by ∗

________________ ∗

Abstract

formula.

.. ..

f̂(s) = ∫_0^∞ e^{− st}f(t)dt = ∫_0^∞ e^{− st}dF(t) . (1.1)

where F f F

F

p and p_k Ĝ(z) ≡

k=0Σ^{∞ p}k^{zk}

function, m_k ≡ m_k( f k^{th} moment, c_k ≡ c_k( f k^{th} f^{k∗} (t k f probability k^{th} moment } ) pf̂(s) + − p)ĥ(s) pf(t) + − p)h(t) pm_k( f) + − p)m_k(h) }^{− 1} ) p ĝ(s)− − p)ĥ(s)

} ) Ω ∫f^^x(s)dP(x)_Ω∫ fx(t)dP(x)_Ω∫mk( fx)dP(x)

# ) f̂(s)ĥ(s) ∫_0^tf(t − x)dH(x) c_k( f) + c_k(h) #^{− 1} ) ĥ(s) ĝ(s)

) Ĝ( f̂(s

k=0Σ^{∞ p}k^{f ∗k(t)}

(# + } ) ) 1− pf̂(s)

1− p − p)

k=0Σ^{∞ pkf ∗k(t)} ) ) e^{− f̂(s}

k=0Σ^∞_{k!}^{e λ kf ∗k(t)} )

exponential-damping operator

$ whenever f̂(− a

probability k^{th} moment $ ) f̂(a) f̂(s +a)

∫_0^∞ e^{− at}f(t)dt

e^{− at}f(t)

$^{− 1} f̂(− a) f̂(s − a)

∫_0^∞ e^{at}f(t)dt

e^{at}f(t)

%) sm_1

1− f̂(s) m_1

1 ∫_t^∞ f(x)dx_{(k+ m1}^{mk+1}

%^{− 1} 1 − g sĝ(s) _____ − g g′(t) (k− m_{k− 1} , k ≥ 2

+ ) − m_1 f̂′(s) m_1 tf(t) m_1 m_{k+1}

+^{− 1} m_{− 1}

1 ∫_s^∞ ĝ(z)dz_{− 1}^{g(t)}_{m− 1}^{mk− 1} ) m2 − 2m1^2

2m_1^2

1− f(s) f̂(s) − m_1 s 1

F into U(t) −_1 (F U(t F U(t

f̂ p

( f̂ ) = ( +% f̂ ) . (1.2)

G^c (t) ≡ 1− G(t

G^c (t)^c LT − ĝ(s^c

operator

probability k^{th} moment 8 ) s 1 ∫_0^sf^^(z)dz = ∫_0^1 f^^(ts)dt ∫_t^∞ x^{− 1} f(x)dx_{k+1}^{mk}

8^{− 1} ĝ(s) + sĝ′(s) − tg′(t k+ m_k

cumulant-moment m_1 s

− logf̂(s) (− tg′(t ∗f(t) = m_1 ( f) tf(t)

(k+ m_1 c_{k+1} 7 ) 7^{− 1} − asĝ(s

infinitely f(t)∗g(t) = m_1 (g) tg(t) (4.10)

( − a∫_0^sf̂(z)dz) (7^{− 1} +8 )

(^{− 1} m_1 (g) − 1 ds d logĝ(s) ĝ(s)m_1 (g) ĝ′(s) m_1 c_{k+1}

) ĥ(− logf̂(s

( +7^{− 1} ) ĥ(sf̂(s

exponential 1+sf̂(s)

1 f(t)∗g(t) = m_1 (g)

1 ∫_t^∞ g(x)dx (7.4) ) − 1 s 1 ĝ(s) 1 − 1

F].

g_r (x) = ∫_{(r −}^∞ f_r (y)y^{− 1} e^− dy

where f_r (x

f_r (x) = r r r − 1 r x^{− (r +} , x ≥ (r − (1.4)

For r = n or r = n + 1/ n g_r

f̂(s), f̂ +s

ĝ(s) = ∫_0^∞ + s)^{− x}dF(x) = ∫_0^∞ e^{− +s)x}dF(x) = f̂ +s . (1.5)

F

F F (Bernstein) ^(s) s) > 0 with (−^nf̂^{(n)} (s) ≥ s and n ≥ ^ = 1.

