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Abstract This paper is a sequel to our 2010 paper in this journal in which we es-
tablished heavy-traffic limits for two-parameter processes in infinite-server queues
with an arrival process that satisfies an FCLT and i.i.d. service times with a general
distribution. The arrival process can have a time-varying arrival rate. In particular, an
FWLLN and an FCLT were established for the two-parameter process describing the
number of customers in the system at time ¢ that have been so for a duration y. The
present paper extends the previous results to cover the case in which the successive
service times are weakly dependent. The deterministic fluid limit obtained from the
new FWLLN is unaffected by the dependence, whereas the Gaussian process limit
(random field) obtained from the FCLT has a term resulting from the dependence.
Explicit expressions are derived for the time-dependent means, variances, and co-
variances for the common case in which the limit process for the arrival process is a
(possibly time scaled) Brownian motion.
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1 Introduction

This paper is a sequel to [15], in which we established heavy-traffic limits for the
stochastic processes describing performance of the G;/GI /oo infinite-server (IS)
model, allowing a non-Poisson arrival process with time-varying arrival rate and
a nonexponential service-time distribution. Extending [11], we established heavy-
traffic limits for two-parameter stochastic processes, such as {Q¢(z,y) : t > 0,0 <
y <t} and {Q"(¢t,y) :t >0,y > 0}, where Q°(t, y) represents the number of cus-
tomers in the system at time ¢ with elapsed service times less than or equal to y, and
Q' (¢, y) represents the number of customers in the system at time ¢ with residual ser-
vice time strictly greater than y. Moreover, we showed that these limit processes are
Markov processes. A key assumption was that the arrival process satisfy a functional
central limit theorem (FCLT), which includes many cases with dependence among
the interarrival times. Including time-varying arrival rates is important too, because
that allows applications to approximate the performance of large-scale service sys-
tems, which usually have time-varying arrival rates; see [6].

In the present paper we establish new heavy-traffic limits that extend our previous
results by allowing the service times to be weakly dependent; we refer to our model as
the G,/ GP /oo queue. Roughly, weak dependence means that the dependence among
the service times is limited so that the CLT remains valid, but the variability constant
in the CLT is affected by the cumulative correlations; see Sect. 4.4 of [22]. In the
present context, weak dependence among the service times is especially interesting,
because, as shown by Krichagina and Puhalskii [11] and Pang and Whitt [15], in
the i.i.d. case the service times affect the heavy-traffic limit through the sequential
empirical process (see (2.5) below) rather than the conventional CLT.

We are motivated to study dependence among service times by several applica-
tions. First, in hospitals, several patients can have similar medical conditions, requir-
ing similar treatment. That occurs with seasonal or epidemic diseases and with mul-
tiperson transportation accidents, as with cars or trains. Second, in technical support
customer contact centers, new products may have defects that lead to many customers
calling with similar needs. These patients or customers will have service requests
that are highly dependent upon each other. Third, service times can be affected by
common events in the service mechanism. For instance, service interruptions are in-
evitable in many large-scale service systems, e.g., [14], and interruptions can cause
all service times to become longer or stimulate the servers to interact with each other
in order to reduce the effect.

There has been considerable work on IS models. Since we already reviewed ear-
lier work on IS queues in [15], here we only discuss models with dependent service
times. Very few articles have studied the IS models with dependent interarrival times
and dependent service times. Falin [5] considers the M*/G /oo batch arrival queue
with heterogeneous dependent demands. Liu and Templeton [12] give explicit for-
mulas for the autocorrelation in IS queues with batch arrivals including dependence
structure. Our paper is evidently the first to establish heavy-traffic limits for IS mod-
els with dependent service times. These limits are useful, not only to yield direct
approximations for large-scale queues when the arrival rate is high, but also they aid
in establishing associated many-server heavy-traffic limits for queues with finitely
many-servers; for example, see [13].
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We analyze this G,/ G? /oo model in the heavy-traffic regime by scaling up the ar-
rival rates while fixing the service-time distributions. We consider the two-parameter
stochastic process {Q°(¢,y) :t > 0,0 < y <}, where Q°(¢, y) represents the num-
ber of customers in the system at time ¢ with elapsed service times less than or equal
to y. (As shown in [15], equivalent results can be obtained for the process Q' (¢, y),
and thus we only focus on Q°(¢, y) here.) We prove a functional weak law of large
numbers (FWLLN, Theorem 3.1) and an FCLT (Theorem 3.2) for this process jointly
with the departure process from the system. The FWLLN limits are simple deter-
ministic two-parameter functions, and the FCLT limits are continuous two-parameter
Gaussian processes (random fields). Propositions 3.2 and 3.3 provide explicit vari-
ance formulas for the Gaussian limit processes when the arrival limit process is a
Brownian motion (BM). Dependence among the service times has no impact upon
the fluid limit (the mean), but has a clear impact upon the variances; we study this
impact further in [16, 17].

In order to allow dependence among the service times, we exploit previous FCLTs
for the sequential empirical process of weakly dependent random variables satisfy-
ing the ¢-mixing or S-mixing conditions, by Berkes and Philipp [1] and Berkes,
Hormann, and Schauer [2], respectively. One key step in proving our limits is to
show that the sequential empirical processes with the underlying weakly depen-
dent service times converge in distribution to a continuous generalized Kiefer pro-
cess, in the space of Dp = D([0, c0) D([0, c0), R)) endowed with the Skorokhod
Ji topology; see Theorem 2.1. The previous results were established in the space of
D([0, 1] x [0, 1], R) endowed with the generalized Skorokhod topology by Bickel
and Wichura [3] and Straf [18]; also see [10] and [20]. Here we need to extend the
convergence to the larger space Dp because the two-parameter queueing process
Q°(t, y) is not in the space D([0, T'] x [0, T], R).

To establish the FCLT limit of Q¢(t, y) under the assumptions of service times sat-
isfying ¢-mixing or S-mixing conditions, we employ the same approach as Pang and
Whitt [15] by proving the tightness of the processes together with the convergence of
their finite-dimensional distributions. However, the methods to prove tightness and
convergence of finite-dimensional distributions here are completely different from
those in [15]. Before, following Krichagina and Puhalskii [11], we were able to apply
a semimartingale decomposition for the sequential empirical processes with under-
lying i.i.d. random variables and standard Kiefer processes. However, now we do
not have an analogous semimartingale decomposition for sequential empirical pro-
cesses with underlying weakly dependent random variables and generalized Kiefer
processes. Instead, we construct martingale difference sequences from the weakly
dependent sequences; see Sect. 4.3.

Here is how the rest of this paper is organized. In Sect. 2 we give the detailed model
description and assumptions. We also establish some preliminary results including
the FCLT for the sequential empirical processes with underlying weakly dependent
sequences in Dp, see Theorem 2.1, and the representation of the process Q¢ in terms
of the sequential empirical processes, Lemma 2.1. In Sect. 3 we state our main results,
the FWLLN in Sect. 3.1, the FCLT in Sect. 3.2, and the characterization of Gaussian
properties in Sect. 3.3. We collect the proofs for the main results in Sect. 4. In Sect. 4.1
we prove Theorem 2.1; in Sect. 4.2 we prove the Gaussian characterization of the
FCLT limits; in Sect. 4.3, we prove the FCLT. We draw conclusions in Sect. 5.
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2 The model and preliminaries
2.1 The model assumptions

We consider a sequence of G;/GP /oo queueing models indexed by n and then let
n — 0o, where the arrival rate increases in n. We assume that the system starts
empty at time 0. As in [15], we would analyze other initial content separately,
which can be done because capacity is unlimited. For the nth system, the ith cus-
tomer arrives at time 7" with service time »; and receives service upon arrival.
Let A, = {A,(¢) : t > 0} be the arrival counting process in the nth system. We as-
sume that the sequence of arrival processes satisfies an FCLT as in [15]. All single-
parameter continuous-time processes are assumed to be random elements in the func-
tion space D = D([0, 0o), R) with the Skorokhod J; topology [4, 22].

