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Abstract

In order to obtain Markov heavy-traffic approximations for infinite-server queues with gen-
eral non-exponential service-time distributions and general arrival processes, possibly with
time-varying arrival rates, we establish heavy-traffic limits for two-parameter stochastic pro-
cesses. We consider the random variables Q¢(¢,y) and Q" (¢,y) representing the number of
customers in the system at time ¢ that have elapsed service times less than or equal to time
y, or residual service times strictly greater than y. We also consider W' (¢,y) representing
the total amount of work in service time remaining to be done at time ¢ 4 y for customers in
the system at time ¢. The two-parameter stochastic-process limits in the space D([0,0), D)
of D-valued functions in D draw on, and extend, previous heavy-traffic limits by Glynn and
Whitt (1991), where the case of discrete service-time distributions was treated, and Krichagina
and Puhalskii (1997), where it was shown that the variability of service times is captured by

the Kiefer process with second argument set equal to the service-time c.d.f.

Keywords: infinite-server queues, heavy-traffic limits for queues, Markov approximations, two-
parameter processes, measure-valued processes, time-varying arrivals, martingales, functional

central limit theorems, invariance principles, Kiefer process.



1. Introduction

One reason heavy-traffic limits for queueing systems are useful is that they show that non-
Markov stochastic processes describing system performance can be approximated by Markov
stochastic processes under heavy loads. For a Markov process, it suffices to know the present
state of that stochastic process in order to determine the distribution of the stochastic process
at future times; we need no additional information from the past. With Markov approxima-
tions, that remains true approximately. The Markov property also helps in characterizing the
approximate steady-state and transient one-dimensional (marginal) distributions. In applica-
tions, the Markov property shows that the proper state has been identified and shows what

needs to be measured in order to understand system performance.

Conventional Heavy-Traffic Limits. The classic example is the GI/GI/s queue, having
s servers, unlimited waiting room, and independent and identically distributed (i.i.d.) service
times independent of a renewal arrival process. The standard description of system state is the
number of customers in the system at time ¢, which we will call the queue length and denote by
Q(t). With exponential interarrival and service times, the stochastic process {Q(t) : t > 0} is
Markov. However, with non-exponential interarrival and service times, the stochastic process
{Q(t) : t > 0} is not Markov. Then the future evolution at any time depends on the elapsed
interarrival time and the elapsed service times of all customers being served.

However, the conventional heavy-traffic limit shows that the queue-length process {Q(t) :
t > 0} is approximately equal to a Markov process under heavy loads. In the conventional
heavy-traffic limit, the arrival rate A is allowed to increase while the number of servers, s,
and the service-time distribution with mean 1/u are held fixed, so that the traffic intensity
p = A\/sp approaches the critical value 1 from below. As p T 1, we obtain convergence of
appropriately scaled queue-length processes to reflected Brownian motion (RBM), which is a
Markov process [22, 23, 55]. With Q,(t) denoting the queue length at time ¢ when the traffic
intensity is p, under regularity conditions controlling the way the arrival processes change with
p, we have

(1 - p)Qp((L - p)2t) = RBM(t;—1,0%) as p11 (L1)

for positive constants v = s and 02 = s(c2 + ¢2), where RBM (t; —v, 0%) denotes an RBM with
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drift coefficient —v and diffusion coefficient 0%, = denotes convergence in distribution, and



c2 and 2 are the squared coefficients of variation (SCV’s, variance divided by the square of
the mean) of an interarrival time and a service time, respectively. The limiting distribution of
RBM (t; —v,0?%) as t — oo is exponential with mean o2 /2v.

In fact, to obtain the limit in (1.1), we do not need the interarrival times and service
times to come from independent sequences of i.i.d. random variables. Instead, it suffices to
have the associated partial sums, or equivalently, the associated counting processes satisfy a
functional central limit theorem (FCLT) converging to independent Brownian motions (BM’s).
That allows for weak dependence. Thus, in considerable generality, we have the heavy-traffic

approximation
{Qp(t) 1t >0} = {(1—p) *RBM((1 — p)*t; —v,0%) : t > 0}. (1.2)

Moreover, the Markov property of the limit extends to conventional heavy-traffic limits
for networks of queues. It is significant that the limit process is again a Markov process, in

particular, a multidimensional RBM in an orthant, as shown by Harrison and Reiman [19].

Many-Server Heavy-Traffic Limits. Unfortunately, however, the situation is very differ-
ent for many-server heavy-traffic limits when the service-time distribution is non-exponential,
either with s = co or s — oco. In this paper, we will consider the case in which s = oo, i.e.,
the G/GI/oo model with i.i.d. service times independent of a general arrival process, where
heavy traffic is achieved by letting A\ — oo, while the service-time distribution is held fixed.
However, the problem is relevant more generally with many servers, where s — co as A — o0
with s — A\ = O(V/)), as in Halfin and Whitt [18]. For infinite-server models, we index the
stochastic processes by the arrival rate A.

We are interested in the infinite-server model both for its own sake and as an approximation
for many-server queues. In fact, heavy-traffic limits for infinite-server models can play a role
in characterizing the heavy-traffic limits for corresponding many-server models, as shown by
Reed [46, 47], Puhalskii and Reed [45], and Mandelbaum and Momcilovic [?].

With infinitely many exponential servers, we again obtain Markov diffusion limits, as first
shown by Iglehart [20] for the M /M /oo model; see Pang et al. [44] for a review. For the
M /M /oo model, with i.i.d. exponential interarrival and service times, the established heavy-

traffic limit for Q(¢) (now coinciding with the number of busy servers) is

Q) — (\/w)
VA

= OU(t;v,0%) as A\ — oo, (1.3)



for appropriate positive constants v = p and o2 = 2u, where oU(t;v, 02) is an Ornstein-
Uhlenbeck (OU) diffusion process with drift —vz and diffusion coefficient o2, which has normal

marginal distributions. As a consequence,

Qu(t) ~ % T NROU(t,21) and Qa(00) & N (M, M), (1.4)

where N(m,o?) denotes a normal random variable with mean m and variance o

. It is sig-
nificant that essentially the same limit holds for general arrival processes, provided only that
they satisfy a FCLT. With renewal arrival processes, we obtain the same OU limit in (1.3)
modified only by having 02 = u(1+c2). A systematic way to extend the limit to general arrival
processes is given in §7.3 of [44].

However, with non-exponential service times, the established heavy-traffic limit for Q(t) is
not Markov. As first shown by Borovkov [3], and further discussed in [21, 54, 38, 15, 32], the
limit process is Gaussian, which implies that the distribution of Q(t) itself is approximately
normal, but the limiting Gaussian stochastic process is non-Markov, unless the service times
are exponential (plus a minor additional case; see Glynn [14] and Krichagina and Puhalskii
[32]). For the non-Markov Gaussian limit, that Gaussian process is fully characterized by
specifying its covariance structure. Nevertheless, the Gaussian process is in general not Markov.
An inference to be drawn is that Q(t) does not contain the relevant state for describing the
evolution of the system, even approximately.

What we want to do, then, is to add more to the system state. We want to consider a
stochastic process characterizing the system state for which the associated heavy-traffic limit
process is Markov. To do so, we consider the two-parameter stochastic process {Q°(t,y) :
t > 0,y > 0}, where Q°(t,y) represents the number of customers in the system at time ¢
with elapsed service times less than or equal to time y. We do not pay attention to specific
customers or servers but only count the total numbers. The random quantity Q°(¢,y) is an
observable quantity given the system history up to time t. We recommend that the stochastic
process {Q°(t,y) : t > 0,y > 0} be used in models and measured in practice. Ways to exploit
such ages for control were discussed by Duffield and Whitt [10].

So far, we have used elapsed service times, because they are directly observable. We can
equally well work with residual service times, and consider the process Q" (t,y) counting the
number of customers in the system at time ¢ with residual service times strictly greater than y.

With i.i.d. service times having c.d.f. F', we can go from one formulation to the other. If the



elapsed service time is y, then the residual service time has distribution Fy(z) = F(z+y)/F°(y)
for x > 0, where F°(y) =1 — F(y). If the service times are learned when service begins, then
both Q"(t,y) and Q°(t,y) are directly observable. Otherwise, elapsed service times correspond
to what we observe, while residual service times represent the future load, whose distribution
we may want to describe.

We regard {Q°(t,-) : t > 0} and {Q"(¢,-) : t > 0} as function-valued stochastic processes,
in particular, random elements of the function space Dp = D([0,00), D(]0,00),R)), where
D = D(]0,00),S5), for a separable metric space S, is the space of all right-continuous S-
valued functions with left limits in (0,00); see §2.3. Since the functions Q°(t,y) (Q"(t,y)) are
nondecreasing (nonincreasing) in y, we can also regard Q°¢(¢,-) and Q" (¢,-) as measure-valued

processes, but we will work in the framework Dp.

The M/GI/cc and M;/GI/oo Models. For understanding, it is very helpful to consider the
special case of a Poisson arrival process. The function-valued stochastic process {Q°(¢,-) : t >
0} is clearly Markov when the arrival process is Poisson. (To know Q€(¢,-) is to know Q¢(t,y)
for all y > 0.) The M/GI /oo model has a very simple story, even for the generalization to a
nonhomogeneous Poisson arrival process (M;), which is described in [11, 41] (where references
to earlier work are given). The key idea, expressed in the proof of Theorem 1 of [11], is a
Poisson-random-measure representation: The initial step is to put a point at (¢,2) in [0, 00)?
if there is an arrival at time ¢ with service time x. For the M;/GI /oo model, that makes the
number of points in subsets of [0,00)? a Poisson random measure with intensity A(t)f(z) at
(t,x), where f is the probability density function (p.d.f.) associated with the service-time c.d.f.
F. (The c.d.f. F is not actually required to have a p.d.f.) Let C;, 1 < i < m, be m disjoint
subsets of [0,00)2, and let N(C;) be the number of arrivals at time ¢ with service times z for
(t,z) € C;. The key fact is that N(C;), 1 <14 < m, are independent Poisson random variables,
with means equal to the integral of the intensity over Cj. In this context, Q" (t,y) = N(C1)
and Q7 (£,0) — Q" (t,y) = N(Cy) (o, Q%(t,y) = N(C1) and Q“(t,1) — QI(t,y) = N(Cy)) for
appropriate disjoint sets C7 and Cy, as depicted in Figure 1 below, and so are independent
Poisson random variables.

When the arrival rate is allowed to grow and appropriate scaling is introduced, the discrete
Poisson nature is lost, but the random-measure structure with independence over disjoint

subsets is preserved. The limits here produce continuous Brownian analogs of the discrete
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Figure 1: The excess and residual queue-length random variables Q¢(¢,y) and Q" (¢,y) counting
the number of arrival-time and service-time pairs in designated disjoint subsets of [0, 00)2.

Poisson results in [11, 41]. The resulting normal approximations are discussed in §9 of [41].
For the M/GI /oo model, the Markov-process perspective was already applied by Duffield
and Whitt [10] to study problems of control and recovery from rare congestion events. The
Markov representation there was (Q!(t), D(t,v)), where Q(t) = Q°(t,t) is the total number of
customers in the systems at time ¢ and D(t,y) = Q°(t,y)/Q'(t) as a function of y (y < t) is
the empirical age distribution of elapsed service times at time ¢. A rare congestion event was

defined as an unusual number Q!(¢) or an unusual age distribution D(t,v).

The G/GI/oo Model. However, for the more general GI/GI/oo model, having a non-
Poisson renewal arrival process, the stochastic process {Q°(t,-) : t > 0} is in general not Markov
from that perspective, because the future evolution also depends on the elapsed interarrival
time. The Markov property is violated more severely when the arrival process is not renewal;
then we would require knowledge of even more of the arrival-process history. However, just as
for the G/GI/s model discussed above, the heavy-traffic limit for the arrival process typically
does have independent increments, so this non-Markovian aspect disappears in the heavy-traffic
limit.

In the limit, Q°(¢,y) for the G/GI /oo model is asymptotically equivalent to what it would
be in the corresponding M /GI /oo model, except for a constant factor ¢2 to account for the dif-

ferent variance. (The situation is actually somewhat more complicated, because the constant



factor ¢2 does not appear in all terms in the limit process.) However, there is further simpli-
fication when c2 = 1; see Corollary 4.1. Thus, a continuous analog of the simple M/GI /oo
story applies in the limit. And it extends to time-varying arrival rates. Thus, we aim to
establish heavy-traffic limits for the two-parameter stochastic processes {Q°(¢,-) : t > 0} and

{Q"(t,-) : t > 0} in the G/GI /oo model, including an extension to the non-stationary case Gj.

Proof Strategy. Our proof builds on previous work by Glynn and Whitt [15] and Krichagina
and Puhalskii [32]. First, a restricted form of the desired two-parameter stochastic-process
limits was already established in Theorem 3 of Glynn and Whitt [15] for the case of service-
time distributions with finite support. The result there is only stated for arbitrary fixed second
parameter y, but it can be extended. A key idea there was to treat that case by representing
the service times as a finite mixture of deterministic service-time c.d.f.’s, and then split the
arrival process into corresponding arrival processes associated with each deterministic service
time; see §3 of [15], especially, Proposition 3.1. That step relies on the FCLT for split counting
processes, as in §9.5 of [55]. The mixture argument extends quite directly to treat arbitrary
discrete distributions. It would then also extend to arbitrary distributions if we can treat
continuous service-time c.d.f., because we can regard the general c.d.f. as a mixture of a
discrete c.d.f. and a continuous c.d.f. However, the proof in [15] does not seem to extend
naturally to continuous service-time c.d.f.’s.

We treat the final case of a continuous service-time c.d.f. here by a different approach. In
doing so, we draw heavily on the important paper by Krichagina and Puhalskii [32]. Our limits
for continuous service-time c.d.f.’s are extensions of theirs, obtained using the same martingale
arguments. The proof in [32] already took a two-parameter approach and showed that it is
fruitful to view the service times through the associated sequential empirical process (in (2.3)
below). They showed that a scaled version of the sequential empirical process converges to the
two-parameter standard Kiefer process, with the service time c.d.f. in the second argument
(see (2.6) below). This convergence is established in the space Dp = D([0,00), D(]0,00),R))
of D-valued functions; see §2.3.

Moreover, Krichagina and Puhalskii [32] already treated general service-time c.d.f.’s, but
they do not state limits for two-parameter queueing processes. It might seem that it would
be a routine extension to do so, but we show that is not so, because the limit process is not

a random element of the space Dp for discontinuous service-time c.d.f.’s, as we explain after



Theorem 3.2. Fortunately, however, the argument in [32] can be extended to the two-parameter
case if we restrict attention to continuous service-time c.d.f.’s, which is just what we need. In
fact, we started with [32] and thought of applying [15] only after discovering this difficulty.
The main work here is our treatment of the case of a continuous service-time c.d.f.. The
main result is our FCLT for that case in Theorem 3.2. Sections §38 - 11 are devoted to its
proof. Our main difficulty is extending tightness proofs in [32] from the space D to the space
Dp. The rest of the results are relatively routine, so we provide relatively few proof details for

them.