F]: ϕ and ψ . ϕ ψ ϕ (ψ ) ae^{− bx} for a,b > 0, ϕ (a +bx a ≥ 0, b > ϕ is CM, (b +cx)^d for a,b,c,d > ′when ϕ

∫_0^xϕ (u)du when ϕ a c +bx a,b > c ≥ a +bx)^p

for a,b > < p < 1, a (bx b > 0, a ϕ

F

~ ..

f̂ X, e^{− sa}f̂(bs a + bX a,b transformations.

functions z = e^{− s} f̂(s) =

k=0Σ^{∞ m}k_{k!}^{(− s)k (1.7)}

with m_0 =

ĝ g ∞ ĝ G ∞ unimodal ∞ ∞ ĝ F

The 8 f̂ ĝ G by 8 ( f̂ ) ≡ ĝ(s) = s^{− 1} ∫_0^sf̂(z)dz = ∫_0^1 f̂(st) (2.1)

t z and s s) > z) > 0. ĝ f̂

G ∞ one-to-one correspondence F G

X F UX U X G F 619.

f̂ ,8 ( f̂ 8 ( f̂

dependent_1

8 ( f̂

g(t) ≡ E_1 (t) = ∫_t^∞ x^{− 1} e^{− x}dx = ∫_0^1 μ^{− 1} e^{− μ}dμ

8 linear 8 at b b

masses p_k x_k _____________________________________________________________ f̂ transform 8 ( f̂ G _____________________________________________________________ deterministic,^{− sb} sb 1− e^{− sb} _______ U

Erlang, E_2 +s)^2 1 1+s 1 M

/ Γ_{1/2} 1+2s 1 _______ 1+ 1+2s 2 h_1

exponential, M 1+s 1 s +s) _________

f̂ ,8 ( f̂

x_k F 8

UX ≤_{st} F >_{st} G F_1 ≤_{st} F_2 and F_i is G_i G_1 ≤_{st} G_2

8^{− 1} as 8^{− 1} (ĝ) ≡ f̂(s) = ĝ(s) + ^′(s) . (2.3)

^ (s) + ^′(s) ^^ Proof. If G sĝ(s) = ∫_0^sf̂(z)dz f̂ sĝ(s sĝ′(s) + ĝ(s) = f̂(s f̂(s ĝ f̂ = sĝ′(s)+ĝ(s sĝ(s) = ∫_0^sf(z)dz f̂(s f̂ = ĝ = ĝ G

G(t) = ∫_0^1 F( )dx G pdf g(t) = ∫_t^∞ x^{− 1} dF(x

g m_{− 1} (F) m_{− k}(F k^{th} i.e., m_{− k}(F) = ∫_0^∞ x^{− k}dF(x) . (2.5)

F f g g′

t f(t)

g′(t t ≥ F^c (t) = G^c (t) + tg(t t ≥

F ≥_{st} G f(t) t^β e^t as t g′(t) t^1 e^t and g(t) t^1 e^t as t .

Let m_k(F k^{th} F c^2 (F

m_k(G) = m_k(F)/(k+ c^2 (G) = c^2 (F) + 3 c^2 (F)+1

. (2.8)

G F X F G^∗ UX G^∗ F F F in : Eϕ (X) ≤ Eϕ UX functions ϕ X 8

8 % 8 %via 8 ( f̂ ) = (%++^{− 1} f̂ where +^{− 1} m_{− 1} (F

m_k c_k

log f̂(s) =

k=1Σ^{∞ c}k_{k!}^{(− s)k . (3.1)}

m_{n +1} =

k=0Σ^n_k^n^ck+1^mn − k^{, n ≥}

k^{th}

k^{th}

f(s − sm_1

7 ( f̂ ) ≡ ĝ(s) m_1 s log f̂(s) . (3.3)

m_k(G) = (k+ m_1 (F) c_{k+1} (F) (3.4) m_1 (F) m_{n +1} (F) = k=0Σ^{n (k+}_k^n^mk^{(G)m}n − k^{(F) . (3.5)}

7 is 7_a^{− 1} (ĝ) ≡ 7^{− 1} (ĝ) = − asĝ(s a > 0 . (3.6)

7 and 7^{− 1} c_k(F m_k( f F c_4 < / numbers m_k(G F], x 7 ( f̂ f̂ LST.) 7 F G ĝ is ĝ^1 n

7^ 7 ( f̂ ) operator 7^{− 1} > 0 7^{− 1} (ĝ)

