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We prove a many-server heavy-traffic fluid limit for an overloaded Markovian queueing system having two customer classes
and two service pools, known in the call-center literature as the X model. The system uses the fixed-queue-ratio-with-
thresholds (FQR-T) control, which we proposed in a recent paper as a way for one service system to help another in face of
an unexpected overload. Under FQR-T, customers are served by their own service pool until a threshold is exceeded. Then,
one-way sharing is activated with customers from one class allowed to be served in both pools. After the control is activated,
it aims to keep the two queues at a prespecified fixed ratio. For large systems that fixed ratio is achieved approximately. For
the fluid limit, or FWLLN (functional weak law of large numbers), we consider a sequence of properly scaled X models in
overload operating under FQR-T. Our proof of the FWLLN follows the compactness approach, i.e., we show that the sequence
of scaled processes is tight and then show that all converging subsequences have the specified limit. The characterization
step is complicated because the queue-difference processes, which determine the customer-server assignments, need to be
considered without spatial scaling. Asymptotically, these queue-difference processes operate on a faster time scale than the
fluid-scaled processes. In the limit, because of a separation of time scales, the driving processes converge to a time-dependent
steady state (or local average) of a time-varying fast-time-scale process (FTSP). This averaging principle allows us to replace
the driving processes with the long-run average behavior of the FTSP.
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1. Introduction. In this paper we prove that the deterministic fluid approximation for the overloaded X
call-center model, suggested in Perry and Whitt [36] and analyzed in Perry and Whitt [37], arises as the many-
server heavy-traffic fluid limit of a properly scaled sequence of overloaded Markovian X models under the
fixed-queue-ratio-with-thresholds (FQR-T) control. (A list of all the acronyms appears in §F in the appendix.)
The X model has two classes of customers and two service pools, one for each class, but with both pools
capable of handling customers from either class. The service-time distributions depend on both the class and
the pool. The FQR-T control was suggested in Perry and Whitt [35] as a way to automatically initiate sharing
(i.e., sending customers from one class to the other service pool) when the system encounters an unexpected
overload, while ensuring that sharing does not take place when it is not needed.

1.1. A series of papers. This paper is the fourth in a series. First, in Perry and Whitt [35] we heuristically
derived a stationary fluid approximation, whose purpose was to approximate the steady state of a large many-
server X system operating under FQR-T during the overload incident. More specifically, in Perry and Whitt [35]
we assumed that a convex holding cost is incurred on both queues whenever the system is overloaded, and our
aim was to develop a control designed to minimize that cost. (That deterministic cost approximates the long-run
average cost during the overload incident in the stochastic model.) We further assumed that the system becomes
overloaded because of a sudden, unexpected shift in the arrival rates, with new levels that may not be known to
the system managers, and that the staffing of the service pools cannot be changed quickly enough to respond to
that sudden overload.

Under the heuristic stationary fluid approximation, in Perry and Whitt [35] we proved that a queue-ratio
control with thresholds (QR-T) is optimal, and showed how to calculate the optimal control parameters. We
also showed that the QR-T control outperforms the optimal static control when the arrival rates are known.
In general, that optimal QR-T control is a function of the arrival rates during the overload incident, which are
assumed to be unknown. In the special case of a separable quadratic cost, i.e., for C(Q,, Q,) = ¢, 07 + ¢, 03,
with ¢, ¢, being two constants, we proved that the FQR-T control is optimal, so that two queue ratios—one
for each direction of overload—are optimal for all possible overload scenarios. More generally, we found that
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a FQR-T control was approximately optimal, as illustrated by Figure 4 of Perry and Whitt [35]. Thus, in all
subsequent work we have focused on the FQR-T control.

Second, in Perry and Whitt [36] we applied a heavy-traffic stochastic averaging principle (AP) as an engi-
neering principle to describe the transient (time-dependent) behavior of a large overloaded X system operating
under FQR-T. The suggested fluid approximation was expressed via an ordinary differential equation (ODE),
which is driven by a stochastic process. Specifically, the expression of the fluid ODE as a function of time
involves the local steady state of a stochastic process at each time point ¢ > 0, which we named the fast-time-
scale process (FTSP). As the name suggests, the FTSP operates on (an infinitely) faster time scale than the
processes approximated by the ODE, thus converges to its local steady state instantaneously at every time ¢ > 0.
Extensive simulation experiments showed that our approximations work remarkably well, even for surprisingly
small systems, having as few as 25 servers in each pool.

Third, in Perry and Whitt [37] we investigated the ODE suggested in Perry and Whitt [36] using a dynamical-
system approach. The dynamical-system framework could not be applied directly, because the ODE is driven by
a stochastic process, and its state space depends on the distributional characteristics of the FTSP. Nevertheless,
we showed that a unique solution to the ODE exists over the positive halfline [0, co) for each specified initial
condition. The stationary fluid approximation, derived heuristically in Perry and Whitt [35], was shown to exist
as the unique fixed point (or stationary point) for the fluid approximation. Moreover, we proved that the solution
to the ODE converges to this stationary point, with the convergence being exponentially fast. (That supports the
steady-state approximation used in Perry and Whitt [35].) In addition, a numerical algorithm to solve the ODE
was developed, based on a combination of a matrix-geometric algorithm and the classical forward Euler method
for solving ODEs.

1.2. Overview. In this fourth paper, we will prove that the solution to the ODE in Perry and Whitt [36, 37]
for specified initial condition is indeed the many-server heavy-traffic fluid limit of the overloaded X model,
which we also call a functional weak law of large numbers (FWLLN); see Theorem 4.1; see §3.4 for the key
assumptions. In doing so, we will prove a strong version of state-space collapse (SSC) for the server-assignment
processes; see Corollary 6.2 and Theorem 6.4. We will also prove a strong SSC result for the two-dimensional
queue process in Corollary 4.1. In a subsequent paper (Perry and Whitt [38]) we prove a functional central limit
theorem (FCLT) refinement of the FWLLN here, which describes the stochastic fluctuations about the fluid path.

We only consider the X model during the overload incident, once sharing has begun; that will be captured
by our main assumptions, Assumptions 3.1 and 3.2. As a consequence, the model is stationary (without time-
varying arrival rates), but the evolution is transient, because the system does not start in steady state. Because of
customer abandonment, the stochastic models will all be stable, approaching proper steady-state distributions.
As a further consequence, during the overload incident sharing will occur in only one direction, so that the
overloaded X model actually behaves as an overloaded N model, but that requires proof; that follows from
Corollary 6.3 and Theorem 6.4. Our FWLLN serves as an approximation for the time-dependent behavior of
the model as it approaches steady state. In addition, we prove a weak law of large numbers for the stationary
distributions, showing that the unique fixed point of the fluid limit is also the limit of the scaled stationary
model. Proving that latter result builds on a novel limit-interchange argument, which requires the established
FWLLN.

Convergence to the fluid limit will be established in roughly three steps: (i) representing the sequence of sys-
tems (§85.1 and 6), (ii) proving that the sequence considered is €-tight (§5.2), and (iii) uniquely characterizing
the limit (Perry and Whitt [37] and §7). The first representation step in §5.1 starts out in the usual way, involv-
ing rate-1 Poisson processes, as reviewed in Pang et al. [34]. However, the SSC part in §6 requires a delicate
analysis of the unscaled sequence. The second tightness step in §5.2 is routine, but the final characterization step
is challenging. These last two steps are part of the standard compactness approach to proving stochastic-process
limits; see Billingsley [7], Ethier and Kurtz [12], Pang et al. [34] and §11.6 in Whitt [47]. As reviewed in Ethier
and Kurtz [12] and Pang et al. [34], uniquely characterizing the limit is usually the most challenging part of the
proof, but it is especially so here. Characterizing the limit is difficult because the FQR-T control is driven by a
queue-difference process that is not being scaled and hence does not converge to a deterministic quantity with
spatial scaling. However, the driving process operates in a different time scale than the fluid-scaled processes,
asymptotically achieving a (time-dependent) steady state at each instant of time, yielding the AP.

As was shown in Perry and Whitt [37], the AP and the FTSP also complicate the analysis of the limiting ODE.
First, it requires that the steady state of a continuous-time Markov chain (CTMC), whose distribution depends
on the solution to the ODE, be computed at every instant of time. (As explained in Perry and Whitt [37], this
argument may seem circular at first, because the distribution of the FTSP is determined by the solution to the
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ODE, while the evolution of the solution to the ODE is determined by the behavior of the FTSP. However, the
separation of time scales explains why this construction is consistent.) The second complication is that the AP
produces a singularity region in the state space, causing the ODE to be discontinuous in its full state space.
Hence, both the convergence to the many-server heavy-traffic fluid limit and the analysis of the solution to the
ODE depend heavily on the state space of the ODE, which is characterized in terms of the FTSP. For that
reason, many of the results in Perry and Whitt [37] are needed for proving convergence.

1.3. Literature. Our previous papers discuss related literature; see especially §2 of Perry and Whitt [35].
Our FQR-T control extends the FQR control and other queue-and-idleness ratio controls suggested and studied
in Gurvich and Whitt [14, 15, 16], but the limits there were established for a different regime under different
conditions. Here we study the FQR-T control and establish limits for overloaded systems. Unlike that previous
work, here the service rates may depend on both the customer class and the service pool in a very general way.
In particular, our X model does not satisfy the conditions of the previous theorems even under normal loads.

There is a substantial literature on averaging principles, e.g., see Khasminskii and Yin [25] and references
therein, but there is not one unified framework that can easily be applied to any model. Moreover, it is common
practice to use averaging principles as direct approximations, i.e., to simply replace a fast process by its long-
term average behavior. That is the classic approach for deterministic dynamical systems, e.g., see chapters 10
and 11 of Khalil [24]. We ourselves took that approach in Perry and Whitt [36]. It is significant that, unlike the
classical dynamical-systems approach, the AP in our case here is a result of the fast oscillations of a stochastic
process (the FTSP discussed above). We thus named this phenomenon a stochastic averaging principle in Perry
and Whitt [37], although we refer to it simply as an AP.

Averaging principles are relatively rare in operations research. See p. 71 of Whitt [47] for a discussion related
to the queueing literature. Two notable papers in the queueing literature are Coffman et al. [10], which considers
the diffusion limit of a polling system with zero switch-over times, and Hunt and Kurtz [18], which considers
large loss networks under a large family of controls. The limits via an AP in Hunt and Kurtz [18] are the
basis for other papers studying loss networks. We refer to Antunes et al. [1] and Zachary and Ziedins [49], and
references therein. The work in Hunt and Kurtz [18] is also closely related to our work because it considers the
fluid limits of such loss systems, with the control-driving process moving on a faster time scale than the other
processes considered.

For the important characterization step, we give two proofs, one in the main paper and the other in the
appendix. The shorter proof in the main paper closely follows Hunt and Kurtz [18], exploiting martingales and
random measures, building on Kurtz [27]. In contrast, our second approach exploits stochastic bounds, which
we also use in the important preliminary step establishing state-space collapse.

There is now a substantial literature on fluid limits for queueing models, some of which is reviewed in
Whitt [47]. For recent work on many-server queues, see Kang and Ramanan [21] and Kaspi and Ramanan [23].
Because of the separation of time scales here, our work is in the spirit of fluid limits for networks of many-server
queues in Bassamboo et al. [4, 5], but again the specifics are quite different. Their separation of time scales
justifies using a pointwise stationary approximation asymptotically, as in Massey and Whitt [31] and Whitt [46].

2. Preliminaries. In this section we specify the queueing model, which we refer to as the X model. We
then specify the FQR-T control. We then provide a short summary of the many-server heavy-traffic scaling and
the different regimes. We conclude with our conventions about notation.

2.1. The original queueing model. The Markovian X model has two classes of customers, initially arriving
according to independent Poisson processes with rates A, and A,. There are two queues, one for each class,
in which customers that are not routed to service immediately upon arrival wait to be served. Customers are
served from each queue in order of arrival. Each class-i customer has limited patience, which is assumed to
be exponentially distributed with rate 6,, i = 1,2. If a customer does not enter service before he runs out of
patience, then he abandons the queue. The abandonment keep the system stable for all arrival and service rates.

There are two service pools, with pool j having m; homogenous servers (or agents) working in parallel. This
X model was introduced to study two large systems that are designed to operate independently under normal
loads, but can help each other in the face of unanticipated overloads. We assume that all servers are cross
trained, so that they can serve both classes. The service times depend on both the customer class i and the server
type j and are exponentially distributed; the mean service time for each class-i customer by each pool-j agent
is 1/u; ;. All service times, abandonment times, and arrival processes are assumed to be mutually independent.
The FQR-T control described below assigns customers to servers.
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We assume that, at some unanticipated time, the arrival rates change instantaneously, with at least one increas-
ing. At this time the overload incident has begun. We consider the system only after the overload incident
has begun, assuming that it is in effect at the initial time 0. We further assume that the staffing cannot be
changed (in the time scale under consideration) to respond to this unexpected change of arrival rates. Hence, the
arrival processes change from Poisson with rates A, and A, to Poisson processes with rates A, and A,, where
5\1- <m;/m; ;, i =1,2 (normal loading), but A; > w, ;m; for at least one i (the unanticipated overload). (These
new arrival rates may not be known by the system manager.) Without loss of generality, we assume that pool 1
(and class 1) is the overloaded (or more overloaded) pool. The fluid model (ODE) is an approximation for the
system performance during the overload incident, so that we start with the new arrival rate pair (A, A,). (The
overload control makes sense much more generally; we study its performance in this specific scenario.)

The two service systems may be designed to operate independently under normal conditions (without any
overload) for various reasons. In Perry and Whitt [35, 36] we considered the common case in which there is
no efficiency gain from service by cross-trained agents. Specifically, in Perry and Whitt [35] we assumed the
strong inefficient sharing condition

M1 > Mo and Moo= Mo g (1)

Under condition (1), customers are served at a faster rate when served in their own service pool than when they
are being served in the other-class pool. However, many results in Perry and Whitt [35] hold under the weaker
basic inefficient sharing condition: W, Ly 2 > My oMy |-

It is easy to see that some sharing can be beneficial if one system is overloaded, while the other is underloaded
(has some slack), but sharing may not be desirable if both systems are overloaded. To motivate the need for
sharing when both systems are overloaded, in Perry and Whitt [35] we considered a convex-cost framework.
With that framework, in Perry and Whitt [35] we showed that sharing can be optimal in the fluid approximation,
even if it causes the total queue length (queue 1 plus queue 2) to increase. Despite the optimality of the control
in the framework of Perry and Whitt [35], in this paper we do not assume that either the strong or the weak
inefficient sharing condition holds, because the FWLLN holds regardless of the service rates. We mention that
there can be other operational reasons for not sharing customers between pools during normal loads (e.g., to
avoid too much agent distraction) but to share during overloads (e.g., to provide some minimal service-level
constraints for both classes).

Let Q;(¢) be the number of customers in the class-i queue at time ¢, and let Z; ;(¢) be the number of class-i
customers being served in pool j at time ¢, i, j = 1, 2. Given a stationary (state-dependent) routing policy, the
six-dimensional stochastic process

Xe(1)=(Q1(1), 0x(1), Z,,1(1), Z, (1), Z, (1), Z, 5(1)), t>0, ()

becomes a six-dimensional CTMC. (= means equality by definition.) In principle, the optimal control could
be found from the theory of Markov decision processes, but that approach seems prohibitively difficult. For a
complete analysis, we would need to consider the unknown transient interval over which the overload occurs,
and the random initial conditions, depending on the model parameters under normal loading. In summary, there
is a genuine need for the simplifying approximation we develop.

2.2. The FQR-T control for the original queueing model. The purpose of FQR-T is to prevent sharing
when the system is not overloaded and to rapidly start sharing when the arrival rates shift. If sharing is elected,
then we allow sharing in only one direction.

AsSUMPTION 2.1 (ONE-WAY SHARING). Sharing is allowed in only one direction at any one time.

When sharing takes place, FQR-T aims to keep the two queues at a certain ratio, depending on the direction
of sharing. Thus, there is one ratio, r, ,, which is the target ratio if class 1 is being helped by pool 2, and another
target ratio, r, ;, when class 2 is being helped by pool 1. As explained in Perry and Whitt [35], appropriate ratios
can be found using the steady-state fluid approximation. In particular, the specific FQR-T control is optimal
in the special case of a separable quadratic cost function. More generally, fixed ratios are often approximately
optimal.

We now describe the control. The FQR-T control is based on two positive thresholds, k, , and k, |, and
the two queue-ratio parameters, r, , and r, ;. We define two queue-difference stochastic processes D, ,(t) =
0,(t)—r,0,(t) and D, , =r, 10,(t) — Q,(t). As shown in Perry and Whitt [35], in that convex cost framework
there is no incentive for sharing simultaneously in both directions, implying that these ratio parameters should
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satisfy r, , > r, ;; see Proposition EC.2 and (EC.11) of Perry and Whitt [35]. However, even without the cost
framework, we do not want sharing to ever occur in both directions simultaneously. Hence we make the following
assumption.

AsSUMPTION 2.2 (ORDERED RATIO PARAMETERS). The ratio parameters are assumed to satisfy r, , >, |.

As long as D, ,(t) <k, , and D, ,(t) <k, , we consider the system to be normally loaded (i.e., not over-
loaded) so that no sharing is allowed. Hence, in that case, the two classes operate independently. Once one of
these inequalities is violated, the system is considered to be overloaded, and sharing is initialized. For example,
if D, ,(t) >k, , and Z, ,(¢) =0, then class 1 is judged to be overloaded and service-pool 2 is allowed to start
helping queue 1: If a type-2 server becomes available at this time ¢, then it will take its next customer from the
head of queue 1. When D, ,(t) —k, , <0, new sharing is not initiated. Then new sharing stops until one of the
thresholds is next exceeded. However, sharing in the opposite direction with pool 1 servers helping class 2 is
not allowed until both Z, ,() =0 and D, () > k, ;.

It can be of interest to consider alternative variants of the FQR-T control just defined. For example, it may be
desirable to relax the one-way sharing rule imposed above. We might use additional lower thresholds for Z, ,(t)
and Z, ,(?) to allow sharing to start more quickly in the opposite direction when the queue lengths indicate that
is desirable. However, we do not discuss such control variants here.

With the FQR-T control just defined, the six-dimensional stochastic process Xy = {X(¢): t > 0} in (2) is
a CTMC. (The control depends only on the process state.) This is a stationary model, but we are concerned
with its transient behavior, because it is not starting in steady state. We aim to describe that transient behavior.
The control keeps the two queues at approximately the target ratio, e.g., if queue 1 is being helped, then
0,(t) & 1, ,0,(t). If sharing is done in the opposite direction, then r, ;Q,(¢) ~ Q,(¢) for all > 0. That is
substantiated by simulation experiments, some of which are reported in Perry and Whitt [35, 36]. In this paper
we will prove that the & signs are replaced with equality signs in the fluid limit.

2.3. Many-server heavy-traffic scaling. To develop the fluid limit, we consider a sequence of X systems,
{X¢: n > 1} defined as in (2), indexed by n (denoted by superscript), using the standard many-server heavy-traffic
scaling, i.e., with arrival rates and number of servers growing proportionally to .

ASSUMPTION 2.3 (MANY-SERVER HEAVY-TRAFFIC SCALING). As n— oo,

- Al m

N=-—"L =)\ and m'=-—L—m, 0<A;, m; <oo, (3)
n n

and the service and abandonment rates held fixed.

We then define the associated fluid-scaled stochastic processes
Xe()=n"'X5(1), 120, )

where X{ is defined as in (2) for each n.
For each system n there are thresholds kY , and k; | scaled as follows:

ASSUMPTION 2.4 (SCALED THRESHOLDS). For k, ,, k, | > 0 and a sequence of positive numbers {c,: n> 1},
ki /e, =k ;o (i, J)=(1,2) or (2,1), where c,/n— 0 and c,//n— oo as n— . Q)

The first scaling by n in Assumption 2.4 is chosen to make the thresholds asymptotically negligible in
many-server heavy-traffic fluid scaling, so they have no asymptotic impact on the steady-state cost (in the
cost framework of Perry and Whitt [35]). The second scaling by /n in Assumption 2.4 is chosen to make
the thresholds asymptotically infinite in many-server heavy-traffic diffusion scaling, so that asymptotically the
thresholds will not be exceeded under normal loading. It is significant that the scaling shows that we should be
able to simultaneously satisfy both conflicting objectives in large systems.

We consider an overload incident in which class 1 is overloaded, and more overloaded than class 2 if both are
overloaded. Hence we primarily focus on the queue difference processes Dy ,. We redefine the queue-difference
process by subtracting k{ , from QfF, i.e.,

Dy ,(1)=Q7(t) — ki , —r ,05(2), t=0. (6)
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(Similarly, we write Dj (1) = r, ,Q5(t) — k5 | — Qf(t).) We now apply FQR using the process D , in (6):
if DY ,(¢) > 0, then every newly available agent (in either pool) takes his new customer from the head of the
class-1 queue. If D ,(#) <0, then every newly available agent takes his new customer from the head of his own
queue.

Let A ' A .

pl=——, and p;=limpl=——, i=1,2. (7)

M, im; n—eo M iy
Then p? is the traffic intensity of class i to pool i, and p; can be thought of as its fluid counterpart.

Our results depend on the system being overloaded. However, in our case, a system can be overloaded even

if one of the classes is not overloaded by itself. We define the following quantities:

A—w om)t A \T
qu% and sf’z(mi——’> , i=1,2, (8)

1

where (x)* =max{x, 0}. It is easy to see that ¢s? =0, i =1, 2. Note that ¢/ is the steady state of the class-i
fluid-limit queue when there is no sharing, i.e., when both classes operate independently. Similarly, s is the

steady state of the class-i fluid-limit idleness process. For the derivation of the quantities in (8) see Theorem 2.3
in Whitt [48], especially equation (2.19), and §5.1 in Perry and Whitt [35]. See also §6 in Perry and Whitt [37].

2.4. Conventions about notation. We use capital letters to denote random variables and stochastic pro-
cesses, and lowercase letters for deterministic counterparts. For a sequence {Y": n > 1} (of stochastic processes
or random variables) we denote its fluid-scaled version by Y = Y /n. The fluid limit of stochastic processes ¥”
will be denoted by a lowercase letter y and sometimes by Y. Let = denote convergence in distribution. Then
the fluid limits will be expressed as ¥" = y as n — oo.

We use the usual R, Z, and Z, notation for the real numbers, integers, and nonnegative integers, respec-
tively. Let R, denote all k-dimensional vectors with components in R. For a subinterval I of [0, o), let
(1) =D(1,R,) be the space of all right-continuous R, valued functions on / with limits from the left every-
where, endowed with the familiar Skorohod J; topology. We let d; denote the metric on %, (/). Because we will
be considering continuous limits, the topology is equivalent to uniform convergence on compact subintervals
of I. If I is an arbitrary compact interval, we simply write &,. Let €, be the subset of continuous functions
in 9,. Let e be the identity function in &= %,, i.e., e(t) =t, t € l.

We use the familiar big-O and small-o notations for deterministic functions: for two real functions f and g,
we write

f(x)=0(g(x)) whenever limsup|f(x)/g(x)| < oo,

X—>00

f(x)=o0(g(x)) whenever limsup|f(x)/g(x)|=0.

X—>00

The same notation is used for sequences, replacing x with ne Z.
For a, b € R, let a A b=min{a, b}, aVv b=max{a, b}, (a)" =a V0, and (a)~ =0V —a. For a function
x:[0,00) >R and 0 < 7 < o0, let
¢l = sup Jx(5)1

Let Y ={Y(¢): t = 0} be a stochastic process, and let f: [0, c0) — [0, c0) be a deterministic function. We say
that Y is Op(f(¢)), and write Y = O,(f), if ||Y||,/f(¢) is stochastically bounded, i.e., if

lim limsup P(||Y]|,/f(¢) > a) =0.

A=t
We say that Y is op(f(¢)) if ||Y],/f(z) converges in probability (and thus, in distribution) to 0, i.e., if
YIl,/f(t) = 0ast — oco. If f(#) =1, then ¥ = O,(1) if it is stochastically bounded, and Y = op(1) if
Y], = 0. We define O,(f(n)) and o0p(f(n)) in a similar way, but with the domain of f being Z,, ie.,
f: Z, — [0, ). These properties extend to sequences of random variables and processes indexed by n if the
property holds uniformly in 7.

3. Representation of the fluid limit. In this section we represent the fluid limit as a solution to an ODE
that is driven by a FSTP. In contrast to the six-dimensional scaled process )‘(g in (4), the ODE is only three-
dimensional. Hence, we start by briefly discussing the dimension reduction in §3.1. Afterward, we define the
FTSP in §3.2 and then present the ODE in §3.3. We have studied the FTSP and the ODE in Perry and Whitt [37],
to which we refer for more details. In §3.4 we state three main assumptions.
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3.1. Dimension reduction. We will making assumptions implying that we consider the system during an
overload incident in which class 1 is overloaded, and more so than class 2 if it is also overloaded. We will thus be
considering sharing in which only pool 2 may help class 1. We will thus have both service pools fully occupied,
with service pool 1 serving only class 1. We will thus have P(B}) — 1 as n — oo, for all T, 0 < T < oo, where
BY. is the subset of the underlying probability space defined by

By ={Z) ()=}, Z8,(1)=0, Z},(1) + Z8 (1) =m} for 0<1 < T}, ©)

On the set B} the effective dimension is reduced from six to three. Carefully justifying this SSC will be the
topic of §6. Thus, in addition to the process X/ in (2) for each 1, we also consider the six-dimensional processes

Xe = (07, 5. mie, Z\ 5, Oe, mge—Zb) in Y (10)
and the associated three-dimensional processes
Xy =(01,05.Z7,) in%;, (11)

obtained by truncating the process X¢'*, keeping only the essential first, second, and fourth coordinates. (Note
that P(Xg"" = X in %4([0, T])) = P(B}) — 1 as n — oo.) We obtain a further alternative representation for the
associated three-dimensional fluid-scaled processes X}, denoted by X" in §6; see (45).

