states that if {X,, n > 1} obeys an LDP
with rate function I, if {f,, n > 1} is a sequence of measurable functions, if
the function f is continuous in restriction to the sets {x: I(x) < a}, a > 0,
and if f,(x,) — f(x) as n — oo for all x,, for which x,, — x as n — oo for all
x for which I(x) < oo, then {f,(X,), n > 1} obeys an LDP with rate function
(3.1). (This statement is actually a consequence of a more general result in
[18]; see Theorem 2.1 and following Remarks 1 and 2 there.) An important
special case is f, = f, as in the contraction principle, where f is continuous
at each x with I(x) < co. In either case, if in addition f is a bijection, then we
can write I'(y) = I(f~(y)). The applications here illustrate the importance
of the extended contraction principle. We consider both single functions that
are not continuous everywhere and sequences of functions.

The next three theorems follow immediately from Lemmas 2.1 and 2.2 and
the contraction principle or its extension.

THEOREM 3 1. If{X,, n > 1} obeys the LDP in E(J,) with rate function

Ix, then {X}, n > 1} obeys the LDP in E'(J,) with rate function
(3.2 Ixi(x) = inf {Ix(y)}, x € E".

yeE:

x=y'
If in addition Ix(x) = oo whenever x is not strictly increasing, then {X,?,
n > 1} obeys the LDP in E'(J;) with rate function
3.3) Ixa(x)= ing {Ix(y)}=1Ix(x7Y), x € E".

ye
y: oy l=a

[As a consequence, I x1(x) = oo if x is not continuous.]

» THEOREM 3 2. If{X,, n > 1} obeys the LDP in E(M,) with rate functzon

Iy, then {Xn, n > 1} obeys the LDP in E'(M,) wzth rate function Iy, in
(8.2). If Ix(x) = oo whenever x71(0) > 0, then {X,!, n > 1} obeys the LDP
in EY(M,) with rate function Ix-1 in (3.3). [As a consequence Ix1(x) = oo if
x(0) > 0].
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THEOREM 3.3. If {X,, n > 1} obeys the LDP in E(M) with rate function
Ix, then {X}, n > 1} obeys the LDP in Et(M) with rate function I+ in (3.2)
and {X;1, n > 1} obeys the LDP in E'(M)) with rate function Ix . in (3.3).

In (3.3) we have used the fact that the inverse map is a bijection on E' in
order to write I x-1(x) = Ix1(x71).

REMARK 3.1. It may be convenient to establish an LDP for an inverse pro-
cess by applying Theorems 3.2 or 3.3 for the M, or M topology instead of the
stronger <J; topology, but the LDP extends to the stronger J; topology from
M or M if the rate function I x-1(x) is infinite at discontinuous x and for M
if in addition the rate function I x_i1(x) = co when x(0) # 0. This is because
convergence x, — x for continuous x with x(0) = 0 is equivalent for the three
topologies and we can apply the extended contraction principle to the identity
maps. Indeed, the LDP extends to the stronger uniform topology, under which
D is nonseparable, provided that X! remains a bonafide random element.
However, in general this need not be the case since the Borel o-field is richer
than the Kolmogorov o-field; see [1], Section 18. Indeed, measurability with
respect to the Borel o-field associated with the uniform topology fails even
for the Poisson process. Thus, for general LDP’s on D it is often important
to work with topologies like the Skorohod topologies, for which the Borel and
Kolmogorov o-fields coincide.

In many (but not all) cases, the rate functions I x(x) for X, and I x-1(x) for
X! have the form

(3.4) Ix(x) = ]0 Ax(3(2)) dt
if x is absolutely continuous and x(0) = 0 and I x(x) = oo otherwise, and
(3.5) Txa(x) = /0 Axa(5(2)) dt

if x is absolutely continuous and x(0) = 0 and I x-1(x) = co otherwise, where
Ax and Ax-1 are convex local rate functions on R. We can then apply Theo-
rems 3.1-3.3 to deduce the relation between the rate functions Ax and Ax-
on R, which is consistent with what was established directly by [3].