7 ( f̂_{a,b} (s = 7 ( f̂ bs a and b when f̂_{a,b} (s) = f̂(bs)^a b 7 is 7 f̂ and ĝ are if ĝ(s) = f(s)^a a > write f̂ ∼_{ID} ĝ 7 ( f̂ ) = 7 (ĝ f̂ ∼_{ID} ĝ 7_a^{− 1} +7 ( f̂ s) = f̂(s)^1 , 7 7 7 ( f̂_n ) → 7 ( f̂ F_n (t) → F(t) t F and m_1 (F_n ) → m_1 (F) F 7 ( f̂_n all n 7 ( f̂ f F

^ (s) = m_1 ( f) 1 log f̂(s) 1 . (3.7)

Then f̂(s) → s ^(s) as s if G g F F > f̂(s) → F s ^(s) F_1 as s F and G

7^{− 1} 7^{− 1} ĝ(s) = +s)^{− 1} f̂(s) = 7^{− 1} (ĝ s) = e^{− +s)} percolation f̂ s convolve F F

7^{− 1} f̂(s) = e^{− s} − . (3.9)

(1990). 7 and 7^{− 1}. 7

f̂(s) = e^{− sf̂(s)} . (3.10)

m_n = (n +^{n − 1} , n ≥ 1 . (3.11) Proof. ĝ = f̂ f̂′ f̂ f̂(s some s s) > f̂^{(k)} (s k f̂ s) > 0, f̂ s a in f̂(s)^a f̂(s

m_{n +1} =

k=0Σ^{n (k+}_k^n^mk^mn − k

m_1 = F distribution.

f̂ not Caleye^{− 1}

f(t) t^β e^t as t α ,β and η

that

f(t) ∼

2πt^3 e^{3/2} e^− as t

7^{− 1}.

f̂(s)8^{− 1} (7^{− 1} (ĝ s) = + ( f̂ s

where + 8^{− 1}

(− ′(t ∗ f(t) = m_1 ( f) tf(t)

, t > 0 . (3.15)

Proof. s

sĝ′(s) + ĝ(s) = m_1 ( f) f̂(s)

− f̂′(s) __________ . (3.16)

f̂(s F 8^{− 1} (7^{− 1} (G + (F).

F

F

F F

7^{− 1} and % via = 7^{− 1} +%

F G ∞ ĝ(s) = e^{(s)} where ψ = ψ ′ ψ

ψ (s) = ∫_0^∞ x 1− e^{− sx} dP(x

P satisfying ∫_1^∞ x^{− 1} dP(x) .

ψ ′

ĝ(s) ≡ (_a ( f̂ ) ( ( f̂ ) = − a∫_0^sf̂(z)dz

where f̂ F and a > ( operator. m_1 (G) = a.

( 8 by ( ( f̂ ) = − as8 ( f̂ s

i.e., ( = 7^{− 1} +8 ds d (sĝ) = ĝ + sĝ′ s8 ( f̂ s F where a ĥ ĝ(s) = − a − ĥ(s

a − ĥ(s a ∫_0^sĥ′(z)dz =_1 (h)∫_0^s − m_1 (h) ĥ′(z) ______ dz

where − ĥ′(s)_1 (h + (ĥ

∞ α g(s) = e^{− sα} F ψ (s) = s^α and ψ ′(s) s^{− )} ψ ′ ψ ′ ψ ′ m_1 (G) ′ ′ , ψ ′(s)/ψ ′ is

(^{− 1} (ĝ) = m_1 (g) − 1 ______ ds d log ĝ(s) = m_1 (g)ĝ(s)

− ĝ′(s) = ĝ(s)

+ (ĝ s)

where + (^{− 1} ( = 7^{− 1} +8 , (^{− 1} = 8^{− 1} +7 . (^{− 1} (^{− 1} (ĝ G G (^{− 1} (ĝ) = C^{− 1} (+ (ĝ ĝ) . (4.8) + (ĝ ĝ g ĝ + (ĝ ĝ (^{− 1} is

(g∗f t) ≡ ∫_0^tg(t − x)dF(x) = m_1 (g) tg(t) ______ , t ≥ 0 . (4.9)

(^{− 1} +(_a ( f̂ ) = f̂ (_a +(^{− 1} (ĝ) = ĝ^1 (^{− 1} with 7 (^{− 1} ( and (^{− 1}

(^{− 1}

b b^{− 1} ( +bs)^{− 1} ) = +bs)^{− 1} .