Practical Value. In doing this work, our goal has been to obtain useful practical formulas
for the approximate distributions of the random variables describing system performance.
Two observations set the stage: First, in the heavy-traffic limit, as the arrival rate increases,
the sequence of properly scaled arrival processes usually converges to Brownian motion (or
a time-transformed version), which has independent increments, so that will be a key initial
assumption here. As a consequence, with high arrival rate, the arrival process should have
approximately independent increments. Since new arrivals do not interact with customers
in the system, because each customer can have his own server, this independent-increments
property implies that, for any time ¢, the system evolution for new arrivals after time ¢ should
be approximately independent of the system history up to time t.

Second, to know the pre-limit process Q°(t,y) for all y up to time ¢ is essentially (aside
from customer identity) equivalent to knowing the total number in system at time ¢ plus the
arrival times of the customers in the system at that time. Combining these two observations
directly shows that the pre-limit stochastic process {Q°(t,-) : t > 0} should be approximately
equal to a Markov process. Hence, we do not greatly dwell on that issue.

It also shows what is needed: First, to describe the approximate consequence of new arrivals
after time ¢, it suffices to describe the system evolution starting empty. Second, we want to
describe the system state at time ¢, which we can also think of as starting empty in the past.
Hence, it suffices to describe the approximate distributions of Q¢(¢,y) and Q" (t,y) for all t > 0
and y > 0.

In this paper, we establish heavy-traffic limits that enable us to do just that. Since the
limiting random variables are all Gaussian, the approximate distributions of unscaled pre-limit

random variables are determined by their means and variances. The approximate mean values



are determined by the fluid limits, while the approximate variances are determined by the
variances of the limiting random variables. Thus, we meet our objective by providing explicit
formulas for both the fluid limits and the variances of the limiting random variables. The fluid
limits are given in Theorems 3.1 and 7.1; the variance formulas are given in Theorems 4.2
and 7.3. It is important that our main results - Theorems 3.2 and 7.2 - do indeed yield these

important practical consequences.

Other Related Literature. Asnoted by Krichagina and Puhalskii [32], the relevance of the
two-parameter Kiefer process for the infinite-server queue was first observed by Louchard [38].
The results here were briefly outlined in §6.4 in our survey [44]. (The first drafts of this paper
were written at that time.) Since then, there has been a flurry of new work: Related fluid limits
for measure-valued processes have been obtained by Kaspi and Ramanan [29] for the GI/GI/s
model with s — oo, by Kang and Ramanan [28] and Zhang [61] for the GI/GI/s model with
abandonment. However, the first fluid limit for two-parameter processes evidently was the
fluid limit in §6 of [56] for the discrete-time version of that more general Gy(n)/GI/s + GI
model, having both time-dependent and state-dependent arrivals. Two-parameter processes
are also used in [51] to establish limits for waiting times. There is also a substantial body of
related limits for two-parameter processes associated with queueing models with non-FCFS
service disciplines; see [9, 17, 33, 34] and references therein.

For the G/GI /oo model we consider and generalizations, there also have been FCLT re-
sults: A FCLT for the G/GI /s model was announced in [29], but has not appeared by 9/29/009.
Decreusefond and Moyal [8] established a FCLT for the M/GI/oco model. The limit in [8] is
expressed in terms of cylindrical Brownian motions on a Hilbert space L?(dF) with F being
the service-time distribution. The limit is expressed as an infinite-dimensional stochastic in-
tegral with respect to independent standard BM’s. Following Decreusefond and Moyal [8],
in contemporaneous work, Reed and Talreja [48] used a very different approach, based on
distribution-valued processes, which is a more general framework than measure-valued pro-
cesses. Moreover, they showed that there is a close connection to early work by Kallianpur
and Perez-Abreu [26, 27], Mitoma [42] and others. With this approach, they are able to apply
traditional martingale methods with the continuous mapping theorem to establish their limit.
Moreover, they are able to characterize the limit as a generalized Ornstein-Uhlenbeck (OU)

process. This OU structure is appealing, because it extends the seminal result by Iglehart [20]



for the M /M /oo model. Indeed, this generalization could be anticipated, because in [54] we
had already obtained an m-dimensional OU limit for the GI/PH,,/oc model. A problem with
the distribution-valued framework in [48] is that there are far fewer continuous functions on

this space, so that the limits have fewer applications with the continuous mapping theorem.

Organization of this paper. We start with preliminaries in §2. In §3 we state our main
results, focusing only on new arrivals (ignoring any customers initially in the system) and a
continuous service-time c.d.f. In §4 we characterize the limit processes. In §5 we treat the initial
conditions, and treat all customers in the system. In §6 we show how the limit reduces to the
previous results for the M /M /oo and G/M /oo models. In §7 we treat the general service-time
c.d.f’s. In §§8-11 we prove the main theorem: Theorem 3.2. In §9 we prove the continuity
of the representation of some key processes in the space Dp. In §10 we continue the proof
by establishing tightness of the key processes. In §11 we complete the proof by establishing
convergence of the finite-dimensional distributions. We draw conclusions in §12. We present
supporting technical details in the Appendix, including basic facts about the Brownian sheet,
the Kiefer process, two-parameter stochastic integrals, tightness criteria in the space Dp and

some detailed calculations.

2. Preliminaries

2.1. Initial Conditions and Assumptions

It is convenient to treat the congestion experienced by customers initially in the system sepa-
rately from the congestion experienced by new arrivals, because they usually can be regarded
as being asymptotically independent. Thus we first focus only on new arrivals and then later

treat the initial conditions in §5.

Assumptions for the Arrival Processes. We consider a sequence of G/GI /oo queues
indexed by n, where the arrival rate is increasing in n. For the n'® system, let A, (t) be the
number of arrivals by time ¢ and 7;* the time of the it arrival.

We assume that the sequence of arrival processes satisfy a FCLT, specified below. All
single-parameter continuous-time stochastic processes are assumed to be random elements of
the function space D = D([0, c0), R) with the usual Skorohod .J; topology [2, 55]. Convergence

Ty, — T as n — oo in the Ji topology is equivalent to uniform convergence on compact subsets



(u.0.c.) when the limit function z is continuous. Throughout, we will have a bar, as in A, (),
to denote the law of large number (LLN) scaling (as in (2.2) below) and a hat, as in A, (t), to
denote the central limit theorem (CLT) scaling (as in (2.1) below).

Assumption 1: FCLT. There exist: (i) a continuous nondecreasing deterministic real-
valued function @ on [0, 00) with @(0) = 0 and (i) a stochastic process A in D with continuous

sample paths, such that

A~ A

A, () =n"Y2(A,(t) —na(t)) = A(t) as n—oo in D. = (2.1)

As an immediate consequence of Assumption 1, we have an associated functional weak law

of large numbers (FWLLN)

=a(t) as m—oo in D. (2.2)

In order to obtain a limiting Markov process we will also assume that the limiting stochastic

process A has independent increments, but we will obtain limits more generally.

The Standard Case. The standard case in Assumption 1 has special a and A. For the
FWLLN limit, the standard case is a(t) = At,t > 0 for some positive constant A, which
corresponds to an arrival rate of A\, = An in the n'™® system, but our more general form allows
for time-varying arrival rates as in [11, 41, 40].

For the FCLT limit A, the standard case is BM. That occurs when the arrival processes are
scaled versions of a common renewal process with interarrival times having mean A~! and SCV
2. Then A(t) = \/Ac2By(t), where B, is a standard BM. Of course, the convergence to BM
in (2.1) holds much more generally, e.g., see Chapter 4 of [55]. Except for the SCV ¢2, in the
standard case Assumption 1 makes the arrival process asymptotically equivalent to a Poisson
process. Thus, in the standard case, the limiting results will be identical to the limit for the
M/GI /oo model when ¢2 = 1, and very similar for ¢2 # 1. Actually, there is an important

structural difference when c2 # 1, which we discuss in §4.
Assumptions for the Service Times and the Empirical Process.

Assumption 2: a sequence of i.i.d. random variables. We assume that the service

times of new arrivals come from a sequence of i.i.d. nonnegative random variables {n; : i > 1}
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with a continuous c.d.f. F, independent of n and the arrival processes. (We extend to general
c.df’sin §7.) =

As in [32], it is significant that our queue-length heavy-traffic limits over finite time inter-
vals do not require more assumptions about the service-time c.d.f. F' except that it need be
continuous. It need not have a finite mean. However, for subsequent results we will need to

1 and even a finite second moment with SCV

assume in addition that F' has a finite mean u~
c2. The continuity of F implies that our limit processes will have continuous paths, as will be
seen in Theorems 3.2 and 5.1.

Krichagina and Puhalskii [32] observed that it is fruitful to view the service times through

the two-parameter sequential empirical process

[nt]

_ 1

Kn(t,2) = — dimi<a), t20, x>0, (2.3)
=1

which is directly expressed in the LLN scaling. Here 1(A) is the indicator function. Since the
service times are i.i.d. (without any imposed moment conditions), we have a FWLLN for K,

itself and a FCLT for the scaled process

Rult,2) = Vi(Ralt,o) - ElEa(t,0)]) = —= > (105 <2) - F(z),  (24)
fort >0 and x > 0.

These stochastic-process limits are based on corresponding limits in the case of random
variables uniformly distributed on [0,1]. Let U, (t,z) denote the stochastic process K, (t,z)
when 7; is uniformly distributed on [0, 1], so that F(z) = z, 0 < z < 1. Extending previous
results by Bickel and Wichura [1], Krichagina and Puhalskii [32] showed that

Un(t,z) = U(t,z) in D([0,00),D([0,1],R)) as n — oo, (2.5)
where U(t,z) is the standard Kiefer process; see Csorgd and Révész [7], Gaenssler and Stute
[13], van der Vaart and Wellner [52] and Appendix A. In particular, U(t,z) = W(t,x) —
xW (t,1), where W (t, x) is a two-parameter BM (Brownian sheet), so that U(-,z) is a BM for
each fixed x, while U(t,-) is a Brownian bridge for each fixed . The Brownian bridge B° can
be defined in terms of a standard BM B by B%(t) = B(t) —tB(1), 0 <t < 1; it corresponds to
BM conditional on having B(1) = 0.

It is significant that K, can be expressed as a simple composition of U,, with the c.d.f. F

11



in the second component. We thus have

K,(t,z) = Un(t, F(z)) = K(t,z) = U(t, F(x)) in D([0,00), D([0,00),R)), (2.6)

as n — oo without imposing any conditions upon F', because F' is not dependent on n. More-
over, the convergence is with respect to a stronger topology on Dp = D([0,c0), D([0,c0),R));
convergence is uniform over sets of the form [0, 7] X [0, 00); we have uniformity over [0, 00) in the
second argument. That will turn out to be important when we treat the remaining-workload

process. As a consequence of the FCLT in (2.6), we immediately obtain the associated FWLLN
K,(t,z) = k(t,z) =tF(x) in Dp as n— oo, (2.7)

where again there is uniformity in x over [0, 00).

2.2. Prelimit Processes

Let QS (t,y) represent the number of customers in the n'™ queueing system at time ¢ that
have elapsed service times less than or equal to y; let Q) (¢,y) represent the corresponding
number that have residual service times strictly greater than y. Let QL(t) represent the

total number (the superscript t) of customers in the n'™ queueing system at time ¢. Clearly,

QL(t) = Q4(t,t) = Q(t,0), and

Q:L(t7y) = sz(t + y7t + y) - sz(t + yvy) = QZ(t + y) - sz(t + y7y)7

Qnty) = Qnt,0)—Qnt—y,y) =QLt) — QL —y,y). (2.8)

From (2.8), it is evident that we can construct all three processes Q%, Q" and Q! from either

Q¢ or Q7. Observe that Q] and Q¢ can be expressed as

An(t)
Qnty) = D U +m>t+y), t>0, y>0, (2.9)

i=1

An(t)

Quty) = > Ul +m>t), t>0, 0<y<t
i=An(t—y)

From (2.9), we see the connection to the sequential empirical process K, in (2.3). Indeed, the
key observation (following [32]) is that we can rewrite the random sums in (2.9) as integrals

with respect to the random field K,, by
t 00
Gt = n [ [T1stas iR, tyzo (210)
0 Jo

t [e'e)
Qilty) = n / / s+ 2> )dRn(An(s),2), 120, 0<y<t,
t—y JO
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for K, in (2.3). These two-dimensional integrals in (2.10) are two-dimensional Stieltjes in-
tegrals. In the present context, the integrals in (2.10) are understood to be (defined as) the
random sums in (2.9). However, (again following [32]) we will interpret their limits as stochas-
tic integrals, defined in the sense of mean-square convergence. That mean-square-convergence
definition is consistent with the two-dimensional Stieltjes integral used for the prelimit pro-
cesses. We will exploit the mean-square characterization to prove that the finite-dimensional
distributions of the scaled processes Xn,g in (2.13) below converge to those of the limiting

process in §11. We will primarily focus on Q..

Lemma 2.1. (representation of Q) The process Q) defined in (2.9) and (2.10) can be repre-

sented as
Qutos) =n [ P-4y 9da6) + Vilnat) + Koolton)), Ly0. (211
where
Xoa(t,y) = Aﬂﬂ@+y—@dAA@, (2.12)
N t © N
Xno(ty) = /0 /0 1(s+x>t+y)dRy(s, ) (2.13)

t 0o
= —/ / 1(s +x <t+y)dR,(s,x),
0 Jo

Ralty) = RalAn(hy) = —= 3 (U <)~ F(y)) (214)

with the first two integrals in (2.12) and (2.13) both defined as Stieltjes integrals for functions

of bounded variation as integrators.

Proof. Apply (2.4) to get the first relation in (2.14). (Right away, from (2.6), we see that
Ry(t,z) = K(a(t),z).) Use (2.4) and (2.3) to get the rest of (2.14) and

B ~ 1An(t)
Kn(An(t),z) = " 1(n; < x)
=1
11 2w 1 i )
= Zalor X9 - F@)] + —=vald(®) - at)F ) + e F (@)
i=1
:-%m@@+%ﬁmwm+mwm (2.15)



Combine (2.10) and (2.15) to get (2.11). The alternative representation for X, o(t,) holds
because K, (t,00) = 0 and thus R, (t,00) = 0 for all t. =

We will also consider several related processes. Let F<(t,-) and F](t,-) represent the
empirical age distribution and the empirical residual distribution at time ¢ in the n*® system,

respectively, i.e.,
Ee(t,y) = Q5(ty)/QL(t), t>0, 0<y<t, (2.16)
and
Ere(ty) =1—Fj(ty) = Qn(t,y)/QL), t>0, y=>0. (2.17)

For each n and t, FS(t,-) and F](t,-) are proper c.d.f.’s. Let D, (t) count the number of
departures in the interval [0, ]; clearly, D, (t) = A, (t) — Q% (t) for t > 0.

We will also consider several processes characterizing the workload in total service time.
For these limits, we will assume that we are in the standard case for the arrival process and
impose extra moment conditions on the service-time c.d.f. F. The total input of work over

[0,] is
An(t)
L(t)=> mn, t>0. (2.18)
=1

The amount of the workload to have arrived by time ¢ that will be remaining after time ¢ + y
is

Wy(t,y) = / Qn(t,x)de, t>0, y>0. (2.19)
y

Then the total (remaining) workload at time ¢ is W (t) = W/(¢,0). Finally, the total amount
of completed service work by time t is C,(t) = I,,(t) — WE(¢t).