3.2. The fast-time-scale process (FTSP). Because we consider the system during an overload incident in
which class 1 is overloaded, and more so than class 2 if it is also overloaded, we will primarily consider only
the one queue difference processes Dy , in (6). The FTSP can perhaps be best understood as being the limit of
a family of time-expanded queue-difference processes, defined for each n > 1 by

D;(T",s) =D ,(ty+s/n), s=>0, (12)

where X" is the three-dimensional process in (11) and we condition on X"(#,) = I"" for some deterministic
vector I'" assuming possible values of X"(z,) = (Q7 (%)), Q5(), Z ,(%,)). (The time ¢, is an arbitrary initial
time.) We choose I'" so that I'"/n — 7y as n — oo, where y = (q,, ¢,, 2, ,) is an appropriate fixed state (in three
dimensions) because we will have sharing in only one direction. The formal statement of the limit for D? in (12)
is Theorem 4.4. Because we divide s in (12) by n, we are effectively dividing the rates by n. (See (A1)—(A2) for
the transition rates of DY , itself.) We are applying a “microscope” to “expand time” and look at the behavior
after the initial time more closely; that is in contrast to the usual time contraction with conventional heavy-traffic
limits. See Whitt [45] for a previous limit using time expansion.

Let r=r, , and let ¥ = (q,, ¢,, 2, ,) be a possible state in the three-dimensional state space S = [0, 00)* x
[0, m,]. Directly, we let the FTSP {D(7, s): s > 0} be a pure-jump Markov process with transition rates A" (),
AD(y), uP (), and wP(y) for transitions of +r, +1, —r, and —1, respectively, when D(y, s) < 0. Similarly, let
the transition rates be )\S:)('y), )\Srl)(y), ;Lif)(y), and ,ugfrl)(y) for transitions of +r, +1, —r, and —1, respectively,
when D(7y, s) > 0.

We define the transition rates for D(y) as follows: First, for D(vy, s) € (—o0, 0] with v = (q,, ¢, 2, ,), the
upward rates are

Ag)(Y)E/\1’ and A(j)(’}/)EM1,2Z1,2+N’2,2(m2_Z1,2)+OZQZ' (13)
Similarly, the downward rates are
,U«(_l)(?’)Eluvl,lml + 0,9, and M(_r)('}’)E/\z- (14)
Next, for D(y, s) € (0, 00), we have upward rates
Wyy=r  ad A3 =60, (15)

The downward rates are
MS)(V)EMlel+:U~1,211,2+P~2,2(m2_11,2)+91‘11 and MS:)(Y)E)\z- (16)
As in §7.1 of Perry and Whitt [37], we identify important subsets of the state space S = [0, 00)? x [0, m,]:
S*={q, —rq, =0}, S*={q, —rq, >0}, S ={q,—rq, <0}. 17)
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Let D(y, c0) be a random variable that has the steady-state limiting distribution of the FTSP D(vy, s) as s — oo
and let

m1,2(y) = P(D(y, o) > 0). (18)

That is, 7, ,(7y) is the probability that the stationary FTSP associated with y € S is strictly positive.

It turns out that D(y, o0) and 7, ,(y) are well defined throughout S. In S” the function 7, , can assume its
full range of values, 0 < 77, ,(7y) < 1; the boundary subset S’ is where the AP is taking place. For all y € S¥,
m ,(y)=1;forall ye S™, m ,(y) =0. For S~ to be a proper subspace of S, both service pools must be
constantly full. Thus, if y € S~, then z, , =m, and z, , +z, , = m,, but ¢, and ¢, are allowed to be equal to
Zero.

An important role will be played by the subset A of S such that the FTSP is positive recurrent. The AP
takes place only in the set A. In Theorem 6.1 of Perry and Whitt [37] we showed that positive recurrence of
the FTSP, and thus the set A, depends only on the constant drift rates in the two regions:

8. =r(AL(y) -l )+ AP ) — L)

(19)
8_ (V) =r(AV(y) = pO (1) + AV (y) — P (¥)).
The FTSP {D(vy, s): s > 0} is positive recurrent if (and only if) the state y belongs to the set
A={yeS:6 (y)>0>6,(7)} (20)
Let the other two subsets of S” be
At={xeS"|5,(x)>0} and A-={xeS"|8 _(x) <0}. (21)

From Theorem 6.2 of Perry and Whitt [37], we obtain the following lemma, giving the limiting behavior of
the FTSP for any state in S.

LemMA 3.1 (LIMITING BEHAVIOR OF THE FTSP). Forall y€'S and x € R,
lim P(D(y.s) <x) =F(y,x) = P(y. (=00, x]), (22)

where F (7, -) is a cumulative distribution function (cdf) associated with a possibly defective probability measure
P(y, ) depending on the state y. Moreover,
forall ye A and xeR, 0<F(y,x)<l1 and 0<m ,(y) <l
forall ye SYUAY and xeR, F(y,x)=0  and mL(y)=1; (23)
forall ye STUA™ and xeR, F(y,x)=1 and m ,(y)=0.
Later in §7.2, we obtain a proper limiting steady-state distribution for the FTSP for all y in S by appending

states o0 and —oo to the state space R of the FTSP {D(y, s): s > 0}. Lemma 3.1 then implies that P(y,R) =1
for y e A, P(y, {+o0})=1 for y e STUAT and P(y, {—o0})=1for ye STUA".

3.3. The ordinary differential equation (ODE). We can now present the three-dimensional ODE in terms
of the FTSP D. Let x(1) = (q,(f), ¢;(1), z, ,(¢)) be the solution to the ODE at time #; let X = (g, ¢, Z;.,),
where x(t) is the derivative evaluated at time ¢ and

Gi(t) =y —mypy = (x(0)) 212112+ 22 2 (Do 2] — 0164 (7)

G (1) = Ay — (1 =1y 5 (x(1)))[22,2 (D)2, » + 21 2 (D)1 2] — 0265(2) (24)
212(0) =7 5 (x(1)) 20, 2 (Do, — (1= 7y 5(x(1))) 21 2 (D)1 5,

with 7, ,(x(t)) = P(D(x(t), o) > 0) for each ¢ > 0, where D(x(t), oo) has the limiting steady-state distribution
as s — oo of the FTSP D(vy,s) for y = x(t). (Recall also that z, , = m, — z; ,.) Theorem 5.2 of Perry and
Whitt [37] shows that the ODE has a unique solution as a continuous function mapping [0, o) into S for any
initial value in S. Lemma 3.1 shows that 77, ,(x(?)) is well defined for any x(¢) in S.
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Equivalently, we have the following integral representation of the ODE in (24):
t t
21,2(1) =2,,(0) +:U=2,2f0 ™y 5 (x(s)) (my — 24 5(s)) ds — /"Ll,2/(; (1= ,(x(5)))z12(5) ds,
t
01(0) = gu(0) + Mt —myt —puay [ o (x(5))z,2() ds

t t

— s [ T2 () 0y = 2 5(5) ds = 6, [ ai(s) ds, (25)
0 0

t
0:(1) = 42(0) + Mot = oy [ (1= 72 (x(5)) (my = 2,.2(9)) ds

s [ (1= )2 () ds =6 [ aa(s)ds.

We will see that the integral representation in (25) is closely related to an associated integral representation
of X" = (01, 04,21 ,); see (45); X" is replaced by the deterministic state x and the indicators 1 Dy 4 (s)>0) AT€
replaced by m; ,(x(s)).

It is easy to see that the right-hand side of the ODE is not a continuous function of x and, in particular, is not
locally Lipschitz continuous in x. Thus, proving that the ODE possesses a unique solution is not straightforward.
The proof of that statement is the main result in Perry and Whitt [37] and builds on matrix-geometric methods,
as well as heavy-traffic limit theorems for the FTSP; see Theorems 5.2 and 7.1 there. The matrix-geometric
representation of the FTSP also provides key tools for developing an algorithm to compute that unique solution.

3.4. Three main assumptions. We now introduce three main assumptions: Assumptions 3.1-3.3. All three
assumptions are assumed to hold throughout the paper, unless explicitly stated otherwise. These assumptions are
in addition to the four assumptions made in §2: Assumptions 2.1-2.4. (Here we do not require (1).) Our first
new assumption is on the asymptotic behavior of the model parameters; it specifies the essential form of the
overload. For the statement, recall the definitions in (3), (5), and (8), which describe the asymptotic behavior of
the parameters.

AssUMPTION 3.1 (SYSTEM OVERLOAD, WITH CLASS | MORE OVERLOADED). The rates in the overload are
such that the limiting rates satisfy

(1) 0,q7 > p, 53, and

2) qf > 24

Condition (1) in Assumption 3.1 ensures that class 1 is asymptotically overloaded, even after receiving help
from pool 2. To see why, first observe that, since s5 > 0, g{ > 0, so that A; > w, ;m; and p, > 1. Hence,
class 1 is overloaded. Next observe that w, ,55 = u, ,(1 — p,)*, and that (1 — p,)* is the amount of (steady-
state fluid) extra service capacity in pool 2, if it were to serve only class-2 customers. Thus, Condition (1) in
Assumption 3.1 implies that enough class-1 customers are routed to pool 2 to ensure that pool 2 is overloaded
when sharing is taking place. This conclusion will be demonstrated in §6. Condition (1) in Assumption 3.1 is
slightly stronger than Condition (I) of Assumption A in Perry and Whitt [37]. because here there is a strong
inequality instead of a weak inequality.

Condition (2) in Assumption 3.1 ensures that class 1 is more overloaded than class 2 if class 2 is also
overloaded. This condition helps ensure that there is no incentive for pool 1 to help pool 2, so that Z3 | should
remain at zero.

Our second assumption is about the initial conditions. For the initial conditions, we assume that the overload,
whose asymptotic character is specified by Assumption 3.1, is ongoing or is about to begin. In addition, sharing
with pool 2 allowed to help class 1 has been activated by having the threshold &} , exceeded by the queue
difference process DY , and is in process. Thus actual sharing is being controlled by the difference process DY ,
in (6). Here is our specific assumption.

AssuMPTION 3.2 (INITIAL CONDITIONS).  For each n> 1, P(Z} ((0)=0,Q!(0) > a,,i=1,2)=1,

X"(0)=x(0) e AUATUS' asn— oo, and  D},(0)=L ifx(0)e AUAT,

where {a,: n> 1} is a sequence of real numbers satisfying a,/c, — a, 0 <a < oo, for ¢, in (5); Dy , is defined
in (6); X" = (07, 05, Z{”z); x(0) is a deterministic element of Ry; A, A, and S* are the subsets of S in (20),
(21), and (17); and L is a proper random variable, i.e., P(|L| < o0) = 1.
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Because we are interested in times when sharing occurs with pool 2 helping class 1, in Assumption 3.2 we
assume that the scale of Q7(0) is at least as large as that of the threshold k7 , (so either the threshold has already
been crossed, or it is about to be crossed). Note that we also assume that D’l”z(O) = L, so that it is natural to
assume that Q5 (0) has the same order as Q7 (0); we elaborate in Remark 4.2 and Appendix E.

In Assumption 3.2 we do not allow x(0) in S—, because such an initial condition may activate sharing in the
wrong direction, with pool 1 helping class 2, causing the system to leave the state-space S; see Remark 4.1.

As noted in §3.3, in Perry and Whitt [37] we required that the queue ratio parameter be rational in order to
establish results about the FTSP and the ODE.

AsSUMPTION 3.3 (RATIONAL QUEUE RATIO PARAMETER). The queue ratio parameters r, , and r, | are
rational positive numbers.

Given Assumption 3.3, without loss of generality, we let the thresholds be rational (of the form k{ , = m"/k,
where r, , = j/k). We conjecture that Assumption 3.3 can be removed, but that condition has been used in Perry
and Whitt [37] to make the pure-jump Markov FTSP a quasi-birth-and-death (QBD) process, which in turn was
used to establish critical properties of the FTSP and the ODE. We use some of these properties in this paper as
well. By Assumption 3.3, r, , = j/k for positive integers j and k. The computational efficiency of the algorithm
to solve the ODE developed in §11 of Perry and Whitt [37] actually depends on j and k not being too large
as well, because the QBD matrices are 2m x 2m, where m = max {j, k}, see §6.2 of Perry and Whitt [37], and
the steady state of that QBD must be calculated at each discretization step in solving the ODE. Fortunately,
simulations show that the system performance is not very sensitive to small changes in r, ,, so that having m
be 5 or 10 seems adequate for practical purposes.

Relaxing Assumption 3.3 will have practical value only if an efficient algorithm for solving the ODE is
developed. We remark that computing the stationary distribution of a pure-jump Markov process can in general
be hard and time consuming, and that we need to compute the stationary distribution of a large number of
such processes in order to solve the ODE. Hence, the ability to analyze the FTSP as a QBD has an important
advantage, even if Assumption 3.3 is relaxed.

4. Main results. In this section we state the main results of the paper. In §4.1 we state the main theorem,
establishing the FWLLN via the AP, proving that the (unique) solution to the ODE (24) is indeed the fluid limit
of X/. In §4.2 we establish convergence of the stationary distributions, showing that the order of the two limits
n — oo and t — oo can be interchanged in great generality. In §4.3 we establish asymptotic results about the
queue-difference stochastic process. We conclude in §4.4 by giving a brief overview of the following proofs.

4.1. The fluid limit. We are now ready to state our main result in this paper, which is a FWLLN
for scaled versions of the vector stochastic process (Xg,Yy'), where X¢ = (O}, Z};) € Ye as in (2) and
Yy = (Al St U") e Y, i, j=1,2, where A?(t) counts the number of class-i customer arrivals, Si’fj(t) counts
the number of service completions of class-i customers by agents in pool j, and U!(¢) counts the number of
class-i customers to abandon from queue, all in model n during the time interval [0, ¢]. For the FWLLN, we
focus on the scaled vector process

(Xe, ¥ =n"" (X2, 7). (26)

as in (4). To explicitly state the AP, we also consider the functions

t t
0'(1) = /0 Lipp -0 ds and (1) = /0 7 (x(s))ds, 120, 27)

where , ,(-) is defined in (18). In particular, 7, ,(x(s)) is the probability that the stationary FTSP D(x(s), -),
associated with x(s), is strictly positive, where x(s) is the value of the fluid limit of X"(s) at time s, s > 0.
Recall that Assumptions 2.1-2.4 and 3.1-3.3 are assumed to be in force throughout the paper.

THEOREM 4.1 (FWLLN VIA THE STOCHASTIC AVERAGING PRINCIPLE). As n— oo,
(X5, Y5, 0") = (x5, ) in Dy5([0, ), (28)

where (xq, yg, V) is a deterministic element of ‘€,5([0, 00)), xs =(q;,2; ;)» Ys=(a;,8; ju;), i=1,2; j=1,2;
D in (27); 2y 1 =8, =m] — 2| =My — 2y, — 2., =0e; x=(q,, ¢, 2, ,) s the unique solution to the three-
dimensional ODE in (24) mapping [0, 00) into S. The remaining limit function yg is defined in terms of x:

t t
a(t)y=rt, s ()= Mi’jfo 7 i(s)ds, w(t)= 0,«/0 q:(s) ds fort>0, i=1,2; j=1,2. (29)
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We prove Theorem 4.1 by showing in §5.2 that the sequence {(XZ, ¥, ®"): n > 1} is ‘€-tight in 95([0, 00))
and by showing subsequently that the limit of every convergent subsequence of X7 must take values in S and
be a solution to the ODE (24), which has a unique solution by Theorem 5.2 of Perry and Whitt [37].

4.2, Limit interchange result. Under the FQR-T control operating during a single overload incident of
unlimited duration, the six-dimensional stochastic process X¢ = (QF, VAL I i,j=1,2) is a positive recurrent
irreducible CTMC for each n. Hence, )_(g =n"' X! has a unique steady-state (limiting and stationary) distribution
)_(g(oo) for each n.

Theorem 8.2 of Perry and Whitt [37] implies that there exists a unique stationary point x* = (¢j, g5, 2} ,) in
the state space S to the three-dimensional limiting ODE in (24), where

_ O, (Ay —mypy 1) — 1 50,(A —myu, o)
= Am

44 )
b2 20110 2+ Oy 5 :
. . (30)
N )\1_’"1:“1,1_,“«1,211,2 " /\2_#2,2(’”2_11,2)
qi = 0 and g = 0 .
1 2
Let x¢ be the six-dimensional version of x* = (g, g5, z} ,) in (30), i.e.,
xs = (g1, 5. my, 21 5, 0,my — 27 ,)  for x* = (g7, 43, 2] ) (3D

Observe that, if A, — u, ,m, > 0, then the numerator in the expression of z} , is equal to 6,6,(q{ —r, ,q5) and
is strictly positive by Condition (2) in Assumption 3.1, so that 0 < z} , < m,. Moreover, by Corollary 8.2 in
Perry and Whitt [37], the two conditions in Assumption 3.1 guarantee that x* € S* US™, and in particular, that
x*eS.

We now establish a limit interchange result.

THEOREM 4.2 (INTERCHANGE OF LIMITS).  For each continuous bounded function f: R — R,
lim lim E[£(X"(¢))] = lim lim E[f(X"(t))] = f(x}),
n—00 f—00 11— 00 n—> 00
where x} is defined in (31).

We will prove Theorem 4.2 by first proving the limit on the left side. For that, we can relax the assumptions.
In particular, we will show that the sequence of stationary distributions converges to the unique stationary point
of the ODE, without requiring Assumptions 3.2 and 3.3. Of course, Assumption 3.2 plays no role because it
concerns the initial conditions.

The current proof of Theorem 8.2 of Perry and Whitt [37] used for (30) does apply to Theorem 5.2 of Perry and
Whitt [37], which depends on Assumption 3.3, the technical assumption that r, , and r, | are rational numbers.
However, we now show that Theorem 8.2 of Perry and Whitt [37] actually does not depend on Assumption 3.3.

LEMMA 4.1. Under the conditions of Theorem 8.2 of Perry and Whitt [37], excluding Assumptions 3.2
and 3.3 here, x* is the unique stationary point of the ODE.

PrROOF. Assume that the conditions of Theorem 8.2 of Perry and Whitt [37] are satisfied with an irrational
r =r,_,. Construct a sequence of rational numbers {r,: n > 1} with r, — r as n — oc. Then, for all n sufficiently
large, the conditions of Theorem 8.2 of Perry and Whitt [37] are satisfied with r,,. Let x* be the unique stationary
point associated with r,. Then, by Theorem 8.1 of Perry and Whitt [37], x} — x* as n — oco. O

The existence of a stationary point of an ODE necessarily implies the existence of a (constant) solution to
the ODE, but it does not require the existence of a unique solution to the ODE. Thus, the existence of a unique
solution provided by Theorem 5.2 of Perry and Whitt [37], which does use Assumptions 3.2 and 3.3, is not
needed. Moreover, Theorems 8.3 and 9.2 of Perry and Whitt [37] imply that x* is globally asymptotically stable
and x(7) converges to x* exponentially fast as # — oo. These too do not depend on Assumptions 3.2 and 3.3.

We now show that x; is the limit of the stationary sequence {X!(c0): n > 1} without assuming Assumptions
3.2 and 3.3. The proof of Theorem 4.3 appears in §8.1.

THEOREM 4.3 (WLLN FOR THE STATIONARY DISTRIBUTIONS). Under the assumptions here, excluding
Assumptions 3.2 and 3.3, X} (o) = x} in R as n — oo, for x} in (31).
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PrROOF OF THEOREM 4.2. The iterated limit on the left holds by virtue of Theorem 4.3. The iterated limit
on the right holds because of Theorem 4.1 together with the fact that x{ is a globally asymptotically stable
stationary point for the fluid limit, by (31) and Theorem 8.3 of Perry and Whitt [37]. O

REMARK 4.1 (STARTING IN S7). It is significant that the limit interchange in Theorem 4.2 is not valid
throughout S. If Assumption 3.2 holds, except that x(0) € S~, then ¢, (0) —r, ,4,(0) < 0. Together with Assump-
tion 2.2, that implies that, in some regions of S™, d, ; =1, 1¢,(0) — ¢,(0) > 0; that can hold in S~ because
r1,,9,(0) can be larger than ¢,(0). In those cases we have P(D},(0) <0) — 1 and P(Dj; ;(0) > k3 ;) — 1 as
n — oo. If we assume that P(Z{ ,(0) = Z; ,(0) =0) =1 for all n > 1, which is consistent with Assumption 3.2,
then, asymptotically, we will initially have sharing the wrong way, with pool 1 helping class 2. By the continuity,
there will be an interval [0, 6] for which

{01;[1;] {d,, ()} >0.

Hence, asymptotically as n — oo, there will rapidly be sharing with pool 1 helping class 2. It can be shown that
there exists 6 > 0 and € > 0 such that P(Z} ,(8) > €) — 1 as n — oo. This shows that the limit interchange is
not valid for every initial condition in S~.

4.3. The limiting behavior of the queue difference process. In this section we present important supple-
mentary results that help “explain” the AP, which takes place in A. The following results are not applied in the
proof of Theorem 4.1, but are also not immediate corollaries of the FWLLN; their proofs are given in §8.

For each n > 1, let I be a random state of X/ that is independent of subsequent arrival, service, and
abandonment processes, and let I'” be the random state of X} associated with I'}' as in (11).

THEOREM 4.4. If I /n = s, where ys = (g, g2, M), 2, 5,0, my — 2y 5) With vy = (q,, G5, 2, ,) € A CR; for
A in (20) and D!(I'*,0) = D(y,0) in R as n — oo, where D! is the time-expanded queue-difference process
in (12) and D is the FTSP in §3.2, then

{D:(I",s): s>0} = {D(y,s):s>0} inD asn— oo; (32)

i.e., we have convergence of the sequence of time-inhomogeneous non-Markov processes {D?(I'"): n > 1} to the
limiting time-homogeneous pure-jump Markov process D(y).

The next results are about the queue-difference process Dy , itself (as opposed to the expanded queue dif-
ference process D?). Recall the definition of stochastic boundedness in §2.4. Recall also that tightness in R is
equivalent to stochastic boundedness in R, but not in &.

THEOREM 4.5 (STOCHASTIC BOUNDEDNESS OF DY ,). If x(t;) € A for some t, > 0, then there exists t, > t,
such that x(t) € A for all t € [t,, t,] and for all t, satisfying t, < t, <t, the following hold:
(i) {Df ,(t): n> 1} is stochastically bounded in R for each t satisfying t, <t <t,.
(i) {{D},(¢): t € I}: n> 1} is neither tight nor stochastically bounded in (1), I C [t,, 1,].
(iii) For any sequence {c,: n > 1} satisfying c,/logn — oo as n — oo, it holds that

sup {D],()/c,} = 0 asn— oo. (33)

n<i<n
If x(t) € A for all t € [t,, o) the above statements hold for any finite t, > t,.

As an immediate corollary to (33) in Theorem 4.5, we have the following SSC of the queues. In particular,
that claim implies SSC of the fluid and diffusion scaled queues when the fluid limit x is in A.

CoROLLARY 4.1 (SSC oF QUEUE PROCESSIN A\).  For the interval [t,, t,] in Theorem 4.5, d; (Qf,r, ,05)/¢,=0
in D([t,,1,]) as n — oo, for every sequence {c,: n > 1} satisfying c,/logn — oo as n — oco. If x(0) € A and
we consider the interval [0, t,], then the result is strengthened to hold on [t,, t,] =[O0, t,].

Because the sequence of queue-difference processes is not & tight, by virtue of Theorem 4.5, we cannot have
convergence of these processes in . However, we can obtain a proper limit for the tight sequence of random
variables {D/ ,(¢): n> 1} in R for each fixed ¢ € [¢,, t,] by exploiting the AP. See Whitt [46] for a similar result.

THEOREM 4.6 (POINTWISE AP).  Consider the interval [t,,t,] in Theorem 4.5. Then Dy ,(t) = D(x(t), o)
in R as n — oo for each t, t; <t <t,, where D(x(t), ) has the limiting steady-state distribution of the FTSP

D(y,s) for vy =x(1).
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REMARK 4.2 (HITTING TiMES OF A). First, the stochastic boundedness in Theorem 4.5 actually holds at
time 7, and thus in the larger interval [¢,, t,] if 7, =0 and x(0) € A, because of the assumed convergence of
D7 ,(0) in Assumption 3.2. However, we cannot get the full convergence in Theorem 4.6 at #, = 0 because the
limit L in Assumption 3.2 need not be distributed the same as D(x(0), o0). Second, we may also have #, > 0
because £, is a hitting time of A from S — A. Even if x(0) € A, the fluid limit might leave A eventually, and
later return to A at some time #,; then x(#,) € A but x(s) € A for all s € (t, — €, t,) for some € > 0. If 7, is
such a hitting time of A, then we cannot obtain even a stochastic boundedness result at time f,, but we obtain
the pointwise convergence in Theorem 4.6 in the interval (¢, t,], open on the left.

Finally, Theorem 4.6 can be applied to strengthen the conclusion of Theorem 4.4 by showing that
Dy (X"(t),-) converges to a stationary FTSP D(x(1),-), with X"(r) = (Q}(?), Q5(2), Z ,(1)), and x(7) =
(q:(2), q5(2), 21 ,(2)) is the limit of X"(¢) at the fixed time .

COROLLARY 4.2. Suppose that the condition of Theorem 4.5 holds. For each t such that the conclusion of
Theorem 4.5 (i) holds for an interval [t,,1,], t, <t <t,,

{D)(X"(1),s5): s=>0} = {D(x(2),s):s>0} inD asn— oo,

where the limiting FTSP D(x(t), -) is a stationary process, i.e., D(x(t), s) = D(x(t), o0) for all s > 0.