F are G by

m_k(F) = c_1 (G) c_{k+1} (G) (4.10)

m_1 (G) m_{k+1} (G) = k=0Σ^n_k^n^mk^{(F)m}n − k^{(G) . (4.11)}

(GCMED).

( ( f̂ not F f̂ F f, f(t) F ĝ = ( ( f̂ ), g f

f̂ ,( ( f̂

f̂ 7 ( f̂ s) = as^{− 1} ∫_0^sĥ(z)dz ĥ

7^{− 1} (g a > 0 when ĝ 7^{− 1} (7 ( f̂ f̂(s)^{1 ( f} a > f̂

F is

G(t) = m_1 (F)

1 ∫_0^txdF(x t ≥ 0 . (5.1)

If F f G

g(t) =

m_1 ( f)

(t) , t ≥ 0 . (5.2)

F t G G F g(t) (t) =_1 ( f).

ĝ(s)

m_1 ( f) f̂′(s)

. (5.3)

ĝ f̂ − f̂′ f̂

f(t) =_{− 1} (g) g(t)

, t ≥ where m_{− k}(g k^{th} g

whenever m_{− 1} (g)

f̂(s) =

m_{− 1} (g) 1 _______∫_s^∞ ĝ(z)dz = 1 − m_{− 1} (g) 1 _______∫_0^sĝ(z) (5.5)

F m_{− 1} (g) = ∫_0^∞ ĝ(s) (5.6)

∫_0^∞ f^^(θy)g(y)dy = ∫_0^∞ ĝ(θy) f(y)dy (5.7)

f(y) = y^n f̂(s) = n!s^{− (n +} and

∫_0^∞ g(y)y^{− (n +} dy =_{n!}^1 ∫_0^∞ y^nĝ(y) (5.8)

For n = f̂ ĝ m_{− 1} (g) f̂′(s) ĝ(s)_{− 1} (g).)

m_k(g) = m_1 ( f) m_{k+1} ( f) and m_{k+1} ( f) = m_{− 1} (g) m_k(g) _______ . (5.9)

If g(t) = e^{− t} − e^{− 2t} ), t ≥ f̂(s) = +s)/ +s /

f(t) = (e^{− t} − e^{− 2t} ) t ≥ 0.

f̂ f̂(s)^t t

H ( f̂ ,H) ≡ ĝ(s) ≡ ∫_0^∞ f̂(s)^tdH(t) = ĥ(− log f̂(s . (6.1)

f̂ ,H ĝ the arbitrary cdfs F 2( f̂ ,H) = (( ( f H).

operator } f̂_x(s) = f̂(s)^x P H ∞ ).

f̂(s)^x x H

f̂ f̂ i.e., f̂(s) = +s)^{− 1}. F], t in f̂(s)^t time; f̂ f̂(s)^t t X(t t ≥ ĥ(− log f̂ (T) where T X(t t ≥ H. T T(t t ≥ {X(T(t t ≥ X(T(t subordinate X(t {T(t or [F

X(T T {X(t m_1 (G) = m_1 (F)m_1 (H) . (6.2)

m_k(G) = ∫_0^∞ m_k( f̂(s)^t )dH(t k ≥

and c_k( f(s)^t ) =_k( f k ≥

m_2 (G) = ∫_0^∞ [c_2 ( f̂(s)^t ) + c_1 ( f̂(s)^t )^2 ]dH(t) = c_2 ( f̂ )m_1 (H) + c_1^2 ( f̂ )m_2 (H) = m_2 ( f̂ )m_1 (H)− m_1 ( f̂ )^2 m_1 (H)+m_1^2 ( f̂ )m_2 (H) . (6.5)

f̂_1 ≤_{LT} f̂_2 if f̂_1 (s) ≥ f̂_2 (s s f̂_1 ≤_{LT} f̂_2 and H_1 ≤_{st} H_2 ĝ_1 ≤_{LT} ĝ_2

( f̂ s) = Ĝ( f̂(s ( +7^{− 1} f̂ ) ≡ ĥ(sf̂(s

( H

( f̂ ) ≡

1+sf̂(s) 1 . (7.2)

is

f̂ ≡^{− 1} (ĝ) = s 1 ĝ(s) 1 − 1 = ĝ(s)