2.3. The Space Dp

Our limits for two-parameter processes will be in the space Dp, which we regard as a subset of
D([0,00), D([0,0),R)), where D = D([0,0),S), for a separable metric space S, is the space
of all right-continuous S-valued functions with left limits in (0, 00); see [2, 55] for background.
We will be considering the subset of functions z(¢,y) which have finite limits as the second
argument y — oo. For example, we have QS (t,y) = Q¢ (t,t) for all y > ¢t and Q] (¢t,y) — 0 as
y — 0o. We will be using the standard Skorohod [49] J; topology on all D spaces, but since all
limit processes will have continuous sample paths, convergence in our space Dp is equivalent
to uniform convergence over subsets of the form [0,7] x [0,00). (We already observed that

we have such stronger uniform convergence over that non-compact set for K, to the Kiefer
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process in (2.5).) We summarize the tightness criteria in the space Dp in Appendix C, which
will be applied in §10 to prove tightness of these processes. We refer to Talreja and Whitt [?]
for the convergence preservation of various functions in Dp.

For two-parameter processes, one might consider using generalizations of the spaces of two-
parameter real-valued functions considered by Straf [50] and Neuhaus [43], but those spaces
require limits to exist at each point in the domain (subset of R?) through all paths lying in
each of the four quadrants centered at that point. That works fine for the sequential empirical
process K,,, but not for Q] (t,y). For example, suppose that the first two arrivals occur at
times 1 and 3, and that the arrival at time 1 has a service time of 2. Then limits do not exist
along all paths in the southeast and northwest quadrants at the point (¢,y) = (2,1), because
there are discontinuities along a negative 45° line running through that point. The value shifts

from 0 to 1 at that line. However, there is no difficulty in the larger space Dp.
3. Main Results

In this section, we state the main results of this paper: the FWLLN and FCLT for the scaled
processes associated with Q)7 and W], along with the closely related processes. We give the
proofs in §§8-11.

Define the LLN-scaled processes Q" = {Q" (t,y),t > 0,y > 0} by

Qn(t,y)

Qnlt y) = ==, (3.1)

and similarly for the processes Q¢, Q!, D,, W=, Wt I, and C,. Define the LLN-scaled
processes F¢ = {F¢(t,y),t > 0,0 <y <t} and F,° = {F,°(t,y),t > 0,y >0} by

Fr(t,y) = QL(t,y)/Qn(t) and  Ee(ty) = Q(ty)/Qn(t), (3.2)
where F¢(t,y) and F},°(t,y) are defined to be 0 if Q! (t) = 0 for some t.

By Lemma 2.1,

Qr(t.y) = /0 F0<t+y—s>da<s>+%<Xn,1<t,y>+X'n,2<t,y>>, Ly>0.  (33)

When we focus on the amount of work, as in the workload processes, we use the stationary-
excess (or residual-lifetime) c.d.f. associated with the service-time c.d.f. F' (assumed to have

finite mean p~!), defined by

F.(z) = u/ox F¢(s)ds, x>0. (3.4)



The mean of F, is E[n?]/2E[n] = (c? + 1)/2u; that will be used in part (c) of Theorem 3.1

below.

Theorem 3.1. (FWLLN)
(a) Under Assumptions 1 and 2,

(Anakna _:n _ffm _27F57F5707Dn) = (EL’E’qu,qft,q—e’fe’fT,cjd) (35)

mn D x D% X D x D?b X D as n — oo w.p.1, where the limits are deterministic functions: a is

the limit in (2.2), k(t,z) = tF(z) in (2.7),

t
7(ty) = /1ﬂ@+y—@w@» £20, y>0, (3.6)
0

t
ity = [ F-sdal). 20, 0<y<t, (37)
t—y
q'(t) = 7" (t,0) = ¢°(t, 1), f(t,y) = q°(t,y) /G (1), ™ (t,y) = 7" (t,y)/q'(t) and d =a —q".
(b) If, in addition to the assumptions in part (a), a(t) = Xt, t > 0, and the service-time
c.d.f. F has finite mean p~', then

(Wﬁ,WfL,fn,C’n) = (w",wt,i, E) in DpxD?® as n—oo wp.l, (3.8)
jointly with the limits in (3.5), where

o (ty) = A/ F(ta)dn, t>0, y>0,
Y

At - -
i(t) = m and ¢(t) =i(t) —wt(t) = — | Fe(s)ds, (3.9)
for F. in (3.4).
(¢) If, in addition to the assumptions of parts (a) and (b), E[n?] < oo, then

A2 +1)

T (3.10)

" (t,y) — %/ Ff(y + s)ds < oo and w'(t) —
0

as t — oo.
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We obtain Theorem 3.1 as an immediate corollary to the following FCLT, which exploits

centering by the deterministic limits above. For the FCLT, define the normalized processes

Qn(t.y) = V(@ (ty) — 7' (t,y)), (3.11)

for t > 0 and y > 0, and similarly for the other processes, using the centering terms above. By

(3.3) and (3.6),

~ A~ A~

Q:z(t7y) = Xn,l(tay) + Xn,2(t7y)7 t 2 07 ) 2 0. (312)
Moreover,
Fre(ty) = Vn(Epe(ty) — [t y))
= QL) (@Qnlty) - QL (ty)), =0, y>0,
and

\/H(Fi(tv y) - fe(tv y))

= QL) (QLty) — QL FfE(ty)), t>0, 0<y<t

Ey(t,y)

The joint deterministic limits in Theorem 3.1 are equivalent to the separate one-dimensional

limits, but that is not true for the FCLT generalization below.

Theorem 3.2. (FCLT)

(a) Under Assumptions 1 and 2,

(ATHKTH AT7 Affm A5L7F£7C7FS7-DTL) = (A7K7QAT7QAt7Q67FT’C7F67ﬁ) (313)

n

in D x D% x D x D3, x D as n — oo, where A is the limit in (2.1), K(t,z) is the limit in

(2.6), which is independent of A,

Qr(t7y) = Xl(tvy) + XQ(tvy)7 t> 07 Y > 07 (314)

Xi(ty) = /0 Fe(t+y — s)dA(s),
— F(y)A(t) - / As)dF(t +y ).
0

Xo(ty) = /0/0001(8—1—x>t+y)df((d(s),:1:),

:_/Ot/oool(s+:v§t—i—y)df((d(s),a:),
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Qt(t) = Qr(tv 0)} Qe(tv y) = Qt(t) - Qr(t - Y, y)7 Fnc(ta y) = qt(t)_l(Qr(tv y) - Qt(t)fr’c(tv y))7
Fe(t, y) = cjt(t)_l(Qe(t, Y) —Qt(t)fe(t, y)), and D = A—Q''. Moreover, all these limit processes

are continuous and Qe(t,y) can be represented as

Q°(ty) = Xi(t.y)+X5(ty), t>0, 0<y<t, (3.15)
Xf(t,y) = /t_ Fe(t — s)dA(s),
= A(t) — Fe(y)A(t —y) — A(s)dF(t — s),
t—y

X5(ty) = /;y/otl(s—l—x>t)df((&(s),x),
:—/tiy/otl(s—l—xét)dK'(a(s),a:).

(b) If, in addition to the assumptions in part (a), a(t) = Xt, t > 0, and the service-time
c.d.f. F has finite mean p=", then (W7, Wt) = (W’ W*) in Dp x D as n — oo jointly with
the limits in (3.13), where

W’ (t,y) = /OO Q"(t,x)dz, and W't)=W"(t,0) = /000 Q" (t,z) dx. (3.16)
y

~

(¢) If, in addition to the assumptions in parts (a) and (b), E[n?] < oo, then (I,,Cy) =

(f, C) in D? as n — oo jointly with the limits above, where
I(t) = VAEB(t) + p™ A and C)=1(t)— W), t>0, (3.17)
with By being a standard BM independent of A.

The two integrals in (3.14) are stochastic integrals. The first integral for X is a standard
Ito integral if Ais a (time-changed) Brownian motion; otherwise, the expression for Xy is
interpreted as the form after integration by parts. The relevant version of integration by parts

for Xn,l and X; is given in Bremaud [4], p.336. For Xn,l, it yields

La(tyy) = F(y)An(t) - /O An(s—)dF(t +y — s), (3.18)

and similarly for X;. The left limit A, (s—) in (3.18) is only needed if the functions F' and A,
have common discontinuities with positive probability. The second integral for X, is either
understood as the stochastic integrals with respect to two-parameter processes of the first type

as in the proof of Theorem 4.2, or in the mean-square sense in §11 following [32].
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Note that the two limit processes X, and X, are independent since A and K are inde-
pendent. The asymptotic variability of the arrival process is captured by /1, which appears
only in Xl, while the asymptotic variability of the service process is captured by K , which
appears only in Xs. Thus, in some sense, there is additivity of stochastic effects, as pointed
out in [38, 32], but this might be misinterpreted. Notice that both X1 and X, depend on the
full service-time c.d.f. F', not just its mean. On the other hand, the arrival process beyond its
deterministic rate only appears in X1, so that there is a genuine asymptotic insensitivity to
the arrival process beyond its rate in X.

We remark that if the service-time c.d.f. F' is discontinuous, the limit process X5 is only
continuous in t, but not in y, and in fact, it is not even in the space Dp. The continuity
of X5 and Q' in t can be obtained as in Lemma 5.1 of [32]. To see that X, need not be in
Dp, suppose that F' is the mixture of two point masses y; > 0 and yo > 0. Then, applying
(4.1) below, we see that, for each t > 0, Xg(t,y) = 0 for all y > 0 except y; and ys, so that
Xs(t,-) ¢ D. That property follows from (4.1) because Ap(ti,ta,x1,22) = 0 for 0 < 1 < 29
unless either 17 < 1 < yg or 1 < y1 < z9 < y9. That means that the random measure
attaches all mass on the strips x = y; and x = yo. Incidentally, in this example, X, (t,-) is an
element of the space E in Chapter 15 of [55].

We now establish additional results in the standard case. Let = mean equal in distribution.
In particular, we will obtain an analog of the classic result for the M /GI /oo model, stating that
in steady state both the elapsed service times and the residual service times are distributed
as mutually independent random variables, each with c.d.f. F in (3.4). We will see that the
limiting empirical age distribution is precisely F¢, just as is true for the prelimit processes with

a Poisson arrival process.

Corollary 3.1. (the standard case) Consider the standard case in which a(t) = At, t > 0, and
A= V2B, where By is a standard BM. Assume that the service-time distribution F has

finite mean p~t. Under Assumptions 1 and 2, the limits in (3.5) hold with

t t
q(t,y) = )\/ Fc(t—l—y—s)ds:)\/ F(y +s)ds
0 0

— (M) Fi(y) as t— oo,

@ty = A Fe(t —s)ds = /\/yFC(s) ds = (N p) Fe(y), for t>0,
t—y 0
filty) = Tty)/T () — Fely) as t— oo,
felty) = qty/q ) — Fy) as t— oo (3.19)
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4. Characterizing the Limit Processes

We now want to show that the basic queue-length limit processes, Q’"(t,y) and Qe(t,y), con-
stitute continuous Brownian analogs of the Poisson random measure representation for the
M/GI /oo model. (But the limit is only identical to the limit for the M/GI /oo model when
c2 = 1.) A key role here is played by the transformed Kiefer process f((t,x) =U(t,F(x)) =
W (t, F(z)) — F(z)W(t,1). Any finite number of K-increments,

Ap(ti ta,a1,22) = K(ta,x0) — K(to,x1) — K(t1,22) + K(t1, 1) (4.1)

= Awl(ty, te, F(x1), F(z2)) — (F(22) — F(21))(W(t2,1) = W(t1,1))

for 0 <t; <ty and 0 < x1 < x9, are independent random variables provided that the rectangles
(t1,t9] X (x1,2z2] have disjoint horizontal time intervals (¢1, t3].

We only treat Q’" here. If the limit process A has independent increments, then so does
QT, provided that it is viewed as a function-valued process with the argument ¢t. The limit
processes Q" is then a Markov process in Dp (only considering the argument ¢). This result

can be based on a basic decomposition, depicted in Figure 2.

A A A
Ot y+ta=t) | Zriy 4 )
y+i,
y+t2_tl\
¥y
0 7, 7, time

Figure 2: The basic decomposition for Q" (¢, y).

Theorem 4.1. (decompositions, independent increments and the Markov property for Qr)

The limiting random variables X, (t,y), Xg(t, y) and Q’"(t, y) in Theorem 3.2 admit the decom-
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positions

Xi(ta,y) = Xi(t,y+ta—t1) + Zi(ti,ta,y), for i=1,2, and ty>t; >0,

A~ ~

Q" (t2,y) = Q"(t1,y+t2—t1)+Z"(t1,t2,y), t2>t1 >0, (4.2)
where y > 0, Z" = Z1 + Zo, and

to .
Zi(titary) = / Fe(t +y — s)dA(s),
t
1t2
1

Zg(tl,tQ,y) = /OOO 1(8—|—x>t+y)df((d(s),:n).

t

A~

If, in addition to the assumptions of Theorem 3.2, the limit process A has independent in-
crements, which occurs in the standard case of Corollary 3.1, where Ais a BM, then the
two random variables on the right in (4.2) are independent in each case. Moreover, the three
processes {X1(t,-) : t > 0}, {Xa(t,") : t > 0} and {Q"(t,-) : t > 0} all have independent

increments, and are thus Markov processes (with respect to the argument t).

Proof. The decomposition for X; (t,y), Xg(t, y) and Qr(t, y) in (4.2) is by direct construction,
as in Figure 2. The independent-increments property is inherited from Kand A. =

We now show that the limit processes are Gaussian if Ais Gaussian, which again is the
case if A is BM. For nonstationary non-Poisson arrival processes (G¢), we can construct such
Gy processes (or just think of them) by letting the original arrival processes {4, (t) : t > 0} be
defined by

Ap(t) = A(na(t)), t>0,

where A = {A(t) : t > 0} is a rate-1 stationary (or asymptotically stationary) stochastic point
process, such that A satisfies a FCLT with limit /2By, where B, is a standard BM. As a
consequence, a natural Gaussian limit process is A(t) = \/cZB,(a(t)), t > 0. Indeed, this

occurs for the familiar M;, for which ¢2 = 1.

Theorem 4.2. (Gaussian property) If, in addition to the assumptions of Theorem 3.2, the
limit process A is Gaussian, then the limit processes Qt, Qe, QT’, ﬁ, VT’, Vtin (3.13) are contin-

uous Gaussian processes. If A(t) = \/2Ba(a(t)) for t > 0, where a(t) = fot A(s)ds and By is

21



a standard BM, then for each fized t > 0 and y > 0,

> d > d

Xi(t,y) = N(0,c2oi(t,y),  Xa(t,y) = N(0,03(t,y)),
Se d Se d

Xl (tv y) = N(07 CZO'%,e(tv y))? X2 (t7 y) = N(07 Og,e(tv y))?