THEOREM 3.4. If{X,,n > 1} obeys the LDP in E" for one of the topologies
J1, My or M, with the rate function Ix satisfying (3.4), where Ax(0) = oo,
then {X;1, n > 1} obeys the LDP in E'(J,) with the rate function Ix-. from
(8.5), where

(3.6) Ax-1(2) = zAx(1/2), Ax-1(0) = co.

If the function \x (respectively, Ax-1) is convex downwards, then the sequence
of random variables {X,(1), n > 1} (respectively, {X;1(1), n > 1}) obeys the
LDP in R with rate function Ax (respectively, Ax-1).
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PROOF. Since Ax(0) = 0o, Ix(x) = oo if x~! is not absolutely continuous
(as follows from Lemma 3.6 in [18]). By Remark 3.1, the LDP for {X,, n > 1}
holds in E*(J;). By Theorem 3.1 {X!, n > 1} obeys the LDP in E*(J;) with
rate function I -1 which, for absolutely continuous x and x~! = y, is given by

. X - .
Ixa(®) = Ix(x™) = Ix(y) = [ Ax(3(s))ds
loe)
= [ Ax((=(s))i(s)ds
o0
= fo Ax-1(%(s))ds since yox =e

by performing a change of variables. Hence (3.6) holds. As indicated above, we
next apply the extended contraction principle with the projection map defined
by m(x) = x(1) to obtain the LDP’s in R. Since Ay is convex, the infimum over
x such that x(1) = z is attained at %(¢) = 2z for 0 < ¢ < 1. The relation between
Ax and Ax-1 was established in [3]. O

It is important to note, however, that the rate functions I'y of {X,, n > 1}
and Iy of {X;!, n > 1} may involve functions with jumps, so that (3.4) and
(3.5) need not hold; see [9], [11], [18] and Section 6 below. Then the connections
to LDP’s on R is more complicated, for example, because the projection map
is not necessarily continuous. Functions with jumps may play a role in either
Iy or Ix: or both. However, Theorem 3.4 does apply to the renewal theory

examples in Sections 6 and 7 under regularity conditions.

4. Superexponential convergence in probability. As a basis for es-
tablishing relations between LDP’s for centered processes and associated cen-
tered inverse processes, paralleling Theorems 7.3-7.5 of [28], we establish
some preliminary results about superexponential convergence in probability.

As in [16], we say that a sequence {X,, n > 1} of random elements of a
metric space (S, p) converges superexponentially in probability to an element
xg € Sif, for all ¢ > 0,

(4.1) lim PY"(p(X,,, %) > &) = 0
n—

1/n
and we write X, P—/> xy. This mode of convergence plays a role in large devia-
tions similar to the role convergence in probability plays in weak convergence.
We collect some simple properties of superexponential convergence in proba-
bility in the following lemmas. The similarity with weak convergence should
be evident; for example, see [1], [28]. In the following lemmas, S is the space
‘D with any of the topologies J;, M, or M.

Parts of the next lemma can obviously be extended to general metric spaces;
for example, see [15], [16]. Note the similarity of parts (b) and (c¢) to The-
orems 4.1 and 4.4 of [1]. Part (c) follows directly from part (b) (also it is
Lemma 3.3 in [16]).
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1/n
LEMMA 4.1. (a) X, 2 xo if and only if {X,, n > 1} obeys the LDP with
rate function
_ |0, X = %,
(4.2) . 8(x — xg) = {oo, % % %o,

(b) If {X,, n > 1} obeys the LDP in D for one of the topologies J,, M, and

1/n

M| with rate function I and Y, L Yo, then {(X,,Y,), n > 1} obeys the LDP
in D x D for the product topology with rate function I(x) + 6(y — y,), and
{X,+Y,, n>1} obeys the LDP in D for the same topology with rate function
I(x — y3), x € D.