Proor. First, for X{ () as in Theorem 4.1 and x¢(?) = (q,(?), ¢,(1), m,, 2, 5(2), 0, m, — z; ,(¢)), we have
I} /n = s by Theorem 4.1, where I = X{(t), vs = x4(¢) and y = x(t) = (¢,(), ¢,(), 2, »(¢)) is in A (because
of our choice of t). Moreover,

D!(X"(1),0)=Dj,(t) = D(x(1),0)=D(x(t),00) inR as n— oo,

where the first equality holds by the definition of D7, and the limit holds by applying Theorem 4.6. Hence, the
conditions in Theorem 4.4 hold, so that we have convergence in & of the process D?(X"(t),-) to the FTSP
D(x(t),-). Since D(x(1),0) = D(x(t), %), the limiting FTSP is stationary as claimed. [

4.4. Overview of the proofs. The rest of this paper is devoted to proving Theorems 4.1-4.6. We prove
Theorem 4.1 in §§5-7. Toward that end, in §5 we establish structural results for the sequence {(X, )_’8”): n>1},
where X¢ = (_Q;’, Z!) € Ye as in (2) and Yg' = (A}, S}';, Ul") € D, i, j = 1,2 and the associated fluid-scaled
process (X7, Yy) in (26). In §5.1 we construct the stochastic processes (X¢, Yy') in terms of rate-1 Poisson
processes. In §5.2 we show that the sequence of stochastic processes {(XZ, ¥g'): n > 1} is C-tight in %, and,
consequently, there are convergent subsequences with smooth limits. In §6 we show that the representation
established in §5.1 can be simplified under Assumptions 3.1-3.3, reducing the essential dimension from 6 to 3.
The final three-dimensional representation X" in (45) there explains the form of the ODE in (24).

Given the tightness established in §5.2, we prove the main Theorem 4.1 by characterizing the limit of all
convergent subsequences in §7. Given the SSC established in §6 and given that the three-dimensional ODE in
§3.3 has been shown to have a unique solution in Perry and Whitt [37], it suffices to show that the limit of any
subsequence must almost surely be a solution to the ODE. For that last step, our proof in §7 follows Hunt and
Kurtz [18], which draws heavily upon Kurtz [27]. It exploits our martingale representation in Theorem 6.3 and
basic properties of random measures from Kurtz [27]. We also have developed an alternative proof exploiting
stochastic bounds. It is given in §C in the appendix. Finally, in §8 we prove Theorems 4.3—4.6.

There is more in the appendix. In §A we present supporting technical results to prove the SSC results in §6. We
start by introducing auxiliary frozen queue difference processes in §A.1. We construct useful bounding processes
in §§A.2, A.3, and A.4. These are primarily for QBD processes, because we exploit a QBD representation for
the FTSP; see §6 of Perry and Whitt [37] for background. We establish extreme value limits for QBD processes
in §A.5. In §B we exploit the technical results in §A to prove three theorems stated in §6.

5. Preliminary results for X/. In this section we establish preliminary structural results for the vector
stochastic process (X7, Yy'), where X5 E_(Q,’?, Z!)) €Y asin (2) and Yy' = (A}, S}, U") € D, i, j=1,2 and
the associated fluid-scaled process (X¢, Yy') in (26). The results in this section do not depend on Assumptions
3.1-3.3. We do impose the many-server heavy-traffic scaling in §2.3.

In §5.1 we construct the stochastic processes (X¢, Yg') in terms of rate-1 Poisson processes. In §5.2 we show
that the sequence of stochastic processes {(X/, ¥J): n > 1} is C-tight in &,,. In Corollary 5.1 we apply the

tightness to deduce smoothness properties for the limits of convergent subsequences.
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5.1. Representation of X!. In this section we develop representations for the basic CTMC X{ with the
FQR-T control. At first in this section we do not require Assumptions 3.1-3.3, so that we can have sharing in
either direction, but in only one direction at any time. Let (A}, A}) be the pair of fixed positive arrival rates in
model n, which here are unconstrained.

Following common practice, as reviewed in §2 of Pang et al. [34], we represent the counting processes in
terms of mutually independent rate-1 Poisson processes. We represent the counting processes A}, S/ ;, and U/
introduced in the beginning of §4.1 as

t t
A1) = N(A"1), St ()= Nl.fj<,udi‘j/ Z!(s) ds)’ U'(t) = N" (Oi/ 07 (s) ds), (34)
0 0
for t > 0, where N?, NS i and N/ for i =1,2; j=1,2 are eight mutually independent rate-1 Poisson processes.
We can then obtain a general representation of the CTMC X¢, which is actually valid for general arrival
processes with arrivals one at a time. Let S{ =87 | +S7 |, S5 =87, +S7 , and §" = S} + 5. Paralleling (6), let
Dj (1) =r,,Q5(1) — k3 | — Q1(1).

THEOREM 5.1 (GENERAL REPRESENTATION OF X{). For each n > 1, the stochastic process X{ is well defined
as a random element of % by (34) and

t t
Q?(t) = Q? (0) +‘/0 l{Zf_l(s—)+Z§'l(s—):m'l’] dA'l'(s) - /0 1[D’]"z(s—)>0,Z’2"l(s—):O,Q'l’(s—)>O} dSn(S)
t
_/0 1{{Q‘{(s7)>0}m({zgl(s7)>o,og,,(,&)gO}u{zg’1(,;4:0,01{2(3'7)50})} dsi(s) — Ui (1),
t
Zy (1) =277 ,(0) +/0 Lizr soyzz (smy<my) AT (5)
t t
_fo 1{({2;{2(s—)>0}u{Dg_,(s—)SO})m{Ql"(s—):O}} dSl,l(S) —/0 1[D’z"l(s—)>0,Z’l"2(s—):0} dS],l(S),
t
Z?,z(f) = Z?,Z(O) +/0 1{D{’_2(s—)>0,Z§'_](s7)=0,Q1’(s7)>0} dS;’,z(S)

t
- /O 1{{D’l"2(s—)50}U{Z§" L(s—)>0}} dSil, 2(5)-

Symmetry yields the parallel definitions of Q5(t), Z5 ,(t) and Z3 ((t) from Q}(t), Z |(t) and Z} ,(t) by simply
switching the subscripts 1 and 2.

We remark that the representation of X{ in Theorem 5.1 holds even without Assumptions 3.1-3.3.

PrOOF. Just as in Lemma 2.1 of Pang et al. [34], we can justify the construction by conditioning on the
initial values (the first term in each display) and the counting processes. With these sample paths specified,
we recursively construct the sample path of X{. By applying mathematical induction over successive transition
epochs of X/, we show that the sample paths are right-continuous piecewise-constant functions satisfying the
equations given.

To explain Qf, the second term represents the increase by one at each class-1 arrival epoch when service
pool 1 is fully occupied; otherwise the arrival would go directly into service pool one. The third term represents
the decrease by one when any server completes service and sharing with pool 2 helping class 1 is actively
taking place; that requires that the class-1 queue length be positive (Q}(s) > 0); sharing with pool 2 helping
class 1 occurs when both DY ,(s) > 0 and Zj (s) =0. The fourth term represents the decrease by 1 when any
pool-1 server completes service, provided that again the queue length is positive (Q(s) > 0). There are two
scenarios: (i) {Z5 |(s) >0, D5 ,(s) <0} and (ii) {Z] ,(s) =0, D} ,(s) <0}. In the first, pool 1 is helping class 2,
so type-1 servers take from queue 1 only when D}  (s) < 0. The second scenario is the relative complement
within the event {Z] (s) =0, Q7(s) > 0} of the event in the third term, i.e., pool 2 is allowed to help class 1,
but D} ,(s) <0, so that only type-1 servers take from queue 1 at time s.

To explain Z7 |, the second term represents the increase by one that occurs at each class-1 arrival epoch at
which service pool 1 has spare capacity (Z7 (s) + Z3 |(s) < m}). The third term represents the decrease by 1
that occurs when a server in pool 1 completes service of a class-1 customer, with pool 1 not helping class 2
({21 ,(s) > 0} U {D5 | (s) < 0}) when the class-1 queue is empty (Q7(s) = 0). The fourth term represents the
decrease by one that occurs when a server in pool 1 completes service of a class-1 customer, when pool 1 is
helping class 2 ({D5 ,(s) >0, Z] ,(s) = 0}).
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To explain Z7 ,, the second term represents the decrease by one that occurs when a server in pool 2 completes
service of a class-2 customer, when class 2 is helping class 1 ({D} ,(s) >0, Z3 ,(s) =0, Q}(s) > 0}). The third
term represents the decrease by one that occurs when a server in pool 2 completes service of a class-1 customer,
when class 2 is not helping class 1 ({Df ,(s) <0} U{Z5 |(s) > 0}).

Because the model is fully symmetric, the processes Q7, Z3 ,, and Zj | are the symmetric versions of Q7,
Z3 5, and Zj |, respectively, with the indices 1 and 2 switched. [

5.2. Tightness and smoothness of the limits. We do part of the proof of Theorem 4.1 here by establishing
tightness. For background on tightness, see Billingsley [7], Pang et al. [34], and Whitt [47]. We recall a few key
facts: tightness of a sequence of k-dimensional stochastic processes in ¥, is equivalent to tightness of all the
one-dimensional component stochastic processes in &. For a sequence of random elements of %, ‘€-tightness
implies Z-tightness and that the limits of all convergent subsequences must be in ‘6,; see Theorem 15.5 of the
first 1968 edition of Billingsley [7]. Alternatively, Conditions (7.6) and (7.7) of Theorem 7.3 in Billingsley [7]
hold for processes in & if and only if conditions (13.4) and (13.5) of Theorem 13.2 of Billingsley [7] hold and
the limits of all convergent subsequences are in €; see the Corollary on p. 179 of Billingsley [7] or Theorem
V1.3.26 of Jacod and Shiryaev [19].

THEOREM 5.2. The sequence {(X!, Y{): n> 1} in (26) is €-tight in 9,,.

Proor. 1t suffices to verify conditions (6.3) and (6.4) of Theorem 11.6.3 of Whitt [47], namely, to show that
X"(0) is stochastically bounded (tight in R,) and appropriately controls the oscillations, using the modulus of
continuity on ‘6. We obtain the stochastic boundedness at time 0 immediately from Assumption 3.2.

We now show that we can control the oscillations below. For that purpose, let w(x, {, T) be the modulus of
continuity of the function x € ¥, i.e.,

w(x, {, T)=sup{|x(r,) —x(t)]: 0=t, =, <T, [, —1,| = {}. (35)
Using the representations in §5.1, for #, > f, > 0 we have

Al(t,) — AT (1)) n S"(t,) — 8"(1,) I St (1) = ST (1) n Ul'(t,) — U (1))

n n n n

01 (1) = 01(1))| <
and similarly for Q_g‘ Hence, for any { >0 and T > 0,
w(Qy/n, {,T) <w(AY/n, {, T)+w(S"/n, , T)+w(S} /n,{, T)+w(U}/n, I, T).

Then observe that we can bound the oscillations of the service processes S by the oscillations in the scaled
Poisson process N ;(n-). In particular, by (34),

w(Si;/n, £, T) <w(N ;(np; jm;-)/n, L, T) <w(N;;(n-)/n,c{, T) (36)
for some constant ¢ > 0. Next for the abandonment process U/", we use the elementary bounds

01(1) = 0(0) + A1(1),
et - vl = (o "ot )

n

< IN;(n(Q;(0) + A7 (T)) (1, — 1)).

Let gy, = 2(q;(0) + T), where Q7(0) = ¢,(0) by Assumption 3.2, and let B, be the following subset of the
underlying probability space: _ ~

Then P(B,) — 1 as n — oo and, on the set B,, we have
w(U/n, L, T) <w(Ni'(ngyg-)/n, £, T) <w(Nj(n-)/n, ¢, T) (37)

for some constant ¢ > 0.
Thus, there exists a constant ¢ > 0 such that, for any 1 > 0, there exists n, and { > 0 such that, for all n > n,,
P(B,)>1—m/2 and on B,

2 2
w(Q}/n, {, T) <w(N(n-)/n, c{, T)+2) > w(N; ;(n-)/n, cl, T) +w(N/(n)/n, c{,T).

i=1 j=1
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However, by the FWLLN for the Poisson processes, we know that we can control all these moduli of continuity
on the right. Thus we deduce that, for every € > 0 and 1 > 0, there exists { > 0 and n, such that

P(w(Q!/n,{,T)>¢€)<n forall n> n,.

Hence, we have shown that the sequence {07} is tight.

We now turn to the sequence {Z{ ,}. Let A} ,(7) denote the total number of class-1 arrivals up to time 7, who
will eventually be served by type-2 servers in system n. Let A} , = A{ ,/n and S7 ,(t) = S7,(t)/n, for S7 ,(1)
in (34). Since

Z1 5 (1) =Z7 ,(0) + A ,(1) — S, (1),

we have
|Z} 5(1,) = Z7 5 (1) < A?,z(tz) - A?,z(’l) + 57,202) - Sﬁz("l)
However, for A7 in (34),
A7 (1) — AT (1) S AY (1) — AT (1).

Since A” = A,e in U, the sequence {A7} is tight. Together with (36), that implies that the sequence {(z1,}
is tight as well. Finally, we observe that the tightness of {Yy'} follows from (36), (37), and the convergence
of AY. O

Because the sequence {(XZ, ¥§'): n> 1} in (26) is ‘€-tight by Theorem 5.2, every subsequence that a further
subsequence that converges to a continuous limit. We now apply the modulus-of-continuity inequalities estab-
lished in the proof of Theorem 5.2 to deduce additional smoothness properties of the limits of all converging
subsequence.

COROLLARY 5.1.  If (X, Y3) is the limit of a subsequence of {(X2, Y"): n> 1} in 9,4, then each component
in 9, say X;, has bounded modulus of continuity; i.e., for each T > 0O, there exists a constant ¢ > 0 such that

w(X;, {,T)<cl w.p.l (38)

for all { > 0. Hence (X4, Yy) is Lipschitz continuous w.p.1, and is thus differentiable almost everywhere.

Proor.  Apply the bounds on the modulus of continuity involving Poisson processes in the proof of The-
orem 5.2. For a Poisson process N, let N* = \/n(N" — e), where N"(t) = N(nt)/n, t > 0. By the triangle
inequality, for each n, {, and T,

w(N",{,T) <

w(Lj’T)—i—w(e,{,T) = ( asn— oo.

7

Because w(x, {,T) is a continuous function of x for each fixed { and T, we can apply this bound with the
inequalities in the proof of Theorem 5.2 to deduce (38). O

We remark in closing this section that Theorem 5.2 and Corollary 5.1 also hold with Assumption 3.2 replaced
by X"(0) = x(0) as n — oo, where x(0) is a deterministic element of R.

6. Structural simplification. We now exploit Assumptions 3.1-3.3 to simplify the representation established
in §5.1 above, reducing the essential dimension from six to three, following the plan described in §3.1. We
first establish this dimension reduction over an interval [0, 7] and later, after Theorem 4.1 has been proved over
the same interval [0, 7], we show that all the results here, and thus Theorem 4.1 too, can be extended to the
interval [0, 00).

Let

Ty =inf{t>0: Z] () >0 or Qf(r) =0 or Q5(¢) =0}. (39)

By Assumption 3.2, both queues are initially strictly positive (so there is no idleness in either pool) and
73 1(0) =0. Hence, 7§ > 0 for each n > 1. Theorem 5.1 with the definitions in (34) implies the following
reduction from six dimensions to three over [0, 7 ]. Let = denote equality in distribution for processes.
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COROLLARY 6.1.  On the random interval [0, T3], X! = Xg ™ w.p.1, where
Xe " =(01, 05, mj 1e,Z ,,0e, m5e — Z7 ,),
with
t t
Q)= QO+ AT ~ [ 1oy 120 dS" () = [ Vg 2004811 () = U7 (1)

t t
05(1) = Q5(0) + A5(1) = [ Loy 1200 45.209) = [ Liog 200 457 () = UF (1) (40)

t t
Z0 =200+ [ Vg0 485500 = [ Vg o010 451 (6).

and Xg** = X¢'*, where Xg* = (01", 05, m} e, Z1';, 0e, mhe — Z}'3) with
t
01 ()= Q1(0) + N0 = M) = N3 (s [ gz ZE5 0D )
t t
N [ Vs - Zisoas) < (o [ o) as), @
t
05 "(t) = 05 "(0) + N (Aj1) — N2522 (P«z,z/o 1{1)’,’;;(3-)50}("1; —Z75(s)) ds)
t t
Nia( [ s zizoras) w6, [ 020 as). @)
t
Zy, (1) =275(0) + Nf,z(#z,z /0 1{D',’;2*(5)>0}(m§ —Z73)(s) ds)
t

- NIS,Z(/‘LI,Z /0 I{Df;;(x)go}zf,’g(s) d5>, (43)
where Nf, N, N{, N}, Ny for i = 1,2 are mutually independent rate-1 Poisson Processes and D{’;(t) =

O (1) = ki, — 1y, 0" (1) as in (6).

Note that in two places in the three displays (41)—(43) we have introduced the new independent rate-1 Poisson
processes N;;. Note that Z{"3(¢) might be equal to zero for some or all ¢ in [0, T¢].

We next prove that I is bounded away from zero asymptotically, i.e., that there exists a 7 > 0 such that
P(Ty = 7) — 1 as n— oo. We do so in two parts (both proved in §B):

THEOREM 6.1 (NO SHARING IN THE OPPOSITE DIRECTION). There exists T > 0 such that |Z} |||, = 0 as
n—> oo.

THEOREM 6.2 (POSITIVE QUEUE LENGTHS). For 7 in Theorem 6.1,

P<01<12£ min{Q/ (1), 05(1)} > O) —1 asn— oo.

As an immediate consequence of Theorems 6.1 and 6.2, we obtain the following SSC result.

COROLLARY 6.2 (SSC OF THE SERVICE PROCESS). For 7 > 0 in Theorem 6.1, P(T) > 7) — | as n — oo,
where T is defined in (39); i.e.,

(mie—27 .25 ,mye—Z21,—2;,) = (0e,0e,0e) in ([0, 7]) as n— oo.

We make two important remarks about Corollary 6.2: First, the limit holds without any scaling. Second, here
we do not yet show that a limit of Z]”’z as n — oo exists. We only show that, when analyzing the four service
processes Z . it is sufficient to consider Zf ,.

Recall that d; denotes the standard Skorohod J; metric and X¢"* is the essentially three-dimensional process
defined in (10). The following corollary is immediate from Corollary 6.2.

COROLLARY 6.3 (REPRESENTATION VIA SSC).  As n— oo, d,; (X¢, Xg'") = 0 in ([0, 7)), for Xg** in (10),
7 in Theorem 6.1 and (Q\"", 0y ", Z"7) in (41)~(43).
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We now obtain further simplification using a familiar martingale representation, again see Pang et al. [34].
Henceforth, we work with the process X¢ ™ defined in Corollary 6.1, but omit the asterisks. Consider the repre-
sentation of X} in (41)—(43), and let

M“(1) = N (Afr) = Aj,
M"“(1) = N (e[ [ o ds) 6, [ Q1) ds.

M5 (1) = N3, (J(0) =I5 (0),
M2 (1) = N3 ()5 (0) = Iy (1),

(44)

where J/",(t) are the compensators of the point processes in (41)~(43), i=1,2, e.g,,

t
Ji' (1) E/"LI,Z/O ]{D{’>2(s)<0}Z;L,2(S) ds.

The quantities in (44) can be shown to be martingales (with respect to an appropriate filtration); see Pang
et al. [34]. The following lemma follows easily from the functional strong law of large numbers (FSLLN) for
Poisson processes and the “G-tightness established in Theorem 5.2.

LEMMA 6.1 (FLUID LIMIT FOR THE MARTINGALE TERMS). As n — oo,
T (M My M MG M5, My, M{T”;’z, M;;z) = (0Oe, Oe, Oe, O¢, O¢, O¢, Oe, Oe)  in Ug([0, T]).

PrOOF. By Theorem 5.2, the sequence {X”: n > 1} is tight in %. Thus any subsequence has a convergent
subsequence. By the proof of Theorem 5.2, the sequences {J!";/n} are also €-tight, so that {J";/n}, i =1, 2,
all converge along a converging subsequence as well. Consider a converging subsequence {X”} and its limit X,
which is continuous by Theorem 5.2. Then the claim of the lemma follows for the converging subsequence
from the FSLLN for Poisson processes and the continuity of the composition map at continuous limits, e.g.,
Theorem 13.2.1 in Whitt [47]. In this case, the limit of each fluid-scaled martingale is the zero function Oe € %,
regardless of the converging subsequence we consider, and is thus unique. Hence we have completed the
proof. [

Hence, instead of X} (the relevant components of X;'*) in (41)~(43), we can work with X" = (0%, 04, Z ,)
for

Z?,z(t) = Z'f,z(o) + U /()’ 1{D1‘V2(S)>0}("_1; - Z’fz(s)) ds —p /0’ 1{01’12(050}2?,2(5) ds,
01(1) = Q1O+ Rt =ttt = oy [ 11y o 2(5) s
s [ Voo = Z2 () ds = 0, [ 015) s, (45)
D2(6) = B30+ 341~ s [ 1o 020 07 = 2 2(5)) s

t _ t _
- Ml,zfo l{DTVZ(x)SO}Z?,Z(S) ds — 92/0 0;(s)) ds.

THEOREM 6.3. As n—> oo, d, (X4, X") = 0 in U;([0, 7]) as n — oo, where X} is defined in (41)—(43), X"
is defined in (45) and 7 is as in Theorem 6.1.

Proor. It suffices to show that M" = (Oe, Oe, Oe) in 5([0, 7]) as n — oo, where

M"=X}—X". (406)

However, M" = (Oe, Oe, O¢) by virtue of Lemma 6.1 by the continuous mapping theorem with addition at
continuous limits. O

As a consequence of Theorem 6.3, henceforth we can focus on X" in (45) instead of X! in (41)~(43). After
we prove Theorem 4.1, we can extend the interval [0, 7] over which all the previous results in this section hold
to the interval [0, c0).
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THEOREM 6.4 (GLOBAL SSC). All of the results above in this section extend from the interval [0, T] to the
interval [0, o).

We prove Theorems 6.1 and 6.2 in §B, after establishing supporting technical results in §A. In §B.3, we prove
Theorem 6.4, under the assumption that Theorem 4.1 has been proved over [0, 7], which will be done in §7,
by showing that the interval over which the conclusion is valid can be extended from [0, 7] to [0, c0), once
Theorem 4.1 has been proved over [0, 7]. That will imply that Theorem 4.1 then holds over [0, c0) as well.

7. Completing the proof of Theorem 4.1: Characterization. The %¢-tightness result in Theorem 5.2
implies that every subsequence of the sequence {(X?, ¥§'): n> 1} in (26) has a further converging subsequence
in 9,([0, 00)), whose limit is in the function space ‘€;,([0, 0)). To establish the convergence of the sequence
{(X2,Y)} we must show that every converging subsequence converges to the same limit.

Corollary 6.3 and Theorem 6.3 imply that we can simplify the framework over an initial time interval [0, 7].
In particular, it suffices to focus on the sequence {X"} in Z;([0, 7]) given in (45), where the limits of the
subsequences will be in €5([0, 7]), but we will later show that this restriction can be relaxed. In particular, we
will show that convergence holds in %,,([0, 00)).

We achieve the desired characterization of X” in Z5([0, 7]) by showing that the limit of any converging
subsequence is almost surely a solution to the ODE (24) over [0, 7]. The existence and uniqueness of the
solution to the ODE has been established in Theorem 5.2 in Perry and Whitt [37]. As indicated in §4.4, we
have developed two different proofs, the first proof exploits random measures and martingales (Hunt and Kurtz
[18], Kurtz [27]); it is given here in §§7.2 and 7.3. The second exploits stochastic bounds as in the proof of
Lemma B.3; it is given in Appendix C. Both proofs start from the following subsection.

7.1. Proof of Theorem 4.1: Reduction to integral terms. Let X be the limit of a converging subsequence
of {X": n>1} in (45) in ([0, 7]) for 7 in Theorem 6.3. We consider n > 1 with the understanding that the
limit is through a subsequence. Many of the terms in (45) converge directly to their counterparts in (25) because
of the assumed many-server heavy-traffic scaling in §2.3 and the convergence X" = X through the subsequence
obtalned from the tightness. Indeed, the only exceptions are the integral terms 1nv01v1ng the indicator functions.
LetI”,, I} ;,and I}, ; be the ith integral term in the respective expression for Zj ,, Qf, and Qrin (45),i=1,2.
We first observe that these sequences of integral terms are tight.

LEMMA 7.1 (TIGHTNESS OF INTEGRAL TERMS). The six sequences of integral processes {I_Z” oon > 1}
{I" Lo n=1}, and (I}, ;: n > 1} involving the indicator functions appearing in (45) are each ‘G-tight in

([0, ).

PrOOF.  We consider only the integral term I . 1.1 because the others are treated in the same way. First, bound-
edness is elementary: 0 < Iq’” 11 (1) < tmi/n. Second the modulus in (35) is easily controlled: w(1” a8 T) <
m"/n— {m,. O

Hence, we can consider a subsequence of our original converging subsequence in which all these integral terms
converge to proper limits as well. Hence we have the following expression for X, the limit of the converging
subsequence:

q,2,i°

21,2(t) =1z;,(0) +/"L2,21_z,l(t) _:u’l,21_z,2(t)

0,(1) = q,(0) + Ayt — iyt — /"Ll,2iq, () — /’LZ,ZI_q,l,Z(t) -6, fo 0, (s) ds, (47)

0,(1) =¢,(0) + /_\2t - lu‘2,21_q,2,1(t) - M1,2I_q,2,2(t) - 92/ 0, (s) ds.

In (47), we have exploited the assumed convergence of the initial conditions in Assumption 3.2 to replace X(0)
by x(0) in (47). At this point, it only remains to show that the terms I, ,, Iq, 1,i» and I, , ; appearing in (47)
necessarily coincide almost surely with the corresponding terms in the 1ntegral representation (25) associated
with the ODE in (24) over the interval [0, 7]. That will uniquely characterize the limit over that initial interval
[0, 7] because, by Theorem 5.2 of Perry and Whitt [37], there exists a unique solution to the ODE.

Thus, it suffices to establish the following lemma, which we do in two different ways, one in the next two

sections and the other in Appendix C.