%(ĝ s) . (7.3)

# ( f, ( f̂ = %( f̂

f(t)∗g(t) = m_1 (G)

1− G(t) . (7.5)

ĥ_1

and^{− 1}.

n +1 m_{n +1} (G) = k=0Σ^n_k^n^mk^{(F)m}n − k^{(G) . (7.6)}

m_n (G) = − p) p ______

k=1Σ^n_k^n^mk^{(F)m}n − k^{(G) . (7.7)} − 1 G ≤_{st} %(G G new

Let f̂(s) = μs s)

m_k(F) = (k+ k!μ^k . (7.9)

Then

( f̂ ) ≡ ĝ(s) = s) μ (7.10)

and

m_{n +1} (G) =

k=0Σ^n_{(k+ n − k}

(n + μ_km_{n − k}(G

e.g., m_1 = 1, m_2 2, m_3 = 2μ^2 +6 m_4 = 6μ^3 +22μ^2 +36 24.

The

f̂(s; a,ν) = − r_2 (s)/ν

where

r_2 (s) = 2νas +1 − 1 . (8.2)

r_2 (s s

that f̂(s; a,ν

a ν f̂(s ν m_1 = 1, m_2 1, m_3 = 3ν^2 +3 m_4 = 15ν^3 +15ν^2 +6

m_{n +1} =

k=0Σ^n_{k r − k}^{(r +k}_2^ν k . (8.3)

f(t ν) = 2 t^3 1 − (t −^2 /2νt t ≥ 0 . (8.4)

f̂(s ν) = 7^{− 1} (ĥ_1 (s; ν/ = − sĥ_1 (s;ν/

where ĥ_1 (s; ν/ ν

ĥ_1 (s; ν/ = 1+ 2νs +1 2 . (8.6)

/ − 2νas s by s + νa)^{− 1} ν^{− 1}

+^{− 1} in

+^{− 1} ( f̂(s; ν

g(t) = t f(t; ν) , t ≥

m_1 = 1, m_2 = 1 , m_3 = )^3 and m_4 = )^3 +3 3ν^2 ). g(t

ĝ(s) = ρ̂ (s;ν, f̂(s; ν) (8.8)

for f̂ ρ̂ f̂(s μ

ĥ_1 (s; μ/

ρ̂ (s μ) = (ĥ_1 (s; μ/ = 1+sĥ_1 (s; μ/ 1

= ( f̂(s μ = 1− f̂(s μ) 1

= 1+√2μs +1 μ . (8.9)

Proof.

ρ (t μ) = ∫_0^∞ f(t; x,μ )e^{− x} (8.10)

m_{n +1} =

k=0Σ^n_{k!}

(n +1− k n +k 2 μ k

e.g., m_1 = 1, m_2 2, m_3 = 3μ^2 +6 m_4 = 15μ^3 +30μ^2 +36 24.

%(ρ̂ (s; a,μ ^_e (s; a,μ) = ĥ_1 (s; aμ)ρ̂ (s; a,μ) . (8.12)

ρ (t; μ,μ) (t; ν,ν) = ( ) ν ρ (t; μ,μ)− ( ) μ ρ (t; ν,v

and

ρ_e (t; a,μ) = ( μ h_1 (t; aμ)− ( 2 ρ (t; a,μ) . (8.14)

Γ_{1/2} 1)

here.

(g t) = )δ(t) w_ρ (t

where g δ w_ρ (t

ρ (t ν)

w_ρ (t) (t;ν/μ_1 ,μ_1 ) (t;ν/μ_2 ,μ_2 ) = (μ_{2 1} ) μ_2

ρ (t;ν/μ_1 ,μ_1 )− μ_{2 1} μ_1

ρ (t;ν/μ_2 ,μ_2 where μ_1 (μ_2 ) = / ± /^2 − )ν.

Proof.

