by by

ABSTRACT

W(t

Ŵ(s) = 0 ∫^∞ e^{− st} dW(t) =_{1 − Ĝ(s /τ s} 1

where ρ Ĝ(s G(t τ − Ĝ(s /τ s G_e (t)^{− 1} 0 ∫^t − G(y dy,

G(t Ŵ(s − y)^{− 1} = n =0Σ ∞ y^n

W(t) = ) n =0Σ ∞ ρ^n G_e (t t ≥ where G_e (t n G_e (t G_e^{0*} (t) = 1, t ≥ here.

W(t

C C estimate

both

§15.

Let X F F(t) = P(X ≤ t X(or F

ϕ (u)_X(u) ≡ E(e^{iuX}) ≡ ∫ ∞ e^{iut}dF(t) ≡ ∫ ∞ cos (t) + i ∫ ∞ sin (t

where i ≡ − x^2 + 1 = e^{ix} = cos x + i sin x number z z = a + ib where a and b z = a + ib Re (z) = a Im(z) = b z _ = a − ib and modulus z = (a^2 + b^2 )^{1/2} Re (z) = (z + z _ )/ Im(z) = (z − z _ )/2i e^{iut}

ϕ _ (u) (− u Re (ϕ u) = 2 ϕ (u) (− u) and Im(ϕ u) = 2i ϕ (u) (− u) (2.2)

u Re (ϕ u tu u Im (ϕ u tu u Re (ϕ − u) = Re (ϕ u Im (ϕ − u) Im (ϕ u ϕ (u) ≤ 1 (2.3)

X_1 X_2 are

ϕ_{X1 + X2} (u)_{X1} (u)ϕ_{X2} (u (2.4)

F and ϕ of F (ϕ smoothness of ϕ (F of F ϕ F ϕ F F. F f F F(t) = ∫ t f(s)ds t ϕ (u) = ∫ ∞ e^{iut}f(t)dt

f ϕ (− u of f of F F ϕ (u or ztransform z = e^{iu} F ϕ (iu of f of F u f on

f̂(s) = ∫_0^∞ e^{− st}f(t)dt

where s F^c (t) ≡ 1 − F(t F^c (t F̂^c (s) = ∫_0^∞ e^{− st}F^c (t) (2.7)

p_k : k ≥

G(z) =

k=0Σ^{∞ p}k^{zk . (2.8)}

R^k f at t ϕ

f ϕ F f and

f(t) = 2π 1 ∫^∞ e^{− itu} ϕ (u)du (3.1) f(t

f(t) = 2π 1 ∫^∞ Re [e^{− itu} ϕ (u du =_π^1_0∫^∞ (ϕ u) + sin (ϕ u (3.2)

f̂(s

s = a f̂(s f(t) = 2πi 1 a − i∞ ∫^{a + i∞} e^{st}f^^(s)ds =_{2π}^1 ∫^∞ e^{(a +iu)t}f^^(a + iu)du = 2π e^{at}___ ∫^∞

ut + i sin ut) f̂(a + iu)du

= 2π e^{at}___ ∫^∞ [Re( f̂(a + iu ut − Im( f̂(a + iu ut]du

= π 2e^{at} 0 ∫^∞ Re( f^^(a + iu (3.3) π 2e^{at} 0 ∫^∞ Im( f^^ a + iu (3.3a)

If f a = a > a

f g(t) = e^{− at}f(t)/2A for t ≥ g(t) = g(− t t <

where

A = 0 ∫^∞ e^{− at}f(t) dt , g a e^{− at} g ϕ_g = Re(ϕ_g f̂(s f̂(s _ ),

ϕ_g (u) = Re(ϕ_g u) = A Re(ϕ_f u + ai) = A Re( f̂ a − iu) = A Re( f̂ a + iu) .

ϕ g

2A e^{− at}f(t) = g(t) = 2πA 1 ∫^∞ Re[e^{− tu} ϕ g (u du = 2πA 1 ∫^∞ Re(ϕ g u =_{πA}^1_0∫^∞ Re( f^^ a + iu

CDFs

f_x F

− x, x ux) − x, x],

f_x(t) = 2x F(t + x) − F(t − x) = 2π 1 ∫^∞ e^{− iut} ϕ (u)_{ux}^{sin ux} du (3.4) ϕ (u) F(t

F(t) = 2 1 − π 1 0 ∫^∞ (ϕ u) − sin (ϕ u_u^{du} . (3.5)

F ∞ F =

t = x = t

F(t) = π 2 0 ∫^∞ Re (ϕ u)_u^{sin tu} (3.6) F

T − T, T

F t_1 < t_2,

F(t_2 ) − F(t_1 ) − 2 [F(t_2 ) − F(t_2− + 2 [F(t_1 ) − F(t_1− = (3.7) T lim 2π 1 − T ∫ T iu e^{− iut1} − e^{− iut2} ϕ (u)

t.

F p_k x + kλ p_k ≥ Σ p_k =

ϕ (u) =

k Σ^pk^{ei(x+kλ )u and p}k^=_{2π}^λ_0∫ 2π/λ ϕ (u) e^{− i(x+kλ )u} du

π/λ p_k p_k : k ≥ G(z

p_k = 2πi 1 ∫_{zk+1}^{G(z)} (3.9)

z = re^{iu}

p_k =

2πr^k

1 ∫_0^{2π} G(re^{iu} )e^{− iku} du = 2πr^k

1 ∫_0^{2π} [Re(G(re^{iu} ku + Im(G(re^{iu} ku] du = πr^k

2 ∫_0^π Re(G(re^{iu} (3.10) = πr^k

2 ∫_0^π Im(G(re^{iu} (3.10a)

{p_k p_kr^k : k ≥ x = 0, G(z) =

k=0Σ^{∞ p}k^{zk a r}

∞

g a, b] n + points g(kh ≤ k ≤ n h = (b − a)

a ∫^b g(u)du^∼ Th (g) ≡ Th (g; a, b) ≡ h_2^{g(a) + g(b)} +_{k=1}Σ^{n − 1} g(a + kh)

a or b

g exact h is e_d ≡ e_d (g; a, b, h) ≡ a ∫^b g(t) dt − Th (g)

= h^2 12 (b − a) g (t0 )

where t_0 a < t_0 < b

e_d ≤ h^2 12 (b − a) g (t): a < t < b

g ϕ m_2 ϕ (u) ≤ ϕ = m2

k^{th}

Ah^k Bh^2

F ∞

F(t) = π 2 0 ∫^∞ Re (ϕ u)_u^{sin tu} du

∼ F_h (t) ≡ π ht + π 2 k=1Σ^∞_k

Re (ϕ kh kht)

∼ F_{h,N}(t) ≡ π ht + π 2 k=1Σ^N_k

Re (ϕ kh kht) where e_d ≡ e_d (F, t, h) ≡ F(t) − F_h (t) F t h and e_t ≡ e_t (F, t, h, N) ≡ F_h (t) − F_{h,N}(t) resulting N h and N

Remarks t F t replace F(t F(t) + F(t − / F_{h,N}(t) → F(t h → N . h and N.