LEMMA 7.2 (REPRESENTATION OF LIMITING INTEGRAL TERMS). For 7 in Theorem 6.3, the integral terms in
(47) necessarily coincide with the corresponding integral terms in (25) with X substituted for x for0 <t <, e.g.,

]_q,l,l(t) =/t 771,2()_((S))Z1,2(5) ds, 0<t<7, w.p.l. (48)
0
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7.2. Exploiting random measures. For the rest of our proof of Lemma 7.2, we closely follow Hunt and
Kurtz [18], which applies Kurtz [27]. There are two key steps: (i) exploiting random measures and (ii) applying
a martingale representation to characterize the limit in terms of the steady-state distribution of the FTSP in §3.2.
This subsection is devoted to the first step; the next subsection is devoted to the second step.

We now introduce random measures in order to expose additional structure in the integral term I_q, 1.1 in (47).
The random measures will be defined by setting

t
([0, 1] % B) = /0 Lor eny ds. 120, (49)

where B is a measurable subset of the set £ of possible values of Dy ,. Given the definition of D} , in (6), we
exploit Assumption 3.3 stating that r, , is rational and the assumption after it that the thresholds are rational as
well, so that we can have the state space E be discrete, independent of n. (This property is not necessary for
the analysis at this point, but it is a helpful simplification. The space E could even be taken to be a subset of Z,
using the construction in §6 of Perry and Whitt [37] by renaming the states in E.) Of course, we are especially
interested in the case in which B is the set of positive values; then we focus on the associated random variables
V" ([0, t] x (0, 00)), n> 1, as in (45).

As in Hunt and Kurtz [18] and Kurtz [27], it is convenient to compactify the space E. We do that here, first,
by adding the states +o0 and —oo to E and, second, by endowing E with the metric and associated Borel o-field
from R induced by the mapping ¢: E — [—1, 1] defined by ¢y(x) = x/(1+ |x|). That makes E a compact metric
space. We then consider the space M = M(S) of (finite) measures u on the product space S = [0, 6] x E for
some & > 0, such that ([0, t] x E) =t for all t > 0. Moreover, we endow M with the Prohorov metric, as in
(1.1) of Kurtz [27]. Because S is compact, the space M inherits the compactness; i.e., it too is a compact metric
space, by virtue of Prohorov’s theorem, Theorem 11.6.1 of Whitt [47].

Let 2 =%(M) =% (M(S)) be the space of probability measures on M (S), also made into a metric space with
the Prohorov metric, so that convergence corresponds to the usual notion of weak convergence of probability
measures. As a compact metric space, M(S) is a complete separable metric space, so that this is a standard
abstract setting for weak convergence of probability measures (Billingsley [7], Ethier and Kurtz [12], Whitt [47]).
By Prohorov’s theorem, this space & of probability measures on M (S) also is a compact metric space.

Thus we have convergence of random measures ¥" = v as n — oo if and only if E[f(v")] — E[f(v)] as
n — oo for all continuous bounded real-valued functions f on M. On the other hand, by the continuous mapping
theorem, if we have v" = v as n — oo, then we also have f(v") = f(v) as n — oo for each continuous function
on M. One reason that the random measure framework is convenient is that each continuous bounded real-valued
function f on S corresponds to a continuous real-valued function on M (S) via the integral representation

F(w)= [ 1) dus).

As a consequence, if ¥" = v as n — oo, then necessarily also

/f(s)dv”(s) = /f(s)dv(s) inR as n— o
s s

for all continuous bounded real-valued functions f on S.

In our context it is important to observe what are the continuous functions on E after the compactification
above. The new topology requires that the functions have finite limits as k — +oo or as k — —oo. All the
functions we consider will be continuous on E because they take constant values outside bounded sets. We will
use the following stronger result, which is a special case of Lemma 1.5 of Kurtz [27].

LEMMA 7.3 (EXTENDED CONTINUOUS MAPPING THEOREM). If f is a continuous bounded real-valued func-
tion on S and {f,: n > 1} is a sequence of measurable real-valued functions on S such that || f, — f|ls — 0 as
n — oo, then

/fn(s)dl/”(s) = /f(s)dv(s) inR as n— oo.
s s

Proor. First, starting from the convergence v" = v, apply the Skorohod representation theorem to obtain
versions converging w.p.1, without changing the notation. Then, by the triangle inequality,

=<

‘ [ A5y dv(s) = [ () dvs)

[ A5y a0 () = [ () dv" ()

| [ 10 @)~ [ 1)an)

—0 asn— oo,

< |If, = fllsv"(S) + ‘ / £ (s)dv"(s) — / £(s)dv(s)
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using the uniform convergence condition and the limit v"(S) — v(§) < oo in the first term and the continuous
mapping in the second term. This shows convergence w.p.l1 for the special versions and thus the claimed
convergence in distribution. [

The random measures we consider are random elements of M (S), where S is the product space [0, 6] x E.
These random measures can be properly defined by giving their definition for all product sets [0, t] x B, as we
have done in (49). The usual extension produces full random elements of M(S).

We exploit the compactness of E introduced above to obtain compactness of (M) and thus relative com-
pactness of the sequence {(X/, v"); n>1}.

LEMMA 7.4 (RELATIVE COMPACTNESS). The sequence {(X!,v");n > 1} defined by (26) and (49) is rela-
tively compact in D¢([0, 0]) x M(S) for any 6 > 0.

PrOOF. We already have observed that, because of the compactness imposed on E, the space (M(S)) is
compact. By Theorem 5.2, the sequence {Xf',z: n > 1} is tight and thus relatively compact. However, relative
compactness of the components implies relative compactness of the vectors. Thus the sequence {(X7, v"); n > 1}
defined by (26) and (49) is relatively compact in Z4([0, 6]) x M(S). O

Another crucial property of the random measures on the product space is that the random measures themselves
admit a product representation or factorization, as indicated by Lemma 1.4 of Kurtz [27]; also see Lemma 2 of
Hunt and Kurtz [18]. This result requires filtrations. For that, we observe that X7 is a Markov process and v,
restricted to [0, ] x E is a function of the Markov process X¢ over [0, ¢t]. Thus, we can use the filtrations F7
generated by X¢ for each n > 1. In our context, we have the following consequence of Lemma 1.4 of Kurtz [27].

LEMMA 7.5 (FACTORIZATION OF THE LIMITING RANDOM MEASURES). Let (X, v) be the limit of a converging
subsequence of {(X!,v"); n> 1} in %([0, 8]) x M(S) obtained via Lemma 7.4. Then there exists p, = p,(B),
a measurable function of s for each measurable subset B in E and a probability measure on E for each s in
[0, 8], such that, for all measurable subset B, of [0, 8] and B, of E,

V(B xB) = [ p,(B)ds. (50)

As a consequence of the three lemmas above, we obtain the following preliminary representation.

LEMMA 7.6 (INITIAL REPRESENTATION OF LIMITING INTEGRAL TERMS). Every subsequence of the sequence
{(X2,v"); n > 1} defined by (26) and (49) in ([0, 8]) x M(S) as a further converging subsequence. Let
(X, v) be a limit of a convergent subsequence. For any 8 < T for T in Theorem 6.3, the integral terms in (47)
necessarily coincide with the corresponding integral terms in (45) with a probability p, ,(s) substituted for
I{Diz(x)>0} and X substituted for x for 0 <t <6, in particular,

- t -

Iq,l,l(z)=/0 Pra(9)Zya(s)ds, 0<1<8, wp.l, (51)
where Z, , is the component of X and p, ,(s) = p,((0, %)) for p, in (50), so that p, ,(s) is a measurable
function of s with 0 <p, ,(s) <1, 0 <5 <é.

PrOOF. By Lemma 7.4, we are justified in focusing on a converging subsequence with limit (X, v), where
X=(0,, Zi, ;)- For (51), we focus on (z 1.2, V). As before, apply the Skorohod representation theorem to obtain
a version converging w.p.1 along the subsequence, without changing the notation. For the corresponding terms
indexed by n,

- t - t -
=tz [ 20506 g g = [ 2129w (ds x ). (52)

so that we can apply Lemma 7.3 to deduce that

- - t -
IO = Taa (=g [ Z0a(s) v(ds x dy),
0

Finally, we apply Lemma 7.5 to show that the representation of v in (52) is equivalent to (51). O
It now remains to determine the term p, ,(s) in the integrand of the integral (51). In the next section we will

show that we can write p, ,(s) = P(D(X(s), 00) > 0), thus completing the proof of Lemma 7.2.

7.3. A martingale argument to characterize the probability in the integrand. We now finish the proof
of Lemma 7.2 by characterizing the probability measure p, in Lemma 7.5.
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PROOF OF LEMMA 7.2.  We will prove that p, ,(s) = P(D(X(s), 00)) > 0 for almost all s in the integral (51),
where D(X(s), o) is a random variable with the steady-state distribution of the FTSP in §3.2 depending on the
state X (s), which is the limit of the converging subsequence of the sequence {X": n > 1}. This step will make
(51) reduce to the desired (48).

We first comment on the exceptional sets. We establish the result w.p.1, so that there is an exceptional set,
say T, in the underlying probability space Q) with P(T) =0, such that we claim the conclusion of Lemma 7.2
holds in ) — T'. However, for each w € ) — T, we find an exceptional set ¥ (w) in [0, 6] where the Lebesgue
measure of W(w) is 0. However, the integral in Lemma 7.2 is unchanged if we change the definition of the
integrand on a set of Lebesgue measure 0. Hence, we can assume that p, ,(s) = P(D(X(s), o) > 0) for all s
in [0, 6] for each sample point w € ) — T. After doing that, we obtain the w.p.1 conclusion in Lemma 7.2.

We remark that it is possible to obtain a single exceptional set ¥ in [0,0] such that p, ,(s) =
P(D(X(s),00)) > 0 for all s €[0,8] —W¥ w.p.1. The construction to achieve that stronger goal is described in
Example 2.3 of Kurtz [27] on p. 196. The conditions specified there hold in our context. Because that property
is not required here, we do not elaborate.

Continuing with the main proof, we now aim to characterize the entire probability measure p, on E appearing
in Lemma 7.5. We will do that by showing that p, satisfies the equation characterizing the steady-state distri-
bution of the FTSP D(X(s), -) for almost all s with respect to Lebesgue measure (consistent with the notion of
an averaging principle). Because the FTSP D(X(s), -), given X(s), is a CTMC with the special structure (only
four transitions possible from each state, and only two different cases for these, as shown in (13)—(16)), just as
for finite-state CTMCs (in elementary textbooks), it suffices to show that

ZPS({i})Qi,,-(?_((S)) =0 forall j (53)

for almost all s in [0, 8] with respect to Lebesgue measure, where i and j are states of the FTSP and Q; j()_( (s))
in (53) is the (i, j)th component in the infinitesimal rate matrix (generator) of the CTMC D(X(s), -).

However, we will follow Hunt and Kurtz [18] and use the framework in §§4.2 and 8.3 of Ethier and Kurtz [12].
In particular, the FTSP satisfies the assumptions in Corollary 8.3.2 on p. 379 in Ethier and Kurtz [12]. As in (9)
of Hunt and Kurtz [18], this step corresponds to an application of Proposition 4.9.2 of Ethier and Kurtz [12],
but the simple CTMC setting does not require all the structure there. Following the proof of Theorem 3 in
Hunt and Kurtz [18] (and §2 of Kurtz [27]), we now develop a martingale representation for f (D ,), where
S is a bounded continuous real-valued function on the state space E of Dy ,. This construction is the standard
martingale associated with functions of Markov processes, just as in Proposition 4.1.7 of Ethier and Kurtz [12].
Because, Dy , is a simple linear function of the CTMC X{ in (6), we can write f(D},) = g(Xy) for some
continuous bounded function g. The martingale will be with respect to the filtration F7 generated by the Markov
process X¢ (as in Lemma 7.5).

Recalling that D}, = Q} — r, ,Q3, we can write f(D},(t)) in terms of the independent rate-1 Poisson
processes in (34) as follows

FDL0) = FDLO) — [ (D] (5-) + 1) = F(D] L (-DIN; (A1)
— [ LD 2(52) = 1) = S (D} 5= DEN (0, 05(5) + NG (g )
— [ Vil (52) = 1) = F DL 5=DIEN; 21278 2(9) + NS 21 2(Z8 2(5))
— [ VoL F D (520 + 1) = FD (5= DI 50 228 2(5)) NS sl o(Z2,(5)))
— [ Mgl (Do) 1) = F(D (=) AN (0,04(5)

= [T D6-) =) = £} (5-DIANE (A).

We next rewrite the representation for f (D7 ,(t)) above to achieve a martingale representation. To that end, we
add and then subtract the appropriate Riemann integral from each of the integrals above, e.g.,

[ U2+ 1) = D=1 N ()

= [ DLaG=)+ 1) = F DL =DM (5) + [ LD a(s=)+ 1) = (DL (5= )] .
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for M{"“ in (44). Note that an integral of a predictable process with respect to a martingale is again a martingale.
We thus achieve a modifies representation of f(Df ,(t)) in terms of martingales and their associated predictable
quadratic-variation processes; see, e.g., §3.5 in Pang et al. [34] for more details. Rearranging terms, so that all
the martingales in the modified representation appear on the left-hand side and letting M} denote the sum of
those martingales, we have

M) = F (D} 2(0) = F(D}2(0) = [ KLADY 1)+ 1) = F(DY 1 (s-)] ds
— [ O+ 0, QDY 25-) = 1) = F (D] (5] ds
— [ Vo0 (127829 + a0 = Z2 LD (5=) = 1) = F (D 25 ds
— [ Vi 1B 28 2(5) + o o = Z8 LD 252 +) = (DY (5] ds
— [ Vi QA D] (52 +7) = F(D (5= ds

— [ MU D6 = D = (Dl G- ds. (54

Note that M} is a F]-martingale itself.

It follows from essentially the same arguments as in the proof of Lemma 6.1 and the continuity of addition at
continuous limits, that Mf’? =M} /n= 0ein & as n — oo, for M} in (54). In addition, we have n'(f(D} (1) —
(D7 ,(0))) = Oe in & since f is bounded. We write the remaining terms of My as

Di(t) = M) =™ (F(D} () = FDL,ON) = [ KL+ 1) = FO)IV"(ds x dy)

(0, 1)x

- (] + 0,01 ()Lf (v = 1) = F(»)]¥" (ds x dy)

(0,r)xE
Sy 70 (1220 5(5) + o205 = ZE5 (ODLF (= 1) = F ()" (ds x dy)
~Jo.oxe 1{_»-50}(#1,22'11,2(5) + g o (s — Z1 (DI v+ 1) — F()]V"(ds x dy)
_ e 1{y>0}02Q_;(S)[f(y+ r)— F()]Y (ds x dy) — /(.0 t)XE)_\'zl[f(y — ) — FO) V" (ds x dy).

By Lemmas 7.6 and 7.3, D? = Df = 0e as n — oo along the converging subsequence, where

Dy=[  NFOHD Ol xdn) = [ (m+ 000 1) = F 0] (s x dy)

0.1

- 1{y>0}(l’«1,221,2(5) +M2,2(m2 - Zl,z(s)))[f(y = 1) = f(»)]v(ds x dy)

(0, 1)xE
- 0.0xE 1{y50}(:“1,221,2(5) + 1o o (my — Z],z(s)))[f(y +r)—f(y)]v(ds x dy)
_ e ]{>'>0}02Q_2(S)[f(y +7)—f(]v(ds x dy) — /(0 - Ml —r)—f()]v(ds x dy). (55)

However, just as in Hunt and Kurtz [18], we can identify the limit l_)J in (55) as the integral with respect to
the random measure v of the infinitesimal generator of the FTSP D(X(s), -) applied to the test function f. In
particular, for each sample point in the underlying probability space ) supporting (X, v) except for a subset T
with P(T) =0, from Lemma 7.5, we obtain

[ [1leEo) 0.y ds =0 forait 120, (56)

where [Q(X(s))f](y) is the generator of the CTMC D(X(s),-) applied to f as a function of y in E. As a
consequence,

/[Q()_((s))f](y)ps(dy) =0 for almost all s with respect to Lebesgue measure. (57)
E
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It follows from Proposition 4.9.2 page 239 in Ethier and Kurtz [12], that p; is the (unique) stationary distribution
of the FTSP D(X(s), -) for almost all s. (This step is equivalent to (53).) We apply Lemma 3.1 to conclude that
the FTSP D(vy, -) has a unique stationary distribution on E for all ye S. O

7.4. Proof of Theorem 4.1. We can now summarize the proof of our main result—the FWLLN via the AP.

PrOOF OF THEOREM 4.1. There are two steps: (i) establishing convergence over an initial interval and
(ii) expanding the interval of convergence. We consider slightly more general settings than in the statement
of the theorem, by considering the vector (X7, ¥, v") with the random measure »" replacing ®". Note that
0" (t) =v"([0, t] x (0, 00)) and J(t) =v([0, t] x (0, 0)) for ®" and ¥ in (27), v" in (49), and v in (50).

(i) Establishing convergence over [0, 7]. By Theorem 5.2, the sequence {(X7, ¥{'): n> 1} in (26) is ‘€-tight
in 9,,([0, 0)). By Lemma 7.4, (X, v") is relative compact in @ x M(S). By Theorem 6.3, there exists
7 > 0 such that the limit point of a converging subsequence of X? in ([0, 7]) is also the limit point of
X2* in (10), whose representation is specified in (41)—(43). Thus, it suffices to next characterize the limit of a
converging subsequence of the sequence (X", v"), for {X"} = {1/n(Q!, QZ, Z{,)} in (45) over an interval [0, 7].
The characterization of the limit of )_(g’ also characterizes the limit of »" because, as the proof of Lemma 7.5
demonstrates, each limit point of (X7, »") is of the form (X, »), for v in (50). In particular, for any two Borel
sets B, B,,

V”(Bsz)E/B Lipr esy = V(B sz)E/B ps(By)ds in D as n— oo,
1 1

where p, is the unique stationary distribution of the FTSP D(X,(s), -) for almost all s. Hence, if X = x4, and in
particular, the limit of X{ is unique, then p, = ,(x¢(s)) for almost all s, so that the limit v of »" is unique as
well.

With that characterization complete, we obtain the full convergence (X7, Y7, v") = (xg, yg» ¥) in Z,5([0, 7])
directly, exploiting Theorem 6.3. By Lemma 7.2, we complete the characterization step, showing that P(X =
x) =1 in ([0, 7]), where x is a solution to the ODE in (24) with the initial condition x(0) specified by
Assumption 3.2.

(ii) Expanding in the interval of convergence. After establishing the convergence over an initial interval [0, 7],
we can apply Theorem 6.4 (which uses Theorem 4.1 over [0, 7]) to conclude that any limit point of the tight
sequence X/ is again a limit of the tight sequence X;"* in (10) over the entire half line [0, o0), showing that T
places no constraint on expanding the convergence interval. Moreover, by part (ii) of Theorem 5.2 in Perry and
Whitt [37], any solution to the ODE, with a specified initial condition, can be extended indefinitely, and is unique.
Hence that places no constraint either. Finally, the martingale argument allows us to uniquely characterize the
steady-state distribution of the FTSP D(1y, -) in §3.2 even when the state 7y is not in A, provided that we have
the SSC provided by Theorem 6.4. In particular, we will have either 7, ,(y)=1or 7 ,(y)=0if y¢ A. O

8. Remaining proofs of theorems in §4. We now provide the remaining proofs for four theorems in §4.
At this point, Theorem 4.1 has been proved.

8.1. Proof of Theorem 4.3. We will consider a sequence of stationary Markov processes {{X?(¢): t > 0}:
n > 1}, with X?(0) = X/(co) for each n > 1. That initial condition makes the stochastic processes strictly
stationary. We will refer to these stationary processes as stationary versions of the processes X! and denote
them by X . We start by establishing tightness.

LEMMA 8.1 (TIGHTNESS OF THE SEQUENCE OF STATIONARY DISTRIBUTIONS). The sequences {X2(00): n>1}
and {{X!(t): t > 0}: n > 1} are tight in Ry and Dy, respectively.

PrOOF.  First, for the tightness of {X/(c0): n > 1} in Ry, it suffices to treat the six components separately.
The tightness of {Z{fj(oo): n > 1} in R is immediate because 0 < Z;fj(oo) <mf/n, where m’/n— m; as n — oo.
The tightness of the queue lengths follows from Lemma A.5. In particular, since (i) Qf (1) <, O} ,,(¢) for all ¢
and (ii) Q7(t) = Q;(c0) and Q7 ,,(t) = Q7 ,,(c0) as t — oo for all n > 1, we necessarily have Q7(o0) <,
Q7 ,4(00) for all n, because stochastic order is preserved under convergence. Since Q_,” pa(00) = g pq(00) =
¢:(0) v (A;/6,) as n — oo, the sequence {Q,” »a(00): n > 1} is stochastically bounded, which implies that the
sequence {Q_;’(oo): n > 1} is stochastically bounded as well. Because tightness of the marginal distributions
implies tightness of vectors, the sequence of steady-state random vectors {X"(oo): n > 1} is tight in R,. Given
the tightness of {X”(0)}, the proof of tightness in U is identical to the proof of Theorem 5.2. O
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We next establish the analogue of the structural simplification results in §6. Let X (00) = (Q;(c0), Zi, ;(00))
be a limit of the stochastically bounded sequence {X{(o0)}. Let X =(Q;,Z; ;) be a limit of the sequence
{{X!(¢): t = 0}: n> 1}. Note that X must itself be a stationary process.

LEMMA 8.2. P(Z, (00) =m, Zy () =0, Z, ,(00) =m, — Z, 5(c0)) = 1.

PrOOF. Let I, i(00) = m; le(oo) Z2J(oo) j =1,2. To prove the claim, we need to show that

P(Z2 1(00) >0) = P(I (o0) > 0) =0. We will consider the sequence of stationary versions {X"} and a limit X
of this sequence.
6] P(Z2 , =0e) = 1. We will show that the opposite assumption leads to a contradlctlon Hence, suppose

that P(Z2 1(s) > 0) > 0 for some s > 0. The stationarity of 22 , implies that Z2 (0) = Z2 1(s). Hence, we can
equivalently assume that P(Z, ;(0) > 0) > 0.

Let B, | denote the set in the underlying probability space, of all sample paths of X with 22, 1(0) > 0. By the
contradictory assumption, P(B, ;) > 0. Following the arguments in Lemma B.1, if Z, (0) > 0, then Z, ,(¢) > 0
for all # > 0, which implies that Z, ;(¢) > 0 for all >0 in B, ;.

Consider a sample path in B, ;. Because of one-way sharing, Zl,z = Oe, so that the only departures from Q,
are due to service completions in pool 1 and abandonment. Since 21,1 <m, w.p.1, Q, is stochastically bounded
from below, in sample-path stochastic order, by the fluid limit of an Erlang-A model with m, servers. At the
same time, Q, is stochastically bounded from above by the fluid limit of an Erlang-A model with m, servers.

Hence, there exists € > 0 such that, for some s > 0,
er(t)—efrqg <qi‘§Q_l(t)+e for all t > s, (58)

where rg§ < ¢{ by Assumption 3.1. Now, because Q, and Q, are bounded with probability 1, we can find
5o > 0 such that (58) holds with this s, for all possible initial condition in B, . However, this implies that Z, |
is strictly decreasing for all # > s, and for all sample paths in B, ; (because no fluid can flow from queue 1 to
pool 2), so that Z2 (1) < Z2 1(sy) for all t > s, in B, |, contradicting the stationarity of Z2 - Thus, P(B, ) =

(ii) P(I, =1, =0e) = 1. We follow the proof of Theorem 6.2, building on the result P(Z2 1(0)=0)=1 ]ust
established. Recall that L! = Q! +Z!' | +Z!', —m] in (B9), representing the excess number of class-i customers
in the system, is stochastically bounded from below, in sample-path stochastic order, by the process Lj ;, with
L? , defined by imposing a reflecting upper barrier at k{ , for i =1, 2 and letting L} ,(0) = L} (0) Ak} ,. However,
here we are working with stationary versions. Because, the processes (L}, L}) are strictly stationary, so are the
reflected processes (L} ,, L5 ,). Then U" >, U}, where U" and U}’ and the linear functions of (L}, L}) and
(LY, L5 ,), respectively, defined in (B10). These processes U" and Uj' are also stationary processes.

However, just as in the proof of Theorem 6.2, U} is a birth and death process on the integers in (—oo, 0],
which is independent of Z7 ,, with drift 8} in (B11). Since 8}/n — 8, > 0, the birth and death U}’ has a positive
drift for all n large enough. Consequently, —U;' has the structure of the stationary queue length process in a
stable M /M /1 queue. Because the traffic intensity converges to a limit strictly less than one, the initial value,
and the value at any time, is stochastically bounded. Moreover, we can apply essentially the same extreme value
argument used in the proof of Theorem 6.2 to conclude that, for any 7 > 0, that P(||I"]|, > 0) — 0 as n — oo.
We thus conclude that P(||1;]|, = 0) = 1, from which the conclusion follows, because the interval [0, o) can be
represented as the countable union of finite intervals of finite length, and the countable sum of O probabilities is
itself zero. [

A function Y: R, — R,, m, k > 1, is said to be locally Lipschitz continuous if for any compact set B, there
exists a constant K (B) such that, for any s, € B, |Y(s) — Y(¢)| < K(B)|s — t|. A locally Lipschitz continuous
function is absolutely continuous and is thus differentiable almost everywhere.

In the following we will consider two locally Lipschitz continuous functions V: R — R* and ¥: RT — R},
and the “Lie derivative” V(Y (¢)) = VV - Y’, where VV denotes the gradient of V, and VV - Y’ is the usual inner
product of vectors. Because both functions are differentiable almost everywhere, V(Y (r)) is understood to be
taken at points # for which both V and Y are differentiable.

For a vector x € R,, we let ||x| denote its L, norm, although any other norm in R, can be used in the
following. For the following we draw on §8.3 of Perry and Whitt [37].

_ Lemma 83. Ler V: R — R, be locally Lipschitz continuous, such that V(x) =0 if and only if x=0. Let
Y: R* — R} be Lipschitz continuous with constant N, such that Y < M, for some M > 0. If V(Y (1)) <0 for
all t >0 for which Y (t) #0, then Y(t) - 0 as t — oo.
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Proor. Let f: R, — R, be absolutely continuous, such that f(z) =0 if and only if t = 0. If for almost
every t #0, f'(t) <0, then f(f) — 0 as t — co. We can apply that argument to the function f(¢) = V(Y (¢)) if
we show that V(Y (t)) is locally Lipschitz continuous. To see that is the case, note that for all 7 > 0,

Y(s)<Y(0)+|Y(s)—Y(0)|<M+Nt, 0<s<t.