W (t,y) < N(0,02(t,y)),

where
t
oilt,y) = / F(t+y—s)’As)ds, t>0, y>0,
0
t
oa(t,y) = / Flt+y—s)F(t+y—s)\(s)ds, t>0, y>0,
0
t
Aty) = [ F-9PAeds 120, 0<y<t
t—y
t
aie(t,y) = / F(t—s)F°(t—s)\(s)ds, t>0, 0<y<t,
t—y
[e%e) 0 t
a2ty = & / / /0 Fe(t+x—s)F°(t+ z — s)\(s)dsdxdz
y Jy

Moreover, X1 and Xo are independent, and have covariances
t
Cov(Xi1(t,y), Xa(t'y') = 63/ Fé(t+y—s)F(t' +y —s) A(s) ds,
0
t
Cov(Xs(t,y), Xa(t',y') = / F(t+y—s)F(t' +y —s)\(s)ds,
0

foro<t<t,0<y<y. Xf and Xf are also independent, and have covariances

t
Coo(X{(ty), X5(ty)) = & / Fe(t — s)FE(t' — 5) A(s) ds,
(t—y)V(t'—y’)
t
Cov(X5(t,y), X5( o)) = / F(t — $)FE(t' — 5) A(s) ds,
(t—y)V(t'—y)

foro<t<t,0<y<y,y<tandy <t.

Proof. We only discuss X, in detail and the variance formulas for the other processes can

be obtained similarly. We apply basic properties of the two-parameter Brownian sheet, as

reviewed in the Appendix A. In particular, we use the standard representation of the Kiefer

process U in terms of the two-parameter Brownian sheet W i.e.,
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We will use the stochastic integral of the first type with respect to two-parameter Brownian
sheet. Having X5 well-defined with continuous paths follows from the definition of stochastic
integral with respect to the Brownian sheet of the first type. It clearly has mean 0. Its variance

is given by
ElXo(ty)?] = E /t/ool(er:E>t+y)dU(a(s),F(:n))>2]
= B[ [T 16+a > 4 0)a0va), F@) - F@W . 1) ]
- // s+ 2 > t +y)dF(z)da(s) + /Fc(t—i—y—s) da(s)
—2/0/0 Ls+a>t+y)F(t+y— s)dF(x)da(s)

_ /0 F(t+y—s)F(t +y - s)da(s),

where the second equality uses the identity (4.3) and the third equality uses the isometry
property of the stochastic integral of the first type with respect to two-parameter Brownian
sheets and also the isometry property of the stochastic Ito’s integral. The covariance can be
obtained in the similar way.

For the variance of W”(¢,), by the independence of X (¢,y) and Xs(t,y), we have

E[W"(t,y)? / Q" (t,x) dx } = E[(Lle(t,y)dx>2] +E[</yoo)§'2(t,y)dx)2}.

Then by an analogous argument to E [Xg (t,)?], we obtain the variance of W’"(t, y). =

We remark that, for Theorem 4.2, we could also have used an argument analogous to
Lemma 5.1 in [32] by understanding the integral in X, as a mean square limit (§11). However,
our approach here by applying properties of stochastic integrals with respect to two-parameter
Brownian sheets of the first type simplifies the proof. Paralleling the result in Lemma 5.1 [32],

we can easily check that

E[(X2(t7 y) - X2(t/7 y/))2]
= /0 (Ft'+y —uw)—Ft+y—uw)A1+Fit+y—u)— F{t' +y —u))da(u)

for0<t<t,0<y<y.

Corollary 4.1. (the special case ¢2 = 1) If, in addition to the assumptions of Theorem 4.2,
c2 =1, then

Var(Q'(t,y)) = oi(t,y) + o3(t,y) = /0 F(t+y —u) As) ds, (4.4)
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fort > 0 and y > 0. The limit A and all the other limits are the same as if the unscaled
arrival processes {A,(t) : t > 0} are Poisson processes (possibly nonhomogeneous). (When
A, is Poisson, the prelimit variables Q] (t,y) and QS (t,y) are Poisson random variables for
each t and y.) Moreover, as in the Poisson-arrival case, for each t > 0 and y > 0, Qr(t,y) 18
distributed the same as the limit of

t(t)

n

o (t,y) (%Q ni(t y)) (4.5)
=1

)

where {n;(t,y) : i > 1} is a sequence of i.i.d. Bernoulli random variables with

P(ni(t,y) = 1) = f™(t,y), (4.6)

which are independent of the total queue length Qfl(t)

Proof. We need to justify (4.5). First, we note that this is the asymptotic generalization of
an exact relation for Poisson arrivals; e.g., see Theorem 2.1 of [16]. Here we start by defining

Qn ()

QT t y 771
=1

(2
for each ¢ > 0 and y > 0. (In passing, we remark that Q) (¢,y) 4 Q) (t,y) in the special case
of a nonhomogeneous (M) arrival process, but not more generally.) By the FWLLN, the fluid

scaled processes Q" (t,y) converge to the fluid limit ¢ (¢,y) as n — oo:

Q1(t) = @' (t.9) = Elt)ld'(0) = Fe(t.0)a' (0 = L5000 = (e,
We can write Q" (t,y) in (4.5) as
X 1 nQp(t) ~ B X
Qe = o 3 bn) = T00) + U0

By FCLT for random walks with i.i.d. increments of mean 0 and finite variance (Theorem
8.2, [2]), continuity of composition in D (Theorem 13.2.2, [55]) and Theorems 3.1 and 3.2, we

obtain the weak convergence of Q;‘L(t, Y):
Qnt,y) = Q(ty) in Dp as n— oo,

where

Q" (t,y) = o3(t,y) B3 (@' (1) + [ (t,y)Q"(t)
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where o3(t,y) = f"°(t,y)(1 — f(t,y)) and Bs is a standard Brownian motion, independent

of Q'(t). Thus, Q"(t,y) is Gaussian with mean 0 and variance

Var(Q'(ty)) = o3(ty)d' (t) + f(t,y)*Var(Q'(t))

= Pt ) (L - et u)d () + Tt )’ / F(t — u) A(s) ds

0
Ty, TGN, THY)?
= G U 1O e 10
(

— Tty = / Fo(t +y — u) A(s) ds = Var(O"(t,y).

Since Q" (t,y) and Q" (t,y) are both Gaussian with the same mean and variance, Qr(t, y) and
QT(t,y) are equal in distribution. When the arrival process is M, Q] (t,y) has a Poisson
distribution for each n, t and y, so that the variance equals the mean. Since ¢2 = 1, the limit
must be the same here as in the M; case. =

We emphasize that Corollary 4.1 is consistent with known results for the M;/GI /oo model.
The asymptotic equivalence to the random sum in (4.5) and (4.6) is the asymptotic analog
of the property for the M;/GI/oo model that, conditional on the number of customers in
the system, the remaining service times are distributed as i.i.d. random variables with c.d.f.

fre(t,); e.g., see Theorem 2.1 of [16]. This property does not hold for ¢2 # 1.

Corollary 4.2. (the standard case) If a(t) = M and A = \/AZB,, then the variances of
Q"(t,y) and Q°(t,y) are

t t
Var(@r(t,y)) = )\(cg — 1)/ F(y + s)2ds + )\/ Fe(y + s)ds
0 0
= N1 [P [ Feds= ot ) as oo y20,
y y
and
. y y
Var(Q°(t,y)) = M2 — 1)/ Fe(s)%ds + /\/ F(s)ds = 0276(31), t,y > 0.
0 0

Thus, Q" (t,y) = N(0,02 (y)) and Q°(t,y) = N(0,02 (y)) as t — co. If, in additon, ¢z =1,

7q7” 7qe

then

Var(QT(t,y)) = /\/ Fcy+8)ds—>)\/ FC(S)dS:%FeC(y), as t— oo, y>0,
y
Var(Q°(t,y) = A / Fe(s)ds = SFla). ty 20,

and Var(Q'(t) /\fOFc )ds — A/ p as t — oo.
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5. Initial Conditions

So far, we have concentrated on new arrivals. Now we turn our attention to customers in the
system initially, before any new arrivals come. Like the generality of the service-time c.d.f.,
the initial conditions present technical difficulties. Our assumptions will be similar to those
made for the initial conditions in [32] and similar to those for the new arrivals in §2. However,
these assumptions are less realistic here. Thus, for applications, it is good that the relevance
of the initial conditions decreases as time evolves. In other words, we can think of the system
starting in the distant past with just new arrivals, and we will be able to approximate the
two-parameter processes by the Markov limit processes. However, there is some justification
for what we do below.

We assume that the remaining service times of the customers initially in the system are
i.i.d., distributed according to some new c.d.f., independent of the number of customers in
the system and everything associated with new arrivals. That rather strong assumption will
actually be justified if we assume that the initial state we see is the result of an M;/GI /oo
system, possible with different model parameters, that started empty at some previous time. As
noted in Corollary 4.1 and the remark before Corollary 4.2, this strong independence property
actually holds in an M;/GI /oo model. Moreover, that representation is asymptotically correct
more generally if ¢2 = 1. Unfortunately, however, that representation is not asymptotically
correct if ¢2 # 1. Nevertheless, it is a natural candidate approximate initial condition.

Here is our specific framework: Let Q4" (y) be the number of customers initially in the n
system at time 0, not counting new arrivals, who have residual service times strictly greater
than y. Let Q4 = Q4" (0) be the total number of customers initially in the n'® system and let

’ne(y) be the number of customers initially in the n'" system that have elapsed service times
less than or equal to y. Let W,ﬁr(y) and W' be the corresponding workload processes, defined
as in (2.19).

Let Q4 (y) and Q% (y) be the associated scaled processes, defined by

and Q4" (y) = Vn(QL (y) — 7" (v), y=>0, (5.1)

where ¢ is the FWLLN limit of anr to be proved. Let other scaled processes be defined
similarly. What we need are the FWLLN Q%" = ¢*" and the associated FCLT Q4 = Q"
in D as n — oo, jointly with the limits in Theorem 3.2. The extension to joint convergence

with the other processes will be immediate if the stochastic processes associated with new
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arrivals are independent of the initial conditions. Otherwise, we require that we have the joint
convergence (fln, Q%T) = (121, Q”) in D x D, with the service times of new arrivals coming
from a sequence of i.i.d. random variables, which is independent of both the arrival processes

and the initial conditions. We now give sufficient conditions to get these limits.
Assumptions for the Initial Conditions.

Assumption 3: i.i.d. service times. The service times of customers initially in the system
come from a sequence {77§ : j > 1} of i.i.d. nonnegative random variables with a continuous
c.d.f. F; and F;(0) = 0, independent of n and independent of the total number of customers

initially present and all random quantities associated with new arrivals. =

Assumption 4: independence and CLT for the initial number. The initial total
number of customers in the system, Qf{t, is independent of the service times of the initial
customers and all random quantities associated with new arrivals. There exist (i) a nonnegative
constant g and (ii) a random variable Q" such that

1
NLD

Paralleling Lemma 2.1, we have the representation result.

Q= =@ —ng")= Q" in R as n—oo. w (5:2)

Lemma 5.1. (representation of QQT) The process Qi{r can be represented as

Q'
Qi) =Y (L0 > ) — Ff () + QW' Fi(y), y=0. (5.3)
=1

Theorem 5.1. (FWLLN and FCLT for the initial conditions) Under Assumptions 3 and 4,

Qi) = T"W)=F7" in D as n— oo (5:4)

Qi'(y) = Q" (y)=F(y)Q" + V@'BF(y)) in D as n— oo,
where BY is a Brownian bridge, independent of Q”

We can combine Theorems 3.1, 3.2 and 5.1 to treat the total number of customers in
the system at time ¢ with residual service times strictly greater than y, which we denote by

5*7”(15, y). The key representation is
Qr(ty) =Qnty) + Q" (t+y), t=0, y=>0. (5.5)
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Corollary 5.1. (FWLLN and FCLT for all customers) Under Assumptions 1-4,

Qbr(ty) = Qit+y)+Quty) =7 (ty) =7 t+y)+7 (ty)
t
t+y)gt + / Fe(t +y — s)da(s), (5.6)
0
+ QN (ty) = QT (ty) = QY (t+y) + Q" (t,y)

t+y)QM + /G BY(Fi(t +y)) + Xi(t,y) + Xa(t,y),

= F¢

7

QIr(ty) = QW (t+y

= F¢

(2

)
(
)
(

m Dp as n — oo, where Xl and Xg are given in (3.14).
6. Exponential Service Times

We now discuss how the results simplify when the service-time c.d.f.’s are exponential.

6.1. The Total Queue Length

From previous work [20, 3, 54], we know that the one-parameter limit process QT’t is an OU
process when the arrival-process limit A is BM and the service-time distributions F' and F}
are a common exponential distribution. We show how that conclusion for the queue-length

process limit QT’t can be deduced from our results.

Assumptions for the Standard Case with Exponential Service. Assume that F'(z) =
Fi(z) =1—e# for £ >0, a(t) = A for t > 0, A = \/\c2ZB where B is standard BM. =
For this exponential case, the FWLLN in Corollary 5.1 gives the limit

t
Fr(ty) = Fo(t+y)dt+ / Fe(t +y — 5) da(s),
0

t
— e—H(H'y)qi,t + )\/ e—,u(t—l—y—S) ds
0

A . A A
— e MY <; 4 <q’vt _ ;> e_”t> — ;e—uy as t — oo. (6-1)

The limiting behavior as t — oo is consistent with Corollary 3.1. For example, we see that the

mean steady-state number A/p is approached by qT’t(t) =gl

(t,0) as t — oo. This consistency
is expected because, under Assumptions 3 and 4, the initial conditions will have no impact on
the limiting behavior as ¢t — oo.

We now turn to the limit in the FCLT. We consider each of the four terms appearing in

the limit of the FCLT for all customers in Corollary 5.1. In addition to X, and Xg, which
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describe the limit for new arrivals, let the limits for the initial customers be

t
Xs(t,y) = F(t+y)Q" = e MWt = —l‘/ Xs(s,y)ds + e QM

Xu(t,y) = VEtBU(Fi(t+v)) = V@tBO(1 — e 1Y), (6.2)

By the fact that Brownian bridge B is the unique solution to a one-dimensional SDE (§5.6.B,

[30]), we can rewrite X, as

1—e—#(t+y) 0
A — B®(u) _
— it | _ pt+y)
X4(t,y) q < /0 1_udU+Bb<1 e ))
t
_ girt <—,U/ B°(1 — e *5t9))ds + By(1 — e—u(t+y))>
0

— —,u/ Xu(s,y)ds + /Gt By(1 — e ), (6.3)

where By is a standard Brownian motion, independent of B in the assumptions for the standard
case with exponential service.

By Ito’s formula, we can write X, as
t
Xi(t,y) = —u/ Xi(s,y)ds + e M/ B(t), (6.4)
0
and by Proposition A.1 for the Kiefer process, we obtain
l1—e™H
At
UM — b)) = —/ UAYY) 0w ne1 — ek
0 1-y
- —M/ UM, 1 — e M)y + W, 1 — e ),
0
which implies that
. t t o]
Lo(ty) = _M/ Xg(s,y)ds—l—/ / stz <tty)dWis1—e ).  (6.5)
0 0o Jo

Combining the above (6.2), (6.3), (6.4), (6.5) and the FCLT in Corollary 5.1, we can write
the limit QT’T’ as

QT’T(ta y) = Xl (t7 y) + XQ (t7 y) + X?)(t? y) + X4(t7 y)
t
= Q[ QT s pds + Blty), (6.6)
0

where

B(t,y) = V@iBy(1—e )y 4 e\ /A2 B(t)
t [e¢)
+/ / 1(s+z <t+y)dW(As,1 —e #7),
0 Jo
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with B, By and W being mutually independent. The process {B(t,y) sty > 0} is a well
defined Gaussian process with mean 0 and covariance for ¢ < ',y < ¢/, (see Appendix D for
the calculation)
E[B(t, y)B(t', )=+ )\cze_“(yﬂ/))t + gt — 26_’”/ + <2 — qi’t> e Ht+Y)
In particular, since the total number of customers in the system QT’t(t) = QT”(t, 0), when

"' =1 and A = i, we obtain
t
QU= Q" — [ QM(s)ds+ Ble), =0, (6.7)
0

where B(t) = B(t,0). It is easy to check that the process B is a Brownian motion with mean 0
and covariance E[B(t)B(t')] = A(1+¢2)(t At'). Thus, QT(t) in (6.7) is an OU (t; p, A(1 + ¢2))
process, consistent with the heavy-traffic limit for the queue-length processes of the infinite
server queues with exponential service times (Theorem 1, [54]). Moreover, if ¢2 = 1, QT*(t) in

(6.7) is an OU (t; u1, 2p) process, consistent with the limit for M/M /oo (Theorem 1.1, [44]).