F_{h,N}(t N π t Re (ϕ u N t

ϕ (u u = kh ≤ k ≤ N ϕ

s f̂(s

f̂(s

obtain

f(t) = π 2e^{at} 0 ∫ ∞ Re( f̂ a + iu

∼ f_h (t) ≡ π he^{at}Re( f̂ a) + π 2he^{at}

k=1Σ^{∞ Re( f̂ a + ikh kht) . (4.5)}

h /2t a = 2t

f_h (t) = 2t e^2

Re( f̂ 2t A ) + t e^2

k=1Σ^{∞ (− k Re( f̂ )}_{2t}^{A + 2kπi}

f(t) = t e^2

k=1Σ^{∞ (− k Im( f̂ )}_{2t}^{A + k − πi}

Remark

f z h

C( f, h z) =

k Σ^{∞ f(kh)}_{(π z − kh)}

π z − kh . (4.7)

f ∈ L^2 (R f(z) ≤^{πz} ), f(z) = C( f, h z

∫^∞ f(t) dt = h_k Σ^∞ f(kh

O(e^N N terms and h = O / N).)

F(t t

F n + for j = n h m = π mn k

F( ) = πn + π 2 k=1Σ^{2mn − 1 α} k^{sin}_{mn}^π^{− e}d^{(4.9)}

for j = n

α_k = l =0Σ ∞ 2mnl + k

Re (ϕ mnl + k) h)

∼ l =0Σ 2mn 2mnl + k

Re (ϕ mnl + k) h) ≤ k ≤ 2mn − 1 . (4.10)

nN mn^2 + N

α_k ≤ k ≤ 2mn − F( j ≤ j ≤ 2mn − mn (when n ∼ 2mn and n

n^2 to n log_2 n n f(t

f_p (t) =

k Σ^{f(t + 2π}

π f(t h

f_p

f_p (t))

f_p (t) =

k Σ^{∞ c}k^{eikht}

where c_k k^{th} of f_p ϕ of f

c_k = 2π h ∫^π fp (t) e^{− ikht} dt =_{2π}^h ∫^π_k Σ^∞ ft +_h^{2kπ} e^{− ikht} dt = 2π h ∫ ∞ f(t) e^{− ikht} dt = 2π h ϕ (− kh

k Σ^{∞ f}^{t +}_h^{2πk}^=_{2π}^h_k Σ^{∞ ϕ (kh) e− ikht . (5.4)}

f(t) = 2π h k Σ^{∞ ϕ (kh) e− ikht − e}d = 2π h + π h k=1Σ^{∞ [Re (ϕ kh kht + Im (ϕ kh kht] − e}d

where

e_d ≡ e_d (t) =

k ≠ 0

k Σ^{∞ f}^{t +}_h^{2πk}^{(5.6)}

(5.5) (4.1)

integral (3.1),_d in (5.6)

ϕ ϕ_p ϕ ϕ f h)

ϕ_p (u) =

k Σ^{∞ ϕ (u + kh) . (5.7)}

ϕ_p ϕ_p (u) ≡

k Σ^{∞ ϕ (u + kh) =}_h^{2π}_k Σ^{∞ f kπ )ei2kπ}

h = 2λ π ) f kπ k^{th} ϕ_p ϕ_p f(t + y),

k Σ^{∞ ϕ (u + kh)e− it(u + kh) =}_h^{2π}_k Σ^{∞ f}_h^{2kπ + t}^{ei 2kπ}

Setting u = ϕ

m ϕ (u) = − )^{− 1} ϕ(u) = + m^2 u^2 )^{− 1/2}

f(t + 2π ) = k (let f t + π ) − a_k, t + π ) + a_k], k ≥ a_k and

k=1Σ^{∞ 2a} k^=

f f f_p

g

[g(t +) + g(t − /2 Remark

important

c constant c is c^{− 1} ∫_π^∞ x^{− 1} sin = /π ∼ .

t g t.

(a) If

k=1Σ^{∞ (}^{Re(ϕ kh)}^+ ^{Im(ϕ kh)}^)

(b) (ϕ kh) (ϕ kh) = 2π

F

assuming F − ) = t = x = t

F(t) − F(− t) = π h k Σ^{∞ Re(ϕ kh)}_{kh}^{sin kht − e}d = π ht + π 2h k=1Σ^{∞ Re(ϕ kh)}_{kh}^{sin kht − e}d

where e_d ≡ e_d (t) =

k ≠ 0 k Σ^∞ F h 2kπ + t − F h 2kπ − t . (5.11)

F(t) − F(− t F(t) − F(− t) + e_d (t π

F − ) = < t F(t) = F(t) − F(− t

0 ≤ e_d = k=1Σ^∞ F h 2kπ + t − F h 2kπ − t ≤ F^c h 2π − t

where F^c (t) = 1 − F(t).

F(t) + e_d (t π F(t

than f_p (t f(t

F^c (t t

F_p^c (t) = F^c (t) −

k=1Σ^{∞ F c}_h^{2kπ − t}^+_{k=1}Σ^{∞ F c}_h^{2kπ + t}^.

F_p^c (t t ∈ π k

F_p^c kπ k+ π

(F_p^c (kπ + t F_p^c k+ π − t k.

Since F

f_x(y F

F F ky for k h π y , π

F(t h e_d ≥ F(t_d c π ) − t

error ε is h = 2π/(t +u_ε )_ε F^c (u_ε ) ≤ t ≤ u_ε . (5.13) F for t π t in u_ε and h_ε.

F^c (t) ≤ e^t, t ≥ e_d (F, t, h) ≤ e^{μt}e^{− 2} e_d e^{− 2} e_d h^2.

h y F(t)

by F(t − y F −

F(− t

e_d ≤ F(t − π + F^c π ) − t

e^{iuy}

F(t) − F(t − y) = 2π 1 ∫^∞ ϕ (u)_{iu}^{eiuy − 1} e^{− iut} du = 2π h k Σ^{∞ ϕ (kh)}_{ikh}

e^{ikh(y− t)} − e^{− ikht} − e_d

= 2π hg + π h k=1Σ^{∞ g(kh) − e}d

where g = y,

g(u) = u Re(ϕ u) u (y− t) + sin ut] + u Im(ϕ u) u (y− t) − cos ut

and e_d ≡ e_d (t) = k=1Σ^∞ F h 2kπ + t − F h 2kπ + t − y

+ k=1Σ^∞ F h − 2kπ + t − F h − 2kπ + t − y

. (5.16)

If y ≤ 2π e_d

e_d ≤ F^c h 2π + t − y + F h − 2π + t . (5.17)

y = 2t.

F(t ε

given t l_ε and u_ε F(l_ε ) / F^c (u_ε ) / t ≤ l_ε

F(t) ∼ t ≥ u_ε F(t) ∼ l_ε < t < u_ε t

y = t − l_ε and h = u_ε − l_ε 2π

y < u_ε − l_ε = 2π , t − y = l_ε , h 2π + t − y = u_ε , h − 2π + t < l_ε ,

(5.19) F(t − y) / e_d /2 .

Hence,

F(t) − 2 hg + h k=1Σ^{∞ g(kh)} ≤ F(t − y e_d } /

for g F(t ε ε/ N

h k=N+1Σ ∞ g(kh)

/2 . (5.21)

Remarks F(t t with l_ε ≤ b ≤ t ≤ c ≤ u_ε

y = c − l_ε and h = (u_ε − l_ε ) + (c − b) 2π

y ≤ u_ε − l_ε ≤ h 2π , t − y ≤ c − y = l_ε ,

h 2π + t − y = u_ε + t − b ≥ u_ε and h − 2π + t ≤ l_ε . (5.23)

F(t

f f f f f fd (t) = e^{− at} f(t)

ϕ_d (u) = ∫ ∞ e^{iut} f_d (t) dt = 0 ∫^∞ e^{iut} e^{− at} f(t) dt (u + ia) .