(¢) If {X,, n > 1} obeys the LDP in D for metric m with rate function I

1/n

and m(X,,Y,) = 0, then {Y,, n > 1} obeys the LDP in D for metric m with
rate function 1.

LEMMA 4.2. (a) Let xy = (x(¢), t > 0) be continuous with x(0) = 0 if the
1/n
topology is M',. Then X, L xg if and only if
; 1/n _ —
lim P (3271? 1X,,(£) — x0(2)] > s) =0 p

forall e >0and T > 0.
(b) If, for c, — oo, {c,X,, n > 1} obeys the LDP with some rate function,

then X, P—>0asn—>oo where 6(t) =0, t>0
pin

(¢) If X, has paths in E for n > 1 and X, —>e then X;! —e.

PrOOF. For part (a), we do the proof only for the </, topology; the proof for
the other topologies is similar. By the triangle inequality,
sup |X,(2) — xo(¢)] < OSltlpT{an(t) — 29(A(E))] + |20(A,(2)) — xo(D)1}

0<t<T

where A,(t), for 0 <t < T, is any homeomorphism of [0, T']. Hence,
sup | X, (¢) — xo(8)] < dp(X,, o) + wy, (d7(X,, %0)),

0<t<T
where dy is the Skorohod ; metric on D[0, T'] and w,(8) is the modulus
of continuity of x as in [1], page 54. For any x, and &, let 8 be such that
w,,(8) < &, which is possible because x, is continuous. Then

{dr(X,, %) < SAs} S { sup |X,(¢) = xo(t)| < 2e}

<t<
C{dr(X,, x9) < 2¢},

which implies the result. We also use the fact that a J; metric d on D[0, c0)
can be related to the metric d; on D[0, T'] for large T'; see (2.2) of [28]; that
iS, for any € > 0? {d(Xna xO) = 8} - {dT(Xny xO) = 28} - {d(Xn? xO) = 38}
for T suitably large. For (b), note that by the definition of the LDP and using
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that ¢, — oo, we have, for ¢ > 0, A > 0, and metric m (associated with one of
the topologies J;, M or M),
lim sup PY*(m(X,, 6) > &) < limsup P/"(m(c,X,, 0) > As)

n—>oo n—>oo

< sup exp(—I(x)),
x: m(x,0)>Ae
and the latter goes to 0 as A — oo since the sets {x: I(x) < a}, a > 0, are
compact and hence bounded. For part (c), we apply Lemmas 2.1, 2.2 and part
(a) of Lemma 4.1. O

We now discuss the composition map, denoted by o. Recall that if x =
(x(t), t>0) e Dand y = (y(¢), t > 0) € E", then xoy = (x(y(?)), ¢ = 0) € D;
see [28]. Note the similarity of this lemma with [1], page 145.

LEMMA 4.3. Let {X,, n > 1} obey an LDP for one of the topologies J1, M
and M, with rate function I, and let {Y ,, n > 1} be a sequence of nonnegative

1/n
processes with paths from E' such that Y, Linid ¥o- If the topology is M, then
let y, be continuous. If the topology is M1, then let y, be continuous with
v0(0) = 0. If I(x) = oo for discontinuous x, or y, is continuous and strictly
increasing, then {X, oY ,, n > 1} obeys the LDP with rate function
I'(z)= inf I(x), zeD.
X1 xoyg=2

PROOF. By Lemma 4.2, {(X,,Y,), n > 1} obeys the LDP in D x D with
I(x)+8(y—2o)- The claim then follows by Theorem 3.1 in [28] and the extended
contraction principle. An analog of Theorem 3.1 of [28] holds for M, and M 1
if the limit y there is continuous.

5. LDPs for centered processes.~ We now apply the lemmas in Section
4 to deduce the following results. For them, we assume that the processes X,
have paths in E and ¢, — oo as n — oo.