Assumption 1 (FCLT for arrivals) There exist: (i) a continuous nondecreasing deter-
ministic real-valued function a on [0, oo) with a(0) = 0 and (ii) a stochastic process
A in D with continuous sample paths, such that

Ay)=n""2(A,(t) —na(t)) = A(t) inDasn— co. @2.1)
As an immediate consequence of Assumption 1, we have the associated FWLLN
A,=n""A,(t)=a(t) inDasn— oco. (2.2)

The standard case The standard case concerns a stationary model in which the limit
of the arrival process FCLT is Brownian motion. In the assumed arrival FWLLN,
a = At, t > 0, for some positive constant A. The limit in the FCLT is A= )ch B,
i.e., a Brownian motion (BM), where cg is variability parameter, which for a renewal
arrival process is the squared coefficient of variation (SCV) of an interarrival time,
and B, is a standard BM.

Here we emphasize that the assumption in (2.1) on the arrival processes A,
includes the cases where the interarrival times are correlated; see Theorem 4.4.1
and 7.3.2 of [22]. In the standard case, the variability parameter cg will capture the
correlation effect among interarrival time.

We will allow the service times to be weakly dependent and consider two types of
weak dependence for stationary stochastic sequences: ¢-mixing and S-mixing. The
¢-mixing is a common condition for weakly dependent stationary sequence; see [4]
and [22]. Here we restate the definition of S-mixing, first introduced by Berkes,
Hormann, and Schauer [2]. A stationary stochastic sequence {x; : i > 1} is called
S-mixing if (i) for any i > 1 and m > 1, there exists a random variable x;;,, such
that P(|x; — Xim| = Bm) < €, for some constant sequences B,, — 0 and €, — 0 as
m — o0; (ii) for any disjoint intervals Iy, ..., I, of positive integers and any posi-
tive integers myi, ..., m,, the vectors {x;;,, :i € I1}, ..., {Xim, : i € I} are indepen-
dent, provided that the separation between I,» and I,», 1 <r’,r” <r, is greater than
m,» + m,». Berkes, Hormann, and Schauer [2] show that neither of the two mixing
condition includes the other, but the S-mixing condition is relatively easy to ver-
ify because it is restricted to random sequences {x; : i > 1} with representations of
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xi =¥ (i, Yi+1,-..) forii.d. sequences {y; :i > 1} and Borel measurable functions
v RN 5 R

Assumption 2 (weakly dependent service times) We assume that the successive ser-
vice times {n; : i > 1} are weakly dependent and constitute a one-sided stationary
sequence. We also assume that n;’s have the same continuous c.d.f. F and p.d.f. f
with F(0) =0, and E[n?] < co, and

i(E[(E[ni+k|f;f])2])l/2 <00, k=1,2,...,

where 7} = o {n; : 1 <i <k}. Welet

o0
uw=Elml,  o®=Var(m)+2)_ Cov(n, nii) < oo.

i=1
Moreover, we assume that one of the following two types of mixing conditions holds
for the sequence {n; : i > 1}:

(i) (¢-mixing) It satisfies the ¢-mixing condition Z,fi 1 P < 00, where
¢r =sup{|P(B|A) — P(B)|: A€ F},,P(A)>0,B€G), ,.m=>1},

with G} =o{n; :i > k}.
(i1) (S-mixing) It satisfies the S-mixing condition.

2.2 Preliminaries

Let Q¢(¢, y) represent the number of new arrivals in the system at time ¢ in the nth
model that have elapsed service times less than or equal to y, 0 <y <¢. Then we can

express Q¢ (t,y) as

Ap(1)
Qit.y)y= > 1/ +m>t), t=00<y<t, (23)
i=A,(t—y)

Note that Q¢ (¢, t) counts the total number of customers receiving service in the sys-
tem at time 7. Evidently, we have the balance equation

An() = Q;(t,1) + Dp(1), 120,

where D,, = {D, () : t > 0} is the departure process in the nth system.

The processes Qf, and their FWLLN and FCLT limits to be established lie in
the space Dp = D([0, 00), D([0, c0), R)), where D = D([0, 00), S) for a separable
metric space S, is the space of all right-continuous S-valued functions with left-limits
in (0, 00); see [4] and [22] for background. We will be using the standard Skorokhod
J1 topologies on both D spaces in Dp. For a discussion of Dp, see [19] and [15].
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Following [11] and [15], we can rewrite the random sum in (2.3) as an integral
with respect to the random field

t o0
Q;(z,y)zn/ /0 I(s +x > 1)dK,(Ay(s),x), t>0,0<y<t, (24
t—y

where the two-parameter random fields K » in Dp are defined by

Lnt]
Kt x)=—3 1 <x), 120, x>0. 2.5)
i=1

The integral in (2.4) is well defined as a Stieltjes integral for functions of bounded
variation as integrators.

These two-parameter random fields are often called sequential empirical pro-
cesses. For the case of i.i.d. service times for IS queues, the FWLLN and FCLT for
such random fields is discussed in [15]. Here, for weakly dependent service times sat-
isfying either ¢-mixing or S-mixing conditions, we extend the corresponding FCLT
and prove the convergence in the space Dp with the Skorokhod J; topology on both
D spaces. The proof is in Sect. 4.1.

For a sequence of random variables {& : k > 1}, each uniformly distributed on
[0, 1], let yx(x) =1(& <x) — x and

reey=En@nm]+ ) (En@rnm]+Eromn®]). x.yelo.1].
k=2

(2.6)
Let the diffusion-scaled sequential empirical processes U, (¢, x) be defined by

Lnt)
Un(t,x) = Zyk(x) t>0, x €[0,1]. 2.7)

Theorem 2.1 (FCLT in Dp for the sequential empirical process with weakly depen-
dent random variables) Let {& : k > 1} be a weakly dependent stationary sequence of
random variables uniformly distributed on [0, 1], either (i) ¢p-mixing or (ii) S-mixing.
Assume that

o0

S ONEE | 2 =Y (E[(Elgi4] F))*]) 7 < oo, 2.8)

i=1 i=l
where Fr =o{&; : 1 <i <k} for each k > 1. Then, the series I' (x,y) in (2.6) con-
verges absolutely, and