If f_d ϕ_d (u f_d (t f_{da} (t f(t) ∼ e^{at} f_{da} (t

e^{− at}f(t

e^{− at}f(t h

k=0Σ^{∞ e− a k+ t f k+ t) =}_{2t}^1_k Σ^{∞ (− kϕ (ia +}_t^{kπ )} = 2t 1 k Σ^{∞ (− kf̂}^{a −}_t^{kπi}^{. (5.25)}

Letting a = 2t

k=0Σ^{∞ e− kAf k + t) =}_{2t}^{e 2}_k Σ^{∞ (− kf̂}_{2t}^{A − 2kπi}^{. (5.26)}

Since f̂(s) + f̂(s _ ) = 2Re( f̂ s

f(t) = 2t e^2 Re( f̂ 2t A ) + t e^2

k=1Σ^{∞ (− kRe( f̂ )}_{2t}^{A + 2kπi}^{− e}d^{(5.27)}

e_d

e_d ≡ e_d ( f, t, A) =

k=1Σ^{∞ e− kAf k + t) . (5.28)} f(t) ≤ c ed ≤ ce^{− A}/ − e^{− A}) ∼ ce^{− A} f(t) ≤ ct ed ≤_{k=1}Σ ∞ e^{− kA} k + ct ≤ ct − e^{− A})^2 e^{− A} − e^{− 2A}) ∼ ∼ 3cte^{− A} . (5.29)

A e_d A

A 3γ/ − 7 − 8

Im( f̂ Re( f̂

function e^{− at}f(t u 2, h and a = 2t

f(t) +

k=1Σ^{∞ (− ke− kAf k + t) =}_t^{e 2}_{k=1}Σ^{∞ (− kIm( f̂ )}_{2t}^{A + k − πi}

Remark

s) ∼ a − s) a) = 2 a) n Σ^{∞ i(− n /[s − a − i(n − π}

g(u) =

k Σ^{∞ a} k^{eiku and a} n^=_{2π}^1_0∫ 2π g(u)e^{− inu} (5.32)

a_n^p =

k Σ^{∞ a} n +km^{(5.33)} m

b_n^p = m 1 j=0Σ^{m− 1 a}j^{p ei2π} = m 1 j=0Σ^{m− 1}_l Σ^{∞ a} j+lm^{ei2π} = m 1 j Σ^{∞ a} j^{ei2π =}_m^{1 g π ) .}

a_n^p =

k=0Σ^{m− 1 b}k^{p e− i2π} = m 1 k=0Σ^{m− 1 g π )e− i2π ,}

k=1Σ^{m g π )e− m}

ik2πn ______ = m k Σ^{∞ a} n +km^{. (5.34)}

G(z) =

k=0Σ^{∞ p}k^{zk}

a_n = p_n r^n and n < m,

p_n =

mr^n 1 k=1Σ^{m G(re 2π )e m}

− 2πink

− e_d

e_d =

j=1Σ^{∞ p}n +^{r . (5.36)}

{p_n : n ≥

e_d ≤

1 − r^m r^m ∼ ∼ r^m . (5.37)

p_0 p_0 = G n ≥

m = 2n

e^{− 2π} = e^{− ikπ} = (−^k and

p_n =

2nr^n 1 k=1Σ^{2n (− kRe(G(re π − e}d^{, n ≥} = 2nr^n 1 G(r) + (−^nG(− r) + 2

k=1Σ^{n − 1(− kRe(G(re π}^{− e}d^{, n ≥} for

e_d =

j=1Σ^{∞ p} j+ n^{r 2 . (5.39)}

Re(G(z = Re(G(z _ e_d r^{2n} by

setting r = 10^{/2n}.

γ r = 10^{/2n}

γ r r

γ/

− 8 E =

Remarks

k=1Σ^{m ϕ (u +}_m^{kπ )eil(u + m}

kπ )

= 2m

k Σ^{∞ a} 2km+l^{ei2kmu . (5.40)}

u /2m, m = n, l = n and a_n = p_n r^n in

p_n = 2nr^n 1 k=1Σ^{n ϕ k −}_{2n}^{π )e− i k− 2} π ) − e_d

= 2nr^n 1 k=1Σ^{n (− kIm(ϕ k−}_{2n}^{π ) − e}d = 2nr^n 1 k=1Σ^{n (− kIm(G(re i k− π/2n − e}d^{(5.41)}

where e_d =

k=1Σ^{∞ (− kp} k+ n^{r 2kn <}_{k=1}Σ^{∞ r 2kn ∼ r 2n . (5.42)}

Mo .. pk ≤ k

−

n = n = r example p_1 r r when r p_1 = 1 − p_0 = p, < p < G(z) = 1 − p + pz p_1 = [− − p − pr) + − p + pr /2r = < p < p_1 m − k m r = 10^{− k} r = 10^{/2} m /2 or m ≥ 3γ/ n r = 10^{/2n} , r^n = 10^{/2} n Re(G(re ≤ n

J_0 (xt) = π 1 ∫_{− x}^x (x^2 − u^2 )^{− 1⁄2}e^{− itu} du

ϕ (u_1 , u_2 ) = ∫^∞ ∫^∞ e^{i(u1 t1 + u2 t2 )} f(t_1 , t_2 )dt_1 dt_2 (5.44)

and f(t_1 , t_2 ) = 4π^2

1 ∫^∞ ∫^∞ e^{− i(t1 u1 + t2 u2 )} ϕ (u1 , u2 )du1 du2 . (5.45)

f_p (t_1 , t_2

f_p (t_1 , t_2 ) =

j Σ^∞_k Σ^{∞ f}^t1^+_{h1}^{2π j , t}2^+_{h2}^{2πk}^{. (5.46)}

f(t_1 , t_2 ) = 4π^2 h_1 h_2

j Σ^∞_k Σ^{∞ ϕ (−} 1^{, − kh}2^{)e− i( 1 t1 + kh2 t2 ) − e}d^{(5.47)}

where

e_d =

j Σ^∞_k Σ^{∞ f}^t1^+_{h1}^{2π j , t}2^+_{h2}^{2πk}^{. (5.48)}

not j = k = 0

β , then

h k=N+1Σ ∞ β(kh) ≤ Nh ∫^∞ β(u) du ≤ h_{k=N}Σ^∞ β(kh) . (6.1)

γ(u γ(u) β(u

e_t ≡ e_t (γ, h, N) ≡ h k=N+1Σ ∞ γ(kh) ≤ h k=N+1Σ ∞ γ(kh) ≤ h_{k=N+1}Σ ∞ β(kh) . (6.2)

T ∫^∞ β(u) du ε

N = . h T), T

h N T and h^{− 1}.