6.2. Explicit Variance Formulas

In this subsection, we give the explicit variance formulas in Theorem 4.2 for the standard case

with exponential service times. For each ¢ > 0 and y > 0,

oi(t,y) = %e—wy(l ey,
o3(t,y) = %e‘“y(l —ehly — %5_2“3’(1 _ 2ty
Var(W'(t,y)) = o2 (t,y) = %e—uy(l _ ey 4 %(Cz ey 2w
R g D s 1o

So we obtain the variances for the limiting queue-length processes Qr(t, y) and Qt(t):

~ A )\
Var(Q'(t,y)) = ;e_uy(l —e M)+ ﬂ(cg —1)e 2 (1 — e~ 21)
- ie—uy + i(cz —1De W as t— oo,
1% 2p
and
Var(Qi(o0) = Var(Q/(00,0)) = > + (& — 1) = (2 + 1)
? /,1/ 2[[,L a 2Iu a .

Similar, somewhat more complicated, formulas can be obtained when the service-time c.d.f.

is a mixture of exponential c.d.f.’s. That special case is discussed in [54].
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7. General Service-Time Distributions

In this section, we treat general service-time c.d.f.’s. Instead of Assumption 2, we assume the

following:

Assumption 5: a general c.d.f. We assume that the service times of new arrivals come
from a sequence of i.i.d. nonnegative random variables {n; : ¢ > 1} with a general c.d.f. F,
which is independent of n and the arrival processes. We assume that F'(0) < 1. =

The general service-time c.d.f. F' has at most countably many discontinuity points. Let
pa (pc) be the total probability mass at the discontinuity (continuity) points, i.e., pg =
Y w0 AF(z) < 1and po = 1 —pg < 1, where AF(z) = F(z) — F(z—). To focus on the
interesting case, suppose that 0 < pg < 1. We order the discontinuity points by the size of
their probability mass in decreasing order (using the natural order in case of ties); i.e., let
{Z1,Za,...} be such that AF(Z;) > AF(Z;1+1). Define two proper c.d.f’s F. and Fy for a

continuous random variable ¢ and a discrete random variable n¢, respectively, by

c 1
Fo(z) = PO < z) = p—C<F(az) - ;CAF(y)), x>0,
and )
Fy(x) = Z P(n?=z;), and pg;=Pn'=1)= A};Elxi), x> 0.

jizi <z
Note that F' can be represented as the mixture F' = p.F,. + paFy.

Let AS(t), A%(t) and Aii(t) count the number of arrivals by time t with continuous ser-
vice time, with a discrete service time, and with a deterministic service time Zz;, i = 1,2, ...,
respectively. Clearly, Ad(t) = > 9%, Agﬂ-(t) and A, (t) = Ad(t) + AS(t) for t > 0. Define the
LLN-scaled processes A¢ =n"tA% A4 =n=1A9 and flfm = n_lAii.

Under Assumptions 1 and 5, for a general service-time c.d.f., we can decompose the system
into two subsystems, one with arrivals processes A, and service-time distribution F, and the
other with arrival processes A? and discrete service times {Z; : i > 1} with distribution Fy. We
analyze the first subsystem using the approach in this paper to obtain the limits for processes
in Theorems 3.1 and 3.2, and analyze the second subsystem using the approach in [15], and
then we put them together to obtain the limits for the whole system.

First, we obtain a generalization of the FWLLN in Theorem 3.1. Just as with Theorem

3.1, this will be a consequence of the following FCLT in Theorem 7.2 below.
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Theorem 7.1. (FWLLN) Under Assumptions 1 and 5, the conclusions (3.5) in Theorem 3.1

remain valid. Moreover,
(/_12,%1%, {Ag,z i > 1}7Q27Q2) = (acvdd7 {dgl 10 > 1}jqr7qe)7 (71)

mD2><D°°><D,23 as n — oo, where a° = p.a, a® = pya, aprd,a fori > 1, and the limit

processes 4" (t,y) and q¢ are

Tity) = / Fe(t+y — s)dac(s Z S@-nh), (12
- /Oth(t—l—y—s)da(s), £>0, y>0,
and
Py = [ F— ) Z @A), (73)

t—y
t

= Fe(t —s)da(s), t>0, 0<y<t.
t—y

To see how the two terms in (7.2) reduce to the one term in (3.6), note that

/OFC(t—I—y—sda Z —(@i—y™)
= /Ot (Fet+y-5)— > AF(w)da )+iAF(az,~)(a(t)—a(t— (@i —v)")
u>t+y—s =1
_ / <Fc(t ty—s) - > AF(u ) (s) + /t ( 3 AF(u))dd(s)
0 uSt+y—s 0 “ustty—s

_ /0 FO(t 4y — s)da(s).

Similarly, the two terms in (7.3) reduce to the one term in (3.7).
For the FCLT, define the CLT-scaled processes AS = {A¢(¢) : t > 0}, A4 = {Ad(¢) : t > 0}
and Ad = {A? () :t > 0} by

An(t) =0 PAL() —at(t),  AR(t) = P(AN() —al(t),  Ap(t) =n'(AL () - al(t),

for t > 0 and i > 1. By applying the FCLT for split counting processes (Theorem 9.5.1, [55]),
we obtain a generalization of the FCLT in Theorem 3.2. Let o be the composition function,

ie, (xoy)(t) =xz(y(t)),t > 0. Let 4 mean equal in distribution (as random elements).
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Theorem 7.2. (FCLT) Under Assumptions 1 and 5, the conclusions of Theorem 3.2 remain
valid, provided we modify the limit Q’". In addition,

(AR, AT A7 i 2 13,05, Q) = (A A {AT 1 > 13,Q7. Q) (7.4)

in D3 x D> x D% as n — oo jointly with the limits in Theorem 3.2, where

A = pA+Soa, Al=pjA+Sioa, Al =pgpaiA+Sioa,
¢ = =5t 5L\ /p(T—po)B, L \/pa(l—pa)B,

S \/pdpd,i(l —papai)B, i>1, (7.5)

where B is a standard BM, independent of A, and the process (56,84 {S¢ : i > 1}) is an
infinite-dimensional BM with mean 0 and covariance matriz C where C.. = pc(1—p), Cad =
pa(l = pa), Cea = Cae = —pepa, Cii = papa,i(l — papa;) for i = 1, Cic = Cci = —pePapd,i,
Cia=Cy; = —p?lpcu and C; ; = —pipd,ipdg for i # j. The new representations for Q’" and

Q° are

Q"(t,y) = X{(ty)+X5(t,y)+X%t,y), t>0, y>0, (7.6)
Q°(t,y) = X0(t,y) + X5C(t,y) + Xe(t,y), t>0, 0<y<t,
where
Xe(ty) = /0 Fot+y— s)dde(s), Xo%ty)= [ Fo(t - s)ddo(s),
t—y
t 00
Xs(ty) = // s+ >t + y) dK°(@(s), z),
0 0
t %)
Xee(t,y) = / / Us+2 > ) dK(@(s), z),
0
X(t,y) = Z(z‘iﬁl(f) — Adt —(z; —y) 1)),
=1
XPe(ty) = Y (Aft) — Af(t — (@i A y))),

1

)

with K¢(@“(s),x) = U(a‘(s), Fo(z)). The other processes in Theorem 8.2 remain the same
after we replace QT’ by (7.6). If, in addition, A= /2B, oa, as when A, is nonhomogeneous
Poisson, then Ad and A are independent.

Moreover, in general, the limit processes QT and Qe can also be expressed as the sum of the
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following three mutually independent processes

~

Q" (ty) = Xi(t,y)+ X5ty + Xs(t,y), ty=>0, (7.7)

Q°(t,y) = X{(t,y) +X5°(t,y) +X5(t,y), t>0, 0<y<t,

where Xl(t,y) and Xf(t,y) are defined in (3.14) and (3.15), respectively, and

e}

Xa(ty) = /Fct+y—stc +Z Sé(a(t)) — Sialt — (@ —y)")),
X5(ty) = F(t = s)dS(a(s)) + ) (S{(a(t)) — Sf(a(t — (z: A y))))-
=y i=1

Proof. Only a few details require discussion. First, we need to explain (7.7). By (7.5), we
can write X¢(¢,y) and X%(t,y) in (7.6) as

[E

X5(t,y) /0 Fo(t+y — s)d(peA(t) + 5°a(s))

_ /Ot<Fc(t+y—s S AF(w)d(A) +p; 5 (als),

u>t+y—s

o0

Kl(t,y) 4 Z[pdpdi(fim—fi( — (5= 9)")) + (S8a(r) — St — (@ —y)*)]

:/ (> AF@w)dim + 3 (s Si(alt — (@ —y)"))-
i=1

u>t+y—s

Thus, X{(t,y) + X4t,y) = X (t,y) + X3(t,y) for each ¢ > 0 and y > 0. Similarly, X7°(t,y) +
X4e(t,y) = X§(t,y) + X5(t,y) holds.

Next, we remark that in [15], the convergence to the limit X d(t,y) is proved in the space D
for each fixed y > 0, however, the convergence can be easily generalized to be in the space Dp
since the limit process A is assumed to be continuous here (Assumption 1). Since the prelimit

.
process of X7 is

oo

Xa(t,y) =Y (A(6) = ALt — (7 —9)T), ty=0,
i=1

it suffices to show that the mapping ¢ : D — Dp defined by

o0

o(2)(ty) = D (2(t) — 2(t — (i — )T

i=1
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is continuous in the Skorohod J; topology and then apply the continuous mapping theorem.
Suppose z, — z in D as n — oo, we need to show that dp, (¢(zy), ¢(2)) — 0 as n — oo. Fix
T > 0. By the convergence of z, — z, there exist increasing homeomorphisms A, over the
interval [0, 7] such that ||z, — z 0 \y||7 — 0 and ||\, — e||7 — 0 as n — oo, where e(t) =t for

all ¢t > 0. It suffices to show that
s (jgj (ent) = zalt = (@ = 9)) = (Z0(0) = 20(0) = (@ = M) )] = 0

as n — oo. This follows easily from the assumptions on A, and the convergence of z, — z.
Moreover, in order to prove Wi(t,y) = W"4(t,y) in Dp, where Wi(t,y) can be written

as

[e.e] T

Wrd(t, y) = Z/ Z(Aii(t) - flii(t —(Z; —2)"))dz, t,y>0,
y

i=1

we need to prove the continuity of the mapping ¢ : D — Dp defined by

P(2)(t,y) = /ml(z(t) —2(t—(z; —x)"))dx, z€D, t,y>0.

Since the limit A is continuous, it suffices to show the uniform continuity of the mapping ¢ on
compact intervals, which follows from a direct argument. =

Since Xd(t,y) and Xd’e(t,y) only involve Ag, if the limit process A% has independent
increments (inherited from the process fl), then X d(t,y) and X de(t,y) also have independent
increments and are thus Markov processes (with respect to argument t). Thus, Theorem 4.1
extends to the process QT in (7.6). Moreover, we obtain the following generalization of the

Gaussian property in Theorem 4.2.

Theorem 7.3. (Gaussian property) If, in addition to the assumptions of Theorem 7.2, then
the limit process A is Gaussian, the limit process in (7.6) and (7.7) is also a continuous Gaus-
stan process. If A \/73 )) for t > 0, where By is a standard BM, then for each
t,y 20,

Q"(ty) S N(0,02,(t.y), Q(t.y) < N(0,02,(t,y)), W'(t,y) < N(0,03(t,y)), (7.8)
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where
o2 (ty) = (c3_1)/0 Fe(t +y — s)°da(s /FCH—y—S)da()
o2 (t, = (-1 t Fe(t — s)da(s t F°(t — s)da(s),
Lt = @) [P s+ [P sat)
ol(ty) = cz/ / /0Fc(t+x—s)Fc(t+z—8)d&(s)d:rdz
[ tF rAz—s)F° rV z—s)da(s)dxdz.
+/y/y/0(t+A VPt + 2V 2 — )da(s)

Proof. It is obvious that the limit processes are Gaussian when the limit arrival process A is
Gaussian. We only need to derive the variance formulas. We will use (7.7) to calculate them
and the mutual independence between the three terms in the expression of QT gives 0377,(15, y) =
03 (t,y) + 03, (t,y) + 03 (t,y), where o(t,y) = Bl(X1(,y))?), 03.(t,y) = El(X5(t,9))?] and
o3 (t,y) = El(Xs(t,))2]. We have

oi(t,y) = c? /0 Fe(t +y — s)*da(s),

and
o3(t,y) = pdpc/o Fi(t+y—s)’d Z(pdpdz 1 — papa,i)(a ()—@(t—(ii—y)+))>
—QPdedzpd,g a(t) —a(t — ((zi A zj) —y)7))
z<]
2 chpdpd ; / Fe(t+y — s)d(als) — als — (2 — 1)),
and

t
o2 (ty) = / Fult +y— s)FE(t +y — s)da(s).
0
Notice that
t t
pape / Fe(t +y — 5)°da(s) + / Fult +y — $)FS(t 4y — 5)dac(s)
0 0
t
_ /chcc(t+y—s)(l—ch (t 4y — s))da(s).
0

Moreover, I'¢ = p.F¢ + paFg and FF¢ = (1 = pcFy — paFg)(peFe + paFg) = peFe (1 — peFe) +
PaF (1 — paFg) — 2p.FipgFy. Then, simple algebra calculation gives the final expression for

0-37r(t7 y). Similar argument applies to the calculation of 0’276(15, y) and 02 (t,y). =
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We consider a simple example to check the variance formulas in Theorem 7.3, where the

arrival processes are Poisson and the service time distribution is a mixture of an exponential

1

service time of mean p~* with probability p and a deterministic service time z (Z > 0) with

probability 1 —p. So F' = pF, + (1 — p)Fy, where Fy(x) =1 — e " and Fy(z) = 1(z > &) for
z > 0. By Poisson thinning, A = A°+ A% = B, o \e, where A° 4 B, o \pe, Al 4 BaioA(1—p)e,
A¢ is independent of A%, and e(t) = ¢ for all ¢ > 0. Then the three terms in (7.6) are mutually

independent, so we obtain Var(@”(t, y)) easily from the variances of the three terms

Var(Q' (1) = Var(Xe(t,y)) + Var(X5(t ) + Var(X(t,1))
> o (L= ) (1= p)A@ )
- pge-“yu — e 4 (1 pPAE — )" (7.9)