Uy,= U inD([0,00), D([0, 11, R)) as n — oo 2.9)

for U, in (2.7), where U is a generalized Kiefer process (continuous two-parameter
Gaussian process) with E[U(t x)]=0and E[U(t x)U(s W= @EAs)(x,y) with
I’ (x,y) defined in (2.6) forany t,s > 0 and x, y € [0, 1]. Moreover, the convergence
is uniform in the second parameter x € [0, 1].
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The convergence in (2.9) implies that the fluid-scaled sequential processes satisfy
the FWLLN:
[nt]
Uy,(t,x) = — Z 1(& <x) = ii(t,x)=tx in D([0, 00), D([0, 11, R)) as n — oc.
n

k=1
(2.10)
Moreover, in Theorem 2.1, when the sequence {&x} is i.i.d., the limit process U be-
comes a standard Kiefer process, where I'(x, y) =x Ay — xy for x, y € [0, 1].
Theorem 2.1 for uniform random variables implies associated results for the ran-
dom variables 7;, using the fact that F(#;) is distributed the same as &;, implying

that 1(n; <x) =1(F(n;) < F(x)) 4 1(¢; < F(x)). Thus, the two-parameter random
fields in (2.5) satisfy the FWLLN:

K,=k inDpasn— oo,

where k (¢, x) =t F (x), and the convergence is uniform over sets of the form [0, 7] x
[0, 00), and there is uniformity in the second argument x over [0, 00). Define the
scaled processes

Lnt
Ru(t.x) = V(R (t,x) = k(t, x)) = 7 Z 1 <x) = F(0) £ O (1. F),

where ljn (t, x) is defined in (2.7). This implies that the FCLT for I%,, holds; in par-
ticular,

K,= K inDpasn— oo, (2.11)

where K is a time-changed generalized Kiefer process
Kt,x)=U(t, Fv)), t,x>0,

independent of A with mean 0 and covariance

E[Kt,)K(s, )] =t ATk (x,y), 1,5,%,>0, (2.12)

Tk (x,y)=[F(x)AF(y) — F)F(»)]+ g (x,y) < o0, (2.13)

Ig(x,y)= Z(E[)?l 7]+ E[71 () (x0)]) < oo, (2.14)
k=2

for each x, y > 0, where yx(x) =1(nx <x) — F(x) fork > 1.

In the case of i.i.d. service times, U (t,x) is the standard Kiefer process, and
U(t,x)=W(t,x)—xW(t, 1) for the standard Brownian sheet W, so that K is a stan-
dard Kiefer process with the second parameter having a time change by the service-
time distribution, I'k (x, y) = F(x) A F(y) — F(x) F(y).

Then we obtain the following representation of the processes Qf,. The proof fol-
lows from the same argument as Lemma 2.1 in [15] and thus is omitted.
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Lemma 2.1 (Queue-length representation by sequential empirical processes) The
processes Q, defined in (2.3) can be represented as

FE(t—s5)das) + V(XE ) + X5 y), (2.15)

y

t
QZ(I,y)=n/
-

where

t
X¢ (0. y) =/ FE(t —s)d A, (s)
t—y

t
=An<r>—Ff(y>An<r—y)—/ Ap(s—)dFe(t —s), (2.16)
r—y

N t o0 N t o0 "
X’i’z(t’y)Z/, /0 1(s+x>t)an(s,x)=—ft /0 1(s +x <1)dR,(s, x),
-y -y

(2.17)
with the integrals in (2.16) and (2.17) defined as Stieltjes integrals for functions of
bounded variation as integrators, and

An (1)

Ra(t, %) = Kn (An(t), x) = N PIRAC))
i=1

= VnKn(An (1), x) = Ap () F (x) = /na() F (x). (2.18)

3 Main results

In this section we will present the main results, the heavy-traffic FWLLN and FCLT
limits for the queue-length process, and also give explicit Gaussian characterizations
of the limit processes.

3.1 FWLLN limits

We first define the LLN-scaled processes (D, Q%) =n~1(D,, 0¢). By Lemma 2.1,
these LLN-scaled processes can be represented as

1. R
W(Xﬁ,l(t,y)JrX,‘;,z(t,y)), t>0,0<y<t,
3.1)

Dy (t) = Au(t) — Q4(t, 1), t>0. (3.2)

t
Qf,(f,Y)=/ Fo(t—s)da(s)+
t=y

The FWLLN limits for these processes are given in the following theorem. The proof
for the convergence of the processes Q¢ simply follows from the tightness of the
processes X n.1 and )A(;’z to be established as a main component in proving the FCLT
limits. The convergence of other processes follows from applying the continuous-
mapping theorem (CMT). Thus, the proof for the following theorem is omitted.
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Theorem 3.1 (FWLLN with weakly dependent service times) Under Assump-
tions 1-2,

(An, Dn, Q%) = (a.d, ) inD*x Dpasn— oo, 3.3)

where the limits are all deterministic functions,
t
q“(;,y):/ Fe(t —s)da(s), t>0,0<y<t, 3.4
t—y

t

a_l(t):c'z(t)—cf(t,t):/ F(t —s)da(s), t>0, (3.5)
0

We remark that the weak dependence among service times does not affect the fluid
limits, which are the same as the case of i.i.d. service times.

Corollary 3.1 (FWLLN in the standard case) In the standard case, the limits in (3.3)
simplify as follows:

' y
Ef(t,y)=>»/ FC(r—s>ds=A/0 Fe(s)ds = (M) Fo(y) = (00, y), (3.6)
1—y

1 1
c?(t):k/ F(t—s)ds:k/ F(s)ds, t>0, (3.7
0 0
where F, is the stationary-excess (or residual-lifetime) cdf associated with the

service-time cdf F, defined by F,(x) = ,uf(f FC(s)ds for each x >0, and d'(t) =
AF(t) > Aast— o0.

3.2 FCLT limits
We first define the FCLT-scaled processes associated with (D, Q%):
Dy=vn(D,—d),  0%=n(Q5 - §). (3.8)

where d and g° are defined in Theorem 3.1. By Lemma 2.1, the processes Qz can
be represented as

0t y)= X0 (1, y) + X2 ,(t,y), t>0,0<y<t, (3.9)
and it is clear that
Dy(t) = An(t) — Q4(t.1), 1=0. (3.10)

The limit of the processes X 2,2([’ y) are given as mean-square integrals of the time-

changed generalized Kiefer process K (t, x) in (2.11). Here we first give the definition
of the limit.
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Definition 3.1 The two-parameter process X¢, written as
A [ o0 A
XS(t,y):/ / 1(s +x>t)dK(&(s),x)
t—y JO

t poo
:—/ / l(s—}—xft)dK(d(s),x), (3.11)
t—y J0
is defined by a mean-square integral, i.e.,
lim E[(R5(.y) - X5,(.9))°]=0. 120, 0<y<r. (.12
k— 00 ’
with

t o0
X5 (2, ) =/ ‘/0 Liy(s,x)dK (a(s),x), t>0, 0<y<t, (3.13)
t—y

k
1iy(s,x) = X:[l(s{‘_1 <s < sf)l(t — s{‘ <x< t)] 3.14)
i=1

t—y =s](§ < sll‘ << s,’(‘ =t, and maxj<;<k |s£‘ —s{‘_1| — 0 as k - oo. Write

Rt y) = Lim oo X (1, ).