F

integrand γ(u) = 2 Re ϕ (u ux)/πu, u ≥ sin ut ≤ β(u ε

γ(u) ≤ πu 2Re ϕ (u) (u u ≥ T and T ∫^∞ β(u) du . (6.3)

Re ϕ (u) ≤ ϕ (u) ≤ β(u) = 2/πu integrable. ϕ. ϕ (u) F F ϕ (u) u

F

ϕ (u)

F has n ϕ (u) = o(u^{− n +1} u n ≥

m ϕ (u) = − imu)^{− 1} Re(ϕ (u) = + m^2 u^2 )^{− 1} = O(u^{− 2} u F is E_k order k ϕ (u) = − imu)^{− k} and Re(ϕ u) = O(u^{− (k+} k O(u^{− k} k

γ(u estimate hβ(Nh β β Re(ϕ u)/πu (u u u /π π/2ht) = 1 t t ≥ π/2ht tu h

/π t ≥ 1

e_t ≡ e_t (N, h, t) ∼ hβ(Nh t} = hβ(Nh β(Nh)/t Re(ϕ u)/πu (u u . t F(t t letting t F hβ(Nh t t

Remark

Re (ϕ u nonincreasing

T ∫^∞ 2Re (ϕ u)_{πu}^{tu)} du ≤ πtT 2Re (ϕ T) ∼ ∼ t β(Nh) as T . (6.5)

T and Re (ϕ

T ∫^∞ 2 Re(ϕ u)_{πu}^{tu)} du ∼ π 2 Reϕ (T) T ∫^∞_u^{sin tu} du

because

T ∫^∞_u^{sin tu} du ∼ tT 1 as T . (6.7)

β ;

Let F ϕ F_σ 2 σ^2 and cf ϕ_σ 2 F_s

F_s (t) = ∫ ∞ F(t − y) dF_σ 2 (y) . (6.6)

ϕ s (u) = ϕ (u)ϕ σ^2 (u) ≤ ϕ σ^2 (u)

ϕ s (u) ϕ σ^2 (u) alone, ϕ. F_σ 2

σ^2

ϕ_σ 2 (u) = e^{− u2 σ 2 /2}

nσ where

1 < n <

F_σ 2^c (nσ ) = F_1^c (n) = ≤ 10^{− 15} , , n = 8.

n = 1 (6.8)

F F_s (− t) ∼ t nσ

F_s (t) ∼ F_s (t) − F_s (− x) = π ht + π 2h k=1Σ^{∞ Re(ϕ} s^{kh)}_{kh}^{kht) − e}d^. = π ht + π 2h k=1Σ^{∞ w(k) Re(ϕ kh)}_{kh}^{kht) − e}d

where w(k)_σ 2 (kh) = e^2

2 k^2 h^2

β γs (u) ≡ 2 Re(ϕ_s u) πu sin ut ≤ πu 2 ϕ_σ 2 (u) = πu 2 e^{− 2}

u^2 σ^2

s (u) . (6.10)

(assuming σ T ≥

T ∫^∞ β s (u) du ≤_T∫^∞_{πT}^{2___} e^{− 2}

u^2 σ^2

du ≤ /π)^{1/2} F_σ − 2^c (T) = /π)^{1/2} F_1^c (σ T)

≤ T 2e^{− 2}

σ^2 T^2

≤ e^{− 2}

σ^2 T^2

. (6.11)

ε F_s F

e^{− 2}

σ^2 T^2

or T = σ − ε

e^{− 1/2} ≤ σ T ≥

Hence, T σ^{− 1} T σ^{− 1} σ^{− 1} as ε

10^{− 2 − 8} σ

F

F_s (t) ∼ F_s (t) − F_s (t − y) = 2π hy + π h k=1Σ^{∞ g}s^{(kh) − e}d

where gs (u) = πu Re (ϕ_s u) u(y− t) + sin ut] + πu Im (ϕ_s u) u(y− t) − ]

≤ πu 2 (Re ϕ_s (u) + Im ϕ_s (u)) ≤ πu 4 ϕ s (u)

≤ πu 4 ϕ σ^2 (u) = πu 4e^{− 2}

u^2 σ^2

s (u) . (6.14)

β_s T = − ε/ /σ .

Remarks T σ h F_s F_s F because F_s h is

F_a (t) ∼ F(t ) ∼ F(t) ± f(t)σ where f(t t f(t)σ F r(t) = f(t)^c (t t σ F^c (t) r(t)σ r(t) ∼ m_1^{− 1} where m_1 of F t F^c (t)σ_1.

h σ N

F_a F by

F(t_1 )_2 ≤ F_a (t) ≤ F(t_1 )_2 (6.16)

t, ε_1 , ε_2, u_ε and l_ε F(l_ε )_2 / F^c (u_ε )_2 /

ε_1 and ε_2

h = u_ε − l_ε + 2ε_1 2π , /ε_2 ) ε_1

T = Nh = σ /ε_2 ) = ε_1

/ε_2 ) ___________ . (6.18)

w(k, N) ≡ w(k)_σ 2 (kh) = e^2

2 k^2 h^2 = 2 ε_2 N k 2 ≤ k ≤ N

with w(k, N) = k > N h, ε_1 and σ

through ε_2 and N h

T ε_2 and σ

deviation σ

ε_1 replacing σ h and N can F(t t

s_n (t n ≥ f_p (t f_p (t f_p

n σ_n (t f_p (t n σ_n (t s_n (t f_p (t σ_n (t w(k, n) = 0 (n − k) , , k > n ,

1 ≤ k ≤ n (6.20)

f_σ 2 (t) = − cos Nht)/πNht^2 , t

w(k, n) = w(− k, n k

approximation s_n (t

w(k, n) = 0 1 , , k > n ,

1 ≤ k ≤ n (6.22)

nht)/πt not Remark s_n (t σ_n (t

f_p,

i.e., s_n (t) = π h ∫^π fp (t + u) sin n + 2 1 uh du (6.23) σ_n (t) = π n h ∫^π fp (t + u)_{2 (}^{sin2 (} du . σ_n (t s_n (t approximation, σ_n (t σ_n (t)

f_p (t) = 1 − cos t, s_n (t n ≥ σ_n = n^{− 1}; s_n to f_p f_p s_n and f_p + log n f_p approximating n

n^{th} τ_n (t 2 n n σ_n (t τ_n (t) = 2 σ_n (t)_2 (t) . (6.24)

w(k, n) = 0 n − k) 1 , , , k > 2 + 1 ≤ k ≤ n

1 ≤ k ≤ 2 (6.25)

f_p and τ_n between f_p s_n (t

−^k

m m and p = 1/ m n n and m

E(t, m, n) =

k=0Σ^m_k^m^{2− ms}n +k^{(t}

where s_n (t) ≡

k=0Σ^{n (− k a} k^{(t nth}

(−^ka_k(t

w(k, m, n) =

j=0Σ^l_j^m^{2− m ,} 1 k = n + m − l ,

1 ≤ k ≤ n , 0 ≤ l ≤ m −

(6.27)

m s_n (t s_{n +1} (t s_{n +m− 1} (t m − m −

Δ {a_n : n ≥ Δa_n = a_{n +1} − a_n Δ^k k

k^{th} −^ka_k for a_k ≥

E(t, m, n) = s_n (t) + (−^{n +1}

k=0Σ^{m− 1 (− k2− (k+ Δka} n +1^{(t) . (6.28)}

s_n =

k=0Σ^{n (− ka} k^a k^{≥ a} k+1^≥

k s_n → s_∞ as n , s_{2n +1} ≤ s_∞ ≤ s_{2n} (6.29) Δa_n = a_{n +1} − a_n n sn − s∞ ≤ 2 a_n

Let E(m, n a_n

(−^mΔ^ma_{n +k} =

j=0Σ^{m (− j}_j^m^a n +k+j^{(6.31)}

= 2^mE(m, n + k − − E(m− n + k − .