= pie_m‘y(l — e—2ut) +p(%e—uy(1 — e—ut) —

This is consistent with our intuition that the first term accounts for the variance from the
exponential service time, while the second term accounts for the variance from the deterministic
service time. It is easy to see that the variance formula given in Theorem 7.3 will give us

the same result. Note that the split arrival process in (7.5) gives Ac & pB, + S¢ o e and

Ad & (1 - p)B, + S% 0 \e, where S¢ 4 Vp(1—p)B, S? 4 Vp(1 —p)B, B is a standard BM,

independent of By, and Cov(S¢, S%) = —p(1 —p). Then, by applying the formulas in the proof

of Theorem 7.3, we obtain

2ty) = A /O (1—p(1 — e H0)) — (1 p)i(y + 5 > 7))%ds

A A ]
= M1-pP@—y)t +p*—e (1 —e ") 4 2p(1 - p) e (1~ e~ HET,

2
A A
U%,c(t7y) = p(;e_“y(l —e ) — ﬂe—%y(l _ e—2;ut))7
02(t y) = p(1 —p)ie_z”y(l _ e—2ut> (1= p)(E — o)t
3\Y 2Iu

—2p(1 — p)%e—uy(l — e MI) T,

Summing up the three terms gives us the same result as in (7.9), which confirms that our

variance formulas are correct.
8. Proof of the FCLT

Our goal now is to prove the FCLT in Theorem 3.2. One might hope to obtain a very fast

proof by applying the continuous mapping theorem with an appropriate continuous mapping.
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That would seem to be possible, because both the initial stochastic integral in (2.10) and the
representation in Lemma 2.1 show that the scaled residual-service queue-length process Q:’L
can be regarded as the image of a deterministic function h : D x Dp — Dp mapping (fln, Kn)
into Q; Given that (fln,f(n) = (A,K' ) under Assumptions 1 and 2, we would expect that
corresponding limits for Qg and the other processes would follow directly from an appropriate
continuous mapping theorem. Unfortunately, the connecting map is complicated, being in the
form of a stochastic integral, with the limit of the component Xn,g involving a two-dimensional
stochastic integral. In fact, we will show below that we can easily treat the component Xn,l
via the representation (3.18). However, Xmg presents a problem. Unfortunately, the general
results of weak convergence of stochastic integrals and differential equations in [35, 39, 36]
does not seem to apply. Thus, instead, we will follow Krichagina and Puhalskii [32] and
prove the convergence in the classical way, by proving tightness and convergence of the finite-
dimensional distributions, exploiting more involved arguments, including the semi-martingale
decomposition used in [32].

For us, the first step is to get convergence for the process R, jointly with (fln,f(n) by
exploiting the composition map for a random time change, paralleling §13.2 of [55]; see [?] for
extensions to Dp. Starting from (A,, K,) = (A, K), we first obtain (A,, A,, K,,) = (4,a, K)
by applying (2.1) and Theorem 11.4.5 of [55]. We then apply the continuous mapping theorem
for composition applied in the space Dp, where the composition is with respect to the first
component of Kn, and the limit @ and K are both continuous (in the first component for K ).
That yields

(Ap, Ap, K, Ry) = (A,a,K,R) in D?x D3, (8.1)

where R(t,z) = K(a(t),z) = U(a(t), F(z)) for t > 0 and 2 > 0. Since R does not involve A,
we see that A, and R, are asymptotically independent. Necessarily, then the processes Xn,l
and Xn,g are asymptotically independent as well.

We use the classical method for establishing the limit

A A

(Am Am f(ny Rna Xn,ly Xn,2) = (1217 a, K, R, X17 X2) (8'2)

in D? x D}l): We show convergence of the finite-dimensional distributions and tightness. We
get tightness for {(Ay, An, K,, R,) : n > 1} from the convergence in (8.1). We use the fact
that tightness on product spaces is equivalent to tightness on each of the component spaces;

see Theorem 11.6.7 of [55]. Since we can write X,, 1 as (3.18), the tightness and convergence of
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Xn1 = X, in Dp can be obtained directly by applying continuous mapping theorem if we can
prove the mapping defined in (3.18) from A, to Xn,l is continuous in Dp. We will prove the
continuity of this mapping in Dp in §9. We then establish tightness for {(Xn,l, Xn’g) :n>1}
in §10 and the required convergence of the finite-dimensional distributions associated with
{(Xn1, Xn2) : n > 1} in §11. Given the limit in (8.2), the rest of the limits in parts (a) and
(b) follows from the continuous mapping theorem. The limit in part (c) is an application of

convergence preservation for composition with linear centering as in Corollary 13.3.2 of [55].

The component limits require finite second moments.
9. Continuity of the Representation for )A(ml in Dp

In this section, we prove the continuity of the mapping ¢ : D — Dp defined by

o2)(ty) = F(y)elt) - /0 2(s—)dF(t +y — 5), (9.1)
t+y
— Fy)e(t) - / 2((t 4y — 5)-)dF(s),
Y

for € D and t, > 0. By (3.18) and (3.14), we have X,,1(t,y) = ¢(A,)(t,y) and X (t,y) =

A~

P(A) (¢, y)-

Lemma 9.1. The mapping ¢ defined in (9.1) is continuous in Dp.

Proof. Suppose z, — = in D, we need to show that

dp, (¢(xn), p(x)) — 0, as n — oo. (9.2)

Let T > 0 be a continuity point of x and consider the time domain [0,7] x [0,00). By the
convergence , — x in (D, J;) as n — oo, there exist increasing homeomorphisms \,, of the
interval [0, 7] such that ||z, — z o A\y||7 — 0 and ||\, — €|l — 0 as n — oo, where e(t) =t for
all t > 0 and |[y[|7 = supycjo 77 [y(?)] for any y € D. Let M = supg<;<r |2(t)| < oo. Since F' is

continuous, it suffices to show that

= sup [9(zn)(t,y) — @(x)(An(t),y)| — 0, as n— oo
(t,y)€[0,T]x[0,00)
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Now,

6(a)(t,9) — 6() (D). 1)
= |Pwan® - [ ansire+y -

An(t)
- W)+ [ alsmdF 0wt + =)

< F(y)|aa(t) — sOn®)]
t An(t)
+ ‘/0 Tn(s—)dF(t+y — s) —/0 x(s—)dF (A (t) +y—s)‘
= F¢ ‘:En ) —x(\, (t))‘
+{/xn (ﬁw+y—s>t/xu<> JAF (1) + 5 ()
< FWlen(®) ~20n)] +| [ (o) = a0 (s)- N+ 3 - )
+1/ MAﬂ+y—AA$)—FQ+y—$ﬂ
< F(y)|an(t) = 2On(®)] + ko — 20 Mallr [ F(y) — F(t +1)

+ M|F(M(t) +y) — F(t +y)|

< 3llzn — @ o Anllr + MIF(An(t) +y) — F(t +y).

The third term in the third inequality follows from the uniform continuity of the integrator
because F' is continuous, monotone and bounded. By taking the supremum over (¢,y) €
[0,T] x [0, 00), the first term converges to 0 by the convergence of x,, — x in D, and the second
term converges to 0 by the uniform convergence of A\, — e in [0,7] and the continuity of F.

This implies that (9.2) holds, i.e., the mapping ¢ : D — Dp is continuous. =
10. Tightness

In this section, we establish tightness for the sequence of scaled processes in (3.13). It suffices
to prove tightness of the sequences of processes {Xn 1:1n > 1} and {Xn 9:n>1}in Dp. By
Assumption 1, the sequence of processes {A, : n > 1} is tight. The tightness of {X,, 1} follows
from the continuity of the mapping ¢ in Dp. It remains to show the tightness of {Xng} and
then we obtain tightness of the sequences of processes {Q” : n > 1} and {Q" : n > 1} using the
fact that tightness of product spaces is equivalent to the tightness on each of the component

spaces.
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Theorem 10.1. Under Assumptions 1 and 2, the sequence of processes {an in > 1}, {Xng :
n>1}, {Qr :n > 1} and {Qg :n > 1} are indiwvidually and jointly tight.

We will also need to generalize the tightness criteria in Lemma V1.3.32 in [25] for processes
in the space D to those in the space Dp as in the following lemma, and its proof also follows

from that in [25] with inequalities for the modulus of continuity for functions in the space Dp.

Lemma 10.1. Suppose that a sequence of processes {X, : n > 1} in the space Dp can be
decomposed into two sequences {Yyl :n > 1} and {Z :n > 1} for some parameter ¢ € N, i.e.,
X, =Y. + Z% for each n > 1, and that (i) the sequence {Y,] : n > 1} is tight in the space Dp
and (ii) for all T > 0 and § > 0, limy_oc limsup,,_, ., P(sup, ,<7 | Zi(t,y)| > §) = 0. Then,
the sequence {X,, : n > 1} is tight in the space Dp.

In order to prove the tightness of {X, o : n > 1} defined in (2.13), we will closely follow
the approach in [32] but we have to adjust to the tightness criteria in Dp (see Appendix C for
the tightness criteria in Dp). We first give a decomposition of the process Xmg for each n. By

Proposition A.2 (following [25] and [32]), R, (t,y) in (2.14) can be written as

Rutto) == [ 2P @) + L),

where Ao
¢
. 1 & YA, 1
Loty) = —= > (Mm <) - —_dF(x)).
)=z 2 (1< | =er@)
We remark that we need not consider the left-hand limit of R, in the second argument, as was

done in [32], since the service-time c.d.f F' is assumed to be continuous, while F' is allowed to

be discontinuous in [32]. Hence, X, 2 can be written as

Xno(t,y) = Gu(t,y) + Hy(t,y), for t>0 and y >0, (10.1)
where
. t poo T R (S ’U)
Gal(t, = // 1(s+x<t+ d—/ T dF (v
ty) = | | 1 va( - | g eF)
Y R,(t+y — x, )
- dF (z), 10.2
and

A

t 00
H,(t,y) = / / 1(s+z <t+y)dL,(s,x). (10.3)
o Jo
Thus, the tightness of {X, 2} follows from the tightness of {G,} and {H,}. We will establish

their tightness in the following two lemmas.
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Lemma 10.2. Under Assumptions 1 and 2, the sequence of processes {@n :n > 1} =
{Gu(t,y) : t >0,y > 0},n > 1} is tight in Dp.

Proof. We will apply Lemma 10.1. We define the sequence of processes {G’fl :n > 1}, for

some € € (0,1), by

R t+y f — .
GE (t,y) = —/0 R"(ifi/v(x)’ J1(P(z) <1-)dF(@), ty>0. (10.4)

We will prove that {G€ :n > 1} is tight in Dp and

‘/”yR t+y—a: )
(x)

for each 6 > 0 and 7" > 0, and thus will conclude that the sequence {Gn} is tight in Dp by

lim lim sup P sup
€l0 t,y<T

1(F(z) > 1 e)dF(a:)‘ > 5) —0,  (10.5)
Lemma 10.1. It is easy to see that (10.5) follows easily from (3.23) in [32]. So we only need to
prove the tightness of the sequence of processes {G; :n > 1}

Recall that R, (t +y — z,2) = Un(A,(t +y — x), F(z)). By (2.1) and U,, = U in (2.5) as
n — 00, and by applying the continuous mapping theorem to the composition map of U, with

respect to the first argument (Theorem 13.2.2, [55]), we obtain
Ro(t+y—x,2) =Up(Ap(t+y —2),F(z)) = U@t +y—x), F(z)) in Dp,

as n — oo. The weak convergence of {R, : n > 1} in Dp implies that {R, : n > 1} is
stochastic bounded, so the integral representation of G¢, in terms of R,, in (10.4) implies that
{@; : n > 1} is also stochastically bounded in Dp. We apply Theorem C.1 to prove the
tightness of {@; :m > 1} in Dp. In this case, it is convenient to use the sufficient criterion in
the remark right after Theorem C.1.

Let Gy, = {G,(t) : t € [0,T]} be a filtration defined by

Gu(t) = o{Ru(s,):0<s<t}VN
= o{ni<z:1<i<A,(t),x>0}Vo{A,(s):0<s<t}VN,
where N includes all the null sets. Note that the filtration G,, satisfies the usual conditions
(Chapter 1, [30] and proof of Lemma 3.1 in [32]).

Let 6, | 0 and {7, : n > 1} be a uniformly bounded sequence, where for each n, 7, is a

stopping times with respect to the filtration G,,. Then, it suffices to show that
dJl(éf’L(Tn_i_(Sny))é;(Tn,)) :>0, as n — OQ.
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Consider any sequence of nondecreasing homeomorphism {\, : n > 1} on [0,7] such that

lim,, o0 Ap(y) = y uniformly in y € [0,T]. We want to show that the following holds:

sup_ |G (7 + 80 Anly)) = Gi(msy)| =0, as n— oo

0<y<T
Now,
OEHET ‘G:L(Tn + 5717 )\n(y)) — G;(Tyh y)‘
<y<
T7L+67L+)\n B

= sup ‘/ R (7o + 0n + Mn(y) x,x)l(F(:L") <1—€)dF(x)

0<y<T 1— F(x)

™n+Y _
_/ R, (Tn +y—uz, $)1(F(x) <1l- e)dF(gc)‘
(w)
Tn+0n +)\n > B B R B

= 2 ‘/ W R(Tn + 0 + Mn(y) = 2,2) = Ru( +y — 7,2) 1(F(z) <1 )dF(z)

0<y<T 1 F(x)

Tn+(5n+>\n(y) R (T + y _z x)
— P (F(z) <1 - e)dF
+0§EI§)T‘/ 1— F(z) (F(z) < €)dF(x)
Tn+Y Rn(Tn +y—ux, ;L')
_ o
/0 1— F(z) 1(F(z) <1—¢€)dF(z)

= 0,

as n — oo, where the first and the second terms converge to 0 by the stochastic boundedness
and weak convergence of R, in Dp, and because 7, is uniformly bounded, A, (y) converges to
y uniformly in [0,7], and d,, | 0 as n — oo. Hence, the processes {G;} are tight in Dp and
the proof is completed. We present an alternative direct argument via the lemma below. =
The following lemma provides an alternative direct way to complete the last step of the
proof of Lemma 10.2 above, instead of applying Lemma 10.1. For our alternative argument,
we apply the following lemma together with Prohorov’s theorem, p. 387 of [55]. Prohorov’s
theorem tells us that a set I of probability measures on a complete separable metric space S
is tight if and only if it is relatively compact, i.e., if its closure is sequentially compact (and
thus just compact) in the complete separable metric space P(S) of probability measures on
the space .S, with the usual topology associated with weak convergence, which is generated by
the Prohorov metric; see p. 77 of [55]. Thus to characterize tightness, we can focus on relative
compactness in the set of probability measures. A sequence of probability measures is relatively
compact if each subsequence has a further subsequence converging to a limit (not necessarily an
element of the sequence). The following lemma is applied in the space of probability measures

on Dp. Condition (ii) below is implied by property (10.5). Property (10.5) directly implies
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that the usual distance associated with convergence in probability converges uniformly to 0,

but that distance is greater than or equal to the Prohorov distance; see p. 375 of [55].