Theorem 3.2 (FCLT with weakly dependent service times) Under Assumptions 1-2,
(An, Dy, Qfl) = (A, D, Qe) in D*> x Dp as n — 00, (3.15)

where

0%(t,y) = Xi(t,y) + X4(t,y), 1>0,0<y<rt, (3.16)

t t
Xf(t,y)=/ Fc(l—S)dA(S)=A(l)—FC(Y)A(l—y)—f A(s)dF (t =),
=y t—y

) (3.17)
X3 is defined in (3.11),
t
D(@t) = A(t) — 0°(t, 1) =/ F(t —s)dA(s) — X5(t,1)
0
t
=/ A(s)dF(t —s) — X5(t, y), (3.18)
0

where A is given in Assumption 1, )A(f and D take the first expression in (3.17)
and (3.18), respectively, if A is a BM and the second if Aisa general Gaussian
process.
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Remark Weak dependence of service times affects the FCLT limits of the number
of customers in the system and departure process, in particular, in the X § term with
K capturing the effect, see its covariance formula I'g (x, y) in (2.14). These effects
are all captured in the variance formulas for these processes when the arrival limit
process is a BM, see Propositions 3.2 and 3.3.

Special Case I: EARMA(1, 1) service times Jacobs and Lewis [8] proposed an ap-
proach to generate a stationary sequence of dependent random variables from a se-
quence of i.i.d. exponential random variables, the so-called EARMA(1, 1) sequence,
and Jacobs [7] applied such stationary sequences to study single-server queues with
dependent service and interarrival times. The stationary EARMA(1, 1) sequence sat-
isfies the ¢-mixing condition, see [7]. We apply this to the IS and many-server models
with dependent service times and conduct simulations to evaluate their performance
in [16].

Special Case II: batch arrivals Suppose that at each arrival time rl.”, i=1,2,...,
there are a random number B; of service requests entering the system at the
same time, where {B; : i = 1,2,...} is a sequence of ii.d. random variables.
Let ppx = P(B; =k) and Y ;o psx = 1. Suppose that E[B;] = Y ;2 kppi <
oo and E[Bz] = ey k> pB.x < oo. The stationary excess distribution of B; is
given by pi = (E[BD) ™' Y52 pp.j for k=1,2,..., and E[B}] = (E[B]] +
E[B:1)/QE[BD).

For the arrivals in the ith batch, the service requirements {n;,, ni,, ..., 0is } are
correlated, and moreover, for any ith and jth batches of arrivals, the service re(l]uire-
ments {n;,, Niy, - - - Nig, }and {n;,,nj,,..., nij} are independent. Then, the covari-
ance function I'g (x, y) in (2.14) becomes

Ig(x,y) = Z[p?_%,i > (E[y, )y, 0] + E[ml(y)m(X)])}

i=1 k=2

Z[PBIZ Fex, ) + Fi (v, %) —2F<x>F(y))}, (3.19)

k=2

where y;, (x) = 1(n;, <x) — F(x) for each service requirement k =1, ..., B; in the
ith batch, and Fi (x, y) is the joint distribution function for each pair (;,, n;,) of the
ith batch. Note that the job 1 in batch i is not necessarily the first job in the batch, but
instead an arbitrary job in the batch, and thus we use the stationary-excess batch size
distribution. For a comparison of the difference between the first job delay and an
arbitrary job delay in a batch for single-server queues; see [21]. It is easy to see that
such sequences of service times form a stationary sequence satisfying the ¢-mixing
condition and the S-mixing condition.

Suppose, in addition, that the dependence between any two service requests among
the arrivals in a batch is the same, that is, F(x, y) = Fi(x, y) for each pair (n;,, n;,)
of the ith batch. Then the covariance function I'g (x, ) in (3.19) can be simplified as
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Igx,y)=(F(x, )+ F(y,x) =2F@x)F(»)(E[Bf] - 1). (3.20)

In [17] we study this special model in more detail.
3.3 Characterizing the FCLT limit processes

In this section we give the Gaussian characterizations of the limit processes in The-
orem 3.2. First, we give the Gaussian property of the process X5 defined in Defini-

tion 3.1. Recall that this process does not involve the limit process A.In Sect. 4.2 we
will prove Proposition 3.1. The Gaussian property of o¢(t, y) is then simply obtained
by combining the Gaussian property of X ¢ together with that of X $ since X ¢ and X g

are independent. The Gaussian property of X { follows from applying It6’s isometry
property; see [9].

Proposition 3.1 (Gaussian property of X¢ ) Under Assumptions 1 and 2, the two-

parameter process X; in (3.11) is a well-defined continuous Gaussian process with
mean 0 and covariance

n n 1AWAYH)
E[R30, 30502, 32)] = [ (F(t1 A2 —5) = Flt1 = $)F(t2 — 5)
(r1=yD)V(2—y2)
+ gty — s, 1 — ) dals). (3.21)
Proposition 3.2 (Gaussian property with time-varying arrivals) If, in addition to the
assumptions in Theorem 3.2, A(t) = \/gBa (a(t)), where B, is a standard BM,

a(t) = fot)»(s) ds, and 921 is a constant (the variability parameter), then the limit
processes are all continuous Gaussian processes with

0. EN(0,03,. ),  DOEN©0,03®), 120,0<y=<1, (3.22)

where

t
O'é’e(l‘, y) = /t_y M) (FC(r —s) + (cézZ —1)(Fe@ - s))2 + gt —s,t—s))ds,
(3.23)

t
aé(x):/o )\(s)(F(t—s)+(c§—1)(F(t—s))2+F,$(t—s,t—s))ds. (3.24)

Proposition 3.3 (Gaussian property in the standard case) If, in addition to the as-
sumptions in Theorem 3.2, we have the standard case, then (3.22) holds with

t
Gée(t, y) = A/t_y(F"(t —5)+ (2 —1)(F(t — s))2 + gt —s,t—s))ds

y
- ,\/ (FC(s) + (2 = 1)(F(5))* + TS (s, )) ds
0
=0..(00, ), (3.25)
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t
o3 (1) = k/ (F(s)+ (ci - 1)(F(s))2 + I'g(s,s))ds, (3.26)
0
and
lim (1) = lim A[F(t) + (2 — 1)(F(t))2 + g, 0] =xrck (3.27)
t—00 t _t—>oo a K - a ’

We observe from Propositions 3.2 and 3.3 that the dependence among service
times affects the variance functions of the number of customers in the system and the
departure process by simply adding an additional term involving I'g to the expres-
sions in the case of i.i.d. service times. Moreover, in the standard case, the variability
of the departure process is not affected by the dependence among service times, which

is the same as the variability of the arrival process, cg, as shown in (3.27).

4 Proofs
4.1 Proof of Theorem 2.1

We first show the convergence of the finite-dimensional distributions (f.d.d.’s) and
then we show tightness of {Un :n > 1} in the space D([0, o), D([O0, 1], R)).

For the convergence of f.d.d.’s, we can apply Theorem 1 of [1] under the ¢-mixing
condition and Theorem A of [2] under the S-mixing condition to deduce that, for
O<ti<h<---<t,

(On(t1,)s - Un(tr,)) = (U1, ), ..., U, ) in D([0, 17, R)* as n — oo,
4.1)
where the k elements in the limit are random elements in the functional space
D([0, 1], R). Then, by those two theorems above, for each ¢;, we have that for each
Xt 1y eve ,xt[.,jt[

(Un(tlaxtl,l)a RN} Un(tlﬂxt],jfi)’ RN} Un(tkvxlk,l)’ RN Uﬂ(tk’xlk,j[k))
= (U(tl,xtl,l)a--~aU(tl»xt],j,i),---aU(tk»xtk,l)a---aU(tk»xtk,j,k))

in R/n Tl ag n — oo. 4.2)

We next show the tightness of {0’1 :n > 1} in D([0, 00), D([0, 1], R)) by apply-
ing the tightness criteria in Theorem 6.2 in [15]. First, the stochastic boundedness
of {l}n :n > 1} in D([0, 00), D([0, 1], R)) follows easily from the convergence in
D([0, 112, R) under either the ¢-mixing condition or the S-mixing condition.