ŵ_ρ (s) = 1 ĝ_e (s)

)ĝ_e (s) = ĝ_e (s)^{− 1} 1 = ar_2 (s)^2 +br_2 (s)+1 1

= +cr_2 (s +dr_2 (s 1 ,

where r_2 (s a = 1, a = 1/ )ν and b = a

ĝ_e (s) ^_e (s) = +r_2 (s)/ 1 +r_2 (s)/ν) 1 ,

f if f(t) e^t as t α and η are

f(t) ∼ g(t t f(t) (t) → t

have e^{ηt}f(t) → η

e^{ηt}f(t) → η f

f(t) t e^t as

t for α ,β, f

α t^β e^t for

+^{− 1}

g(t) t^β e^t as t ,

+^{− 1} (g t) t^{− (} e^t_{− 1} (g t . 8 f(t) t e^t as t , 8 ( f t)^{− 1} t^{− (} e^t as t 8 Let f_2 (t r = u_a (t) = 1 ≤ t ≤ a a

8 ( f_2 t) = 3 1 f_2 (t) + 3 2 μ_{1/2} (t t ≥ 0 . (9.1)

f(t) = /2 t − t Then 8 ( f t) = 2f(t) − E_1 ( t t ≥ where E_1 (t 8^{− 1} ( f t) = ( f_e (t) + f(t / where f_e ≡ %( f that E_1 ( t ) = 8 ( f_e t t ≥ 0 . (9.4) Since m_k( f) = k m_k(E_1 ) = k + /(k + f Γ_{1/2} 1 − F(t) = e^t = ∫_0^∞ γ(x e^{− 2x}dx

f 8 (γ(t = h_1 (t / = 2γ(t_e (t . (9.6)

E_1 ( t ) = ∫_0^∞ γ_e (x x)^{− 1} e^{− 2x}dx

where γ_e (t = ( t with Φ (t f f̂(s) = π /4s / 2s . (9.9) f̂ s = g_2 (t r =

8 (g_2 t) = 3 1 g_2 (t) + 3 2 E_1 t t ≥

and 8^{− 1} (g_2 t) = 3g_2 (t) − e^{− 2t} t ≥ 0 . (9.11) 8 (g_2 g_2 itself.

$ if f(t) t as t $_η ( f t) t e^t ^(η g(t) t e^t, then $_η^{− 1} (g t) t ^( ). ρ̂ (s ν ρ (t ν) t^{− 3/2} e^t as t α ′t^{− 5/2} e^t as t for α ′ 8 ;

8 (ρ (t ν h_1 (t;ν/ − ( 7 (ρ (t ν where

7 (ρ̂ (s ν = s 1 +r_2 (s)/ν

for r_2 (s

8 (ρ (t ν ∼ t 2ν ρ (t ν t . (9.14)

2,

ρ̂ (s;a = ĥ_1 (s;a) =

1+ 1+4as 2 (9.15)

and 8 (h_1 (t = 2h_1 (t − 7 (h_1 (t . (9.16)

Then

8 (ĥ_1 (s = 2 1+ 1+4s 2 − s 1 1+4s + /

8 (h_1 (t ∼

πt^5

8e^{− 4} 1 − t 6 as t (9.18)

and 8 (h_1 (t

m_k = (k+^2 k! k 2k

e.g., m_1 = 1/2, m_2 = 4/3, m_3 = 30/ m_4 = 336/5.

F].

ω̂(s) ^ (s; μ) = 1 1 μ^2 +2μs − 1+2μs (10.1)

for

ω(t) = 2πt^3 μ − 2μ) 1 1− − (μ^2 − 2μ . (10.2)

ω̂ because ω̂(s)^{2r}

ω_{2r} (t) = 1 1 r t r − (μ^2 + 4μ)I_r μ^2 − 4μ

where I_r (t r F

ω_{2r} (t ω

b(t ω̂ via ω̂(s)^2 = b̂(as

I_{1/2} (z) = πz 2 sinhz = 2πz e^z

− e^{− 2z}) . (10.4)

r = 1/

pdf ω

not ω 1/ Γ_{1/2}

γ(t;μ) = 2 t 1 e^{− 2μ} , t ≥

where γ̂(s;μ) = +2μs)^{− 1/2}

%(γ)_e (t;μ) = μ 2 ( μ

where Φ

γ_c (t;μ) (t;μ) (t /μ t ≥ = 2 1 − (μ^2 + 4μ)I_0 μ^2 − 4μ

and

γ_d (t;μ) = ( μ γ(t;μ) − 1^{− 1} μ^{− 1} γ(t;μ^− , t ≥ = ( μ 2 t 1 (e^{− 2μ}− e^2 t ≥ 0 . (10.8)

γ̂_c (s;μ) =

μ^2 +2μs 1+2μs μ (10.9) and

γ̂_d (s;μ) = 1 μ 1+2μs 1 − μ^2 +2μs 1 . (10.10)

γ̂_d (s;μ) ^_c (s;μ)ω̂(s).