−^mΔ^ma_{n +k} kfor k ≥

E(m, n) − s∞ ≤ 2^m

Δ^ma_{n +1} = E(m, n) − E(m − n)

a_k ≡ Re( f̂ A + 2kπi)/2t k

−^mΔ^ma_{n +k} be

k

that

Re( f̂ u + iv) = ∫_0^∞ cos^{− ut}f(t) (6.33)

f(t g(t) ≡ e^{− ut}f(t).

g(∞ ) = g′(∞ ) = f(∞ ) = f′(∞ ) =

Re( f̂ u + iv) = v^2 u − f′ − v^2

1 ∫_0^∞ cos (t) (6.34)

g (t

Re( f̂ u + iv) = v^2 u − f′ + o v^2 1 as v . (6.35)

o(v^{− 2} o(v^{− 3}

O(v^{− 4}

Re( f̂ u + iv u > f′ [u − f′^2

u > f(t) = F^c (t u > f′

Remark x,

F̂^c (s) = s 1 − e^{− sx}

Re(F̂^c u + iv) = u^2 + v^2 u − e^{− ux}cos vx) + v sin vx (6.37) and

Im(F̂^c u + iv) = u^2 + v^2 u sin vx − v − e^{− ux} cos vx) . (6.38)

u v_0 Re(F̂^c u + iv v > v_0 nonnegative n, Im(F̂^c u + iv v Im(F̂^c u + iv v v vx

all

k=1Σ^{∞ (− k kx)2 =}_2^{/cos x)}

for x / x E(x^{− 9 − 3 − 1} for x = x = s_{41}^{− 2} E(t, m, n) − E(t, m − n) and

E(t, m, n + − E(t, m, n) =

k=0Σ^{m 2− m}_k^m^a n +k+1^{(t)}^{(6.39)}

as estimates

Remark t Re( f̂ n t n(t t

−^k

e^{− A} A A =^{− 7} γ/

− 7 − 8

m = F F̂^c (s) ≡ ∫_0^∞ e^{− st}F^c (t)dt F^c (t) = 1 − F(t n^{− 1}

n + m n E(t, m, n) − E(t, m, n +

n n n

SU and C m SU(k s_n (t C(k t A n A A = 10^{− 7} n E(t, m, n) − E(t, m, n + n = 15 − − 7 n =

s_n (t

Gs ≡ f̂(s) = + 2s)^{1/2}

W(t) = 1 F(t F(t F^c (t) ≡ 1 − F(t

Fs ≡ F̂^c (s) ≡ ∫_0^∞ e^{− st}F^c (t)dt = s Ĝ_e (s

1 − Ĝ_e (s)

where Ĝ_e (s) = − Ĝ(s /τ s s_n (t E(t, m, n E(t, m, n + m = 11 and n = E(t, m, n) − E(t, m, n + is

of t F^c (t

F t ε F F

h N h and N can h and N estimates

F^c (t t ; α (t F^c (t) (t t (F^c (t)/α (t) → F^c (t t F^c (t

α v_{ε/2} α (v_{ε/2} ) /

e_d ≤ F^c h 2π − t ∼ α h 2π − t . (7.2)

ε/ π ) − t = v_{ε/2} h ∼ 2π/(v_{ε/2} + t F(t t π t h ∼ π_{ε/2}. N given h γ(u β and ξ γ(u) (u β(u) (u u T_{ε/2} hξ(T_{ε/2} ξ(T_{ε/2} )/t} /2 N ∼ T_{ε/2} h^{− 1}.

h and N 4, 2, N, 2N N h h, N h N h N (h, N N N ε

− 14 and N ≤ 106

− 8

Re(ϕ kh kht) ≤ 1 m m m − log_{10} N accuracy.)

h bounded by ε/2 F^c and α F^c (t) (t t ≥ t_0 t_0

T_{ε/2}

T_{ε/2}

∫^∞ β(u)du /

conservative. T_{ε/2}

ε_1

ε_1

f̂(s) = ∫_0^∞ e^{− st}f(t)dt with f f_n (t) → f(t n

f_n (t) = n! (−^n ______ t n +1 n +1

f̂^{(n)} n +

and f̂^{(n)} n^{th} f̂. f_n (t f(t

f_n (t) = E[ f(X_{n,t} X_{n,t} ∞ mean t (n + X_{n,t} n t E[ f(X_{n,t} → f(t n f t (and other f

methods.

Δf̂(nα ) = f̂ n + α ) − f̂(nα Δ^k (Δ^{k− 1} ),

(−^n Δ^nf̂(nα ) =

k=0Σ^{n (− k}_k^n^{f̂ n + k)α ) . (8.2)}

If f t f(t) =_nlim f̃_n (t

where

f̃_n (t) = (−^n t ln2 n n − n Δ_nf̂(n ) . (8.3)

Proof. X_n n and n + X_n g_{Xn} (y) =

(n − n! n y^{n − 1} − y)^n ≤ y ≤

X_n is n + X_n is n(n + / n +^2 n + X_n →^p 1/ n →^p − 1 ln X_n →^p /α as n^{− 1} ln X_n

g_n (y)

(n − n! n (e^y)^n − e^y)^n , y ≥ 0 .

Then E[h( ln X_n → h /α h t. Since

E[ f( ln X_n = (n − n!

α n (−_n Δ_nf̂(nα

. f̂ are k f̃_n (t n

k=1Σ^{n w(k, n) f̃}k^{(t f̃}n^{(t f(t}

f̃_k(t) − f(t) ∼

j=1Σ^{∞ c}j^{(t)k− j . (8.4)}

2f̃_{2n} (t) − f̃_{n(t)} f̃_{2n} (t

2f̃_{2n} (t) − f̃_n (t) ∼

k=2Σ^{∞ c}k^{(t)n− k . (8.5)}

Let f̃_n (t

f_n^∗ (t) =

k=1Σ^{n w(k, n) f̃}k^{(t} for

w(k, n) = (−^{n − k} k n − k k^n . (8.7)

Then

f_n^∗ (t) − f(t) = o(n^{− k} n

Proof.

k=1Σ^{n (− n − k}_k^n_{n!}^{km =} 1 0 , m = n ;

, m = n −

f_n^∗ (t) − f(t) = (−^{n +1} n! c_n (t) _____ +

j=1Σ^∞_{n!}^{cn +j (t)}_{k=1}Σ^{n (− n − k}_k^n^{k− j . (8.8)}

w(k, n f̃_n (t

f̃_n (t f̃_m(t, j) = + j m ) f̃_m(t, j − − j m f̃_{m+1} (t, j −

with f̃_m(t = mα f̂(mα ≤ m ≤ 2n f̃_n (t) = f̃_n (t, n).

n =

n n n n as n

/

n n n =

f̃_m(t ≤ m ≤ n =

f_n (t f(t f(t f_n (t

coefficients f_n (t

G(z) ≡ n =0Σ ∞ f_n (t)z^n = t (n + f̂ t n +1 − z)

f̂

f̂ t n +1 − z = n =0Σ ∞ n! (−^nf̂^{(n)} n + )z^n . (8.11)

n + before z inside f̂.

f_n (t) = t n +1

2πr^n

1 ∫_0^{2π} f^^_t^{n +1} − re^{iu} )e^{− inu} (8.12)

f_n (t) =

tmr^n n +1

k=1Σ^{m f̂}_t^{n +1}1 − re^{ikh}^{e− inkh − e}d

where h = 2π and

e_d =

j=1Σ^{∞ f}n +^{t +}_{n +1}^r

computing f_n (t f(t f_n (t f_n (t f(t n^{− 1}).