Then, it suffices to show that

I}imolimsup sup P(supdj1 (0,,(/{,, +1,), Up(n, ) = g) =0, (4.3)
-> 1<

n—>oo  kp

where {k, : n > 1} is a sequence of uniformly bounded stopping times with respect
to the natural filtration G,, = {G,(t) : t € [0, T} with G,,(#) = o{U,(s,-) :0<s <
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t} v N satisfying the usual conditions (complete, increasing and right continuous).
Due to the fact that the Skorokhod J; metric for any two functions in D is less than
the uniform metric (Sect. 3.3, [22]), and moreover, by easily observing that

P(sup sup |0,,(/cn +1t,x)— 0,,(/cn,x)| > g)
t<0 x€0,1]

< 2P<sup sup |Un(kn + 1, %) = Uy (i, x)| > 5),
1< xe[0,1/2]

we only need to prove that

lim lim sup sup P(sup sup |0n(Kn +t,x)— Un(Kn, x)] > g) =0. “4.4)

=0 n—soo Ky 1< x€[0,1/2]

The sequence {yx(x) : kK > 1} for each x € [0, 1] is stationary and ergodic, because
{&x : k > 1} is stationary and ergodic under either the ¢-mixing condition or the S-
mixing condition, and moreover,

E[yx(x)] =0 and E[yk(x)z] =x(1—x)< % for all x € [0, 1].

We now construct a martingale difference sequence from the sequence {yx(-) : k > 1}.
We follow the idea in the proof of Theorem 19.1 in [4]. Let F = {F} : k > 1} be the
natural filtration generated by the sequence {&; : k > 1}, defined by Fr, =o0{§; :i <
k}. Define

7 (x) = ZE[yk+i(x)|fk], xel0,1], k=1,2,..., 4.5)
i=1
and
@) =) Fix) =1 (x), xe[0,1], k=1,2,.... (4.6)

Then, the sequence {4 (x) : k > 1} for each x € [0, 1] is a martingale difference se-
quence, because for each k > 1

E[7+10)|Fk] = E[yks1(0) + g1 (x) — P (0) | Tk ]

= E[yks1 ()| F| + E [Z E[vks1+i (x)|fk+1]|fki|

i=1

— E[p(0)|Fi]

= E[yeri OIFk] + Y E[vir14i I Fk] = Y E[yiri (0| Fi]
i=1 i=1

= E[yk+1(0)1Fk] = E[vkt1 ()| Fx] =0,

and E[|7 (x)|] < oo since E[|7x(x)]] < oo by (2.8).
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Define the processes U,, = {f],,(t, x):t,x >0} by

— ) v(x). 4.7
a k=1

Then it follows that for each # > 0 and x € [0, 1] (see the proof of Theorem 19.1
in [4])

Un(t,x) =

|nt]

> () = 1)

~ N 1
|Un(t, %) = Up(t, %) | 2 = Hﬁ 3

—0 asn— 0. (4.8)
L2

Hence, for each x € [0, 1], k;,, and n > 1, the process {U,,(Kn +t,x)— U,,(Kn, X):
t > 0} defined by

5 B [n(kp+t)]
On w1, = Unlon. 1) = —= > ) (4.9)

k=|nK, |+1

is a locally square-integrable martingale with respect to the filtration {G, 4+, : t > 0}
b~y Doob’s samplipg theorem. The difference between U, («x,, + ¢, x) — U, (k,, x) and
U,(kp +t,x) — U, (kp, x) is asymptotically negligible as n — oo because for t < ¢
small

1 [n(kn+1)]
7 Z (7 (x) = v (x))
nk:\_n/(nj+1 L?
‘ 1 [n(kn+1)]
=l—= Y. (®-%-1w)
\/ﬁk:LnKnJ—H L?

1
=|—(y xX)—7y X —0 asn— oo.
“ﬁ(yLn(K,,+t)J() V0nsn) ))HL2
Thus, it suffices to show that

lim lim sup sup P(sup sup |l7n (kn+1,x)— f],, (ks x)‘ > g) =0. (4.10)

=0 psoo «, 1< x€[0,1/2]
For each x € [0, 1], x;,, and n > 1, the process {Un(Kn +t,x)— Z}n(Kn,x) 1t >0}

is a locally square-integrable martingale with respect to the filtration {G, 4, : t > 0},
and then, by Doob’s maximal inequality,

P(sup sup  |Un(kn + 1, x) — Uy (kn, x)| > g)
<9 x€[0,1/2]

1 ~ ~
S_ZEI: sup ’Un(Kn“‘ﬂ,x)_Un(Kmx”z]
9 x€[0,1/2]
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1 | nlatd) 2
=—5E| sup | —= ve) ) |-
s? Le[o,l/z](«/ﬁ ,Z ) ]

k=|nk,|+1

Then, it is obvious that for each fixed n and %, {yk(x) x € [0, 1]} is a square-
integrable martingale, and so is {U (kp +t,x) — U (kn,x) : x € [0, 1]}, and thus,
by Doob’s maximal inequality again,

P(Sup sup  |Un(kn + 1, x) — Up(kn, x)| = g)
<9 x€[0,1/2]

1 1 [n(kn+19)] 2 1
f—zE[(ﬁ > 77k(1/2)):| ?(0+1/n)My,

s k=|nk,|+1

where M, = Z,fil E[)?k(l/2)2] < 00. This upper bound goes to zero as ¢ — 0 and
n — 00, and thus, (4.10) holds. The proof is complete.

4.2 Proof of Proposition 3.1

First, since the process K 1 is continuous Gaussian, the process X 5 ¢ defined in (3.13)
and (3.14) is also continuous Gaussian for each k > 1, and thus the limit as k — oo
is also Gaussian. Next, we want to calculate

E[(%3(1. y0) = X5(12,y2)"] = tim E[(RS 1 (1o30) = K54 (2,32)"] @1D)

for each t{ <1 and y; < y».
Define for t; < t, and x| < x»,

Ak (11,12, x1, x2) = K (a(12), x2) — K (a(t1), x2) — K (a(t2), x1) + K (ar), x1).
(4.12)
Then, for t; <t and x; < x»,

E[(Ag (11,12, x1,%2))°]

= E[R (a(t2), x2)°] + E[K (a(t1), x2)*] + E[K (@(12), x1)’]
+ E[R (a(h), x1)°]
—2E[K (a(tr), x2)K (a(t1), x2)] = 2E[K (a(t2), x2) K (a(12), x1)]
+2E[K (a(2), x2) K (a(t1), x1)] + 2E[K (a(t1), x2) K (a(t2), x1)]
—2E[K (a(n), x2)K (a(tn), x1)] = 2E[K (a(2), x1) K (a(t1), x1)]