THEOREM 5.1. If the sequence {c,(X, —e), n > 1} obeys the LDP in D for
the J, topology with rate function I such that I(x) = oo for functions x which
have positive jumps or have x(0) # 0, then the sequence {c,(e — X h, n>1}
also obeys the LDP in D for the J, topology with the rate function I.

PROOF. We follow the argument in [28], Theorem 7.3. By Lemma 4.2(b),

1/n 1/n
X, P—/> e and by Lemma 4.2(c), X;! P e. Lemma 4.3 then implies that
{c,(X, —e)o X!, n> 1} obeys the LDP with I. Since

cle— X =c(X,—e)o X +cle—X,o0 xh,
by Lemma 4.1(b), the theorem would follow from

1/n
co(e— X, 0 X L 0,
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which in turn, by Lemma 4.2(a), follows by

1/n
(5.1) sup c,| X, 0 X;3t)—t| 250, T >o.
t<T

Since (cf. [28]) .
0<sup (X,o0X,'(t)—t)< sup (AX,()",
t<T wr

t<X5H(T)
where Ax(2), for x = (x(t), t > 0), denotes the jump of x at ¢ with Ax(0) = x(0),
we have for A > 0, £ > 0, that

pin (sup ol X, 0 X7Ht) — t] > s)
t<T

(5.2)
< Pl/n(X;I(T) > A)+ Pl/n(sup cn(AXn(t))+ > 8).
t<A

Now it is not difficult to see that the function x — sup,.4(Ax(¢))* is contin-
uous in the J; topology at each x with no positive jumps; for example, see
[8], Chapter 6, Section 2. Then, by the extended contraction principle and the
LDP for {c, (X, —e), n > 1},

lim sup P/" <sup c,(AX ()T > 3) < sup exp(—I(x)) =0,
t<A

n—00 x: supgca(Ax(t))t=e

proving that the second term on the right-hand side of (5.2) goes to0asn — oo.
/n
The first term goes to 0 as n — oo and A — oo since X! e Hence, the

limit (5.1) has been proved, so the theorem has been proved. O

In order to obtain a result paralleling Theorem 5.1 for the M topology, we
first establish a result for centered supremum processes.

THEOREM 5.2. If the sequence {c,(X, —e), n > 1} obeys the LDP in D for
either M or the M topology with rate function I, then {c,(X T—e), n>1}
obeys the LDP in D' for the same topology with rate function I.

PROOF. We can use the extended contraction principle with the func-
tions f,(y) = (y +c,e)' —c,e. Assume that y, =c,(x, —e) — y = x. Since
Fn(y,) = co(xh — €), it suffices to show that f,(y,) — y whenever y, — y in
D for the M, or M topology, which follows by Theorem 6.3(ii) in [28]. (The
proof there needs changing when x has negative jumps.)

THEOREM 5.3. If the sequence {c,(X, —e), n > 1} obeys the LDP in D for
the M topology with rate function I, then the sequence {c,(e — X;1), n > 1}
obeys the LDP in D for the M topology with the rate function I.

- PROOF. First apply Theorem 5.2 to see that it suffices to assume that X, €
1/n
E?* for each n. By Lemma 4.2(b), d'(X,, e) s 0, so that d'(c,(X, —e), c,(e —
1/n
X;h) 20 by Lemma 2.3. Finally, apply Lemma 4.1(c).
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The last result of the section is a straightforward extension of Theorems 5.1
and 5.3, but is quite useful in applications.

THEOREM 5.4. If the sequence {c,(X, — a,e),n > 1}, where a, are real
numbers converging to a > 0, obeys the LDP in D for the M topology with
rate function I(x), then the sequence {(c (X, —aye), c (X7t —aylte)),n > 1}
obeys the LDP in D x D for (the product topology assoczated with) the M
topology with rate function I(x,y) = I(x), when y = —a~ lx o (a7 te), and
I,(x, y) = oo otherwise.