σ -

m = 2n

f_n (t) =

2tnr^n n +1

k=1Σ^{2n (− kRe( f̂ )}_t^{n +1}1 − re^π^{− e}d = 2tnr^n n + 1 {

f̂ n + − r) ) + (−^nf̂ n + + r) )

+ 2 k=1Σ^{n − 1 (− kRe( f̂ )}_t^{n +1 − re π )}}^{− e}d^{. (8.15)}

fn (t) ≤ ed ∼ r^{2n} r = 10^{/2n} f(t

f(t) ∼ k=1Σ^{m w(k, m) f (t}

where w(k, m n = in f_n (t n n is f_n (t f(t f̃_n (t because f̃_n (t f_n (t

m = j = − 8

Remark n r = 1 − ( 2n n

W(t) = ) F(t ϕ cdf F ϕ (u) = )ψ_e (u)/_e (u ψ_e (u) = (ψ (u) − /τ iu with ψ (u S(t τ ψ_e

F̂^c (s) ≡ ∫_0^∞ e^{− st}F^c (t)dt of F^c (t) ≡ 1 − F(t (is ≡ − f̂(s where f̂ F(t f(t F(t

ψ.

H_2

H_2

S^c (t) = pe^{1 t} + − p)e^{2 t}, t ≥

p = 2/3, μ_1 = μ_2 = 1/ S are s_1 = 1, s_2 = 3,

s_3 = 33/

ψ (u) = 3 2 − iu)^{− 1} + 3 1 − 2iu)^{− 1} = − iu − 2iu)

2 − 3iu . (9.1)

F are

ψ_e (u) = − iu − 2iu)

− iu) and ϕ (u) = 2u^2 + + 4θ)iu − 4θ

4θ (iu −

where )/2.

c (a )

F^c (t) = qe^{1 x} + − q)e^{2 x}, x ≥

where

q = 2 1 1 − 1 − 8 /9 1 − 4θ/3 (9.4)

η_2^{− 1} = 2 1 + 8θ 3 1 + 1 − 8 /9 and η_1^{− 1} = 1 + 4θ 3_{2− 1} .

Remark F is H_2 when S is H_2 F S ϕ q = η_1^{− 1} = η_2^{− 1} = m_1 = m_2 = calculate F^c (t ≤ t ≤

parameter m = A = n =

− 7 A = n =^{− 8}

n = − 8 with n = n r = 10^{− 7/2n}, m = j = − 8 m = j = m = j = F

h T

estimate h − k F^c (y y

F^c (y) ∼ − q) e^{2 y} = e^{− y} as y

h^{− 1} ∼ 2π 1 30 + − − k/ = k = 5 . (9.6) h bound^{− k} F

m_1 ≡ 0 ∫^∞ xdF(t) =_)^3 and m2 ≡_0∫^∞ x^2 dF(t) =_)^{11} +_{)2}^{9ρ} . (9.7)

F^c (t) ≤ t m_1

and F^c (m_1 + t) ≤ t^2 m_2 − m_1^2

− k,

F^c π ) − t) = 10^{− k} for t ≤

h 1 ≤ 2π 1 30 +

10^{− k} m_1 = k =

and

h 1 ≤ 2π 1 m_1 + 30 + 10^{− k} m_2 − m_1^2 1/2 = 2π 2036 = k =

respectively.

F is H_2

F^c (t) ≤ e^{− t} , t ≥ 0 . (9.11)

H_2 h 1 ≤ 2π 1 30 + − − k) = k =

An estimate for h F

h 1 ∼ ∼ 2π 1 30 + − − k) = k =

Re(ϕ

Re (ϕ u) = u^2 − 4θ)^2 + + 4θ)^2 u^2

4θ + 4θ)u^2 + 4θ] . (9.14)

Re(ϕ u u

β(u γ(u

γ(u) ≤ πu 2 Re(ϕ u) __________ =

πu u^2 − 4θ)^2 + + 4θ)^2 u^2 ]

8θ + 4θ)u^2 + 4θ] = π u^5 + 41u^3 + u)

6u^2 + 2

≤ π 8u^3

3 (u u ≥ 1 . (9.15)

Remark m, Re(ϕ u) = 1/ + [mu]^2

Re(ϕ u

whenever ϕ F

Re(ϕ u) = O(u^{− 2}

F^c (t

since

Re(F̂^c u + iv) = m + mu)/ + mu)^2 + m^2 v^2 ) when F m, Re(F̂^c u + iv v when u ≥ F

estimate T = Nh^{− k} t F (i.e., t = /t = 1/6 > h for k >

hβ(T β(T)/t} (T)/t = 16π T^3 1 = 10^{− k} (9.16)

and T ∼^k/16π)^{1/3} = k = estimate N = Th^{− 1} = = k = 5. bound

T ∫^∞ β(u) du =_{16π T2}^3 = 10^{− k} and T =_{16π 10− k}^3 1/2 = k = 5 . (9.17)

bound × 10^{− k} obtain h^{− 1} = T = N = = k = N = k = 5.

h^{− 1} T = Nh N^{− k} k

F^c (t t

− 8 for t ≥ t < 1. × 10^{− k} for k = t = t = T N t = t = N 6^{1/3} = − k × 10^{− k}.

t × 10^{− k} × 10^{− k} t F^c (t t =

cdf F σ^2

σ^2 f(t)σ f(t F at t density f(t t = t = 2 × 10^{− k}, σ × 10^{− k} for t = × 10^{− k} for t = T k when t = t = k = for k = k = N h k = k = k = 7.

T = /ε_2 )/ε_1 f(t)ε_1 ∼ ε_2 if ε_1 ε_2 T ∼ 2f(t /ε_2 )/ε_2, k = x = 1, T ∼ N ∼ ε_1 and ε_2 ε_1 ε_2 ε_1 ε_2 f(t)ε_1 than ε_2. Γ_{1/2}

s(t) = 2π t^3 e^{− 2}

, t ≥

s_1 = 1, s_2 = s_3 = ψ (u) = − 2iu)^{− 1/2}

ϕ F (again W(t) = 1 F(t ϕ (u) =

− ( iu − 2iu]^{1/2}

− 2iu]^{1/2} −

where

− 2iu)^{1/2} = X(C + iS X = + 4u^2 )^{1/4} , (9.20) C = θ/ S = θ/ − 2u) .

ϕ

F^c (t) = Ae^{t − 1} Φ^c ( t ) − Ae^t Φ^c + 8ρ ]^{1/2} −

− Be^{ηt} Φ^c + 8ρ ]^{1/2} +

where Φ^c (t

A = 1 − 1 + 8ρ + 2 1 + 8ρ )

) , B = A + ρ 1 − 2ρ _______

4 1 + 8 and 2 2 1 . (9.22)

F^c (t ϕ (u − 7 with n = A =^{− 8} with n = A =

− 8 with n =

− 8 with m = 6

and j =

estimate

F^c (t F̂^c (s) = N(s) (s),

where

N(s) = s^{− 1} + (s − + 2s)^{1/2} ] (9.23) D(s) (s + 2s)^{1/2} .