=a(t2) Ik (x2, x2) +a(t1) Ik (x2, x2) + a(t2) 'k (x1, x1) +a(t) Ik (x1,x1)
—2a(t) Ik (x2, x2) — 2a(2) [k (x2, x1) + 2a(t)) 'k (x2, x1)
+2a(t;) Ik (x2, x1)
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—2a(t1) Ik (x2, x1) — 2a(tn) I’k (x1, x1)
= (a(r) — a(t))[ Tk (x2,x2) + Ik (x1, x1) — 2Tk (x2, x1) ]
= (a(r) —a(m))(Fx2) = Fx))(1+ F(x1) = F(x2))
+ (a(r2) —a())[Ig (x2, x2) + g (x1, x1) — 2T (x2, x1) ], (4.13)
and for t; <1 and x| < xp, tl < t2 and xl x2, and 1 < tl,

E[Ak (1. 12, x1,x2) Ak (2], 15, x], x5) ] =0. (4.14)

We choose the same set {s{‘ :0<i<k}fort; <tpand y; <y sothatty — y, =

sg <. < s,’(‘ =ty for each k > 1. Without loss of generality, assume that t, — y, <

t1 — y1. Then, we can write
k
X§ (01, 1) = X5 4 (2, y2) = D Ak (st s, 01— sf 12— s7), (4.15)
i=1

and by (4.13) and (4.14), we obtain

E[(X5 (11, y1) — X5 (12, yz))z]

k
=Y E[(Ak(sfyosfon —sf 2= 55))7]
i=1

= Da6) -t~

—F(t —s{))(1+ F(t1 —sf) = F(r2 = s7))
+[TE(n—sf o —sf) + Tg(n—sfon —sf) = 2% (2 = st 0 = s7)]]-
(4.16)

Thus,
5 5 2
E[(X5(t1, y1) — X5(12, y2))]
n
= / [(F(tz —u) — F(t1 —w) (1 + F(1y —u) — F(t2 —u))
—y2
+ [ —u, o —u)+ Tty —u,ty —u) = 2Ig (t —u, ty — u)]]|da(u)

4.17)

foreach 1| <t and y; < y, with t, — y» < 1 — y;. The continuity property of X; ,y)

in both 7 and y w.p.1 follows from (4.17) by applying Chebyshev’s inequality and the

continuity of a. The covariance of X5(z, y) follows from a similar argument. The
proof is completed.
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4.3 Proofs for the FCLT

Proof of Theorem 3.2 Here we outline the main steps to prove the joint convergence
of the processes in (3.15). Once we prove the convergence of Q the convergence
of D, follows from applying the CMT to the addition mapping. Thus, the main task
is to prove the convergence of Q for which the convergence of X ¢ follows from
applying CMT to the following mapping ¢ : D x D — Dp:

t
¢(x,z)(t,y)=X(t)—z(y)X(t—y)—/ x(s)dz(t —s), t,y>0, (4.18)
t—y

where x, z € D. The continuity of the mapping ¢ in the Skorokhod J; topology fol-
lows from a similar argument as in the proof of Lemma 6.1 in [15] and thus is omitted.
Thus, it suffices to prove the joint convergence of X ¢ .1 and X v - We will take two
steps: tightness (Lemma 4.1) and convergence of f.d. d S (Lemma 4.2).

Lemma 4.1 (Tightness) Under the assumptions of Theorem 3.2, the processes
{(A,,, . 1,X§ 2 D ) :n > 1} are tight in D x D2 X D, and so are the processes

{(An, Q¢.Dy):n>1}in D x Dp x D.

Proof The tightness of the processes {A :n>1} and {Xe :n > 1} follows from
Assumption 1 and from aPplymg the CMT to the mapping in (4 18).

For the tightness of {X; , : n > 1}, we first construct a martingale difference se-
quence from the sequence {771 i > 1}. As in the proof of Theorem 2.1, we follow the
idea in the proof of Theorem 19.1 in [4]. Let F = {F} : k > 1} be the natural filtration
generated by the sequence {n; :i > 1}, defined by Fr = o{n; :i <k} Vv N. Define

oo
) =Y E[yi0IF], x>0, k=1, (4.19)
i=1
and
Pe(X) = yi(®) + P () = D1 (), x>0, k> 1, (4.20)
where

) =10 <x) — F() = —(Lpe > ) — F(0)), x20,k=1. (@21

Then, it is easy to check that for each x > 0, the sequence {yx(x) : k > 1} is a martin-
gale difference sequence. Define

Ratt. 1) = —= k;fk(x), t,x >0, (4.22)
and
} o | A0
R,(t,x)=K,(A,,x) = — 7 (x), t,x>0. (4.23)
n
k=1
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Moreover, define the processes f(;z by
X 2(t,y)s/ / 1(s+x>1)dRy(s,x), t>0,0<y<t. (4.24)
’ t—y J0

We now show that the difference between )A(,i , and )Nf,‘j , becomes negligible as
n — 00. By the definitions of )A(fl , and )?f; »» we have

t o0
Xz’z(t,y)—f(fﬂ(t,y):/ / 1(s +x > 1)d(Ru(s, %) — Ra(s, %)),  (4.25)
t—y JO

where
) R | Al
Ry(s,x) — Ry(s,x) = —= (P(x) = Pr—1(x)). (4.26)
ﬁ k=1
By Assumption 2,
~ 2 ~ 2
E[()) ] = E[(-1(0)) ] <00, k=1, x=0, 4.27)
and, similar to (4.8),
1 [nt]
|| NG ;(mm — Pro1 () . —~0 asn— oofort,x>0. (4.28)

By Assumption 1, A, = a with a being a deterministic and continuous function, it
follows that

E[(I?n(s, x) — Ién(s, x))z] —0 asn—oofors,x >0, (4.29)
and thus,

E[(X¢,5(t, ) = X ,(t,9)°] >0 asn—oofors,y=0.  (4.30)

Therefore, it suffices to prove the tightness of the processes {)}Z ,:n>1}in Dp.

We observe that the processes X v 5 in (4.24) can be written as

An(1)

-~ 1 B
Xiat) == Yoo w(e-1). (4.31)
" iza-y

We will apply Theorem 6.2 in [15] to prove the tightness property of (X woin > 1}

First, we show the stochastic boundedness of X fl »- It suffices to show the stochastic
boundedness of

An(t)

y 1
X, (1) = NG > we—1) (4.32)
i=0
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since for each ¢ and y, f(z’z(t, y) < )V(ﬁ’z(t). We will show that for any T > 0,

lim lim P(suIT)‘)v(,i)z(t)| > L) —0. (4.33)
1<

L—oon—o0
For any constant L > 0, we can write

P(sup|)vff;’2(t)| > L) < P(An(T+1) > L) +P(sup|]€n(fin(t)/\lv,,t—ri")| > L),
t<T t<T

(4.34)
wllere K, (t,x) is defined in (4.22). By Assumption 1, the sequence of processes
{A, :n > 1} is tight, and thus

lim limsup P(A,(T +1) > L) =0. (4.35)

L—o0 n—>o0

Since {yx(x) : k > 1} in an ergodic martingale difference sequence for each x > 0, by
the Lenglart-Rebolledo inequality (see, for example, p. 30 in [9]), for any constant
L’

P(sup|l€n(5n(z‘) ALt — rl”)| > L) <L/L+ P((I%,,(An(T) AL T— rl”)) > i),

1<T
(4.36)
where

[n(An(T)AL))

(R (An(T) AL T —1l)) =~ E[7(T - )], (4.37)

I
<

and

| (A, (1)) R ¢
- Z E[7:(t —1") ]:/ E[7i(t —s)*]da(s) <oco asn— oo. (4.38)
0

n :
i=1
We can choose L large (but fixed) so that

lim lim P(sup|12,, (Aut) ALt —10)| > L) —0, (4.39)

L—oon—o0 t<T

and thus (4.33) is proved.
We next show that for any ¢ > 0,

im lim sup sup P(supdj1 (Xn,Z(Kn +t,-), Xn,z(lcn, -)) > g) =0, (4.40)
<9

1
=0 psoo «y,

where {k, : n > 1} is a sequence of uniformly bounded stopping times with respect
to the filtration H,, = {H,,(¢) : t > 0} and with upper bound «*, where

Ho)=ofni <s—1/:1<i<Ay(1),0<s <t} V{As(s):0<s <t} VN,
4.41)
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and H,, satisfies the usual conditions. It suffices to show that, for any ¢ > 0,

lim limsupsupP<sup sup |)~(,,,2(Kn +t,y) - Xn,Z(Kna y)| > 5‘) =0.