Therefore, for any 0 <u <s <t, |f(s) — f(u)| < K(B)N(s — u), where B={x e R: | x| <M+ Nt}. O

PROOF OF THEOREM 4.3 We consider a converging subsequence {X"': n’ > 1} of the sequence (X" n>1}
with limit X. By Lemma 8.2, we can consider it to be three-dimensional with components Q,, Q,, and Z 1.2- By
Corollary 5.1, the limit X is Lipschitz continuous in ¢, so that it is differentiable almost everywhere. Specifically,
X is a limit of the sequence represented by (45), with X"(0) = X" (c0) for all n > 1. Then each component of
the converging subsequence {X”'} in (45) converges to its respective limit (e.g., Q% to Q,). For our purposes
here, it is sufficient to conclude that X () — x* w.p.1 as t — oo. Hence, we will not characterize the limit of
X(1) as t — oo.

For the representation of the converging subsequence {X"'} in (45), let

W' =(C-1)Zy,+C0 +0f,

where C > 1 will be specified later. Since X = X by assumption, we can apply the continuous mapping
theorem to conclude that W = W in Y, as n — oo, where

W(r) = (C— I)ZI,Z(t) +CO, (1) + 0,(1)

=(C— 1)21,2(0) —(Cuy = Mz,z)/o ZI,Z(S) ds — py ymyt
_ r _ r
+C0(0) + C(A; — py ymy)t — CO, /0 0,(s)ds + 0,(0) + Ayt — 02_/0 0,(s) ds,
with derivative

W'(1) = —(Cuy 5 _Mz,z)zl,z(t) —C6,0,(t) — 6,0,(1) + C(A, — M my) Ay — oy,

For x € R,, let V(x) = Cx, + x, + (C — 1)x; and note that V(X) = VV - X' = W’, and that V is locally
Lipschitz continuous, where VV denotes the gradient of V, and VV - X' is the usual inner product of vectors.
Now let ¥ denote the derivative of X shifted by x* for x* in (30), i.e., ¥' = X’ + x*. Hence, as in the proof of
Theorem 8.3 in Perry and Whitt [37], we have

V(¥)= —(Cuyn — Mz,z)Zl,z(t) —C0,0,(1) — 6,0,(1).

If w, , > p, », then we let C =1, and if u, , < u, , we let C be any number such that C > w, ,/u, , > 1. With
this choice of C, we see that V(Y) < 0. By Lemma 8.3, Y(#) — 0, which implies that X(¢) — x* as t — oo
w.p.1. (Note that ¥ and X are Lipschitz continuous and bounded, as required.)

For a > 0, let B, (a) = {x € R;y: |V(x) — V(x*)| < a}. By the monotonicity of V(X) established above, for
each a > 0 there exists T (e, X(0)), such that X () € By(a) for all t > T (a, X(0)). Because the queues Q, and
0, are bounded w.p.1, we can uniformly bound 7 (e, X (0)) (uniformly in X (0)). Hence, there exists 7 = T'(a),
such that X (1) € By (a) w.p.1 for all ¢ > T. It follows from the stationarity of X that X(0) € ,Bv(a) Because this
is true for all & > 0, it must hold that X(0) = x* which, by the equality in distribution X(oo0) = X(0), implies
that X(c0) = x* w.p.1. We have thus shown that the limit of all converging subsequences of {X"(c0): n > 1}
is x* in (30), which implies the full convergence X"(c0) = x* as n — oo. Moreover, since x* is the limit of a
stationary sequence, x* itself must be a stationary point for each fluid limit X (i.e., if X(0) = x*, then X(7) = x*
for all £ > 0), and it is globally asymptotically stable, because X () — x* as t — oo, as was shown above. [

Note that none of the proofs in this section used the initial condition in Assumption 3.2, or the rationality of
the queue ratios in Assumption 3.3.
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8.2. Proof of Theorem 4.4. The claimed convergence in & is less complicated than it might appear, because
there is no spatial scaling. Consequently, all processes are pure-jump processes, having piecewise constant
sample paths, with only finitely many discontinuities in any bounded interval. Both processes have the same
four possible transitions from each state: &1 or 4=r for r = r; ,. Hence, it suffices to show convergence in
distribution of the first k pairs of jump times and jump values for any k£ > 1. That can be done by mathematical
induction on k.

We can start by applying the Skorohod representation theorem to replace the assumed convergence in dis-
tribution I /n = 7y, and D”(I'",0) = D(y,0) as n — oo by convergence w.p.1 for alternative random vectors
having the same distribution. Hence, it suffices to assume that I /n — vy, and D*(I"", 0) — D(y,0) as n — oo
and w.p.1. (We do not introduce new notation.) Thus, for each sample point, we will have D”?(I"*, 0) = D(y, 0)
for all n sufficiently large. Hence, we can assume that we start with equality holding.

Moreover, we can exploit the structure of pure-jump Markov processes. The FTSP is directly such a pure-
jump Markov process with transition rates given in (13)—(16). These rates were defined to be the limit of the
transition rates of the queue difference processes Dy ,, after dividing by n. The queue difference processes DY ,
in (6) are not Markov, but they are simple linear functions of the pure-jump Markov process X/.

The transition rates for D} , closely parallel (13)~(16). Because of the assumptions, we can work with the
three-dimensional random state I = (Qf, 05, Z{ ,) € R; with the understanding that the remaining compo-
nents of Iy are Z{ | =m/, Z} | =0 and Z} , =m}) — Z} ,. Let D"(I"", t,) = D} ,(t,) under the condition that
X"(t,) =T". When D"(I"", t,) <0, let the transition rates be A" (n, T"), A (n, T), w(n,T"), and u (n, I'™)
in (A1), for transitions of +r, +1, —r and —1, respectively. When D"(I'", t,) > 0, let the transition rates be
)\5:)(11, rm, )\S)(n, rm, ,U,S:)(n, "), and ,uﬁrl)(n, I') in (A2), for transitions of +r, +1, —r and —1, respectively.

The many-server heavy-traffic scaling in (3) and the condition I""/n — <y imply that the transition rates of X7
are of order O(n) as n — co. However, the time expansion in (12) brings those transition rates back to order
O(1). Indeed, from (13)—~(16) and (A1)-(A2), we see that the transition rates of D”(I,-), which change with
every transition of the CTMC X/, actually converge to the transition rates of the FTSP D(Yy, -), which only
depend on the region (D > 0 and D <0).

The time until the first transition in the pure jump Markov process D(7y, ) is clearly exponential. Because
the queue lengths can be regarded as strictly positive by Theorem 6.2, the first transition of D?(I'", -) coincides
with the first transition time of the underlying CTMC X/, which also is exponential. Because the transition rates
converge, the time until the first transition of D’(I™,-) converges in distribution to the exponential time until
the first transition of the FTSP D(vy, -). Moreover, in both processes the jump takes one of four values £1 or
+r. The probabilities of these values converges as well. Hence the random first pair of jump time and jump
value converges to the corresponding pair of the FTSP. The same reasoning applies to successive pairs of jump
times and jump values, applying mathematical induction. That completes the proof.

8.3. Auxiliary results for FTSPs. Before proving Theorems 4.5 and 4.6, we prove some auxiliary lemmas
that we employ in the proofs. We use stochastic bounds by frozen queue-difference stochastic processes as in
§A.1. The following lemma is proved much like Lemma B.3, exploiting the bounds in §A.2.

LEMMA 8.4 (BOUNDING FROZEN PROCESSES). Suppose that x(t) € A, t, <t <t, For any t € [t;,1,] and
€ > 0, there exist positive constants 0,1, state vectors X,, X, € A and random state vectors X!, Xy, n> 1,
such that ||x,, — x(1)|| <€, ||xy —x()|| <€ n'X" = x,, n7' X}, = x,, as n— oo,
Di(X,, ) <, Di(X"(1),) <, Dp(X}y,-)  and

D}(X},-) <, D, (1) <, D}(Xpy, ) in D([t, V (1 = 8), (1 +8) At,]) forall n>1,

m?

(59)

and P(B"(8,m)) — 1 as n — oo, where
B"(8,m) ={61.(X}) < —m, 8L(X}y) >, 61.(X)) <—m, 82(X]) > n}. (60)

As a consequence, the bounding frozen processes D} (X, -) and D}(X,,-) in (59), and thus also the interior

m?

frozen processes D} (X"(t), -), satisfy (20) on B,(8,m) and are thus positive recurrent there, n > 1.

PrOOF. We use the convergence X" = x provided by Theorem 4.1. Consider one 7 € [¢,, t,]. By the linearity
of the drift functions 8, and 6_ in (19), 6".(X"(t))/n = 6, (x(t)) and 8" (X"(t))/n = 6_(x(t)) for x(1) € A,
so that (20) holds. Hence there exists 17 > 0 such that

lim P(8),(X"(1)) < —n and 8" (X"(1)) > ) = 1,

i.e., (A4) holds for I'" = X" (¢) with probability converging to 1 as n — oo.
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We now bound the drifts in (A3). We do that by bounding the change in the components of X"(¢) in a short
interval around time ¢. To do that, we use the stochastic-order bounds in §A.2, constructed over the interval
[t, Vv (t = 8),(t + 6) A t,], with the construction beginning at the left endpoint 7, v (¢t — ), just as in the
construction after time 0 in §A.2. Let [, 5 =[#, vV (1 —8), (t+0) At,] and let || - [|5 denote the norm over the
interval [, 5. To construct X}, let

Xore = (01 s O3 u> Ziyy+) and = m> Qrms Ziy-)s

where

QIM: 1nf Q ()VO0, 2M—”Q »llss

€ly.5)

Zi.o= inf Z(),  Zy- =zl
1€l 5)
with Z% (1) = Z;(¢) and Z" (t) = Z)}(t) if uy , >, 5, and Z% () = Z)(¢) and Z" (t) = Z;(t) otherwise. We work
with the final value X}, = X}, ((t + 8) A 1,), and similarly for Xj,_. Let {D}(X};,s): s > 0} have the rates
determined by X},- when D}(X],, s) <0, and the rates determined by X;,. when D}(X},, s) > 0.
We do a similar construction for X);. Let

m+ - (Ql m> Q2 m? m+ and XZ* = (QT,m’ Q;,m’ an*)’

where
’11 m= ”QT,bHS’ '21,m = lIlfS) Q (t) VO’
rl
z,. =zl z = inf Z'(n).
1€l )

with Z'(t) = Z(t) and Z"(t) = Z}(t) if w5 > uy,, and Z'(t) = Z;(t) and Z"(t) = Z)(t) otherwise (the
reverse of what is done in X},). Let {D}(X,’,‘l, 5): s > 0} have the rates from X”_ when D}(X,fl, s) <0, and the
rates from X, . when D}(X,, s) > 0. By this construction, we achieve the ordering in (59). We cover the rates
of D ,(t) too because we can make the identification: the rates of D} ,(¢) given X"(t) coincide with the rates
of D” (X (1), -).

It remalns to find a 6 such that both the processes {D}(X,, s): s > 0} and {D}(X},, s): s > 0} are asymptoti-
cally positive recurrent. To do so, we use Lemma A.3, which concludes that the bounding processes as functions
of & have fluid limits. By Lemma A.3, we can conclude that X", = n~'X", = x}, X" =n"'X"_ = x,,
Xn,=n"'X", = xj; and X};- =n"'X},_ = x5, in D5, where x,,., x,, xj; and x;; are all continuous with
xt(t v (1 =8))=x,(t, v (t—8)) =xj;(t; V(1 —8)) = x,,(t, v (t — 8)) = x(t, v (t — §)) € A. Hence, we can
find &’ such that x,,(6) € A and x,,(8) € A for all § € [0, §']. Hence, we can choose & such that the constant
vectors x,, = x,,(6) and x,, = x,,(8) both are arbitrarily close to x(¢,).

Finally, we use the linearity of the drift function to deduce the positive recurrence of the processes depending
upon n. As n — oo,

81 (X,)/n = 8.(x,),  d(Xp)/n = 8.(x,),
0" (Xy-)/n = 06_(xy), and & (Xy)/n = 6,.(x;) mR. O
We immediately obtain the following corollary to Lemma 8.4, exploiting Corollary A.1.

COROLLARY 8.1.  Let { = (j Vv k) — 1 using the QBD representation based on r, , = j/k in §6 of Perry and
Whitt [37]. If; in addition to the conditions of Lemma 8.4,

D;(Xr’;, 0)—-¢ =<, D”(X”(O\/ t—19),0) <, D"(X” ,0)+¢ and

(61)
Di(X,.0)—{<,Di,(0vi—0) <, D}(X}y,0)+¢ inR, n>1,
then, in addition to the conclusions of Lemma 8.4,
Di(X5,. ) — ¢ =, DH(X"(1), ) <, D}(X}y. )+,
(62)

Di(X5, 1) =& =, DY (1) <, Dp(Xpy, ) +& in D([1, vV (1 = 8), (1 +8) A]).
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The following lemmas correspond to the QBD structure of the FTSP. These results hold for QBD processes
much more generally, but we state them in terms of the FTSP.

LEMMA 8.5 (CONTINUITY OF THE STATIONARY DISTRIBUTION OF THE FTSP). The FTSP stationary random
variable D(7y, o) is continuous in the metric (63) as a function of the state 7y in A and thus D(x(t), o) is
continuous in the metric (63) as a function of the time argument t when x(t) € A.

Proor. This result follows from Theorem 7.1 in Perry and Whitt [37], in particular from the stronger
differentiability of the QBD R matrix in an open neighborhood of each y € A, building on Theorem 2.3 in
He [17]. The second statement follows from the first, together with the continuity of x(¢) as a function of r. O

REMARK 8.1 (CoNTINUITY ON S). Lemma 3.1 shows that the stationary distribution of the FTSP is well
defined on all of S provided that we extend the set of possible values of the FTSP to the space E =ZU {+oo}U
{—oc}, as in §7.2. Following Theorem 7.1 of Perry and Whitt [37], we can show that Lemma 8.5 holds, not
only on A, but also on S, but that extension is not needed here.

Let 7(¢) = inf{u > 0: D(x(t), u) = s}, where s is a state in the state space of the QBD D. The next lemma
establishes the existence of a finite moment generating function (mgf) for 7(¢) for a positive recurrent FTSP.

LEMMA 8.6 (FINITE MGF FOR RETURN TIMES). For x(t) € A, let 7= 7(t) be the return time of the positive
recurrent QBD D(x(t),-) to a specified state s. Then there exists 0* > 0 such that ¢,(0) = E[e°] < oo for all
0 < 6.

PrROOF. As for any irreducible positive recurrent CTMC, a positive recurrent QBD is regenerative, with
successive visits to any state constituting an embedded renewal process. As usual for QBDs (see Latouche
and Ramaswami [28]), we can choose to analyze the system directly in continuous time or in discrete time
by applying uniformization, where we generate all potential transitions from a single Poisson process with a
rate exceeding the total transition rate out of any state. In continuous time we focus on the interval between
successive visits to the regenerative state; in discrete time we focus on the number of Poisson transitions between
successive visits to the regenerative state.

Let N be the number of Poisson transitions (with specified Poisson rate). The number of transitions, N, has
the generating function (gf) ¢y (z) = E[z"], for which there exists a radius of convergence z* with 0 < z* < 1
such that ¢ (z) < oo for z < z* and ¢y (z) = oo for z > z*.

The mgf ¢,(0) and gf ¥ (z) can be expressed directly in terms of the finite QBD defining matrices. It
is easier to do so if we choose a regenerative state, say s*, in the boundary region (corresponding to the
matrix B in (6.5)—(6.6) of Perry and Whitt [37]). To illustrate, we discuss the gf. With s* in the boundary level,
in addition to the transitions within the boundary level and up to the next level from the boundary, we only need
consider the number of transitions, plus starting and ending states, from any level above the boundary down
one level. Because of the QBD structure, these key downward first passage times are the same for each level
above the boundary, and are given by the probabilities G, ;[k] and the associated matrix generating function
G(z) on p. 148 of Latouche and Ramaswami [28]. Given G(z), it is not difficult to write an expression for the
generating function . (z), just as in the familiar birth-and-death process case; e.g., see §4.3 of Latouche and
Ramaswami [28]. O

The next lemmas establish results regarding distances between processes in a discrete state apace. In particular,
we consider the state-space E of the processes DY , and the FTSP D, which is a countable lattice. With the QBD
representation (achieved by renaming the states in E) the state-space E is a subset of Z. To measure distances
between probability distributions on Z, corresponding to convergence in distribution, we use the Lévy metric,
defined for any two cdf’s F; and F, by

Z(F,F)=inf{€ >0: F(x —€) —€ < F,(x) < Fi(x+ €) + € for all x}. (63)

For random variables X, and X,, Z(X,, X,) denotes the Lévy distance between their probability distributions.
(The Lévy metric is defined for probability distributions on R, but we will use it for processes defined on the
discrete space E.)

LEmMMA 8.7 (UNIFORM BOUNDS ON THE RATE OF CONVERGENCE TO STATIONARITY). For every t, € [t;, t,]
there exist { > 0 and constants 3, < oo and p, > 0, such that

Z(D(x(t), s), D(x(1), )) <Bye ™™ inR (64)

holds for all t € [t,V (ty— ).ty + {] C [#;, 1,]-
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For our proof of Lemma 8.7, we also introduce the concept of uniformly (u, a)-small sets on an interval,
which generalizes the concept of (u, a)-small sets; for background see, e.g., Kontoyiannis and Meyn [26], Meyn
and Tweedie [32], and Roberts and Rosenthal [40]. For each (fixed) t > 0 let P/ (u) denote the transition
probabilities of {D(x(z), u): u > 0}:

P! ;(u)=P(D(x(t), u) = j| D(x(1),0)=1i), i,jeZ.

DEerFINITION 8.1. A set C € Z is (u, @)-small, for a time u > 0 and for some « > 0, if there exists a
probability measure ¢'(-) on Z satisfying the minorization condition

Pl (u)>a¢'(j), ieC, jel

We say that a set C is uniformly (u, a)-small in the interval I, if C is (u, a)-small for each process in the family
{D(x(1),-): tel},ie., if C is (u, a)-small for each D(x(r),-) with the same u and «, t € 1.

Note that the probability measure ¢’ in the minorization condition is allowed to depend on ¢ in the definition
of uniformly (u, a)-small.

ProOF OF LEMMA 8.7. As above, let 7(¢) denote the return time of the process D(x(t), -) to the regeneration
state s*, which, for concreteness, we take to be state 0, i.e., s* = 0. Consider the infinitesimal generator matrix
Q(t) of the process D(x(r),-). In a countable state space, every compact set is small (see, e.g., definition on
p. 11 in Kontoyiannis and Meyn [26]) and, in particular, {0} is a small set. (We show in (66) that {0} is in fact
uniformly (u, «)-small.) Moreover, by Theorem 2.5 in Kontoyiannis and Meyn [26], the existence of a finite mgf
for the hitting time of the small set {0} is equivalent to the existence of a Lyapunov function V: Z — [1, o),
which satisfies the exponential drift condition on the generator, Condition (V4) in Kontoyiannis and Meyn [26]:

Q(I)Vf —C[V—i-d[l{o}, (65)

where ¢, and d, are strictly positive constants.

Consider the time ¢, € [#,, #,]. Then (65) holds at #, with constants ¢, and d, . Since ¢, > 0 we can decrease it
such that (65) holds with strict inequality and the new c, is still strictly positive. We increase d, appropriately,
such that }°; g, ;(1)V(j) < —c, V(0) +d, 1. The continuity of Q() on [#,, 1,] as a function of #, which follows
immediately from the continuity of the rates (13)—(16) as functions of the continuous function x(), implies that
there exist { > 0 and two positive constants ¢, and d,, such that (65) holds for all ¢ € [#, — {, t, + {] with the
same constants ¢, and d,. However, this is still not sufficient to conclude that the bounds in (64) are the same
for all t € [ty — , t,+ {]; see Theorem 1.1 in Baxendale [6] (for discrete-time Markov chains).

Recall that for each fixed 7, P/ (s) denotes the transition probabilities of the CTMC {D(x(7), s): s > 0}.
We can establish uniform bounds on the convergence rates to stationarity by showing that {0} is uniformly
(u, @)-small in an interval [t, — {, t, + {] for the family {D(x(¢),-): t € [t, — {, t, + {]}, as in Definition 8.1.
In particular, we need to show that

Py ) > a9'()), jeZ (66)

holds for all 7 € [t, — {, t, + {] with the same « (but ¢’ is allowed to change with #). This step, together with
the uniform bounds ¢, and d,, in (65) established above, will be shown to be sufficient to conclude the proof.

Hence, it is left to show that (66) holds for all ¢ € [t, — {, t, + {] with the same « > 0. This step is easy
because {0} is a singleton in a countable state space. Specifically, for each ¢ we consider, we can fix any u > 0
and define ¢'(j) = P ;(u). With this definition of ¢’ we can take any @ <1 in (66). As in the discrete-time case
in Baxendale [6] (the strong aperiodicity condition (A3) in Baxendale [6] is irrelevant in continuous time), the
bounds on the convergence rates in (64) depend explicitly on « in the minorization condition (66), the bounds
in the drift condition (65), and the Lyapunov function V in (65). This can be justified by uniformization, but can
also be justified directly for continuous-time processes, e.g., from the expressions in Theorem 3 and Corollary
4 in Roberts and Rosenthal [40].

The uniform bounds on the rate of convergence to steady state established above by applying Roberts and
Rosenthal [40] are directly expressed in the total-variation metric. If the total variation metric can be made
arbitrarily small, then so can the Levy metric. Hence we have completed the proof.

REMARK 8.2 (BounNDs ON CoUPLING TiMEs). The bounds on the rate of convergence to stationarity of
Markov processes satisfying (65) and (66) in Roberts and Rosenthal [40] are obtained via the coupling inequal-
ity. In particular, we have provided explicit bounds for the time it takes a positive recurrent FTSP D(Yy, -) (with
v € A), initialized at some finite time, to couple with its stationary version.
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The final auxiliary lemma relates the Lévy distance £ in (63) between D?(X"(u), s,) in (12) and the FTSP
D(x(u), sy) at a finite time s,,.

LEmMMA 8.8. Suppose that x(t) € A for t, <t <t,. Then and for any fixed s, > 0,
Z(D)(X"(u), sy), D(x(u), sy)) >0 as n— oo, uniformly in u € [t,,1,]. (67)

Proor. If follows from the proof of Theorem 4.4 that, for the given € > 0, there exists 6(t,), ny(#,), and
s5o(t;) such that

L(DI(X"(v), s4(11)), D(x(v), 50(1,))) <€ forall 1, <v<(t;, +6(t,)) At, and n> ny(t,)

exploiting the convergence X" = x and D"(I",0) = Dy ,(t;) = D(x(t,),0) = D(y,0) for I'" = X"(#;) and
v = x(t,). We can apply this reasoning in an open interval about each u € [t,, t,]. In particular, for the given
€ >0 and u € [t,, 1,], there exists 6(u), ny(u), and s,(u) such that

Z(D(X"(v), so(u)), D(x(v), so(u))) <€ forall (u—06(u))Vvet,<v<(u+06(u))At, and n=>ny(u).

However, because the interval [7,, t,] is compact and the family of intervals (7, vV (u — 8(u)), (u+ 6(u)) A t,),
taken to be closed on the left at ¢, and closed on the right at ¢#,, is an open cover, there is a finite subcover.
Hence, all time points in [#,, #,] are contained in only finitely many of these intervals. Hence, we can achieve
the claimed uniformity. Moreover, because the conclusion does not depend on the subsequence used at the initial
time #,, the overall proof is complete.

8.4. Proofs of Theorems 4.5 and 4.6. We apply the results in §8.3 to prove the theorems.

PrOOF OF THEOREM 4.5. First, if x(#,) € A then there exists #, such that x(¢) € A over [¢,, #,] because A is
an open set and x is continuous. It is possible that the fluid limit never leaves A after time #,, in which case
x € A over [t,, o). In the latter case we can consider any #, > f,,.

(i) We begin by showing that there exists 6, = 8(t,) > 0, such that D ,(#,) is tight in R for all ¢, satisfying
ty < t; <ty + 8,. Henceforth, #; denotes such a time point. We need to show that, for any € > 0, there exists
a constant K such that P(|D},(t,)| > K) < € for all n > 1. Overall we prove the claim in three steps: in the
first step we bound DY , over [f, , + &,], in sample-path stochastic order, with positive recurrent QBDs but
with random initial conditions. In the second step, we show that these bounding QBDs are tight for each ¢, as
above, by showing that they couple with stationary versions rapidly enough. In the third step we show that we
can extend the conclusion from the subinterval [¢,, #, + ;] to the entire interval [¢,, £,].

Step 1. We apply Lemma 8.4 to find a §, > 0 and construct random states X! and X}, with the properties
stated there, such that rate order holds as in (59) in Z([1y, t, + 8,]), after we let D}(X),, 1) = D} (X}, ty) =
Dy ,(ty). Next, for all sufficiently large n, we bound the upper bounding process above and the lower bounding
process below in rate order, each by a FTSP with fixed states x,, and X,, but ordered so that strict rate order in
Lemma A.4 holds. Because x,, and x,, are in A and A is open, these new states X,, and X;, can be chosen to
be sufficiently near the initial states x,, and x,, that they too are in A. We let these FTSPs be given the same
initial conditions depending on n, consistent with above. For that purpose, we put the initial condition in the
notation; i.e., we let D(vy, b,-) = D(y, ) given that D(y,0) = b. We combine the rate order just established
with Corollary 8.1 to obtain the sample-path stochastic order

D(x,,, D} ,(0), nt) = { <, D} ,(t) <,, D(%y, D ,(0), nt) +{ (68)
for all n > n, for some n,,.

So far, we have succeeded in bounding Dy ,(t) above (and below) stochastically by a positive recurrent FTSP
with random initial conditions, in particular starting at Df ,(0). It suffices to show that each bounding FTSP
with these initial conditions in stochastically bounded at any time #, € (,, #, + 6,]. We show that next.