F̂^c (s s for δ

F^c (t) ∼ Ae^t as t (9.24)

where A

A =_s s )F̂^c (s) = D′( )

N( ) (9.25)

and D( ) =

F^c (t) ∼ e^{− t} as t . (9.26)

F(t t <

− k is

h 1 ∼ ∼ 2π 1 30 + − − k/

k = bound F F^c (t) ≤ e^{− t}.

Re(ϕ u) = A(u)^2 + B(u)^2

) A(u)

where

A(u) = 1 − 2 XC and B(u) = 2u + XS (9.29) with X, C and S Re(ϕ u − 2u) / u , S → / 1/ C → / = 1/ u Re(ϕ u) ∼ )/2u^{3/2} 1/8u^{3/2} when t ≤ h^{− 1 − k}

T = Nh ∼ 4 π 10^k 2/5

k =

F^c (t

Φ^c (t 2

Re(F̂^c a + iu u

which Re(F̂^c a + iu not u

E_2 a ψ (u) = iau e^{iua} − 1 = iau cos ua + i sin ua − 1

ψ_e (a + iu Re(F̂^c a + iu Re(F̂^c a + iu u. E_k ψ (a + iu ψ_e (a + iu Re(F̂^c a + iu arctan (u) / u Re(F̂^c a + iu u E_k E_k service-time

− 7 A = n E_2 − 4 for N = m = 6, j = E − 7 − 10^{− 8} E_2^{− 5} − 10^{− 6}

F^c (t

R(t

F(t) = ER(∞ )

E(R(t) R = , x ≥

ϕ (u) = 0 ∫^∞ e^{iut} dF(t) =_{1 + − 2iu)1/2}^2 =_{iu}^{1 − − 2iu)1/2} F f t → t

/ / F^c f

F(t n = A = n = (with m = j =^{− 7}

F

F^c (t s 1/

F^c (t) ∼ √π t^3 2e^{− 2} as t . (10.3)

for F^c

F^c (t) ∼ e^{− t} , t ≥ 0 . (10.4)

F c (t) ≤ e^{− 2} , t ≥ 0.

Since F^c ∼ F^c (t < t < F^c ∼ × 10^{− 4} ∼ 10^{− 3} and F^c ∼ × 10^{− 6} ∼ 10^{− 5} obtain estimates h^{− 1} /2π ∼ /2π ∼

− 5 − 3.

Re(ϕ u) = u − Im ( 1 − 2iu ) = u − + 4u^2 )^{1/4} θ/ ∼ u 1 as u (10.5)

where − 2u estimated

T = Nh ∼ π t k) 2/3 (10.6)

t = t = k = N using h^{− 1} = t = t =

h^{− 1} = N = N = t =^{− 5} N = t = 1 (t = × 10^{− 5} × 10^{− 5}

bound u ≥ β(u) = 3/πu^{3/2 − k} T = Nh ≤^k)/π]^2 for large k k = 5.

− 5, h^{− 1} = N =

ε_1 /ε_2 = (ε_1 =^{− 5}

bounds ε_2 = 10^{− 5} and ε_1 = 100 h^{− 1} = 182 and N. − 5 ε_2 = 10^{− 5} ε_1 = N = ε_1 = N =

h^{− 1} and N N = w(kh)_2^{( )2} for ε_2 = 10^{− 5} and N =

/ / π w(kh) = + kπ /2 . (10.7)

/2Nh

N = N =

F(n ρ

ϕ (u) = √4 1 − 1 − 4 βe^{iu} for / )^2 . (11.1)

p_n ≡ F(n) − F(n − = n 1 n − 1 2n − 2 ρ^{n − 1} )^{− 2n +1} , n ≥ 1 . (11.2)

)^{− 1 2} )^{− 3}

− 8)

ϕ̃ (u) = iu 1 − e^{− iu} ϕ (u

−

− 4

ε_1 =

Re(ϕ u

case. If ϕ

ϕ (u) =

j=1Π^{n − ium}j^{)− kj (12.1)}

m_j

Re(ϕ u) =

j=1Π^{n + (m}j^{u)2 )kj /2} cos j=1Σ^{n k}j^ξj

(12.2)

for ξ_j = arctan (m_j u

Re(ϕ u) ≤ j=1Π^{n m}j^u − 1 . (12.3)

n = u

Re(ϕ u) ∼ (m_1 u)^{k1} 1 (m_1 u)^{k1 +1} k_1

for k_1 even .

for k_1 odd (12.4)

Proof. − ium_k) = r_ke^{iξk} = r_k ξ_k + i sin ξ_k where

r_k = 1 + (m_ku)^2 and ξ_k = arctan (− m_ku

Re − ium_k)^{− 1} ] = r_k^{− 1} cos ξ_k (12.7) for r_k and ξ_k + x^2 )^{1/2} ≥ x arctan (u) / u , cosk_1 ξ_1 → k_1 even and cosk_1 ξ_1 → k_1 u cosk1 ξ1 ∼ k1 1 u ∼ k1 1 as u

E_{100}^{− 12}

− 7. − 7 − 10^{− 8} with m = 8, j = E =

n n =

j=1Σ^{n k}j^mj_{j=1}Σ^{n k}j^mj^2

χ^2

Let H(t t F(t F =

H(t) = n =1Σ ∞ F (t t ≥

where F^{n∗} (t n F(t F^{0∗} (t) ≡ f̂(s F(t f̂(s) = ∫_0^∞ e^{− st}dF(t f(t F(t F(t H(t

Ĥ(s) = ∫_0^∞ e^{− st}H(t)dt = s − f̂(s f̂(s)

f̂(s H(t Ĥ(s

H(t apply

t lim H(t) − m t = 2 (c^2 − ________

where m F(t c^2

M(t) ∼ + (c^2 − /

ed ∼ 2 (c^2 − ________ + m 3t e^{− A}

A A.) E_3 mean m

H(t) = m t − 3 1 + 3 3 1 e^{− 9 2m} 3 2m) + 3 2m . (13.5)

− 8 A − 8 = )e^{− A}.)

h F(t h F( . h T = ( . F

F Whenever F Re ϕ (u) u

h

F − 6 6 /2.

h^{− 1} = 10^6 and t = 1.

Re(ϕ u) = + 10^{12} u^2 ) 1 + + 10^{− 12} u^2 ) 1 ∼ ∼ + 10^{− 12} u^2 ) 1

h^{− 1} = 10^6, t =

N = 10^8 t =

N = 10^8.

− 12 − 6 6

t t

t^6 x > h^{− 1} hβ(Nh β(Nh) .

Since e^{− 8} = × 10^{− 4} × 10^{− 4} π − x = 8 × 10^6 t ≤ 8 × 10^6 h^{− 1} = × 10^6. × 10^6 < t < 8 × 10^6 hβ(Nh) ∼ 1/πN N = × 10^{− 4} × 10^{− 4} t^6.

t = 6. − 1 arbitrarily

h^{− 1} > + t)/2π t ≤ h^{− 1} = 7/π.

t > 7/π is hβ(Nh) = 2/πN t = h^{− 1} = 7/π N: N = N = for t^5

ε_2 = 2 × 10^{− 5}, h^{− 1} = 7/π and N × 10^{− 5} t − 6_1 ε_1 = /ε_2 ) ∼ 67 and_1 / /ε_2 ) ∼ ε_1 / ∼ w(k, N) =^{− 5} )^{( )2} t =

− 4 at t =^{− 7} graphics.

e^{− at}f(t

± r t^{− 1} sin t

− 7

implicitly .

applications. Acknowledgments.