If the LDP for {c,(X, — a,e), n > 1} holds for the J, topology with I equal
to infinity at functions x with positive jumps or with x(0) # 0, then the LDP
for {c,(X, — a,e),c,(X;! — ayle)),n > 1} holds for (the product topology
associated with) the J, topology with the rate function I.

PROOF. Noting that x~'—a;'e = —(e—(a;'x)"!)o(a,'e), we have as in the
preceding argument that d'(c,(X;1—a;e), —c,a; (Xh—a,e)o(a;te)) 2200
that in the statement of the theorem we can replace {(c,(X, —a e) e (Xt -
a;te)),n = 1} by {(co(X, — aze), —a; gn(ca(X, — ae)) 0 (az7e)),n = 1},
where g,(x) = (x +c,a,e)' —c,a,e. The claim follows by Lemma 4.3 and the
extended contraction pr1nc1ple since g,(x,) = x as x, — x and a, — a.

On writing

cn(a;Ie - X;I) = cna;I(Xn - ane) ° X;I + cnar_zl(e -X,o0 X;l)’

we can apply for the case of the J; topology the argument of the proof of
Theorem 5.1. O

6. Large deviations for renewal processes. In this section, we apply
the results of previous sections to derive LDP’s for sequences of renewal proc-
esses. Corresponding results can be established for cases in which the i.i.d.
condition is relaxed, drawing upon Zajic [29] and references therein. We first
assume that the X, are defined by

|nt]
(6.1) - X, ()= - > &,
i=1

where ¢;, i > 1, are i.i.d., nonnegative, E¢; > 0.
Let (N(t), t > 0) be the renewal process with &;, &, ... as the times be-
tween renewals; that is,

k
(6.2) N(t)smax{kzlz Zéist}, t>0,

i=1 ‘
with N(t) = 0 if £, > ¢, and let N,, = (N(nt)/n, t > 0), n > 1. We are going to
derive the LDP for the sequence {N,, n > 1}. This will be done by reducing
this problem to the LDP for {X,, n > 1} and by invoking earlier results for
{X,, n > 1}. For this purpose, note that

(6.3) N(nt)/n = X;}(¢t) - 1/n.
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The following theorem is a version of Theorem 3.1 in [18]. Part (b) is the
same. Part (a) is also equivalent, because the M} topology here and the weak
topology in [18] coincide on ET, since both correspond to pointwise convergence
at all continuity points except 0.

THEOREM 6.1. Assume that Eexp(a&;) < oo for some a > 0. Let o* =
sup{a: E exp(a¢;) < oo}. (a) Then {N,, n > 1} obeys the LDP in E" for the
M| topology with rate function

(6.4) Iy(x)= /Ooo su[:{a — i} (¢)log E exp(aé;)} dt — log P(&; = 0)xh(o0),

where x = xt + x) is the Lebesgue decomposition of x with respect to Lebesgue
measure; x' is the absolutely continuous component with x}(0) = 0, x} is the
singular component and x%(t) is the derivative. In (6.4) it is assumed, that the
product on the right-hand side is 0 if P(¢; = 0) =0 and x4(c0) = 0.

(b) If, in addition, P(¢; = 0) = 0, then the LDP holds for the J, topology
with Iy(x) = oo if x is not absolutely continuous, or x(0) # 0.