Lemma 10.3. Suppose that {xz, : n > 1} and {zf, : n > 1} are sequences in a complete
separable metric space (S,d) for each € > 0. If (i) {xf, : n > 1} is relatively compact for each

€ >0 and (ii) sup,>1 {d(zn, 7y,)} — 0 as € — 0, then {z, : n > 1} is relatively compact.

Proof. We want to show that the sequence {z,} is relatively compact; i.e., we want to
show that each subsequence itself has a convergent subsequence (a subsubsequence). Start
by choosing a subsequence of {z,,}. We now want to find a convergent subsequence of that
subsequence. We will construct one such directly.

To do so, choose a sequence {¢,} decreasing to 0. For e, start with the initial subsequence,
i.e., a subsequence of {z¢!} with the same indices as the convergent subsequence of {z,}. Since
{x£1} is relatively compact, there exists a subsequence of that initial subsequence for €; for
which there is convergence to some limit L;. Let that convergent subsequence (the indices)
be the initial sequence for e;. That is, for e, start with a subsequence having the indices
of the final convergent subsequence for €;. Since {z} is relatively compact, there exists a
subsequence of that initial subsequence for which there is convergence to some limit Ls. That
will still yield convergence for €1, because a subsequence of a converging sequence is again
converging. We can continue in that way recursively. Hence, at stage n, we have a common
subsequence (indices) working for €;,1 < i < n, for which we get convergence of z{i to a limit
L; for each i. We now want to deduce, first, that {L,,} must converge to some L as n — oo
and that, second, also that some subsequence of x, must converge to this same L. We now
apply condition (ii) to deduce that the sequence {L,} must be Cauchy. By completeness, we
deduce that there is an L such that L, converges to L.

It remains to construct the subsequence of {z,,}. To do so, we use the diagonal sequence,
i.e., we let the index of the k™ term be the k™ term (index) of the convergent subsequence
constructed for {z¢}. Observe that, with these indices, {z&} converges to Ly as n — oo for
each k. Finally, we can apply condition (ii) again to deduce that this diagonal subsequence of

x,, also converges to L. Hence, the sequence {z,,} itself must be relatively compact. =

Lemma 10.4. Under Assumptions 1 and 2, the sequence of processes {ﬁn n > 1} =

({H,(t,y) 1t >0,y >0}, n > 1} is tight in Dp.
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Proof. As in Lemma 3.7 in [32], we write the process H,, as

An(t)

niA(t+y—7)" 1

We will apply Theorem C.1 to prove the tightness of {ﬁn :m > 1} in Dp. In this case, it is
convenient to use criterion (i7) in Theorem C.1. We will first prove that this criterion holds,
and then prove the stochastic boundedness of the sequence of processes {ﬁn :n > 1}

Let H,, = {H,(t) : t € [0,T]} be a filtration defined by

Ho(t) = of{Hn(s,"):0<s<t}VN

= o{ni<s+ax—1":1<i<A,(t),r>0,0<s<t}V{A,(5):0<s<t} VN,

where A includes all the null sets. The filtration H,, satisfies the usual conditions (see p. 254
in [32]).
Let § > 0 and {k,, : n > 1} be a uniformly bounded sequence, where for each n, k, is a

stopping time with respect to the filtration H,,. It suffices to show that

lim lim sup sup E[d, (Hy (kn + 6, -), Hy (5, -))?] = 0. (10.6)

10 n—oo  kn
Consider any sequence of nondecreasing homeomorphism {\,, : n > 1} on [0,7] such that

limy, .00 Ap(y) = y uniformly in y € [0,7]. We want to show that the following holds:

. . 2
hfnhmsup supE[( sup |Hy(kn + 9, A\n(y)) — Hn(ﬁn,y)\) ] = 0. (10.7)

00 n—oo  Kn 0<y<T

Define the processes ﬁm = {ﬁm(t,y) :t,y >0} by

. (t+y—7/)* 1
Hoilty) =100 <m <t+y—70) — —
ni(t,y) =10 <mi <t+y—1") A =)

dF (u).
As in Lemma 3.5 in [32], one can check that for each fixed y and for each i, the process
{H,i(t,y) : t > 0} is a square integrable martingale with respect to the filtration H,, and it

has predictable quadratic variation

X X miA(t+y—) " 1
(i) (0) = () t) = [ R dF. o =0
and that the H,, martingales H,, i(-y) and H, j(+,y) for each fixed y are orthogonal for i # j.
Thus, for each fixed y and constant K > 0, the process ) = {H ( y) : t > 0} defined
by
n(An(t)AK) 7+
B = = Y (H0smstry-n- / e ).
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is an H,, square integrable martingale with predictable quadratic variation

) £ p AONO -y dF
. 1) = S -
G0 = @0 = 3 [ )
for t > 0. By the SLLN,
L]
—Z/ Tl dF(u) —t, a.s. as n — o0. (10.8)

So for each fixed y, the sequence of quadratic variations {(ﬁr(LK)(,y» :n > 1} is C-tight by
the continuity of @ in Assumption 1 (Recall that a sequence {Y;,} is said to be C-tight if it
is tight and the limit of any convergent subsequence must have continuous sample paths). It
follows by Theorem 3.6 in [57] that the sequence {]fI,(LK)(-, y) :n > 1} is C-tight for each fixed
Y.

Now, to prove (10.7), we have

EKOEEST |]fln(/£n + 5, \(y)) — Hn(/in,y)D?

< 28] sup [Haln + 8, \n(y)) — Hulon, An(v)) ]
0<y<T
+2E{ sup | Hy(Kn, An(y)) — Hy(Kin,y ﬂ
0<y<T

= 2 lim E[ sup ‘H(K Kn + 6, A\n(y ))—ﬁ,(LK)(/in,)\n(y))ﬂ
K—oo Lo<y<T

+2 hm E[ sup |ﬁ,(bK)(/€n7)\n(y))_ﬁr(LK)("fmy)ﬂ’

K—o0 0<y<T
where the equality holds by the dominated convergence and by stochastic boundedness of A,,.
The first term converges to 0 as n — oo and é | 0 by the assumptions on «, and A, and C-

tightness of {I;D(LK) :n > 1}. We obtain the convergence to 0 for the second term by observing
that

f{r(LK) ("Qna /\n(y)) - IA{T(LK)(K’TH y)

1 An(kn)ANK
= <n < — 7" — <n < -7
7oL (0w m e dy) =)~ 10wty =)

NiA(Kn+An (y)—7) T 1 i (En+y—77) T 1
_(/0 O _/0 1—F(u)dF(“)>>'

Thus we obtain (10.7).
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Now we prove the stochastic boundedness of {ﬁn :n > 1} in Dp. We observe that for

each n, each sample path of the process H, is bounded by that of the process H,, defined by

niA(t+y—7)T 1 p
10<m <t+y—17 —/ —— _dF(u)|.
0<n y—7) ; T~ F@) ()

The stochastic boundedness of {H,, : n > 1} in Dp follows directly from the proof of Lemma

Apn (t"l‘y)

f{n(tvy) = % Z

1=1

3.7 in [32]. Thus, {H,, : n > 1} is stochastically bounded, so that tightness of {H,, : n > 1} in

Dp is proved. =

11. Convergence of the Finite-Dimensional Distributions

In this section, we complete the proof of the convergence (X, 1, Xng) = (Xl, Xg) in Dp x Dp
by proving that the finite-dimensional distributions of (Xn,l, Xng) converge to those of (X 1, Xg)
since we have proved the tightness of {(Xml,f(mQ) :n > 1} in §10. We will mostly have to
deal with Xmg, since we have already shown convergence of Xn,l. Our argument for Xmg will

also enable us to establish joint convergence of the two finite-dimensional distributions.

Lemma 11.1. Under Assumptions 1 and 2, the finite-dimensional distributions of (X, 1, Xn 2)

converge to those of (Xl,Xg) as n — oo.

Proof. First of all, we understand the integrals Xn,g in (2.13) and X, in (3.14) as mean

square integrals, so that they can be represented as
Xna2(ty) =limpoXnok(t,y), and Xo(t,y) =lim. e Xok(t,y),
where l.i.m. means limit in mean square, that is,

lim E[(Xn,g(t,y) — Xmg,k(t,y))z] =0 and lim E[(Xg(t,y) — Xg,k(t,y))z] =0,

k—oo k—oo

Xn,2,k(t7 y)

_ /Ot /OOO 17, (s, 2)dU, (An(s), F(x))

k
- Z [AU,L(A"(S?—I%An(sf),O,F(t +y— sf)) )

i=1

and

Xg,k(t,y) = —/0 /Ooolz’t(s,x)dU(a(s),F(a:))



where 17, is defined by

k

1 (s,0) =Us = 0)L(x <t +y) + ) s € (i sl <t 4y — o)), (11.1)
i=1

with the points 0 = sk < s¥ < ... < sf = ¢ chosen so that max;<;<y, |s¥ | — sF| — 0 as k — oo,
and Ay and Ay are defined as Ay in (4.1).

We prove the convergence of the finite-dimensional distributions of Xn,g to those of Xy by
taking advantage of the convergence of U,, = U as n — oo in D([0,00), D([0,1],R)) (see (2.5)),
for which we define another process {)N(mg,k(t, y) : t,y > 0} in Dp for each n by replacing the

A,, terms in AUn of Xn,2,k by a as follows,

_ /O t /0 1Y (s, 2)d0n(a(s), F ()

_ _Z[ . (@(s50), a(s8),0, F(t +y — ))].

Xn,2,k (t7 y)

Hence, we easily obtain the convergence of the finite-dimensional distributions of Xmg’k to
those of Xg’k as n — 00, since a and F' are both continuous by Assumptions 1 and 2, and the
finite-dimensional distributions of U, converge to those of U as n — oo and U is continuous.

Moreover, since Kn (U'n) and A, are independent by Assumptions 1 and 2, Xn,2,k and Xn,l
are independent, and since the limit processes Xg’k and X are also independent, we obtain the
joint convergence of the finite-dimensional distributions of ( s Xn72,k) to those of (X 1, ng)
as n — oo.

Now it suffices to show that the difference between Xn,2,k and Xmg’k is asymptotically neg-
ligible in probability as n — oo, and the difference between Xmg and Xn,2,k is is asymptotically

negligible in probability as n — co and k£ — oo, i.e.,

lim P( sup [ Xnon(t,y) — Xpox(t,y)| > e) =0, T>0, e€>0. (11.2)
e 0<t<T,y>0
and
hm limsup P(| X, 0k(t,y) — Xna(t,y)] >€) =0, t,y>0, €>0. (11.3)

k—00 n—oo
We obtain (11.2) easily from Assumption 1 and (2.5) since a and U are continuous. Now
we proceed to prove (11.3). We will follow a martingale approach argument similar to the one
used in Lemma 5.3 of [32], which relies on their technical Lemma 5.2. Fortunately, for our

two-parameter processes, the conditions of Lemma 5.2 [32] are satisfied by fixing the second
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argument. We can write

P(|Xn,2,k(t7y) - Xn,2(t7y)| > 6)

< P(An(t) > 6) + P(|Xnk(t,y) — Xno(t:y)| > €, An(t) < 0) (11.4)

for t,y > 0 and 6 > 0.
On {A,(t) <6},

A A

Kop(ty) — Xnalty) = /f(lz,t(s,x)—l(smswy))dﬁn(An(s),F(:c))

S~

1 Ay (£)A(nd)
= = ; Bi(rl',mi) (1),

where

k
Bi(ri'smi)(ty) =

1(sh < <shHAt+y—sf<m <t+y—1)
j=1
—(F(t+y—1") — F(t+y—s})).

Define the process Z\) = {Z,(f) (t,y) : t,y > 0} by
An (t)A(nd)
i=1

As in Lemma 5.2 in [32], one can check that for each fixed y > 0, the process Zr(f)(-,y) =
{Zr(f) (t,y) : t > 0} is a square integrable martingale with respect to the filtration F,, =
{Fn(t),t > 0}, where

Fult) = o{ni<s4+x:1<i<A,(t),r>0,0<s<t}V{A,(5):0<s<t}VN,

and the quadratic variation of Z,(f)(', y) is

A" (£)A(nd)

<Zr(L6)(7y)>(t) = <Z7(7,6)>(t7y) = Z E[ﬁl(Tzn?nz)(tvy)2]

=1
AMOARD)
- S (U <7 <SPt +y =)~ F(t+y - 55)
i=1  j=1
(L= (Ft+y =)= F(t+y— )]
AP(DAMS) K
- S [1sjr <7 < SH(F(+y— ) = Fle+ - )]
i=1 Jj=1
k
— F(t+y—sf )= Ft+y—s9))(An(sh) — An(sh
Z( (t+y S 1) (t+y S]))( "(SJ) ”(Sﬂ_l))
j=1
< sup {Au(s%) — A (5 )}
~ ! n\°j n ]—1 )
1<5<k
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where the last inequality follows from the fact that the sum of the coefficients before the
An(s;?) - An(s;?_l) terms is less than 1.

So for fixed y > 0, and on {A"(t) < 6},

o 5 5 A 1
lim limsup B[(X,(t,y) = Knz(t,9))? = lim limsup E[(—=Z (. y))(0)]

k—o0 n—oo k—0o0 n—oo \/_

< lim limsupE[ sup {An(sf) —An(s;?_l)} =0,
k=00 n—oo Ligj<k

where the convergence to 0 holds because of the continuity of @, Assumption 1 and max;< jgk(Sf—
s?_l) — 0 as k — oo.

Hence, (11.4) becomes

P(Xn2(t0) ~ Kualt.y) > ) < P(A(1) > 0) + 5B [(—=Z0 () (1)

< P(/In(t) > 5) + —2E[1i1]11<)k{14n(5§) - An(sﬁ—l)}} :

Therefore, by the stochastic boundedness of A,, (11.3) is proved. That concludes the

demonstration that the finite-dimensional distributions of (X, 1, X, 2) converge to those of

(X1,X3)asn— oo, =
12. Conclusions

We have established heavy-traffic limits for a sequence of infinite-server queues with increasing
arrival rates, allowing i.i.d. service times with a general c.d.f. We allowed general G and
even nonstationary Gy arrival processes; the key condition (Assumption 1) is that the arrival
processes satisfy a FCLT, where the limit has continuous sample paths. For the Markov
property of Q" in Dp, we required that the limit A have independent increments. Of course,
the limit process A will usually be some form of Brownian motion. The standard case is
A= \/@Ba, where B, is a standard BM. For G; arrival processes, a common case should
be the time-transformed analog A(t) = \/Ac2 B, (a(t)), where a(t) = fg A(s) ds, where X is the
time-varying arrival-rate function, as in Theorem 4.2 (a) In general, the parameter ¢2 should
be time-varying as well..

In order to capture all the relevant state information, we considered the two-parameter
processes Q¢ (t,y) and Q) (t,y), representing the number of customers in the system at time
t having elapsed service times less than or equal to time g, or residual service times strictly

greater than y. We regarded these as random elements of the space Dp. From these basic
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processes we constructed several related processes of interest, such as the workload processes
W) (t,y), for which we also established heavy-traffic limits. Our main theorems - Theorems
3.2 and 7.2 - establish a joint heavy-traffic FCLT for twelve processes.

Our analysis indicates that, in order to describe the distribution of future events in a
many-server service system, we should keep track of the elapsed service times of customers in
the system in addition to the number of customers in the system; i.e., we should monitor the

stochastic process

= Q) 2 0} = {{Q5(ty) ¥y =0} : ¢ >0} in Dp.