Step 2. We now show that the two bounding processes in (68) are indeed stochastically bounded at such #,.
We do that by showing that they couple with the stationary versions of these FTSPs with probability converging
to 1 as n — oo. Since x(t,) € A, we can apply Theorem 4.1 to deduce that X"(t,) = x(0) as n — oo, which
implies that D} ,(0) = o(n) as n — oo. If we consider the FTSP without the scaling by n in (68), it suffices to
show, for ¢, as above, the bounding processes recover from the o(n) initial condition within o(n) time, which
will be implied by showing that the coupling takes place in time o(n).
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We show that by applying Lemma 8.7 and Remark 8.2. They imply that the time until the FTSP in (68)
couples with its stationary version is bounded by constants depending on ¢, and d, in (65) and @ in (66),
as well as the Lyapunov function V in (65). Now, D(%X,, t) = D ,(t,) by construction, and x(t,) € A, so that
D(xy, ty) = o(n). Hence, V(D(X,,, 1)) = o(n) for all ¢ > t,, for V in (65). In particular, we see that the time
until D(X,, t,) couples with it stationary version, when initialized at D ,(t,), is o(n). Together with (68), that
implies the claim. That is, we have shown that D ,(¢,) is tight in R for all #,, £, <, <, + 0.

Step 3. To extend the result to the interval [¢,¢,] we observe that we can repeat the reasoning above
for any starting point 7 € [#,, ,] (since x(¢) € A for all 7 € [7,, ,]), achieving an uncountably infinite cover for
[t,,1,] of intervals of the form [z,7 + 6(¢)]. Because the interval [¢,,f,] is compact, the uncountably infinite
cover of these intervals, made open at the left unless the left endpoint is #, and made open on the right unless
the right endpoint is z,, has a finite subcover. As a consequence, the entire interval [z,, f,] is covered by only
finitely many of these constructions, and we can work with the finite collection of closures of these intervals.

In particular, since the sequence {D7 ,(¢,): n > 1} is stochastically bounded, we can apply the construction
over an interval of the form [¢,, ¢'] for #;, < ¢ <t,. As a consequence we obtain stochastic boundedness for each
tin [t,, F']. If ¢ < t,, then we continue. We then can choose a second interval [¢’, t”’] such that t; <" < ¢ <¢".
We thus can carry out the construction over [¢”, t”']. Since t” < t’, we already know that the sequence of random
variables {Df ,(¢"); n > 1} is stochastically bounded from the first step. Thus, in finitely many steps, we will
deduce the first conclusion in (i). If x(0) € A and we take 7, = 0, then D} ,(t,) is tight in R because D ,(0) = L
by Assumption 3.2, so the result holds on [f,, t,] =[O0, ,].

(ii) To prove the statement in (ii) we observe that Theorem 4.4 implies that the oscillations are asymptotically
too rapid for the sequence {Df ,: n > 1} to be tight in & over any finite interval. Moreover, there is a finite
interval over which a single frozen-difference process serves as a lower bound, by Lemma 8.4. Because of the
scaling by n, the maximum in the lower bound QBD over this interval will be unbounded above (actually of
order O(logn) by reasoning as in Lemma A.6). Thus, the sequence of stochastic processes {Df ,: n > 1} is not
even stochastically bounded over any finite subinterval of [z, #,].

(iii) We apply Lemma A.6 to establish (33). We can bound the supremum of D} ,(¢) over the interval [¢,, 1,]
by the supremum of the finitely many frozen queue-difference processes. Because the rates are of order n,
Lemma A.6 implies (33). Once again, the result can be extended to hold on [7,, t,] =[O0, t,] if x(0) € A by the
assumed convergence D ,(0) = L in Assumption 3.2. [

ProOOF OF THEOREM 4.6. For any given ¢ with f;, <t <t, and € > 0, we will show that we can choose n,
such that £ (D7 ,(t), D(x(t), »)) < € for all n > n,, where & is the Lévy metric in (63). Since {D} ,(t,): n > 1}
is stochastically bounded, it is tight. Hence, we start with a converging subsequence, without introducing sub-
sequence notation. The result will not depend on the particular converging subsequence we choose.

Hence, we start with D{ ,(t;) = L, where L is a proper (almost surely finite) random variable. We will
then let D(x(¢,),0) = L to obtain Dy ,(t,) = D(x(t,),0), as required to apply Theorem 4.4 at ¢,. If ¢ > ¢,,
then for all sufficiently large n, t —s/n > t,, in which case we can write D} ,(t) = D} ,(t —s/n+s/n) =
D2(X"(t— (s/n)), s), where D” is the expanded queue-difference process defined in (12), with t —s/n > ¢, so
that x(¢ — s/n) € A. Hence we can write

L(D 5(1), D(x(2), %)) < L(D;(X"(t —s/n), s), D(x(t — 5/n), 5))
+ L(D(x(t —s/n),s), D(x(t — s/n), 00))
+ Z(D(x(t — s/n), ), D(x(1), 0)). (69)

For ¢ and any € > 0 given, we first choose & so that  — & > ¢, and x remains in A throughout [0, ¢ 4 8], which
is always possible because x(¢) € A, ¢ > ¢, x is continuous and A is an open subset of S. (We use the condition
that ¢ > t, here.) In addition, we choose 6 sufficiently small that the third term in (69) is bounded as

Z(D(x(u), )), D(x(t),0)) <€/3 forallu, t—6<u<rt+39,

which is possible by virtue of Lemma 8.5. Given ¢, €, and §, we choose s, sufficiently large that the second
term in (69) is bounded as

L(D(x(u), sy), D(x(u),0)) <€/3 forall u, t—6<u<t+34,

which is possible by Lemma 8.7. Finally, we choose n, sufficiently large that s,/n < & for all n > n, and the
first term in (69) is bounded as

L(D}(X"(u, 5y)), D(x(u), s5)) <€/3 forallu, t—86<u<t+9,
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which is possible by Lemma 8.8. That choice of 8, s, and n, makes each term in (69) less than or equal to €/3
for all n > n,, thus completing the proof.

9. Conclusion and further research. In this paper we proved a FWLLN (Theorem 4.1) for an overloaded
X model operating under the FQR-T control (§2.2), with many-server heavy-traffic scaling (§2.3). Theorem 4.1
shows that the fluid-scaled version of the six-dimensional Markov chain X, whose sample-path representation
appears in Theorem 5.1, converges to a deterministic limit, characterized by the unique solution to the three-
dimensional ODE (24), which in turn is driven by the FTSP in §3.2. We also proved a WLLN for the stationary
distributions (Theorem 4.3) that justifies a limit interchange in great generality (Theorem 4.2).

Finally, in §4.3 we presented results regarding the queue difference process and SSC for the queues when the
fluid limit is in A. in particular, Theorem 4.5 proved statements regarding the tightness of Df ,(¢) in R, and
nontightness in &. Corollary 4.1 shows that SSC for the queues hold under any scaling larger than O(logn),
depending only on whether the fluid limit x is in A. Theorem 4.6 establishes a pointwise AP result, which is
not an immediate corollary of the AP in the FWLLN.

Proof of the FWLLN. We proved the FWLLN in three steps, (i) showing that the sequence of processes
{X2: n> 1} is tight and every limit is continuous (Theorem 5.2); (ii) simplifying the representation in Theo-
rem 5.1 to the essentially three-dimensional representation in (45) (Corollary 6.4); and (iii) characterizing the
limit via the averaging principle (AP) (§7). Characterizing the fluid limit of that three-dimensional process was
challenging because the sequence of queue-difference processes {{D} ,(¢): t > 0}: n> 1} in (6) does not con-
verge to any limiting process as n — oo. Instead, we have the AP, which can be better understood through
Theorems 4.4-4.6.

Because of the AP, the indicator functions I DI 5(5)>0) and 1; DY 5(5)<0) in the representation (45) are replaced in
the limit with appropriate steady-state quantities related to the FTSP D(x(7), -), e.g., 1 D} 5(5)>0) is replaced in
the limit with

Lot
,,2((5)) = P(D(x(s), ) > 0) = lim — [ 1,90

Our proof of the AP in §7 is based on the framework established by Kurtz [27]. In the appendix we present
a different proof of the AP that is weaker, because it only characterizes the FWLLN in the set A. However,
it has the advantage of being intuitive, with an explicit demonstration of the separation of time scales, which
takes place in A. Moreover, this proof continues the bounding logic of §§A and B, and thus follows naturally
from previous results established in the paper. Both proofs have merits, and can be useful in other models where
separation of time scales occur in the limit.

Results for OBD processes. In the process of proving the SSC in Theorem 6.4 and Theorems 4.5 and 4.6,
we established some general results for QBDs, which are interesting in their own right. First, we established
an extreme-value result in Lemma A.6. Then, in §8.3 we established the continuity of stationary distributions
(Lemma 8.5), finite mgf for return times (Lemma 8.6), and uniform ergodicity for a family of ergodic QBD
processes (Lemma 8.7). To the best of our knowledge, those results are not stated in the existing literature.

The control. The FQR-T control is appealing, not only because it is optimal during the overload incident in
the fluid limit Perry and Whitt [35], but also because the FQR-T control produces significant simplification of
the limit, because it produces a strong form of SSC. Specifically, by Theorem 6.4, the four-dimensional service
process is asymptotically one dimensional, with Z7 , alone characterizing limits under any scaling. By Theorem
4.5, the two-dimensional queue process is asymptotically one dimensional under any scaling larger than O(logn)
(in particular, under fluid and diffusion scaling). This latter result holds unless class 1 is so overloaded that there
is not enough service capacity in both pools to keep the desired ratio between the two queues (in which case the
fluid limit will not be in A). Hence, the six-dimensional Markov chain describing the system during overloads
in the prelimit is replaced by a simplified lower dimensional deterministic function, which is easier to analyze.
In addition, these SSC results are crucial to proving the FCLT for the system (Perry and Whitt [38]).

Further research. As Lemma B.1 and the proof of Theorem 6.4 reveal, one-way sharing, which we suggested
in Perry and Whitt [35] as a means to prevent unwanted simultaneous sharing of customers in finite systems
(where the thresholds themselves may not be sufficient to prevent two-way sharing) has shortcomings; see
Remark B.1. For example, in the limiting fluid model, if after some time the overload switches over, so that
queue 2 should start receiving help from pool 1, then the one-way sharing rule will not allow class-2 customers to
be sent to pool 1 because, as was shown in the proof of Theorem 6.4, z, ,(#) > 0 for all # > 0. As a consequence,
in large systems, a significant amount of time must pass before sharing in the opposite direction is allowed.
This problem with one-way sharing can be remedied by dropping that rule completely, or by introducing lower
thresholds on the service process; again see Remark B.1. We have begun studying such alternative controls.
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Appendix. This Appendix has six sections. In §A we establish important technical results to be used to
prove the results in §6. In §B we apply the results in §A to prove the results in §6. In §C we present an
alternative proof of Lemma 7.2 and thus an alternative proof of the FWLLN in Theorem 4.1. In §D we show
how to present the process D! in step 1 of the proof of Lemma B.3 as a QBD for each n. In §E we explain
why Assumption 3.2 about the initial conditions is reasonable. Finally, in §F we list all the acronyms used in
this paper.

Appendix A. Supporting technical results. In this section we establish supporting technical results that we
will apply to prove the results in §6. In §A.1 we introduce a frozen queue difference process, which “freezes”
the state of the slow process (X" in (45)), so that the fast process (the queue difference process Dy, in (6)) can
be considered separately. Like the FTSP in §3.2, the frozen process is a pure-jump Markov process. To carry
out the proofs, we exploit stochastic bounds. Hence, we discuss them next in §§A.2, A.3, and A.4. Because the
FTSP and the frozen processes can be represented as QBD processes, as indicated in §6 of Perry and Whitt [37],
we next establish extreme value limits for QBDs in §A.5. We establish continuity results for QBDs, used in the
alternative proof of characterization, in §C.3.

A.l. Auxiliary frozen processes. Our proof of Theorem 6.1 will exploit stochastic bounds for the queue
difference process Dj ;. Our alternative proof of Theorem 4.1 will exploit similar stochastic bounds for the
queue difference process Dy ,. These processes, D; | and Dy ,, are non-Markov processes whose rates at each
time ¢ are determined by the state of the system at time ¢, i.e., by X/ (¢), and are thus hard to analyze directly.
To circumvent this difficulty, we consider related auxiliary processes, with constant rates determined by a fixed
initial state I'" = X¢(0). The construction is essentially the same for the two processes Dj ; and Df ,. Because
we are primarily concerned with DY ,, we carry out the following in that context, with the understanding that
there is a parallel construction for the process Dj ;.

When we work with Dy ,, we exploit the reduced representation involving X" in (45). Let DJ’}(F”) =
{D}(I'", 1): t > 0} denote this new process with fixed state I'" = (Qf, 03, Z{ ,). Conditional on I'", D}(I"") is
a QBD with the same fundamental structure as the FTSP defined in §3.2. We use the subscript f because we
refer to this constant-rate pure-jump Markov process as the frozen queue-difference process, or alternatively, as
the frozen process, thinking of the constant transition rates being achieved because the state has been frozen at
the state I'".

As in §3.2, the rates of the frozen process are determined by I'" = (Qf, 03, Z{ ,) and by its position. Also,
as in §3.2, let r =r, ,. The frozen process D}(I'"") has jumps of size +r,+1, —r, —1 with respective rates
AS:)(n, ), A(Jrl)(n, "), u®(n, "), u(n, I'") when D} <0, and jumps of size +r, 41, —r, —1 with respective
rates )\S:)(n, rm, Aﬁrl)(n, r, /,LS:)(n, rm, ,u,srl)(n, I'") when D% > 0.

Analogously to (13)—(16), in the nonpositive state space these rates are equal to

/\(_1)(’% "=} and )\(_r)(n’ r") EM1,2211,2+/L2,2(”13 _Z?,2)+92Q’21’

(A1)
u(n, ")y =p,, mj+6,07 and O (n, T = A3,
and in the positive state space, these rates are equal to
(1) n\y — \n (r) ny — n
AL (n, Ty = A and AL (n,T")=06,0;, (A2)

1 ny — n n n n n T ny — \n
Mgr)(n’r ) = My, + 227, + 1o o (m] _Zl,2)+01Q1 and Mi)(”’r )= A

Using these transition rates, we can define the drift rates for D"(I'"), paralleling (19). Let these drift rates in
the regions (0, c0) and (—oo, 0] be denoted by &’ (I") and 6" (I'"), respectively, then

O () = [A = g 1m + (Mo o — My 2) ZT 5 () — o ami5 (1) — 0,07 ()] — r[A; — 6,05 (1)],
M () =[A] — g ymi — 0,07()] — r[A5 + (Ko, — 1y 2)ZT (1) — o ami — 0,05 (1)].
Just as for the FTSP, D}(I") is, conditional on I™, a positive recurrent QBD if an only if

5" (I") <0 < 8" (T™). (A4)

(A3)
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The constant-rate pure-jump Markov process D’ (I'"") will frequently appear with I"" being a state of some pro-
cess, such as X"(t), We then write D}(X"(1)) = {D}(X" (1), 5): s > 0}, where it is understood that D} (X" (7)) =
D}(I'") under the condition that I™ = X"(¢). It is important that this frozen difference process D}(I™) can be
directly identified with a version of the FTSP defined in §3.2, because both are pure-jump Markov processes
with the same structure. Indeed, the frozen-difference process can be defined as a version of the FTSP with
special state and basic model parameters A} and m7, and transformed time. To express the relationship, we first
introduce appropriate notation. Let D(A;, m;, v, s) denote the FTSP, as defined in §3.2 with transition rates in
(13)=(16) as a function of the arrival rates A;, i =1, 2, the staffing levels m;, j =1, 2, and the state y, where
s is the time parameter as before. (We now will allow the parameters A; and m; to vary as well as the state.)
With that new notation, we see that the frozen process is equal in distribution to the corresponding FTSP with
new parameters, in particular,

{D (A}, m}, T, 5): s > 0} = (D(\!/n, mj/n,T,/n, ns): s >0}, (AS)
with the understanding that the initial differences coincide, i.e.,
D(A}/n,m/n, T, /n,0) = Dy(A}, m}, T",0).

This can be checked by verifying that the constant transition rates are indeed identical for the two processes,
referring to (13)—(16) and (A1)~(A2). Since A}/n — A;, i=1,2 and m}j/n — m;, j=1,2, by virtue of the
many-server heavy-traffic scaling in (3), we will have the transition rates of D(A}/n, m’}/n, I, /n, -) converge to
those of D(y) = D(A;, m;,y,-) whenever I, /n — .

A.2. Bounding processes. We will use bounding processes in our proof of Theorem 6.1 and later results.
We construct the bounding processes so that they have the given initial conditions at time 0 and satisfy FWLLNs
with easily determined continuous fluid limits, coinciding at time 0. We thus control the initial behavior.

We first construct w.p.1 lower and upper bounds for VADY Recall that N} i i,j=1,2, are the independent
rate-1 Poisson processes used in (34). Let

24 =20,0) - M (o [ 2200 a5)
(40

2000 =2050)+ M3 (1 [ 002 = 2000 ).

LEmMMA A.l. Foralln>1and t >0, Z(t) < Z},(t) < Z;(t) w.p.1.

ProoF. The bounding processes Z; and Zj are both initialized as Z{ ,(0) at time 0. They are defined in
terms of the same rate-1 Poisson processes as Z{ ,, so that the three processes can be compared for each sample
path. The lower-bound process Z” is the pure death process obtained by routing no new class-1 customers to
pool 2 and letting all initial ones depart after receiving service. Hence, Z is decreasing monotonically to zero.
The upper-bound process Z; is a pure birth process obtained by having pool 2 not serve any of its initial class 1
customers and by assigning every server in pool 2 that completes service of a class 2 customer to a new class 1
customer, assuming that such customers are always available. Hence, Z} is increasing monotonically to m}. The
given process Z{ , necessarily falls in between, where Z{ , is defined in (43) with the asterisk omitted. That is
so because, whenever Z7 , is equal to Zj, every jump up in Z{ , is also a jump up in Z;, but not vice versa;
whenever Z7 , is equal to Z} every jump down in Zj , is also a jump down in Z], but not vice versa. This
is because jumps are generated by the same Poisson processes, but for Z7 , jumps occur only if the indicator
functions in the respective Poisson processes are equal to one. [

We next construct w.p.1 lower and upper bounds for Q!. The upper bound processes will have the speci-
fied arrivals but no departures, whereas the lower bound process will have no arrivals but maximum possible
departures. Both processes will start at the initial values.

For i, j=1,2, let Nf, N i and N/ be the previously specified independent rate-1 Poisson processes used in
(34), and let

2 2
0/, (1)=0/(0) - g;le,j(/‘Lk,jm;t) — N/(6,0/(0))z, (A7)

1,(1)=0r0)+ Ne(A'r), t=0.
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LEMMA A.2. Foralln>1and t>1,

(01.(0), 23.,,(1) =(Q1(1), Q3(1)) = (Q1,(1), Q3,(1))  wp.1.

PrROOF. Just as in Lemma A.1, we get a w.p.1 comparison because we construct both systems using the same
rate-1 Poisson processes. The upper bound is immediate, because the two systems being compared have the same
initial value and the same arrivals, but the upper bound system has no service completions or abandonments. For
the lower bound, we separately consider the fate of new arrivals, customers initially in service and customers
initially in queue. However, we allow the identity of departing customers to shift, which does not affect the
result. In the lower bound system new arrivals never enter, so they necessarily leave sooner. Allowing for identity
shift, customers initially in queue abandon as rapidly as possible in the lower bound system, because the rate is
fixed at the initial rate 6,0 (0). Of course, some customers from queue may enter service. But all customers in
service leave at least as quickly in the lower bound system because all servers are working continuously. In the
lower bound system we act as if all servers in each pool are simultaneously serving customers of both classes.
Hence, we do not need to pay attention to the service assignment rule. The identity of customers may change
in this comparison, but the order will hold for the numbers. Hence the proof is complete.

Unlike the processes in Corollary 6.1, we can easily establish stochastic-process limits for the asso-
ciated fluid-scaled bounding processes, and these continuous limits coincide at time 0. Let X}, =

(QV 0 @305 Za> Q11> Q50 Z3)-

LEMMA A3. As n— oo, )_((’j’b = X, in Dy, where x,, = (qy 4> @, 4 Zas Q15> 9o, 5+ 2p) 1S an element of €
with ,
2D =2200) ~p 2 [ 2,(5) ds,
(A8)

t
7,(1) =z ,(0) +M2,2/() 7,(s) ds,

. =q.(0) — N 0 (0 5
4i,q(1) = 4;(0) ggﬂ'k,] jt+0:q,00)1 (A9)

g.p(t) =q;(0)+A;t, t>0.

ProOF. The stated convergence is a relatively simple application of the continuous mapping theorem. In
particular, we first exploit the continuity of the integral representation, Theorem 4.1 in Pang et al. [34], to
establish the convergence (Z%, Z}') = (z,, z,)- The queue length bounds are simple linear functions. [

We will apply the bounding results above in §B.1, starting with the proof of Lemma 6.1.

A.3. Rate order for FTSPs. Given that we can represent frozen processes as FTSPs with appropriate state
parameters 7y, as shown in (A5), it is important to be able to compare FTSPs with different state parameters.
We establish such a comparison result here for the FTSP in §3.2 using rate order. We say that one pure-jump
Markov process Y; is less than or equal to another Y, in rate order, denoted by Y, <, Y,, if all the upward
transition rates (with same origin and destination states) are larger in Y, and all the downward transition rates
(with same origin and destination states) are larger for Y,. The following lemma is an immediate consequence
of the definition of rates in (13)—(16).

LEMMA A.4 (RATE ORDER FOR FTSPs). Consider the FTSP in §3.2 for candidate states Yy =
(@1, 95" 2h), i= 1,2 (@) If g2 = py.» and

1 1 1 2 2 2 .
(=", 8", 2" < (=q?, 7. 2%)  in R,
then
D(y",) <, D(y?, ).
®) & 1.2 = po, and ORRORER()) @ @ __©
(a1, @ =210 < (—ay s s —215)  in R,
then
D(y",) <, D(y®, ).
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We will apply the rate order to get a sample path stochastic order, involving coupling; see Kamae et al. [20],
Whitt [44], Ch. 4 of Lindvall [30], and §2.6 of Miiller and Stoyan [33]. We briefly discuss those bounds for
a sequence of stochastic processes {Y": n > 1}. We will bound the process Y", for each n > 1, by a process
Y)'; ie., for each n, we will establish conditions under which it is possible to construct stochastic processes
Y and Y” on a common probability space, with Y " having the same distribution as ¥, ¥" having the same
d1str1but10n as Y", and every sample path of Y " lies below (or above) the corresponding sample path of ¥". We
will then write Y <, (>,,)Y". However, we w111 not introduce this “tilde” notation; instead, we will use the
original notation Y" and Y;'. As a first step, we will directly give both processes, Y" and Y;' identical arrival
processes, the Poisson arrival processes specified for Y”. We will then show that the remaining construction
is possible by increasing (decreasing) the departure rates so that, whenever Y” =Y}, any departure in ¥” also
leads to a departure in Y;'. That is justified by having the conditional departure rates, given the full histories of
the systems up to time ¢, be ordered.

When r, , = 1, rate order directly implies the stronger sample path stochastic order, but not more generally,
because the upper (lower) process can jump down below (up above) the lower (upper) process when the lower
process is at state 0 or below, while the upper process is just above state 0. Nevertheless, we can obtain the
following stochastic order bound, involving a finite gap. For the following we use the rational form r, , = j/k,
J.k € Z_ and the associated integer-valued QBD, as in §6 of Perry and Whitt [37]. (Recall Assumption 3.3.)
There is no gap when r, , = 1 because then j =k =1 and the jump Markov process and associated QBD process
both are equivalent to a simple birth-and-death process.

CoROLLARY A.l (STOCHASTIC BOUNDS FROM RATE ORDER FOR FTSPS). Consider the FTSP in §3.2 with
QBD representation based on r , = j/k as in §6 of Perry and Whitt [37], for candidate states v =
(@, a2, i=1,2

(@) If wy 2= po, and

OO ) @ @,
(—q ’QS)’Z§2)<( ‘]1()’512 21,2 in R,

then
D(y", ) <, D(Y?, )+ (jvk) —1.
() If 12 <y, and

1 (1) 1 2 2 2 .
(—a\", 5", =) < (—q?. ¢, =2 in R,

then
D(y", ) =, D(Y?., )+ (jvk) —1.

PrROOF. We can do the standard sample path construction: Provided that the processes are on the same side
of state 0 in the QBD representation, we can make all the processes jump up by the same amount whenever the
lower one jumps up, and make all the processes jump down by the same amount whenever the upper one jumps
down. However, there is a difficulty when the processes are near the state O in the QBD representation (which
involves the matrix B for the QBD). When the upper process is above zero and the lower process is at or below
zero, the lower process can jump over the upper process by at most (jV k) — 1, and the upper process can jump
below the lower process by this same amount. But the total discrepancy cannot exceed (j Vv k) — 1, because of
the rate order. Whenever the desired order is switched, no further discrepancies can be introduced. [

The complexity of the proof in Appendix C is primarily because of the fact that we allow general rational
ratio parameters. If r; , = r, | = 1, the proof can be much shorter, directly exploiting the sample path stochastic
order in Corollary A.1 (where there is no gap).