PROOF. By [18], Lemma 3.2, {X,, n > 1} obeys the LDP on E' for the
weak (and hence the M) topology with rate function

(6.5) Ix(x)= /Ooo su[:{ao'cll(t) —log E exp(a¢;)} dt + a*xh(00),

where oo - 0 = 0. (Note that if a* = oo, then Ix(x) = co whenever x is not
absolutely continuous, but otherwise this is not the case.) The first part of
the proof of part (a) is completed by applying Theorem 3.3, Lemma 4.3 and
(6.3); see [18] for details. For part (b), note that the extra condition makes
Iy(x) = oo for discontinuous «x or if x(0) # 0. Then we use the fact that
x, — x(J;) is equivalent to x, — x(M}) for continuous x with x(0) = 0.
Hence, we can apply the extended contraction principle with the identity map
to strengthen the topology, as noted in Section-3. O

REMARK 6.1. .In the setting of Theorem 6.1 assume, in addition, that
E exp(aé;) < oo for all @ and P(&; = 0) = 0. Then we can use Theorem 3.4 to
get the familiar LDP’s in R for the projections at ¢ = 1. Under the assump-
tions, I x(x) = 0o, when x is either not absolutely continuous, or x(0) # 0, or
x is not strictly increasing for the rate function (6.5), so that the conditions
of Theorem 3.4 are satisfied with the local rate functions in R being

Ax(2) = sgp{az —log E exp(aé;)}

and

Ax-1(2) = 2Ax(1/2) = sup{a — zlog E exp(aé;)}.

An application of the theorem provides the one-dimensional LDP’s.
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We now establish an LDP in D for centered renewal processes, which is a
form of moderate deviations; see page 79 of [15]. Motivated by applications to
queues in heavy traffic, we choose to work in the more general setting of tri-
angular arrays. More specifically, we consider a sequence of renewal processes
indexed by n and denote by £, ;, i > 1, the times between renewals. We next
define

R
(6.6) N,(¢) = max(k >1: ) &, < t),

i=1

(6.7) N,(t) = aiN’n(ant),

where a,/n — oco. For completeness, we first state the result of Example
7.2 [15] on “the moderate deviation invariance principle” for partial sums
of triangular arrays (prototypes for partial sums of r.v. are in [10] and [26],
Theorem 4.4.3).

LEMMA 6.1. Let {{,;, i > 1},n > 1, be a triangular array of row-wise
i.i.d. random variables with E{, ; =0, Var {, ; — o?. Define
1 I.antJ
m FZI Zn,i'

Let at least one of the following conditions hold:

Z,(t) =

(i) (loga,)/n — oo and sup, E|{, 1|*"* < oo for some & > 0,
(i) for some B € (0,1], ah/n2# — oo and sup, E exp(a|{, 1|P) < oo for
some a > 0.

Then {Z,, n > 1} obeys the LDP in D for the J topology with rate function

1 00
557 / %(t)>dt, if x is absolutely continuous
g0 and x(0) =0,

00, otherwise.

(6.8) Ix(x)=

The proof is in [15]. (Note that the case 8 = 1 which is not included there
is dealt with by the same argument.)

THEOREM 6.2. Let N, be defined by (6.6) and (6.7). Let Var &, ; — o and
E¢, 1 — AL as n — oo. Assume that at least one of the following conditions
hold:

2+¢

@) (loga,)/n — o and sup, E¢,’; < oo for some ¢ > 0,

(ii) for some B € (0, 1], af/nZ‘B — oo and sup,, Eexp(agi 1) < oo for some
a>0.
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Then {\/a,/n(N, —e(E¢,, 1) Y), n > 1} obeys the LDP in D for the J topology
with rate function

1 00
5590 / %(¢)2dt, if x is absolutely continuous
7 0 and x(0) =0,

00, otherwise.

6.9 Iyn(x)=

ProOF. By Lemmas 6.1 and 4.1(b), the sequence (\/a,/n(X, —eE¢, 1),
n > 1), where X, (t) = 1/anZlLa="1tJ n.i» obeys the LDP in D for the J; topol-
ogy with rate function Iy from (6.8). The proof is completed by observing
that, in analogy with (6.3), N, = X;! — a,! and applying Theorem 5.4 and

Lemma 4.1(b) and the contraction principle.