γ_d

+^{− 1} to γ̂_d ω̂.

ω̂ = +^{− 1} (γ̂_d ) ω(t) = t^{− 1} γ_d (t;μ) and ω(t)

ω(t;μ) (t ω. ω(t;μ) are

m_{n +1} = 2^nn! n k nΣ^{n μk}

1 = 1_2 = ( 1^{− 1} )^{2 − 1}_3 = μ^2 1^{− 1 − 2} ). ω h_1

h_1 (t;μ) = 2γ(t;μ)_e (t;μ) = 2γ(t;μ)− μ 2 1 ( μ . (10.12)

ω is

%(ω)_e (t) = 1 μ h_1 (t;μ) − 1 1 h_1 (t;μ^{− 1}

^_1 m_k(γ) = 2^kk! k μ^k

m_k(h_1 ) = k+1 k! k 2k 2 μ k

ξ̂(s) ^(s;μ)ω̂(s) =

γ̂(s;μ^{− 1} ) γ_d (s;μ) = 1 1 1+2μs μ^2 +2μs − 1 . (10.16)

ξ̂

ξ(t) = 4μ ( − (μ_2 + 4μ I_0 μ_2 − 4μ) + I_1 μ_2 − 4μ) . (10.17)

η̂(s) ≡ ω̂(s) ω̂_e (s) = ( μ ĥ_1 (s;μ) + ( 1 ĥ_1 (s;μ^{− 1} ) . (10.18)

η η

m_2 = c^2 +1 = 2/

b̂(s) = c^2 − 1 1 (c^2 +s − 1+2c^2 s +s^2

and b(t) = √c^4 − 1 c^2 +1 t − c^2 t) I_1 (√c_4 − 1 t t ≥ 0 . (10.20)

^(s) ^ ( 2 or

b(t) = 4ω t) t t ≥ 0 .

Proof. c^2 = (^{− 1} )/ c^2 +√c^4 −

operator (

f̂ ( ( f̂ )

1 μ 1+2μs 1 + 1 1 γ̂_c (s; μ) γ̂(s; μ)ω̂(s)

γ̂(s; ν)ρ̂ (s ν) ρ̂ (s ν)

ρ̂ (s ν) f̂(s)^1 e^{− r 2 (s)}

μ^2 +1 μ^2 1+2μs 1 + μ^2 +1 1 1+2 μ 1 γ̂_c (s; μ)

γ̂_c ( c^2 +√c^4 − b̂(s)

+bs)^{− 1} +bs)^{− 1}

+s)^{− 2} β̂(s) ≡ − +s

%(γ̂(s ^(s ĥ_1 (s ĥ_1 (s

γ̂(s e^{− r 2 (s)}

ĥ_1 (s ĥ_1 (s e^{− r 2 (s)}

f̂ ,( ( f̂

γ ρ r_2 γ_c in

(10.7), b % β h_1

( ( f̂ f γ_c (t;μ E_2 − +s

β̂(s) = − +s 7^{− 1} +s)^{− 1} ( f̂ ) ≡ − − f̂(s F β̂ β

β̂_r (s) = +s)^{− (r +} − +s

β_r (t) = e^{− (t +} t^2 I_r t t ≥ for r I_r r r 1, β_r β̂ r e^{− 1} β(t)_{− 1} (t) = e^{− (t +} t^{1/2} I_1 t t ≥ 0 . (11.3) r I_k(t) = I_{− k}(t k F distribution β F β̂ β_r L_n^{(r)} (x

β_r are c_k(β_r ) = (r +1+k k− and m_k(β_r ) = k!L_k^{(r)} (− =

j=0Σ^k_{k− j}^{k+r}_{j!}^{k!} n (r) (x) Proof. β̂_r (s) = n =0Σ ∞ L_n^{(r)} (− − s)^n .

f̂(s X(t t ≥ X(u + t)− X(u f̂(s)^t positive u and t X

Y(t) = X(t)− t Z(t) = Y(t)− inf{Y(u ≤ u ≤ t t ≥ 0 . (12.1) EX Z ẑ(s) ≡ Ee^{− sZ} = 1− s^{− 1} log f̂(s) 1

generalized

when X(t s)^{− t} X that

log f̂(s) − ĥ(s and

s log f̂(s) sm_1 (H)