REMARK A.l (RATE ORDER COMPARISONS FOR QUEUE DIFFERENCE PROCESSES). In the rest of this paper, in
particular in the proof of Lemma B.3 in §B.1, Theorem 4.1 in §C, and Theorem 4.5 in §8.4, we will combine
the results in this subsection and earlier subsections to establish rate order and sample path stochastic order
comparisons between queue difference processes and associated frozen difference processes. A typical initial
rate order statement will be of the form

Dy, =, Dy(T") in ([0, 8]) (A10)

for some 0 > 0, which we now explain. First, D , is a function of the Markov process Xg, which has state-
dependent rates. Thus the “transition rates” of Df , are understood to be functions of time ¢ and X{(¢), the state
of the Markov process X at time ¢, which includes the value of D7 ,(z). However, the right side of (A10) is
interpreted quite differently. We regard D}(I™), conditional on the random state vector I, as a homogenous
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pure-jump Markov process constructed independently of X/, with new rate-1 Poisson processes, as in §5.1.
However, we deliberately construct the random fixed state vector I'* as a function of X{ in order to facilitate
comparison of rates. Thus, D}(I'") and X, and thus D ,, are dependent, but they are conditionally independent
given the random state vector I'”. Thus, the conclusion in (A10) means that the transition rates at each time ¢
for each value of X/ (¢) are ordered. If the two processes are in the same state at some time ¢, then the two
processes can make transitions to the same states, and each upward transition rate of D}(I™) is greater than
or equal to the corresponding upward transition rate of DY ,, whereas each downward transition rate of D;(F”)
is less than or equal to the corresponding downward transition rate of DY ,. That rate ordering then allows the
sample path stochastic order comparisons, as in Corollary A.1.

A.4. A sample path stochastic order bound. For the proof of Theorem 4.3 in §8, we also need an upper
bound process, unlike Qf,(¢) in (A7), that does not explode as # — oco. Hence, we now establish an elemen-
tary sample path stochastic order bound on the queue lengths that is stronger than the w.p.1 upper bound in
Lemma A.2. Each of the two upper bound stochastic processes has the structure of the queue length in an
M /M /oo model, with a service rate equal to the abandonment rate here, for which asymptotic results have been
established (Pang et al. [34]).

LEMMA A.5 (SAMPLE PATH STOCHASTIC ORDER FOR THE QUEUE LENGTHS). Fori=1,2 and n > 1, let

010 =010+ N - N0, [ Q) as). 10

Then
Q! ,u(1) = 0f,,(c0) ast— oo,

where Q' , ,(00) has a Poisson distribution with mean A} /6, and
Qﬁbd = n’lefbd = ¢ipa 1 D([0,00)) as n— oo,

where q; ,, evolves deterministically according to the ODE q; ,,(t) = A; — 0,q; ,,(1), starting at q; ,,(0) = ¢;(0)
for q;(0) part of x(0) in Assumption 3.2. Thus,

i, pa(1) < g, pa(0) = q;(0) v (A,/6;).

Moreover,
(01, 03) <4 (QF 4> @5 1a)  in %5([0, 00)).

Proor. We apply Assumption 3.2 to get the intial queue lengths to converge. Just as for Q7 , in Lemma A.2,
the upper bound system here provides no service completion at all. However, unlike the upper bound Q7 , in
Lemma A.2, here abandonment from queue is allowed. Here we have sample path stochastic order because we
can construct the two systems together, keeping the upper bound system greater than or equal to Q7(¢) for all .
Whenever the constructed processes are equal, they can have the same abandonments, because the abandonment
rate in both systems will be identical. [

A.5. Extreme-value limits for QBD processes. To prove Theorem 6.1 in §B.1, we exploit extreme-value
limits for QBD processes. Because we are unaware of any established extreme-value limits for QBD processes,
we establish the following result here. Recall that a QBD has states (i, j), where i is the level and j is the phase.
If we only consider the level, we get the level process; it is an elementary function of a QBD.

LEMMA A.6 (EXTREME VALUE FOR QBD). If £ is the level process of a positive recurrent (homogeneous)
OBD process (with a finite number of phases), then there exists ¢ > 0 such that

lim P(||Z|,/logt > ¢) =0.
1—>00

PROOF. Our proof is based on regenerative structure. The intervals between successive visits to the state
(0, j) constitute an embedded renewal process for the QBD. Because the QBD is positive recurrent, these cycles
have finite mean. Given the regenerative structure, our proof is based on the observation that, if the process &£
were continuous real valued with an exponential tail, instead of integer valued with a geometric tail, then we
could establish the conventional convergence in law of ||Z||, — clog ¢ to the Gumbel distribution, which implies
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our conclusion. Hence, we bound the process & above w.p.l1 by another process £, that is continuous real
valued with an exponential tail and which inherits the regenerative structure of .

We first construct the bounding process &, and then afterward explain the rest of the reasoning. To start,
choose a phase determining a specific regenerative structure for the level process &£. Let S; be the epoch cycle i
ends, i > —1, with S_, =0, and let L(n) be the set of states in level n. For each cycle i, we generate an
independent exponential random variable X; and take the maximum between &£(¢) and X; for all S,_, <t < S,
such that £(¢) € L(0); i.e., letting {X;: i > 0} be an i.i.d. sequence of exponential random variables independent
of & and letting C(7) be the cycle in progress at time #, &£,(¢) = (1) V X¢ ) li(¢r)- Clearly, Z, inherits
the regenerative structure of & and satisfies & < &, almost surely. Moreover, by the assumed independence,
for each x >0 and # >0,

P(Z,(t) > x)=P(L(t) > x) + P(X > x) — P(£L(t) > x)P(X > x),

where X is an exponential random variable distributed as X, that is independent of £(¢). We now consider the
stationary version of &, which makes &, stationary as well. We let the desired constant ¢ be the mean of the
exponential random variables X;. If we make c sufficiently large, then we clearly have P(¥,(t) > x) ~ e /¢ as
x — oo, because the first and third terms become asymptotically negligible as x — oco. (We choose ¢ to make
Z(t) asymptotically negligible compared to X.)

It now remains to establish the conventional extreme-value limit for the bounding process &,. For that,
we exploit the exponential tail of the stationary distribution, just established, and regenerative structure. There
are two approaches to extreme-value limits for regenerative processes, which are intimately related, as shown
by Rootzén [41]. One is based on stationary processes, and the other is based on the cycle maxima, i.e.,
the maximum values achieved in successive regenerative cycles. First, if we consider the stationary version,
then we can apply classical extreme-value limits for stationary processes as in Leadbetter et al. [29]. The
regenerative structure implies that the mixing condition in Leadbetter et al. [29] is satisfied; see Section 4 of
Rootzén [41].

However, the classical theory in Leadbetter et al. [29] and the analysis in Rootzén [41] applies to sequences
of random variables as opposed to continuous-time processes. In general, the established results for stationary
sequences in Leadbetter et al. [29] do not extend to stationary continuous-time processes. That is demonstrated by
extreme-value limits for positive recurrent diffusion processes in Borkovec and Kliippelberg [9] and Davis [11].
Proposition 3.1, Corollary 3.2, and Theorem 3.7 of Borkovec and Kliippelberg [9] show that, in general, the
extreme-value limit is not determined by the stationary distribution of the process.

However, continuous time presents no difficulty in our setting, because the QBD is constant between successive
transitions, and the transitions occur in an asymptotically regular way. It suffices to look at the embedded
discrete-time process at transition epochs. That is a standard discrete-time Markov chain associated with the
continuous-time Markov chain represented as a QBD. Let N(z) denote the number of transitions over the
interval [0, ¢]. Then &,(t) = £,(N(t)), where &,(n) is the embedded discrete-time process associated with
Z,. Since N(t)/t > ¢’ >0 w.p.l as t — oo for some constant ¢’ > 0, the results directly established for the
discrete-time process D, are inherited with minor modification by Z,. Indeed, the maximum over random
indices already arises when relating extremes for regenerative sequences to extremes of i.i.d. sequences; see
p. 372 and Theorem 3.1 of Rootzén [41]. In fact, there is a substantial literature on extremes with a random
index, e.g., see Proposition 4.20 and (4.53) of Resnick [39] and also Silvestrov and Teugels [42]. Hence, for
the QBD we can initially work in discrete time, to be consistent with Leadbetter et al. [29] and Rootzén [41].
After doing so, we obtain extreme-value limits in both discrete and continuous time, which are essentially
equivalent.

So far, we have established an extreme-value limit for the stationary version of &, but our process &, is
actually not a stationary process. So it is natural to apply the second approach based on cycle maxima, which
is given in Rootzén [41], Asmussen [2], and Section V1.4 of Asmussen [3]. We would get the same extreme-
value limit for the given version of &, as the stationary version if the cycle maximum has an exponential tail.
Moreover, this reasoning would apply directly to continuous time as well as discrete time. However, Rootzén [41]
has connected the two approaches (see p. 380 of Rootzén [41]), showing that all the versions of the regenerative
process have the same extreme-value limit. Hence, the given version of the process &£, has the same extreme-
value limit as the stationary version, already discussed. Moreover, as a consequence, the cycle maximum has
an exponential tail if and only if the stationary distribution has an exponential tail. Hence, we do not need to
consider the cycle maximum directly. [
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Appendix B. Proofs of three theorems from §6. In this section we prove the three theorems in §6.

B.1. Proof of Theorem 6.1. Theorem 6.1 is an immediate consequence of the following three lemmas:
Lemmas B.1, B.2, and B.3.

Lemma B.1.  If z, ,(0) > O, then, for all T >0, P(inf,_,_; Z{”z(t) >0) = 1 as n — oo. As a consequence,
Zy = 0asn— oo

PrOOF. By Assumption 3.2, Z! ,(0) = z, ,(0). From Lemma A.1 we know that Z} , > Z" in % for all n > 1
w.p.1. From Lemma A.3, we know that Z" = z, in & as n — oo, for z, in (A8). However, the integral equation
for z, in (A8) is equivalent to the ODE z2,(f) = —u, ,z,(¢) with initial value z,(0) =z, ,(0). Since z, ,(0) >0
by assumption, it follows that z,(¢) > z,(0)e™*1.2' > 0 for all ¢ > 0. Thus P(inf,_ ., Z!(s) > 0) — 1 as n — oo.
Lemma A.1 implies that the same is true for Z{ ,, which proves the first claim of the lemma. The second claim
that Z7 | = 0 as n — oo follows from the first together with the one-way sharing rule. [

REMARK B.1 (IMPLICATIONS FOR ONE-WAY SHARING RULE). The conclusion of Lemma B.1 reveals a dis-
advantage of the one-way sharing rule for very large systems. The lemma concludes that, for large n, if for some
€>0and t, >0 Z],(t)) > €n, then Z{ ,(¢) is very likely not to reach zero for a long time, thus preventing
sharing in the opposite direction, even if that would prove beneficial to do so at a later time, e.g., because there
is a new overload incident in the opposite direction.

In practice, we thus may want to relax the one-way sharing rule. One way of relaxing the one-way sharing
rule is by dropping it entirely, and relying only on the thresholds k7, and k; | to prevent sharing in both
directions simultaneously (at least until the arrival rates change again). Another modification is to introduce
lower thresholds on the service processes, denoted by s;';, i # j, such that pool 2 is allowed to start helping
class 1 at time ¢ if D} | > k5 | and Z ,(¢) < s ,, and similarly in the other direction. We do not analyze either
of these modified controls in this paper.

Given Lemma B.1, it remains to consider only the case z; ,(0) = 0. Hence, we assume that z, ,(0) =0 for
the rest of this section. Here is the outline of the proof: We first prove (Lemmas B.2 and B.3) that Z7 | is
asymptotically null over an interval [0, 7], for some 7 > 0. We then prove that Zb(l) must become strictly
positive before time 7 in fluid scale. By Assumption 2.2, the optimal ratios for FQR-T satisfy r, , > r, ;. In
Lemma B.2 we consider the cases (i) x(0) e AUA* with r, , > r, | and ¢,(0) > 0 and (ii) x(0) € S*; in Lemma
B.3 we consider the remaining cases, i.e., x(0) € AUA* with r, , =r, | or ¢,;(0) =0. Unlike the definition of
D7, in (6), let D5 | be defined by

D; () =r,,05(1) = Q1(1), 1=0. (B1)

LEMMA B.2.  Assume that z, ,(0) = 0. If either one of the following two conditions hold (i) x(0) € AUA™,
P2 > 1y and q,(0) >0, or (ii) x(0) € S*, then there exists 7, 0 < T < oo, such that

lim P( sup Dj (1) 50) =1

n—»oo 1€[0, 7]
for D} | in (B1), so that |Z} ||, = 0 as n— cc.

PrOOF. We first show that the appropriate conditions hold in fluid scale at the origin. We start by assuming
that x(0) e AUA™, which implies that d, ,(0) = ¢,(0) —r, ,4,(0) = 0. Since ¢,(0) > 0 by assumption, ¢,(0) >0
too. Since r, , > r, ; by assumption, d, ;(0) =r, 14,(0) — ¢,(0) < ry ,4,(0) — g,(0) =0, so that we also have
d, (0) <0. If (ii) holds, so that x(0) € ST, then d, ,(0) <0 by definition of S*.

Given Assumption 3.2, we also have X" (0) = x(0) in AUA*US*. Hence, the fluid-scaled queueing processes
converge to these initial values. In particular, we necessarily have Dj (0)/n = d, ;(0) <0 as n — oco. Hence,
there exists ¢ > 0 such that P(Dj (0) < —cn) — 1 as n — oo. Our goal now is to show that there exists 7 >0
such that P(sup,_,, D5 (¢) > 0) — 0. That will imply the desired conclusion.

It only remains to show that the change in these quantities has to be continuous in fluid scale. For the purpose
of bounding Dj | = r, Q5 — Qf above, it suffices to bound Q3 above and Q7 below, as we have done in
Corollary A.1. Hence Dy | <, Dy , ,=1,,0,,— 07 ,- By Lemma A3, D_Z,Z,l =dy | =119, — 4, Where
the limit function dj , evolves continuously, starting with dj ,(0) = d, ,(0) < 0. Hence there is a time 7’ such
that d (1) <0 for all 0 <t < 7'. Asymptotically, by the FWLLN, the same will be true for the fluid scaled
queue difference process DZ’ ,.1- Hence, we deduce that P(supy.,,{D} , (t)} > 0) — 0 as n — oo for any 7
with 0 <7 < 7'. Since D3 | <, Dy , |, the same is true for D;’!]._T_hat completes the proof. [
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The proof of Lemma B.2 relies on a fluid argument because, under its assumptions and Assumption 3.2,
Dj (0)/n converges to a strictly negative number as n — co. In particular, the difference D3 (0) without
centering by k3 | is order Op(n) away from the threshold k3 . That fluid reasoning fails when r, | =r, , =r or
when ¢,(0) = 0 because in either of these cases, ¢,(0) —r, ,4,(0) = ¢,(0) — r, 14,(0) =0. (By Assumption 3.2,
¢,(0) =0 if ¢,(0) =0.) In these cases we will rely on the threshold k3 , to prevent class-2 customers to be sent
to pool 1, and construct a finer sample-path stochastic-order bound for the stochastic system. Below we remove
the centering by the threshold in D5 .

LEMMA B.3.  Assume that z; ,(0) =0 and that q,(0) — r, 1¢,(0) =0 (necessarily, x(0) ¢ S*, i.e., x(0) €
AUA"). In this case, there exists T, 0 < T < oo, such that

lim P< sup D7 (1) < k’;’l) =1,

n—>0o0 (0, 7]

for D} | in (B1). Hence, ||Z} |||, = 0 as n— oo.

PrOOF.  We start by showing that P(D3 (0) <0) — 1 as n — oco. That follows because, by Assumption 2.2
and the definitions (6) and (B1),

D; 1(0)=r,,05(0) = 07(0) =1, ,05(0) — Q1(0) = =D7 ,(0) — k7 ,.

Assumptions 2.4 and 3.2 then imply that D ,(0) = L and k{ , — 0o as n — oo, which together imply the initial
conclusion. Going forward, it suffices to assume that we initialize by D7 ,(0) =0.

The rest of our proof follows three steps: In the first step, paralleling Lemma A.4 and Corollary A.1, we con-
struct a QBD that bounds Dj | (without centering by k5 ) in rate order, which enables us to obtain a stochastic
order bound for D} |; see Remark A.1. The bound is constructed over an interval [0, 7]. In the second step,
we show how to choose 7 small enough so that the QBD bound is asymptotically positive recurrent. In the
third step, we “translate” the QBD bound to a time-accelerated QBD, in the spirit of (A5), and employ the
extreme-value result for the time-accelerated QBD in Lemma A.6 to conclude the proof.

Step 1. We construct a stochastic-order bound for Dj |, building on rate order. For 7> 0, let

X ()=(01,(0, 05 (1), Z;(1))  and  IT=X7=(0],,0; .27, (B2)

where
=0l s, =inf 0, ()v0,  and  ZI=|Z,

using the processes defined in (A6) and (A7). By Lemmas A.1 and A.2, for all n> 1,

(Q}(1), ~Q5(1). Z} (1)) < (@} . ~ Q4 .. Z2) in R, for all €[0,7] wap.1. (B3)

As in §A.1, let D}(I) be the frozen difference process associated with D3 | and I in (B2). (Recall that we
are considering Dj | here and not DY ,.) However, to obtain positive results, we want to consider the process
D} (I'?) only for nonnegative values. We obtain such a process by working with the associated reflected process,
denoted by

Dy =Dy (D) ={Dy*(T,1): 1 =0}, TeR,

obtained by imposing a reflecting lower barrier at 0, where I' specifies the fixed rates of D;’*(F). We omit I’
from the notation for statements that hold for all I € R;. The reflected process D}“-’* is always nonnegative and
has the same state space as the nonnegative part of the state space of D7 ;. Within the QBD framework used
in §6 of Perry and Whitt [37], we obtain the reflected process by omitting all transitions down below level 0;
the specific QBD construction is given in Appendix D.

It follows from (B3) and Theorem A.4 that we have rate order. By the analog of Lemma A.1, there exists a
constant K such that we have sample path stochastic order in %([0, 7]), i.e.,

Dy, <, Dy* () + K in %([0,7]) forall n>1, (B4)

for I'” in (B2).
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Step 2. We now show that we can choose 7 > 0 so that there exist sets E” in the underlying probability
space such that D7 *(I'!) is positive recurrent in E" and P(E") — 1 as n — oo. Paralleling (A4) (for the frozen
process associated with DY ,), the set E" here is

E"={5,(I7) <0}, (BS)

where 8, is the drift for D>*. To find 7 > 0 such that P(E") — 0 for E" in (B5), we analyze the asymptotic
behavior of I'” = X in (B2).

First, by Lemma A.3, X" = x, = (41.5» @2, 4 2) In D3 as n — oo, where the components of x, are given in
(A9) and x,(0) = x(0) by construction. Then, by the continuous mapping theorem for the supremum function,

e.g., Theorem 12.11.7 in Whitt [47],

X!=X!/n=>x,=(q, ,;» 4. 2,) inR;, asn— oo, (B6)

where
ql,TE”ql,b”T’ qZ,TEOigtlgTqZ,a(t)vo and ZTE”Zb”T'

Since x(0) € AUA™ by the assumption of the lemma, 6_(x(0)) > 0, where §_ is the drift for the FTSP in (19)
associated with DY ,.

For y=y(t) = (q1,,(1), ¢2,,(1) V0, 2,(2)) let A, (y) = Ay, 1,(Y) = Mo 2 (M3 — 2, (1)) +6,(q,,, (1) V0), A (y) =
Bi 1My + 22, (1) + 61, (1) and i, (y) = A;. Let D*(y) be the reflected FTSP corresponding to Dy *(T}'). The
process D*(y) = {D*(v, t): t > 0} has upward jumps of size r, ; with rate A,(y) and downward jumps of size r
with rate {i,(y). It has upward jumps of size 1 with rate A,(y), and downward jumps of size 1 with rate &, (7).
By Theorem 7.2.3 in Latouche and Ramaswami [28], D*(7y) is positive recurrent if and only if 6,(y) < 0, where

8,(V) =r (A (y) = 2,(¥) + (A, (¥) — 4, (), ¥R, (B7)

Replacing y with y, = x_, we have that D*(7y,) is positive recurrent if and only if §,(y,) < 0. Hence, it suffices
to show that d,(x,) <0 for some 7 > 0. We do that next.

We consider the two possible cases of the condition imposed in the lemma: (i) r, , = r, , and (ii) ¢,(0) =
q,(0) =0 (with z,(0) =z, ,(0) =0 in both cases). First, in case (i), 8,(x,(0)) = —06_(x(0)) for _(7y) in (19),
6,(y) in (B7) and y = x(0). Because we have already observed that 6_(x(0)) > 0, we necessarily have
0,(x,(0)) <0.

In case (ii) with r, , > r, | and ¢,(0) = ¢,(0) =0 (and again z, ,(0) =0), 6,(x,(0)) =ry (A, — py ymy) +
(Ay =, ,m,), so that 6, (x,(0)) < 0if and only if (A} —u, ym)+7, | (A, =, ,m,) < 0. However, this inequality
must hold because, by Assumption 3.2, 6_(x(0)) > 0, so that 6_(x(0)) = (A, — py_m;) — 1 5 (A, — py ,m,) > 0.
Since r, | < 1y ,, it follows that here too 9, (x,(0)) <O.

Finally, the continuity of x, and 6,(x,) imply that we can find 7 > 0 and 7 > 0 such that sup ., ;) 8,(x,(s)) <
—n < 0. In particular, for that choice of 7, 6,(x,) < —n. Hence, P(E") = P(5,.(I'") < 0) — 1, because 6, (X)) =
6,.(x,) in ¥ and 6,(I'") = 6,(v,) in R as n — oo by the continuous mapping theorem.

Step 3. Finally, we apply the extreme-value result in Lemma A.6 to the stochastic upper bound K +
Dp*(I'?) in (B4) for I'! in (B2). For that purpose, observe that, paralleling (AS), {D}"(I,s): s > 0} <
{D*(I'!/n, ns): s > 0} for D" and D* defined above, with I'!/n = x, in (B6). For the rest of the proof, we
apply the Skorohod representation theorem to replace the convergence in distribution by convergence I'? /n — x,
w.p.1, without changing the notation.

By the arguments above

P(|D3,|l;/logn > ¢) < P(K + | Dy “(I7);)/logn > ¢) = P((K + | D*(I7 /n)|,.)/ logn > c).  (BY)

To apply Lemma A.6 to the final term in (B8), we want to replace I /n = X" by a vector independent of n, say
X, such that D*(x,) is positive recurrent and, for some n,, X < x, for all n > n,. Then we can apply Lemma
A.6 to get, for n > n,

P((K + |ID* (T2 /m)ll,.)/ Togn > ¢) < P(2K + [ D" (x)]l,,)/ logn > ¢) > 0 as n— oo.

That implies the claim because of the way the thresholds are scaled in Assumption 2.4.

We conclude by showing how to construct the vector x, such that D*(x,) is positive recurrent and, for some n,,
I"/n=X"<x, for all n>n,. If >, > 0, then choose € such that 0 < € < ¢, . and let x, = (q, ¢, ¢y ¢, 2c) =
(9., + €,G, . — €2, + €). Otherwise, let x, = (q, , +€,0,z, + €). Clearly x, < x_ for all € >0, so that
{D*(x,,t): 0<t<7}<,K+{D*(x.,1): 0<t <7} and, by the choice of 7, we can find € > 0 small enough
so that 6*(x,) <0, so that D*(x,) is positive recurrent. [
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B.2. Proof Theorem 6.2. Define the processes

Li=0[+Z{ +Z{p=mf  and  Li=0i+7},+7),—mi. 9

n

representing the excess number in system for each class. Note that (L?)* = Q, i =1, 2. For all n sufficiently
large, we will bound the two- dimensional process (L7, L}) below in sample-path stochastic order by another
two-dimensional process (L ,, L} ,), n>1.

We construct the lower-bound process (L} ,, L3 ,) by having L} ,(0) = L}(0) Ak} ,, i = 1,2, and by increasing
the departure rates in both processes L} and L%, making it so that each goes down at least as fast, regardless of
the state of the pair. First, we place reﬂecting upper barriers on the two queues. This is tantamount to making
the death rate infinite in these states and all higher states. We place the reflecting upper barrier on L} at ki ,,
where kf , > 0. This necessarily produces a lower bound for all n. By the initial conditions assumed for the
queue lengths in Assumption 3.2, we have P((L} ,(0), L5 ,(0)) = (k{ ,, k{ ,)) — 1 as n— oo.

With the upper barrier at ki ,, the departure rate of L”(t) at time ¢ > 0 is bounded above by w, m| +
My 2 Z7 (1) +0,k] ,, based on assuming that pool 1 is fully busy serving class 1, that L (¢) is at its upper barrier,
and that Z ,(¢) agents from pool 2 are currently busy serving class 1 in the original system. With the upper
barrier at kY ,, the departure rate of Lj() at time ¢ is bounded above by w, ,(m5 — Z ,(t)) + 6,k{ ,, based on
assuming that pool 2 is fully busy with Z{ ,(¢) agents from pool 2 currently busy serving class 1, and that L3(r)
is at its upper barrier k7 ,. Thus, we give L} , and L; , these bounding rates at all times.

As constructed, the evolution of (L ,, L5 ,) depends on the process Z{ , associated with the original system,
which poses a problem for further analysis. However, we can avoid this difficulty by looking at a special linear
combination of the processes. Specifically, let

U" = pg o (LY = kY 5) + oy o (Ly — k7 5) and Uy =ty o (LY, — kY 5) + oy o (L5, — ki 5)- (B10)

By the established sample-path stochastic order (L} ,, L} ,) <,, (L{, L%), the initial conditions specified above
and the monotonicity of the linear map in (B10), we get the associated sample-path stochastic order U} <., U".
The lower-bound stochastic process U,' has constant birth rate A = u, ,A} + w; ,A} and constant death rate

My = Moo (g 1 mY + g 2 Z7 5 () + 0,k 5) + oy o (o, 2y — po 5 ZY (1) + 02k )
= Mz,z(Mi,imi +01k1,z) ‘i‘ﬂi,z(l’«z,zmz + 0k 1,2)-

In particular, unlike the pair of processes (L ,, L} ,), the process Uy’ is independent of the process Z{ ,. Con-
sequently, Uy is a birth and death process on the set of all integers in (—oo, 0]. Since P((L} ,(0), L} ,(0)) =
(ki 5, k7 ,)) — 1 as n— oo, P(U}(0)=0) — 1 as n — oo.

The drift in U} is

O = Ay — = Mo o (A} —mipy = 01K ) + 5 (A3 —mip, 5, — 0,k7 5). (B11)

Hence, after scaling, we get 8} /n — & (recall that k , is o(n)), where

8y = oy o (A —mypy 1) + oy (A — mypy ) >0, (B12)

with the inequality following from Assumption 3.1.