COROLLARY. Under the assumptions of Theorem 6.2, {\/a,/n(N,(1) —
(E¢,,1)7'), n > 1} obeys the LDP in R with rate function
22
)tN(Z) = m, zeR.

ProOF. Apply the extended contraction principle with the projection map.
By (6.9), the resulting rate function is
. 22
() = Inf w0} = 5003 .
x(1)=z

7. Superpositions of renewal processes. The results in Section 6 ex-
tend easily to superpositions of renewal functions provided that the component
rate functions are finite only for continuous functions x. Otherwise, we have
-the difficulty that addition is not continuous on D x D [28]. However, from
Theorem 6.1 we see that in general the rate functions can be finite for dis-
continuous x. We avoid this problem by making additional assumptions, as in
Remark 6.1.

Let {¢/, i > 1},1 < j < k, be k independent sequences of i.i.d. nonnegative
random variables with E¢] > 0. Let (N/(¢), t > 0), 1 < j < k, be the
associated £ mutually independent renewal counting processes, defined as in
(6.2), and let N = N'+...4+ N*. For each j, let X; be the normalized partial
sum process defined as in (6.1) and let X, be the normalized partial sum
process associated with the superposition process, defined by

[nt] :
(7.1) X,(t)=n"tY &  t=0,
) i=1
where ¢; is the ith interval between points in the superposition process N.
Let N; and N, be associated normalized counting processes; that is,

(7.2) Ni(t)=n"'N/(nt) and N,(t)=n"'N(nt), t>0.
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We will derive LDP’s for {N,,, n > 1} and {X,,, n > 1}. For this purpose, note
that Ny(t) = (X;)~(t) — n71, so that

(7.3) Ni=(X{)1-nl, N,=X;'-n
and :
(7.4) X,=(N,+n 1L

The following theorem extends Theorem 6.1.

THEOREM 7.1. Assume that Eexp(aé]) < 0o, 1 < j < k, for some a > 0.
Let o’ = sup{a: Eexp(afi) <oo}, 1< j<k, and a* = Z’;zla*}. Also assume
that P(¢] = 0) = 0 for all j, 1 < j < k. Then the sequence {N,, n > 1} in
(7.2) obeys the LDP in E" for the J, topology with rate function

(1.5) In(x) = [ " sup{a — (t)p(a)} dt
(7.6) -/ " sup{¢(a) — ai(t)} dt,
where

k
1D Y@=¢"a) )= d(a),  ¢ia)=y5(a),
j=1

(7.8) @ = min lim y () with ¢ ;(a) = log E exp(aé]),

1<j<k ata;

if x is absolutely continuous and x(0) = 0, while Iy(x) = co otherwise. If in

addition there is one j for which E exp(a¢]) < oo for all a, then {X,, n > 1}
in (7.1) obeys the LDP in E" for the J, topology with rate function

Ix(x) = Iy(x™)) = [ sup{as(t) - p(a)} dt
(7.9 . ock
= [ sup{i(t)¢(a) - a}dt,
0 aeR

if x is absolutely continuous with x(0) = 0, and I x(x) = oo otherwise.
PROOF. Since the normalized processes N I are independent, by Theo-

rem 6.1 and [9] the sequence {(N}, N2,..., N¥), n > 1} of random elements
of D([0, o0), R)* obeys the LDP for the J; topology with rate function

ko
(7.10) I(x,...,x) =Y / sup{a — % ;(t)y ;(a)} dt,
j=1 0 a<a)
when x4, ..., x; are absolutely continuous with respect to Lebesgue measure

and x;(0) = 0 for all j, while I(x, ..., x;) = oo otherwise. We start working
toward the first expression in (7.5).
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By the extended contraction principle, the superposition N, obeys the LDP
for the J; topology with rate function Iy(x), where Iy(x) = oo if x is not
absolutely continuous or x(0) # 0. Using an argument as in [18] (including a
minimax theorem on the third line), if x is absolutely continuous and x(0) = 0,
then .