=0 n—oo 1< ye[0,T Alkn+1)]

(4.42)
For each n, k,, y > 0, and ¢t < ¢ small, by (4.31)
Xn,Z(Kn +t,y)— Xvn,Z(Knv y)
1 An(kn+t) 1 An(kn)
:ﬁ Z 77i(Kn+t—ri")—ﬁ Z )71'(/(}1 —rl-")
i=An(knt+t—y) i=An(kn—y)
1 Ay (kcp+1) 1 Ap(kcn)
=7 )71(Kn+t—r,-”)——n Yo dilk—1P)
i=A,(kp+t—y) i=Ay(ky+t—y)
1 Ap(kcn+1—y)
LY )
n.
i=An(kn—y)
1 Ay (kcp+1)
G > wila+r—1)
i=Ap(kp)+1
1 An(kn)
7 Y. [l =) =il +1—1)]
i:An(Kn'i‘t_y)
1 Ap(kn+t—y)
~ 7 > Al =1 (4.43)
" i=A,(kn—y)

Then, for any L > 0, we have

P(sup sup |)~(n,2(lcn +1t,y)— )?n,z(/c,,, y)’ > g)
1<9 ye[0,T A(kp+1)]

<P(An(k*+1)>1L)

1 n(Ay (kn+1)AL)
+P<sup — Vilkcn +1—1/") >g)
=0 ﬁi:n(An(Kn)AL)Jrl
1

+ P| sup sup
1< ye[0,T Aky+1)]

N
n(Ay (kn)AL)

<Y Dk =) = Ak o= )]

i=n(Ay (kn+t—y)AL)

$
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>§).

| n(Ay (kn+t—y)AL)
T Z Vi (kn — 7")
i=n(Ay,1(kn—y)AL)

+ P| sup sup
1< ye[0,T A(ky+1)]

(4.44)

By Assumption 1, we have

lim limsup P(A,(k* +1) > L) =0. (4.45)

L—00 p—oo

For the second term on the right-hand side of (4.44),

n(An(Kn‘H‘)AL)
P | sup|— )7,-(Kn+t—ri") >c
<9 ﬁ -
i=n(A,(kp)AL)+1
1 n(An(Kn‘H)AL)
(sup T Vilkn — )| > g)
=0 i n(A (kp)AL)+1

n(A_n(Kn+t)/\L)
[7i (en +1 = ") = 7 (k0 — 7]
i=n(A,(kp)AL)+1

>g).

(4.46)

NG

t<v

+P (sup

For each n and ¢ > 0, by the Lenglart—Rebolledo inequality, the first term on the
right-hand side of (4.46) satisfies

1 n(An (kn+1)AL)
P <sup T Vilkn — )| > g)

N n (Rt AL) 41
c 1 n(An(kn+0)AL)

§E+P(<_n Z )7,'(Kn—‘rl-")>>§>

i="(A_n(Kn)AL)+1

c | n(An(kn+)AL) )

=—+P(; E[(7i(kn —1))7] >g>, (4.47)
& i=n(A, (k) AL)+1

where

1 n(Ay (kn+9)AL) )
X Ele )]
i=n(A, (k)AL)+1

(A, (H)AL)

< s~ Y EmE-)] @4

_ n _
ST AT, |s—t|<® i=n(A, (5)AL)+1
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and thus, by (4.38) and choosing ¢ arbitrarily small, we have that for any ¢ > 0,

n(An(kn+t)AL)

lim limsup sup P (sup

=0 posoo  ky, t<d

NG > Vi (kn — 7')| > g) =0. (449

i:n(An (kn)AL)+1

Since for each n and i, {y;(x) : x > 0} is a square-integrable martingale with re-
spect to the filtration G = {G(¢) : t > 0}, where G(t) = o{l(n; <x):0<x <t,i =
1,2, ...}, by Doob’s maximal inequality, for any ¢ > 0,

P(sup|)7,- (kn+1—1") = Vi(kn — 1) > c)

<9
< c_2E[()7i (Kn + 9 — ri”) -7 (K,, — rl.”))z] —0 as® —0. (4.50)
Moreover,
1 (A (1)) s
- D E[@r+y =) = wi( = )]
i=1

t
= / E[(J?,-(t+z9—s)—;?i(t—s))z]dc_z(s) <00 4.51)
0

as n — 00, and the limit in (4.51) goes to 0 as ¥ — 0. Thus, it follows that for each
¢c>0

n(Ay (kn+t)AL)

1
lim 1 P - . t—1") — v —
e e A o S R B
i=n(An(kn)AL)+1
o (4.52)

For the third term in (4.44), a similar argument applies by observing that for any
yel[0,.T A (kn +1)]

1 n(Ay (kn)AL)
W Z |7 (kn = ') = 71 (kn +1 = ")
i=n(An(kn+t—y)AL)
| n(Ap(kn) AL)
<— Y |le—1) =7l +t—1)|. (4.53)
i=0

The last term in (4.44) follows from the same argument as in the first term in (4.46).
Thus, (4.42) is proven, and the tightness of the processes {X7 , : n > 1} is proven in

the space Dp, which implies the tightness of {)A(f; ,in>1h
By the tightness of {}A(,‘:’l :n > 1} and {)A(Z’Z :n > 1}, we obtain the tightness of
{Q¢ :n > 1} in Dp, which implies the tightness of {D¢ : n > 1}. Finally, the joint
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tightness of all these processes in the product space follows from the tightness of each
sequence of processes in their own space (Theorem 11.6.7, [22]). This completes the
proof. 0

Lemma 4.2 (Convergence of finite-dimensional distributions) Under the assump-
tions of Theorem 3.2, the finite-dimensional distributions of the processes (A, X

Xe w2 Dn 1) converge in distribution to those of the processes (A, X ¢ X;, D).

Proof As in the proof of tightness, we mainly focus on the proof for the convergence
of the f.d.d.’s of the processes X , to those of X3.