++ programs

References

functions,

origin,

Queueing Systems

(National

BIT

BIT

IEEE Transactions

transform,

12

Fourier-series,

approximation,

Biometrika 417. χ^2 29

87

20

633-659.

In formula,

method,

problems, Biometrika

Transform.

processes,

Commun.

J.

54-A64

optics,

11

Bell

648.

Prob.

Fourier-series,

1977).

transforms,

J.

352-356.

z problem,

(Academic,

applications,

.

integrands,

BIT 102.

analysis,

596-607.

449-461.

method, 13

(Wiley,

(Wiley,

R.A.I.R.O.

J. ACM.

CONTENTS 4 8 11 15 20 38 55 60 67 78 82 83 86 87 91

N Discretization h^{− 1} Truncation T = Nh ε Standard

Error ε t = 10^{− 2} 10^{− 3} 10^{− 4} 10^{− 5} 10^{− 6} 10^{− 7} 10^{− 8}

h^{− 1} T = Nh − k × 10^{− k} k H_2

2 × 10^{− 7} 2 × 10^{− 5} 2 × 10^{− 3} h^{− 1} = h^{− 1} = h^{− 1} = F^c (t t = 1 t = 6 t = 1 t = 6 t = 1 t = 6 t N = 2238 N = 1232 N = 375 N = 206 N = 58 N = 32

− 6 +34 +1 +26 +1 +3 +3 +2 +3 − 15 +2 +6 − 2 − 7 +10 +4 +1 − 2 − 1 +5 − 1 − 2 − 1 +4 − 1 +3 − 2 − 2 +3 +1 − 1 +1 +1 +1 − 1 +1 +1

− 1 +1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1

2 F^c (t_k × 10^{− k}

2 × 10^{− 7} 2 × 10^{− 5} 2 × 10^{− 3} h^{− 1} = h^{− 1} = h^{− 1} = F^c (t t = 1 t = 6 t = 1 t = 6 t = 1 t = 6 t N = 4729 N = 2309 N = 585 N = 285 N = 66 N = 32 − +14 +2 +4 + +3 +1 +4 +8 + +2 +1 + + + +1

+1 +1 +1 +1 +1

Γ_{1/2} F^c (t k × 10^{− k}

N = 2000 N = 500 h^{− 1} = h^{− 1} =

F^c (t t +60 +13 +391 +1277 +197 +18 +10 +2 +19 +168 +36 +4 + +70 +15 +6 +3 + +38 +8 +6 +1 +1 +19 +4 +22 +8 +2 + +4 +1 +1 +1 +12 +1

+

F^c (t 5

N = 5000 N = 100 N = 16

A = t

0.01 + 0.1 +3 +138

3.0 +2 +111 − 710 +1 + +51 − 5.9 +23 + − 5.99 + 5.999 +

+ +1787 + 6.3 +25 +1338 + 6.5 + +13 + 6.7 +26 + − 971 +3765 7.0 − 534 +4179 7.5 +25 + − 183 +6408

t =^5 x^4 h^{− 1} = 7/π.

Appendices

to

by γ

0 ∫^∞ γ(u) du = h_2^γ +_{k=1}Σ^∞ γ(kh) − 2_{k=1}Σ^∞ g_h^{2πk}

where

g(t) = 0 ∫^∞ γ(u (A-2)

2 1 − F(t) = 0 ∫^∞ γ(u) du (A-3)

with

γ(u) = (ϕ u) − sin (ϕ u /πu because γ

x cos y = x− y) + x+y x cos y = x+y) + x− y

e_d 2 k=1Σ^{∞ g}_h^{2πk}^{= 2}_{k=1}Σ^∞ 1 − F t + h 2πk − F t − h 2πk

= 2 k=1Σ^{∞ F c}^{t +}_h^{2πk}^{− 2}_{k=1}Σ^{∞ F}^{t −}_h^{2πk}^{. (A-6)}

F(t) ≤ ae^{− bt} for t ≤ t_1 ≤ F^c (t) ≤ ce^{− dt} for t ≥ t_2 ≥ then ed ≤ max 1 − e^{− b2π} 2ae^{− b(t + 2π )} , 1 − e^{− d2π}

2ce^{− d(t + 2π )} (A-8)

t − 2π ≤ t_1 and t + 2π ≥ t_2.

N = 5000 N = 100 N = m = 11 m = j = 20 N = 16

A = 7 A = t

0.01 +

0.1 +3 +138

+1

3.0 +2 +111 − 710

+1 +48 +86 −

+51 − 483 − 371 +

5.9 +23 + − 3773 −

5.99 +

5.999 +

+

6.1 − 24 − +1787 +3520 +

6.3 +25 +1338 + − 2247 +

6.5 +25 − 1273 +13 +1146 +1258 −

6.7 +26 +1267 − 5 − 971 − 1057 − 4928 +3765

7.0 − 534 − 666 +1343 +4179

7.5 +25 +1273 − 13 − 183 − 339 +554 +6408

t =^5 x^4 h^{− 1} = 7/π.

=1:C(2)=11:C(3)=55:C(4)=165:C(5)=330:C(6)=462 =1:C(11)=11:C(10)=55:C(9)=165:C(8)=330:C(7)=462

=";T

=19,1 =15 =exp(A/2)/T =A/(2*T) =#pi/T

=fnRf(X,0)/2 = =N*H +=(− 1)^N*fnRf(X,Y):next

=Sum = =Ntr+K:Y=N*H +1)=SU(K)+(− 1)^N*fnRf(X,Y):next

=0:Avgsu1=0 = +=C(J)*SU(J) +=C(J)*SU(J+1):next =U*Avgsu/2048:Fun1=U*Avgsu1/2048

=abs(Fun-Fun1)/2

=";T,"FUNCTION=";using(2.7),Fun1

=";using(1,7),Errt

=X+#i*Y =0.75:Mean=1 =1/sqrt(1+2*S) =(1− Gs)/(Mean*S) =(1− Gse)/(S*(1− Rho*Gse)) =re(Fs)

=";N =150;N=N+1

=#pi/M =2*M*#pi^2

=0 = − 1:Y=K*H:W=K/(2*M) +=fnTrigam(W)*fnGemz(Y)*sin(N*Y):next =1-N/M-Sum/U

=";N− 1,"Functions=";using(,6),Fun

=0 = +=1/(J+W)^2:next =1/(7+W) +=V+V^2/2+V^3/6− V^5/30+V^7/42

=#i*Y =exp(− S)

=0.75:Bt=4*Rho/(1+Rho)^2 =(1− sqrt(1− =im((1− Z)*Gen)

=16

=’’;T:Alfa=log(2)/T

= =K*Alfa*fnFs(K*Alfa):next

= = =(1+M/J)*A(M)-(M/J)*A(M+1)

= = =

=0 = =(-1)^(NN-N)*N^NN/(!(N)*!(NN-N)) +=Wt*G(N):next

=";T,"FUNCTION=";using(2,7),Fun

=0.75:Mean=1 =1/sqrt(1+2*S) =(1− Gs)/(Mean*S) =(1− Gse)/(S*(1− Rho*Gse))