Iy(x)= inf 2 / sup{a — & () ()} dt

Xyt xp=2 J a<a’

_/ inf sup {Zaj - ij(t)l/’j(aj)}dt
1 %,(0)=4(t) a, <a, j=1 j=1
Jj=1,...k

k
—[" sup , inf { o, Y (000 (e ~>}dt
/ a,<at, Tk &,()=2() JZI ng ! 7

...,

_/ sup {éaj—x(t)jﬂi%k z//j(aj)}dt

a<a

(7.11)

The required now follows since

k
Y(a) = 1nf{max Yi(a;) Y aj=a, a; < aj}
Jj=1
with oo being the infimum over the empty set. [The infimum is attained at
points «; for which all the ¢ ;(a;) are equal, for if we have that s ;(a;)>
¥ j(a;) we can make a; smaller and aj larger keeping their sum un-
changed.] The equality (7.6) is obvious.

Turning to X,, we observe that o* = oo if there is a j for which
Eexp(aé]) < oo for all @ > 0. Hence the local rate function in (7.5) is
oo at 0, and an application of Theorem 3.4 completes the proof. The second
equality again is obvious. O

We now establish an extension of Theorem 6.2.

THEOREM 7.2. Let {((Nn(t), t>0), j=1,..., k), n > 1}, be a sequence
of k-tuples of independent renewal processes. Let {¢) b ix1} j=1,...,k
denote their respective interrenewal times. Assume that Var 51 1= O'J and
E¢) 1A Lfor j=1,..., kasn — co.Assume that one of the conditions (i) or
(11) in Theorem 6.2 holds for all j,1 < j < k. Then the sequence {\/ a,/n(N, -
et (EE ,1) Y, n > 1}, where N,(t) = 1/a,Y" k_ Ni(a,t), obeys the LDP

in' D for the J topology with rate function

(7.12) In(x) = <Z 02/\3> - /wa(t)wt
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for absolutely continuous x with x(0) = 0, and I ;(x) = oo otherwise. Moreover,
if €,,i,1 > 1, are the times between events in the superposition process vk j=1Nn J

and X,(t) = 1/a,2i%" &, 1, then {/a,In(X,, — e(Ch_y(BE), ), n> 1}
obeys the LDP ip D for the J 1 topology with rate function

(7.13) Ty(x)= .;.< 2'3 Aj)?’( i 2A3)—1 /0"" ()2 dt

for absolutely continuous x with x(0) =0, and Ix(x) = co otherwise.

PROOF. By Theorem 6.2 and in analogy with the proof of Theorem 7.1, the
sequence of processes {,/a,/n(N, —eX*_(E&) )71), n > 1} obeys the LDP
for the J; topology with rate function Iy (x), which for absolutely continuous
x has the form

k

_ 2
In(x)=_ inf by ? 57 /O & (¢)? dt
1 . k 1 . 2

0 Yh#;(t)=x(t) j=1 TG
1/ & oo
=_<Zo§»‘;) | e,
2\ 0

with the last line following from the Cauchy—Schwarz inequality. By Theo-
rem 5.4 and Lemma 4.1(b), a corresponding limit holds for X,. O

REMARK. The rate functions I in (7.12) and Iy in (7.13) have the form
1 o]
. I(x) = — | x(¢)*dt,
(7.14) ()=35 /0 £(t)2 dt

where vy is the asymptotic variance of the processes Z?-:l N3 and X 1, Tespec-
tively; that is, for (7.12),

v= hm a,;!Var ZNJ(an)
Jj=1
while for (7.13),
y= hm a 1VarZ§n i
i=1

that is, the constant y is the same as appears in the central limit theorems.
The form of the coefficient in the rate function as a limit variance is typical
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when one deals with quadratic rate functions (cf. [15], Corollaries 6.3, 6.4
and 6.7).
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