We can then approximate QS (¢, y) by ng®(t, y)—l—\/ﬁQe(t, y), y > 0,t > 0. These two-parameter
heavy-traffic limits provide a rich description of the state of the system. In applications, the
limit processes Qe and QT can be used to approximate the steady-state and transient distri-
butions. With the aid of these approximations, methods for control and recovery developed in
[10] can be extended to non-Poisson arrival processes.

We expect that the approach here can be be used to establish two-parameter heavy-traffic
limits for networks of infinite-server queues, extending [41], and finite-server systems, using
methods as in [45, 46, 47]. We expect that the results here can be used to develop effective

control and recovery schemes for multi-server systems, extending [10].
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APPENDIX

In this appendix we provide additional background information. In §A we review basic
properties of the Brownian sheet and the Kiefer process. In §B we give background on two-
dimensional stochastic integrals. In §C we state a tightness criterion in the space Dp. In §D,

we give the detailed calculation of the covariance of B(t,y) in (6.6).
A. The Classical Two-parameter Processes

We now provide background on the classic two-parameter processes: (i) the two-parameter
Wiener process or Brownian sheet and (ii) the Kiefer process. We start with the Brownian
sheet, because the Kiefer process is naturally defined in terms of it.

Just like Brownian motion (the ordinary Wiener process), the Brownian sheet can be
understood as the limit of appropriately normalized partial sums. However, now the setting is
a two-dimensional array of i.i.d. random variables {Xj;; : ¢ > 1,7 > 1}, which we take to have
mean 0 and variance 1. We then form the partial sums

Se= >, Xy k>11>1
1<i<k,1<;5<l
We also let Sp; = 0 for each [ and Sy o = 0 for each k. Then we scale time by introducing the

two-parameter process

A Sns n
Sp(s,t) = 2msblntl g < g <0<t <1

vn
Then, analogous to Donsker’s theorem, we have S, = W in D([0,1], D([0,1],R)) (and also in
D([0,1] x [0,1],R)), where W is the Brownian sheet.
Here is a direct definition: A stochastic process W = {W(t) : t € R2} is called a Brownian

sheet (two-parameter Wiener process) if

1. W(R) with R = [z1,%2) X [y1,y2) has a normal distribution with mean 0 and variance

(9 — x1)(y2 — y1), where
W(R) = Awl(z1,22,91,92) = Wz, y2) — W(x1,y2) — W(z2,y1) + W(z1,91),
2. W(0,y) = W(x,0)=0forall 0 < z,y < oo,

3. W has independent increments, i.e., W (Ry), W(R2), ..., W(R;),n > 2 are independent

random variables if Ry, Rs, ..., R, are disjoint,
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4. The sample path function W (¢;w) is continuous in ¢ with probability one.

Note that the covariance function of a Brownian sheet W (t) is
Cov(W(t1), W(ta)) = (x1 A w2)(y1 A ya),

where t; = (z1,41) and t9 = (22,y2). For any fixed 0 < g < oo, the process {x51/2W(azo,y) :
y > 0} is an ordinary Brownian motion, as is {y, 1 2W(:17, yo) : * > 0}. The processes
{eW(1/x,y) : x > 0,y > 0}, {yW(x,1/y) : x > 0,y > 0} and {xyW (1/z,1/y) : x > 0,y > 0}
are also Brownian motion processes.

To understand the Kiefer process, we should recall the Brownian bridge, often denoted by
By. It is Brownian motion on [0, 1], conditioned to be 0 at time 1. It can be defined in terms
of a Brownian motion B by By(t) = B(t) —tB(1), 0 <t < 1. It can be understood as the limit
of the properly scaled usual one-dimensional partial sums S,, = X7 4+ --- X,,, conditional on
S, = 0. The Brownian bridge arises as the limit for the properly scaled and centered empirical
distribution function of uniform random variables; see §2.2 of [55]. The standard Kiefer process
can be understood as the limit of the sequential empirical process in (2.3) for the special case
of the uniform distribution, as stated in (2.5). It is easy to see that we must have U, (¢,1) = 0
forallt, 0 <t <1.

Analogous to the Brownian bridge, the Kiefer process { K (z,y);0 <z < 00,0 <y < 1} can

be defined directly in terms of the Brownian sheet by
K(xa y) = W(:Ev y) - yW(:E’ 1)7

where W (z,y) is a two parameter Wiener process. The Kiefer process can be understood to
be the Brownian sheet conditioned to be 0 when y =1 (tied down at the upper boundary).
The Kiefer process K has the following properties:

1. E[K(z,y)] = 0 and the covariance function of K (x,y) is
BlK (z1,y1) K (22, y2)] = (Y1 Ay2 — yay2) (21 A 2);

2. for any 0 < yo < 1, {W(m) = % s> 0} is a Brownian motion;
Yo(l—Yo
3. for any zy > 0, {B(y) = :EalK(ﬂ;‘o,y) 0<y< 1} is a Brownian Bridge;

4. the sample path functions of K(x,y) are continuous with probability one;
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5. W(l‘,y):(y—Fl)K(:E,y%), for x>0, and y>0;

6. K(:n,y):(l—y)W<:E,%>, for 0<y<1, and z>0.

Proposition A.1. A Kiefer process {K(t,xz);t > 0,0 <z < 1} is the unique solution to the

following stochastic integral equation:
TK(t
K(t,:n):—/ Maiy—l—VV(t,:z:), for t>0 and 0<zx <1, (A1)
0 -y

where {W(t,x) : t > 0,0 <z <1} is a Brownian sheet.

Proof. For each fixed t > 0, consider the following linear SDE,

K(t
dK (t,x) = —ﬁdm +dW(t,x), for 0<xz<I,

—z
with K (t,0) = 0. Since for each t fixed, {t"2W(t,z) : 0 < 2 < 1} is a standard Brownian
motion, we can use the classical one-dimensional linear SDE solution result (§5.6, [30]) to

obtain (including uniqueness)
o1
K(t,z)=(1- :E)/ 1—ydW(t,y), for 0<z<1. (A.2)
o 1—

By Ito’s integration theory, for each fixed ¢ > 0, the process {K(t,z) : 0 < z < 1} is a

continuous, square integrable martingale with predictable quadratic variation

(K (1) (@) = (1 — )% /0 ' ﬁdy S Y R Y

11—z
for 0 < x < 1. By the representation of continuous martingales as a time-changed Brownian
motion (Theorem 3.4.6, [30]), we can write K (t,x) as K(t,z) = B((K(t,-))(z)) for 0 <z <1
and a standard Brownian motion B, for each fixed ¢ > 0. So, for each fixed ¢ > 0, the process

{K(t,x):0 <z <1} is a continuous Gaussian process with mean 0 and covariance

E[K(t,z)K(t,y)] = (1 —x)(1 —y)t /Ox ’ ﬁdu = (z Ny —xy)t.

This implies that, for each fixed ¢ > 0, {t /'K (t,2) : 0 < 2 < 1} is a Brownian bridge.

Moreover, we can also obtain from (A.2) that
E[K(t1, 2)K (t2,y)] = (z Ay — zy)(t1 A o).

Therefore, the proof is complete. =
The empirical distribution process U, in (2.5) has the following semimartingale decompo-
sition. (See Chapter IX, Jacod and Shiryaev [25]. We provide a proof here for completeness

since it is not in [25].)

99



Proposition A.2. The empirical distribution process U, = (U,(t,x),t > 0,0 < x < 1) has

the semimartingale decomposition

Un(t,a) = — / Unt:9) 40, 4 17, ot ), (A3)
o l—y
where ]
nt
1 A
= <) — — .
Unoltsn) = 7= 3 (16 <) = [ =), (A4)

is a square integrable martingale with respect to the filtration Fp, = {V;< ) Fi(x):t >0} for
each fived x > 0, and F(z) = o(1(¢; < y),0 <y < x) VN for all x € [0,1], {;’s are i.i.d. with

uniform distribution on [0, 1].

Proof. Fort>0and 0 <x <1,

mUn(t,y) - T 1 1 |
/0 1=y @~ /Oﬂﬁiz(l@zéy)—y)dy

= f/ Cz<ydy—\/—/ - [nt]dy
LntJ

= ﬁ ; ﬁ 1(Ci§y)dy+tn—;w——/ =y [nt]d
=1

LT A e

= et Ty(;l(géy)—{nﬂ)dy

IRV SRS N < SO

- \/ﬁ/o 1_y;1(y§@)dy

LTLtJ IE/\C'
|nt] 1 / i1
= —F—r——F —dy
Vn N ZZ:; 0
[nt] [nt]

= —%Z(l(@éx ) Z( (G <w)— /Omlédy)

Hence, we obtain the decomposition of U, in (A.3). It is easy to check that, for each fixed z,
Upp in (A.4) is a square integrable martingale with respect to the filtration F,,, and the first

term of U, in (A.3) has finite variation. =
B. Two-Parameter Stochastic Integrals

We first review the definition of filtrations for two-parameter processes. Let (2, F,P) be

a probability space and R(s,t) be the rectangle {(u,v) : 0 < u < 5,0 < v < t}. Write
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(u,v) 2 (s,t) if u < sand v < t. A collection F = {F(,4) : (s,t) € [0,7] x [0,T]} of sub-
o-fields of F is said to be a filtration if (i) (u,v) =< (s,t) implies that F,.) C F(, and (ii)
F(o,0) contains all the null sets of F, and (iii) F,, = ﬂ}"(u,v) for u > s and v > t. For
a stochastic process X that takes value in D, the natural filtration it generates is given by
Fisp) = 01X (u,v) 1 u < s,v <t} for each (s,t) € [0,7] x [0,T7].

In the literature, several types of stochastic integrals with respect to two-parameter pro-
cesses have been defined. The first type is to generalize the definition of Ito’s integral directly,

i.e., the integral

ILM(@) = / @(’LL, U)dM(’U,,U)7 (Bl)
[0,s] % [0,¢]

where (M (u,v), (u,v) € RZ) is a two-parameter (strong, weak)-martingale, ¢ is a class of
previsible and square integrable processes, and R(s,t) is a rectangle with (s,t) € R%r. This
type of integral was first defined for two-parameter Brownian sheets by Cairoli [5] (see also [53])
and generalized to n-parameter Brownian sheets by Wong and Zakai [58]. It was generalized
to general martingales by Cairoli and Walsh [6]. Even more generalization appears in Wong
and Zakai [60].

Two-parameter martingales were defined in Cairoli and Walsh [6], Wong and Zakai [58],
[59] and Walsh [53]. For more general set-indexed martingales, see Ivanoff and Merzbach [24]
and Khoshnevisan [31]. Since we are only using properties in terms of Brownian sheet in this
paper, the following definition of two-parameter martingales will suffice for us. For definitions
of weak and strong multi-parameter martingales, we refer to [24] and [31].

A process {M(s,t),(s,t) € [0,T] x [0,T]} is a martingale if M(s,t) € F( 4 is integrable
and for each (s,t) < (s',t"), E[M(s',t')|F(s4] = M(s,t).

The following processes are martingales related to two-parameter Brownian sheets W:
1
W, {W(s,t)> —st:(s,t) e R}, {exp ()\W(s,t) - 5)\2315) (s, t) € ]Ri} .

When M is a two-parameter Brownian sheet, the integral I7 p/(-) in (B.1) inherits most

properties of Ito’s integral, e.g.:
e Linearity: I1 y(a¢ + B¢) = alim(9) + BLm(Y), o,B€R,
o Tsometry: E[111(6) 11,01 (8)] = fip g fo.q St )2, v)dudv,

e Martingale: I; y/(¢) is a martingale.
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The second and third types of integral are introduced in [58] and [59], respectively, which

are not applied in this paper. We refer interested readers to those papers.
C. Tightness in Dp

The following tightness criteria come from Theorem 3.8.6 of Ethier and Kurtz [12], adapted to

the space D([0,T], D). For a review of tightness criteria for processes in the space D, see [57].

Theorem C.1. A sequence of stochastic processes {Xy, : n > 1} in D(]0,T], D) is tight if and
only if
(i) the sequence {X,, : n > 1} is stochastically bounded in D(]0,T], D), i.e., for all € > 0,

there exists a compact subset K C R such that
P(|Xnllr€e K)>1—¢, for all n>1,

where || Xyl = supepo r1{supsejo 1) [Xn (s, )]}

and any one of the following

(ii) For all 6 > 0, and all uniformly bounded sequences {m, : n > 1} where for each n,
Tn 18 a stopping time with respect to the natural filtration ¥,, = {F,(t),t € [0,T]} where
Fu(t) =0{Xn(s,): 0 < s <t}, there exists a constant 3 > 0 such that

lgmlimsupsup E[(ANdy (Xn(Th +6,+), Xpn(Tn, )))ﬁ] = 0;

10 n—ooo 7,

or
(ii°) For all 6 > 0, there exist a constant § and random variables v, (0) > 0 such that for

each n, w.p.1,
E[(l A dJ1 (Xn(s +u, ’)7 Xn(37 )))ﬁ‘fn](l A dJl (Xn(s -0, ')7 Xn(37 )))6 < E[’Yn(é)‘fn]v

for all0 < s <T,0<u<dand 0 < v < sAJ, where F, = {F,(t) : t € [0,T]} with
Fu(t) = 0{Xu(s,:): 0< s <t} and

lim li E[ya(8)] = 0.
i lim sup [ (6)] =0

n—oo

Remark. The following condition is sufficient, but not necessary, for condition (7i) in Theo-

rem C.1:
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For all 6, | 0 and for all uniformly bounded sequences {1, : n > 1}, where for each
n, T, s a stopping time with respect to the natural filtration ¥, = {F,(t) : t € [0,T]} with
Fn(t) = 0{Xn(s,"): 0 < s <t}

dJl (XTL(TTL + 0n, ')an(Tm )) =0, as n—oo. =

D. The Covariance of B

We calculate the covariance of B(t,y) in (6.6) using the properties of stochastic integrals with

respect to the two-parameter Brownian sheet of the first type. For t < t' and y < ¢/,

E[B(t,y)B(t,y)]
= E[(‘f_uy\//\—C?LB(t) + VP By(1 — e M)y /Ot /000 1(s+z<t+y)dW(rs,1— e_“x))
(7 VAGB(Y) + VT By(1 — e 4 /Ot, /OOO s +2 <t 4y )W (s, 1 — )]
= A Hutp [B(t)B(t’)} +'E [Bb(l — e YR, (1 — e—u(t’+y’))]
+E[/0t /OOO (s +z <t+y)dW(As,1—e ") /Ot/ /000 1(s+ax <t +9)dW(\s, 1 — e‘“m)]
= Acge MUt 4 g (1 — et ) /Ot /000 (s +o < t+y)d(1—e)d(As)
= )\cge_“(y“/)t + qi,t(l _ e—u(t+y)) + )\/t(l _ e—u(t—l—y—s))ds

0
= et 4 gt (1 — et 4 Nt — ie—uy + ie—,u(t—l—y)

I I
= (A + /\Cge—u(yﬂ/))t + gt — %e—uy + <% _ qi7t> e H(t+y)

The second equality holds because of the mutual independence of B, By and W and the third
equality holds because of the isometry property of the stochastic integral with respect to the

two-parameter Brownian sheet of the first type.
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