− ĥ(s (ĥ s) . (12.3)

= +%.

log f̂(s) ∫_0^sĥ(z)dz (12.4)

ĥ

ẑ(s) = 1 s^{− 1} ∫_0^sh(z)dz 1 . (12.5)

say

= +8

where 8 processes Y(t Y has Y(t

Ee^{− sY(t)} = e^{(s)t} , t ≥ EY < Ee^{− sZ} = sψ ′ /ψ (s

ψ (s) = cs + 2 σ^2 s^2 + a∫ 0 s h(z)dz ĥ

ψ ψ = 0, ψ ′(s) < ψ (s) > s ψ^{− 1} (s − t T(t t ≥ Ee^{− sT(t)} = e^{− 1 (s)t} , t ≥ 0 . (12.10) ĥ

F 2 / θ̂_1 (s) = 1/cosh s

θ_i (t) = n =1Σ ∞ a_n μ_n e^{n t} , t ≥ 0 . (13.1)

θ̂_i (s a_n ,μ_n

LST a_n μ_n

θ̂_1 (s) =

cosh s 1 π n − (−^n 4 4 π^2 n −^2

θ̂_2 (s) = s tanh s π^2 n −^2 8 4 π^2 n −^2

θ_3 (s) = 3 coth 3s − s^{− 1} π^2 n^2

6_____ 3 π^2 n^2 _____

θ_4 (s) =

sinh s s −^{n +1} π^2 n^2

θ_2 and

θ_3

(a) θ̂_1 (s) = ( (θ̂_2 (s

(b) θ̂_4 s) = ( (θ̂_3 (s

(c) θ̂_1 (s) ^_2 (s)θ̂_4 (s),

(d) θ̂_3 (s) = s 1 θ̂2 s) 1 − 1 ≡^{− 1} (θ̂_2 s

(e) θ̂_2 (s) = ( +%(θ̂_1 (s)θ̂_4 (s

(f) 8^{− 1} (θ̂_2 (s = (θ̂_2 (s) ^_1 (s)^2 )/2,

(g) 8^{− 1} (θ̂_3 (s = (θ̂_3 (s)+%(θ̂_4 s)^2 /2,

(h) 8 (θ̂_2 (s = 7 (θ̂_1 (s = s ) ,

(i) 8 (θ̂_3 (s = 7 (θ̂_4 s 3 sinh 3s ) ,

(j) θ̂_3 (s) = ( +%(%(θ̂_4 s)^2 /θ̂_3 (s

(k) 7^{− 1} (θ̂_2 (s = − s tanh s ),

(l) 7^{− 1} (θ̂_3 (s = − 3s coth 3s −

θ_i (zt θ_1 (t) = 2 1 ∂z ∂ θ_1 (zt)_{z=0}

θ_2 (t)_2 t

θ_3 (t)_3 − 1

θ_4 (t) = ∂t ∂ θ_4 t t > 0 .

θ_{2 3} ,

while θ_{1 4} = 0.

m_k(θ_1 ) = k k! E2k

where E_m m^{th}

E2n = mn = 1/ / / / c^2 = 2/ n =

m_{− n} (θ_1 ) = (n −

1 ∫_0^∞ z^{n − 1} θ^^ 1 (z)dz n. θ_2

m_k(θ_2 ) = 2c_{k+1} (θ_1 ) . (13.5)

m_k(θ_2 ) = k+ 4^{k+1 k+1} − k! B k+

where B_{2k}

c^2 = 7/ c_k(θ_1 ) = c_k(θ_2 )+c_k(θ_4

m_k(θ_3 ) = k+ 12^{k+1}B_{k+} k!

B_{2k}

(c^2 = 13/

m_k(θ_4 ) = k k − k!

B2k and ck(θ4 ) = 2k k

4^kB_{2k}k! (13.9)

where B_k

(c^2 = 2/

Acknowledgment. /

REFERENCES

..

function.

transforms.

Queueing

Stochastic Models distributions.

National

Ann. Probab.

66.

T_1 T_2 Sciences,

M_{t t} /

applications. .. .. rich.

~ Insurance:

2, 139-149.

York.

GRU ..

GRU ..

York.

Houghton

Distributions,

York.

Comput.

queue.

Springer-Verlag,

R. ..

143.

Wiley, Chichester.

J.

Generatingfunctionology, CONTENTS