First, we write the processes )A(fl , defined in (2.17) as the limits of mean square

integrals, as in (3.13) for Xe,

XSt y) =Limas oo XS 5 (1, Y), (4.54)

where

t
Xoopen= [ /0 Loy (5, %) d Ry (s, ) = §jA sk = sk r)
-y

i=1
k
= " Ap (Au(sEy). Au(sF).r —sk.1) (4.55)

with 1, (s, x) defined in (3.14) for t — y = sé < s’l‘ < .o < s,]g =1t and

maxi<; <k |sll‘ — sf_l| — 0 as k — o0, and

Ap (stoposfor=sf1) = Ru(sfo 1) = Ru(sfy 1) = Ru(sfo 1 = sF) + Ru(sf_y 1 —s7).
(4.56)
Similarly, for X;, we write them as limits of mean square integrals of X 5 0

r poo k
ngk(t,y)E/t fo Loy (s, x)dK (@), x) =Y Ag(a(st ). a(sf). t —sf.1).
- i=1

(4.57)
We prove the convergence of f.d.d.’s of xe n.2 to those of X ¢ by using the conver-

gence K,= K in DD in (2.11). Define the processes Xn 2% DY

k
X506, =) Mg (alst).a(sf) t —sf,1). (4.58)

i=1

Then, by the convergence K, = K in D%) and the continuity of a, we can conclude

that the joint convergence of f.d.d.’s of (A,,, X )V(i 5 ) converge in distribution to

e
n,1’

those of the processes (A, )A(", )A(é ©) asn— o0,

@ Springer



Queueing Syst

Now it suffices to show that the difference between X¢ w2 and X 7.2,k 1s asymp-
totically negligible in probability as n — oo for each k, and the d1fference between
X n.2. and X n.2 1s asymptotically negligible in probability as n — oo and k — oo.
We will next show that for any € > 0

nli)no10P< sup | X<, (1, y) — n2k(ty)|>e>=0 T>0, (459

==L,V

and

hm 11msupP(|Xe 2kt y) — Z’z(t, y)‘ > 6) =0, t>0,0<y<rt. (4.60)

k=00 pn—oo

We obtain (4. 59) frorn the convergence of A, = a in (2.1), the continuity of a,
the convergence K, = K in (2.11), and the continuity of the generalized Kiefer limit
process K. It remains to show (4.60). For that, we define the processes X¢ no. for
each k and n by

k

t o0

%oopen= [ /0 Loy (5,00 dR(s,0) = 3 A (5, skt — 55, 0)
=y i=1

k
=Y Ag (Au(s ). An(sf). t —sf. 1), (4.61)
i=1

where K, and R, are defined in (4.22) and (4.23), respectively, and the partition of
interval [t — y,t] and 1z ; (s, x) are the same as in (4.55)—(4.56). (4.28) and (4.29)

imply that the processes f( ¢ 2. and X Z ».x are asymptotically negligible as n — oo

for each k, and moreover, (4 30) implies that Xe o in (4.24) and Xe n.2 are asymp-
totically negligible as n — oo. Thus, it suffices to show the followmg in order to
prove (4.60):

hm hmsupP(‘ank(t y) — fl’z(t,y)’ >6)=0, t>0,0<y<t, e>0.

k—>00 p—o0
(4.62)
By (4.61) and (4.24), we have

t (ee]
Xo okt y) = X551t y) = / / [1k,r,y (s, x) = 1(s +x > )] d Ry (s, x)
t—y J0

1 An (1)
=7 > B )@y, (4.63)
i=A,(t— y)

where ,5{( (7', mi)(t, y) is defined by

:31 (7:1 > Ni (t y)=

HM»

/ <t < sf)ﬁlk(rl”, ni), (4.64)
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BE (el m) = v (5 m) + 7 (0 mi) = v (51 miet), (4.65)
vi(t/ m) =1 —sh <ni<t—<") = (F(t— /") = F(t —s})), (4.66)
and
o
l ) 771 = Z Vz+m l+m’ nl+m)|}_] (4.67)

It is clear that by construction, for each i, n, ¢, y, k, the sequence {,él.k(ri", ni):i>1}

is a martingale difference sequence, and so is the sequence {B,k (T, i), y) i > 1}.

Moreover, E[B (z/', n)(t, )1 = EL[Bf (', ni)] = 0 and E[(Bf (', n:) (1, y))*] < o0,

and

LntJ
— 0 asn— oo. (4.68)

L2

Vior (. mie1)

Then, we have that for any L >0 and € > 0

P(|X5 000, 3) = X551, 3)] > €)
n(A,(AL)

1 ~
«/_ Z lgf(fﬁ’ﬁz)(fv)’)

i=n(A,(t—y)AL)

< P(A, (t)>L)+P(

i { | Ao
<P(A,()> L)+ E_2E|:<ﬁ Z BE (<] mi) (2, y)>]
i=n(An(t—y)AL)
P(A,(t) > L)
1 '1 n(A,,(t)/\L) k 5
LTS S < = LG ]}

€ n
L i=n(A,(t—y)AL) J=1

n(An(t)AL) k

T
+6_2E< Y G <o =) m)
L =n(A,(t—y)AL) J=1

S| =

2
Y o ﬂi—l))) } (4.69)

By Assumption 1, for the first term in (4.69), we have, for each t > 0,

lim limsup P(A (t) > L) 0. 4.70)

L—00 pn—oo

For the second term on the right-hand side of (4.69),
E[a (e m)) T = (F(e =) = F (e =si))[1 = (F(r = 2',) = F(t = 5§))]
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<F(t—1")— F(r—s}), 4.71)

which implies that

n
i=n(A,(t—y)AL) j=1

n(A (ALY k
E|:l Z Zl Sj— <7 <sk)E[(V’(l’ni))2]:|

-1 n(A,(1)AL) k
<E - Z Zl <t <sf)(F(t—1:l-”)—F(t—s§)):|

L i=n(A,(t—y)AL) j=1

SEgi Pl =) = F(0=55) (0 (An(6)) A L) = n(AnGs- ow))}

< B[ max ((A:(s)) AL) - (An(sj_l)AL))]. (4.72)

L1<j<k
Thus, by Assumption 1, the continuity of a, and (4.70), we have

|: n(A,(1)AL) k

lim limsup E| — Z Zl < T <Sk)E[(7/z ( inv ’7!’))2]1|

k=00 p—soo
i=n(A,(t—y)AL) J=1

< kllm lim sup E[lmax ((A (sj) AL) — (An(sj_l) A L))] =0. (4.73)
—00 n—00 =J=

For the last term on the right-hand side of (4.69), we apply (4.68). Thus, (4.62) is
proven, and so is (4.60). O

5 Conclusion

In this paper we have studied the G,/ G? /oo infinite-server model with arrival pro-
cess satisfying an FCLT (Assumption 1), allowing time-varying arrival rates and cor-
related interarrival times, and dependent service times that form a stationary sequence
satisfying either the ¢-mixing condition or the S-mixing condition (Assumption 2).
We have established an FWLLN and an FCLT for the process Q°(¢, y), which rep-
resents the number of customers in the system at time ¢ with elapsed service time
less than or equal to y, together with the departure process. We have shown that the
dependence among service times does not affect the fluid limits, but does affect the
limit process in the FCLT. As in [15], for the service times, a prominent role is played
by the generalized Kiefer process. We have characterized the Gaussian property of
these processes and shown that the variance formulas have an additional term to indi-
cate the impact of dependence among service times. However, this additional term is
quite complicated. Consequently, we have further studied the formula obtained here
in order to better understand the engineering impact of dependence among the service
times in [16, 17]. There it is shown how the dependence might be modeled and how
the performance impact of the dependence can be calculated.
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There remain many open problems to investigate. It remains to study the case
in which the interarrival times and service times are correlated with each other. It
also remains to establish corresponding many-server heavy-traffic limits for queueing
models with only finitely many servers. Finally, it remains to investigate networks of
IS and many-server queues with dependence structure.
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