Now we observe that —U}} is equivalent to the number in system in a stable M /M /1 queueing model with
traffic intensity p? — p, < 1, starting out empty, asymptotically. Let O, be the number-in-system process in an
M /M /1 system having arrival rate equal t0 A, = W, oy 17 + [y 2o 2TH,, SEIVICE TAE W, = My 2 A; + Wy 1A,
and traffic intensity p, = A,/u, < 1. Observe that the scaling in U, is tantamount to accelerating time by a
factor of order O(n) in Q,. That is, {—U}'(¢): t > 0} can be represented as {Q,(c,?): t >0}, where ¢,/n — 1
as n — oo. We can now apply the extreme-value result in Lemma A.6 for the M /M /1 queue above (since the
M /M /1 birth and death process is trivially a QBD process) to conclude that || Q, |, = Op(log ¢). This implies
that —U}'/logn is stochastically bounded.

From the way that the reflecting upper barriers were constructed, we know at the outset that L} ,(f) <
ki, and L7 ,(t) < k! ,. Hence, we must have both L}, —k{, and L} , — k| , nonpositive. Combining this
observation with the result that (—Uy')/logn is stochastically bounded, we deduce that both (k} , — L} ,)/logn
and (k{,— L5 ,)/logn are stochastically bounded, i.e., the fluctuations of L, below k{ , are OP(log n). The
result follows because —L} <, —L!,, i=1,2, and from the choice of kf ,, Wthh satisfies kY ,/logn — oo as
n — oo by Assumption 2.4.
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B.3. Proof of Theorem 6.4. We now show that the interval [0, 7] over which the conclusions in §6 are
valid can be extended from [0, 7] to [0, oo) after Theorem 4.1 has been proved over the interval [0, 7].

For this purpose, we use the processes L} and L) defined in (B9). By Lemma B.1, we only need to consider
the case z, ,(0) =0. By Lemmas B.2 and B.3, there exists 7 > 0 such that

lim P(IDZ [, < k5 )=1.

Hence, the claim of the theorem will follow from Lemma B.1 if we show that for some ¢, satisfying 0 < ¢, <7
it holds that z, ,(f,) > 0, where z, , is the (deterministic) fluid limit of Z}, as n — oo, which exists by
Theorem 4.1. We will actually show a somewhat stronger result, namely, that for any 0 < € <, where 0 is
chosen from Lemma C.1 and thus Theorem 4.1, there exists 7, < € such that z, ,(#)) > 0. We prove that by
assuming the contradictory statement: for some 0 < € <6 and for all 7 € [0, €], z; ,() =0.

By our contradictory assumption above, Z{ , = 0,(1), i.e., [|Z} ,/n||. = 0. Recall also that Z} ; = 0,(1) over
[0, €] (since € < 7, and 7 is chosen according to Lemmas B.2 and B.3). Hence, by our contradictory assumption
and by our choice of €, there is negligible sharing of customers over the interval [0, €]. We can thus represent
L?in (B9), i=1,2 by

t t
L0 =10+ N0 N (1 [ L6 A0 a5 ) = (6, [ L0 VO @) o). 13
0 0
fori=1,2 and 0 <t <0 as n — oo, where Nf, NS, and N} are independent rate-1 Poisson processes. The
op(n) terms are replacing the (random-time changed) Poisson processes related to Z{ , and Z5 |, which can be
disregarded when we consider the fluid limits of (B13). The negligible sharing translates into the 0, (n) term in
(B13) by virtue of the continuous mapping theorem and Gronwall’s inequality, as in §4.1 of Pang et al. [34].
Letting L = L"/n, i = 1,2, and applying the continuous mapping theorem for the integral representation
function in (B13), Theorem 4.1 in Pang et al. [34], (see also Theorem 7.1 and its proof in Pang et al. [34]), we
have (L?, L") = (L,, L,) in %([0, €]) as n — oo, where, for i =1, 2,

l_‘i(t) ZLi(O) + (A — py im;) 1 — /()[[Mi,i(ii(s) N 0) + ei(i‘i(s) vO)lds, 0=<t=<e,
so that J
Li(1) = El—‘i(t) = (A — i, im;) _I-'Li,i(l_‘i(t) AO)=0,(Li(1)V0), 0<r<e.

By Assumption 3.2, both pools are full at time 0, so that L,(0) > 0. Moreover, for i = 1,2, L¢ = (A, — i)/ 0;
is an equilibrium point of the ODE L}, in the sense that, if L;(,) = L¢, then L,(¢) = L¢ for all ¢ > ¢,. (That is, L¢
is a fixed point of the solution to the ODE.) It also follows from the derivative of L; that L, is strictly increasing
if L,(0) < L¢, and strictly decreasing if L;(0) > L¢, i=1,2.

Recall that p, > 1, so that A; — u, ;m; > 0. Together with the initial condition, L,(0) > 0, we see that, in
that case, L,(t) >0 for all ¢ > 0. First assume that p, > 1 . Then, by similar arguments, L,(¢) >0 for all ¢ > 0.
In that case, we can replace L; with ¢;(¢) = (L;(¢))*, i = 1,2, where ¢, is the fluid limit of Q" over [0, €]. We
can then write, for 7 € [0, €],

q1(t) = q,(0) — (A — py ymy)t — 6, /Ot‘h(s) ds,

t
(1) = q2(0) — (Ay — pay ymy)t — 92/0 9, (s) ds,
so that, for ¢ € [0, €],

dy (1) = q{ + (q,(0) — g)e ™" — r(g5 + (4,(0) — g5)e™™")
= (qf —rq3) + (q:(0) — g{)e " = r(g,(0) — g5)e™"". (B14)

First assume that x(0) e AUA™, so that d, ,(0) =0. From (B14),

: d ay - o -
dy 5 (1) = —dy o(1) = —0,(4,(0) — g7)e '+ r0y(q,(0) — g5)e .

Hence, d| ,(0) = A, — py ym; — 0,4,(0) — r(Ay — u,,) + r0,4,(0). If follows from (19) and the assumption
21.2(0) =0, that d} ,(0) = &_(x(0)). By assumption, x(0) € AUA™, so that d} ,(0) = 8_(x(0)) > O (that follows
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from the definition of A and A* in (20) and (21) and the fact that 6_ > &_). Hence, d, , is strictly increasing
at 0. Now, since d, ,(0) =0, we can find ¢, € (0, €], such that d, ,(¢) > 0 for all 0 < ¢ < ¢,. This implies that
P(inf,_,_, D} ,(t) >0) — 1 as n — oco. The same is true if x(0) € S*.
Since ||Z{ ,/nl||c = 0, as a consequence of our contradictory assumption, it follows from the representation of
Z{ , in Theorem 5.1 that
Z{‘j(t)=n_1N2"2(,u,2’2m§t)+0P(1) as n— oo. (B15)

However, by the FSLLN for Poisson processes, the fluid limit z, , of Z" in (B15) satisfies 2y.2(t) =y ymyt >0
for every 0 < <t,. We thus get a contradiction to our assumption that z, ,(¢) =0 for all 7 € [0, €].

For the case p, < 1 the argument above still goes through, but we need to distinguish between two cases:
L,=0 and L, > 0. In both cases L, is strictly decreasing. In the first case, this implies that L, is negative
for every ¢ > 0. It follows immediately that ¢, () — rg,(t) > O for every ¢ > 0. If L,(0) > 0, then necessarily
L,(0) > 0, and we can replace L; with g;, i = 1,2, on an initial interval (before L, becomes negative). We then
use the arguments used in the case p, > 1 above. [

In the proof of Theorem 6.4 we have shown that, if z, ,(0) =0, then z, ,(#) > 0 for all > 0. We prove in
Appendix E that the two queues must also become strictly positive right after time O, if they are not strictly
positive at time 0.

Appendix C. Alternative proof of characterization using stochastic order bounds. In this appendix we
present an alternative proof of Lemma 7.2 and thus an alternative proof of the FWLLN in Theorem 4.1. At the
beginning of §7 we observed that it suffices to characterize the limiting integral terms in (47); i.e., it suffices to
prove Lemma 7.2. In §7 we accomplished that goal by using the martingale argument of Hunt and Kurtz [18]
and Kurtz [27]. Here we show that same goal can be achieved with stochastic bounds, exploiting Lemma 8.4
and similar reasoning. However, we prove less than the full Theorem 4.1 here. Our proof here is under the
special case of Assumption 3.2 for which x(0) € A. For this special case we carry out the characterization over
the full interval [0, oo) if x(#) remains within A for all 7 > 0. Otherwise, we complete the characterization proof
over [0, T,], where

T,=inf {r > 0: x(¢) € A}. (c1)
Since x is continuous and A is an open subset of S, we know that 7, > 0. A first step is to do the characterization
over an interval [0, 6] for some & > 0. We start in §C.1 by indicating how the interval of convergence can
be extended given that the first step has been carried out. Next in §C.2 we prove Theorem 4.1 subject to
Lemma C.2, establishing convergence of integral terms over the interval [0, 6]. For that purpose, we state
Lemma C.4 establishing a sample path stochastic order bound that we will use to prove Lemma C.2 in §C.3
we establish continuity results for QBD processes. We then prove Lemmas C.2 and C.4, respectively, in §C.4
and §C.5.

C.1. Extending the interval of convergence. Unlike the first proof, with this second proof we only establish
convergence in %,,([0, T,]) if T, < oo, for T, in (C1). We now show how we achieve this extension.

As in the first proof, after establishing the convergence over an initial interval [0, 6] with 6 < 7, we apply
Theorem 6.4 to conclude that any limit point of the tight sequence X! is again a limit of the tight sequence
X2* in (10) over the entire half line [0, 00), showing that 7 places no constraint on expanding the convergence
interval. Moreover, by part (ii) of Theorem 5.2 in Perry and Whitt [37], any solution to the ODE, with a specified
initial condition, can be extended indefinitely, and is unique. Hence that places no constraint either.

However, for this second method of proof, we do critically use that fact that x(z) € A, 0 <t < 8, in order to
prove the characterization. (This is proved in Lemma C.1.) However, we can extend the interval of convergence
further. Given that we have shown that X(¢) = x(¢) € A for A in (20) over a time interval [0, 8], and thus
established the desired convergence X" = x over that time interval [0, 8], we can always extend the time interval
to a larger interval [0, §'] for some &' with &' > 6. To do so, we repeat the previous argument treating time 6 as
the new time origin. That directly yields X () = x(¢) € A, and thus convergence X" = x, over the time interval
[8, 8']. However, we can combine that with the previous result to obtain X(¢) = x(¢) € A, and thus convergence
X" = x, over the longer time interval [0, §]. Let v be the supremum of all § for which the expansion of
convergence to [0, 8] is valid. We must have X(¢) = x(¢) € A, and thus convergence X" = x, over the interval
[0, V), open on the right. The interval is [0, co) if ¥ = co. Suppose that v < oc. In that case, we can next apply
continuity to extend the interval of convergence to the closed interval [0, v]. Since X(¢) =x(), 0 <t < v, x is
continuous and X is almost surely continuous, we necessarily have X(v) = x(v) w.p.1 as well. We claim that
v>T,=inf{t > 0: x() € A}. If not, we can do a new construction yielding X (¢) = x(t), first for v < < v’ and
then for 0 <t <7', v > v, contradicting the definition of ». Hence, we have extended the domain of convergence
to [0, T,] if T, < oo and to [0, oo) otherwise, as claimed.
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C.2. Reduction to convergence of integral terms. Because each of these integrals in (47) can be treated
in essentially the same way, we henceforth focus only on the single term I_q’],] (¢) and establish (48).

Recall that X is the limit of the converging subsequence of {X": n > 1} in 9,([0, 7]) for 7 in Theorem 6.3.
An important first step is to identify an initial interval [0, 8], 0 < § < 7, over which X € A. We apply the proof
of Lemma 8.4 to prove the following lemma.

LEMMA C.1 (STATE IN A OVER [0, 6]). There exists & with 0 <& < 7 for T in Theorem 6.3 such that
P(f(”(t)eA,Ofth)—) 1 asn— oo,

for A in (20), so that P(X(1) e A0<t<8)=1.

Proor. Recall that we have assumed that Assumption 3.2 holds with x(0) € A. We can apply the first step
of the proof of Lemma 8.4 to obtain the stochastic bound over an initial interval [0, 8] for some & > 0. Since the
FTSP D(y, ) is positive recurrent if and only if y € A for A in (20). By Lemma 8.4, D/(X),, ) and D(X}, -)

are positive recurrent on B"(8, 1) in (60). Thus, by Corollary 8.1, D(X"(t), -) is positive recurrent on B" (8, 1)
as well for 0 < < §. Hence, the claim holds. O

The next important step is the following lemma, proved in §C.4, after establishing preliminary bounding
lemmas.

LEMMA C.2 (CONVERGENCE OF THE INTEGRAL TERMS). There exists 6 with O < 6 < 7 for T in Theorem 6.3,
such that for any € >0 and t with 0 <t < J, there exists o =0(€,8,1) with 0 < o < —t and n, such that

1 pito . _ _
P(‘;/t 1{0;”2(,;)>0}Zl,2(s) ds —mm ,(X(1))Z, (1)

> 6) <€ forall n>n,. (C2)

To apply Lemma C.2 to prove Lemma 7.2, we exploit the absolute continuity of 1_4,1,1’ established now.
LemMA C.3 (ABSOLUTE CONTINUITY OF I, | ,). The limiting integral term I, |  almost surely satisfies
Ogl_q’l,,(t—i—u)—l_q,l’l(t) <myu forall0<t<t+u<r, (C3)

and so I_q’lq1 is the cumulative distribution function corresponding to a finite measure, having a density h
depending on X. As a consequence, for all € > 0, there exists uy > 0 such that

I_q,l,l(""”) _I_q,l,l(t)
u

—h(t)| <€ (C4)

for all u < u,.
Proor. Since

- _ t+u _
() =2, (0= [ oy g0 Z1 () ds < um/n.

17, ,(2) is a nondecreasing function with 0 <7, \(t +u) — 1}, (1) <mj for all 0 <7 <+ u < 7. Hence,
17, ,(?) is a cumulative distribution function associated with a finite measure. The convergence obtained along
the subsequence based on tightness then yields

0<I,,,(t+u)—1I,, (1)<mu foral0<r<t4+u<r.

Hence, I 1,1 has a density with respect to Lebesgue measure, as claimed. [

ProoF oF LEMMA 7.2. Given Lemma C.2, for any € > 0, we can find o and n, such that (C2) is valid for
all n > n,,. Hence, we can let n — oo and conclude that, for any € > 0, we can find o such that

P(I i(l_q, (o) =1,00(0) = m (X (1) Z, (1)

>e)<e. (C5)

However, given that (C4) and (C5) both hold, we conclude that we must almost surely have h(f) =
7, ,(X(1))Z, ,(t), which completes the proof. [
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We now apply bounds to prove Lemma C.2. The comparisons in Lemma 8.4 and Corollary 8.1 are important,
but they are not directly adequate for our purpose. The sample-path stochastic order bound in Corollary 8.1
enables us to prove Lemma C.2, and thus Theorem 4.1, for the special case of r; , =1, because then { =0,
where { is the gap in Corollary 8.1, but not more generally when the gap is positive. However, we now show that
an actual gap will only be present rarely, if we choose the interval length small enough and n big enough. We use
the construction in the proof of Lemma 8.4 exploiting the fact that we have rate order, where the bounding rates
can be made arbitrarily close to each other by choosing the interval length suitably small. We again construct
a sample path stochastic order, but for the time averages of the time spent above zero. We prove the following
lemma in §C.5. We use it to prove Lemma C.2 in §C.4.

LEMMA C.4. Suppose that conditions of Lemma 8.4 hold. Then, for any € > 0, there exists n, and & with
0 < & <6 for 6 in Lemma 8.4, such that, in addition to the conclusions of Lemma 8.4 and Corollary 8.1, the
states x,,, Xy € A and random vectors X, Xy, and associated frozen processes D}(X,) and D}(X},) can be

chosen so that on B, (€, ) (defined as in (60) with & instead of 6 and necessarily P(B,(&{,n)) — 1 as n — ),

first
D(X2,,0) = D}(Xjy, 0) = D} ,(0) (C6)

m?

and, second,
1 ! 1 ! 1 ,!
- n(xn —€<, — n <., - nyn
P /(; 1{Df(Xm,x)>0} ds €=y P /(; 1{Dl‘z(s)>0} ds st P /0 l{Df(XM,x)>O} ds +€ (C7)

for n>ny and 0 <t <§; ie., there is sample path stochastic order in %([0, &]) for n > n,,.

C.3. Continuity of the FTSP QBD. In the current proof of Lemma 7.2 and thus Theorem 4.1, we will
ultimately reduce everything down to the behavior of the FTSP D. First, we intend to analyze the inhomogeneous
queue-difference processes Dy ,(I™) in (6) in terms of associated frozen processes D’ (I™) introduced in §A.1,
obtained by freezing the transition rates at the transition rates in the initial state I'". In (A5), we showed
that the frozen-difference processes can be represented directly in terms of the FTSP, by transforming the
model parameters (A;,m;) and the fixed initial state y and scaling time. We will appropriately bound the
queue-difference processes D"(I'") above and below by associated frozen-queue difference processes, and then
transform them into versions of the FTSP D. For the rest of the proof of Theorem 4.1 in §7, we will exploit a
continuity property possessed by this family of pure-jump Markov processes, which exploits their representation
as QBD processes using the construction in §6 of Perry and Whitt [37]. We will be applying this continuity
property to the FTSP D.

To set the stage, we review basic properties of the QBD process. We refer to §6 of Perry and Whitt [37]
for important details. From the transition rates defined in (13)—(16), we see that there are only eight different
transition rates overall. The generator Q (in (65) of Perry and Whitt [37]) is based on the four basic 2m x 2m
matrices B, Ay, A,, and A,, involving the eight transition rates (as shown in (66) of Perry and Whitt [37]). By
Theorem 6.4.1 and Lemma 6.4.3 of Latouche and Ramaswami [28], when the QBD is positive recurrent, the
FTSP steady-state probability vector has the matrix-geometric form «, = @ R", where «, and ¢, are 1 x 2m
probability vectors and R is the 2m x 2m rate matrix, which is the minimal nonnegative solutions to the quadratic
matrix equation Ay, + RA, + R*A, =0, and can be found efficiently by existing algorithms, as in Latouche and
Ramaswami [28]; see Perry and Whitt [37] for applications in our settings. If the drift condition (20) holds, then
the spectral radius of R is strictly less than one and the QBD is positive recurrent (Corollary 6.2.4 of Latouche
and Ramaswami [28]). As a consequence, we have > -  R" = (I — R)™'. Also, by Lemma 6.3.1 of Latouche
and Ramaswami [28], the boundary probability vector « is the unique solution to the system «,(B + RA,) =0
and al=oa,(I —R)"'1=1. See §6.4 of Perry and Whitt [37] for explicit expressions for , ,(y) for y € A.

As in Lemma 8.6, we also use the return time to a fixed state, 7, and its mgf ¢_(0) with a critical value
6* > 0 such that ¢.(6) < oo for 6 < 0* and ¢.(0) = oo for 6 > 6*. We will be interested in the cumulative
process

= [ (F(D6) ~ ELF (D) ds 120, (8)

for the special function f(x)= 1{,.,. Cumulative processes associated with regenerative processes obey CLTs
and FCLTs, depending upon assumptions about the basic cycle random variables 7 and [ f(D(s)) ds, where
we assume for this definition that D(0) = s*; see §VL.3 of Asmussen [3] and Glynn and Whitt [13]. From
Bolthausen [8], we have the following CLT with a Berry-Esseen bound on the rate of convergence (stated in
continuous time, unlike Bolthausen [8]): For any bounded measurable function g, there exists f, such that

|E[g(C(1))//] — E[g(N (0, 0)]| < % for all > 1,, (c9)
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where 5
ot = E[( [ 1o - e i) ] (C10)

again assuming for this definition that D(0) = s*. The constant K depends on the function g (as well as the
function f in (C8)) and the third absolute moments of the basic cycle variables defined above, plus the first
moments of the corresponding cycle variables in the initial cycle if the process does not start in the chosen
regenerative state.

There is significant simplification in our case, because the function f in (C8) is an indicator function. Hence,
we have the simple domination

/T £ (D(s)| ds =/Tf(D(s))ds <7 wpl. (C11)
0 0

As a consequence, boundedness of absolute moments of both cycle variables reduces to the moments of the
return times themselves, which are controlled by the mgf.

We will exploit the following continuity result for QBDs, which parallels previous continuity results for
Markov processes, e.g., Karr [22] and Whitt [43].

LEmMMA C.5 (ConTINUITY OF QBDs). Consider a sequence of irreducible, positive recurrent QBDs having
the structure of the fundamental QBD associated with the FTSP in §3.2 and $§6 in Perry and Whirt [37]
with generator matrices {Q,: n > 1} of the same form. If Q, — Q as n — oo (which is determined by the
convergence of the eight parameters), where the positive-recurrence drift condition (20) holds for Q, then there
exists n, such that the positive-recurrence drift condition (20) holds for Q, for n > n,,. For n > n,, the quantities
(R, ay, a0, @, 0%, Yy, 2%, 02, K) indexed by n are well defined for Q,, where o* and K are given in (C9)
and (C10), and converge as n — oo to the corresponding quantities associated with the QBD with generator
matrix Q.

Proor. First, continuity of R, «;, and « follows from the stronger differentiability in an open neighborhood
of any y € A, which was shown to hold in the proof of Theorem 5.1 in Perry and Whitt [37], building on Theorem
2.3 in He [17]. The continuity of ¢ follows from the explicit representation in (C10) (which corresponds to
the solution of Poisson’s equation). We use the QBD structure to show that the basic cycle variables 7 and
fOT f(D(s))ds are continuous function of Q, in the sense of convergence in distributions (or convergence of
mgfs and gfs) and then for convergence of all desired moments, exploiting (C11) and the mgf of 7 to get the
required uniform integrability. Finally, we get the continuity of K from Bolthausen [8] and the continuity of
the third absolute moments of the basic cycle variables, again exploiting the uniform integrability. We will have
convergence of the characteristic functions used in Bolthausen [8]. However, we do not get an explicit expression
for the constants K. [

We use the continuity of the steady-state distribution « in §C.4; specifically in (C19). In addition, we use the
following corollary to Lemma C.5 in (C18) in §C.4. We use the notation in (A5).

CoroLLARY C.1. [If (/_\:11/;17 ¥.) = (A;smy,y) as n— oo for our FTSP QBDs, where (20) holds for
(A;, m;,y), then for all € > 0 there exist t, and n, such that
> e) <€

i
for all t > t, and n > n,,.

Proor. First apply Lemma C.5 for the steady-state probability vector «, to find n, such that
|P(D(A}, m}, y,,00) >0) = P(D(A;, m;, y, ) > 0)| < €/2 for all n > n,. By the triangle inequality, henceforth

1 t
;/0 Loz, mt, 5,50y 48 = P(D(A;, m;, 7y, 00) > 0)

1

it suffices to work with P(D(A}, m},y,,00) > 0) in place of P(D(A;, m;,y,o0) > 0) in the statement to be

-4

proved. By (C9), for any M, there exists f, such that for all 7 > ¢,,

g

<P(IN(0, o> (A}, mj, y,))| > M) +

1

1 pf 0
; A l{D(/\;’,m’/?,y,L,x)>0} ds— P(D()l:i’ mj’ Yo OO) > 0)

KA}, mj,v,)
We get (C12) from (C9) by letting f(x) =1y ,(x) in (C8) and letting g(x) = 1.5 (x) in (CI).

(C12)
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Next, choose M so that P(IN(0, 0*(A;, m;,y))| > M) < €/2. Then, invoking Lemma C.5, increase n, and
if necessary so that |o(A”, mj,v,) — a?(A;, m;,y))| and |K(A}, m},y,) — K(A;, m;, y)| are sufficiently small

so that the right side of (C12) is less than €/2 for all n > n, and f > ¢,. If necessary, increase #, and n, so that
M/\/ty < €/2. With those choices, the objective is achieved. O

C4. Proof of Lemma C.2. In this subsection we give the first of two long proofs of previous lemmas.
We now prove Lemma C.2, which completes the alternate proof of Theorem 4.1 in the case r, , = 1, because
then Corollary 8.1 holds with gap { = 0. In that case, Corollary 8.1 directly implies that Lemma C.4 holds with
€ =0. Lemma C.4, which is proved in the following subsection, is required to treat more general r| ,.

First, let 6 > 0, € > 0 and ¢ with 0 < ¢t < & be given, where the & is chosen as in Lemma 8.4 (with 6 <7 for 7
in Theorem 6.3). Here we will be introducing a new interval [¢, ¢+ o], where 0 < 0 =0 (t) =0 (¢, €,0) < 6 —1t,
so that [z, 1 4+ o] C [0, 6]. Moreover, we will make o < & for ¢ existing via Lemma C.4. Lemmas 8.4 and C.4
hold on the interval [z,  + &], where & = £(7) satisfies 0 < € < 6 — r. We will be choosing o with 0 < o < €.

Before we started with regularity conditions at time O provided by Assumption 3.2. We now will exploit
tightness to get corresponding regularity conditions at time ¢ here. In particular, before we started with the con-
vergence X"(0) = x(0) in R?, where x(0) € A based on Assumption 3.2. Now, instead, we base the convergence
X"(t) = X(t) at time ¢ on the convergence established along the converging subsequence (without introducing
new subsequence notation). We apply Lemma C.1 to deduce that P(X(¢) € A) = 1. Because the frozen processes
to be constructed are Markov processes, we can construct the processes after time ¢, given only the value of
X"(t), independently of what happens on [0, t]. Before, we also started with D} ,(0) = L, where L is a finite
random variable. Instead, here we rely on the stochastic boundedness (and thus tightness) of {Df ,(¢): n > 1}
in R provided by Theorem 4.5. As a consequence, the sequence {(X"(¢), D} ,(¢)): n > 1} is tight in R,. Thus
there exists a convergent subsequence of the latest subsequence we are considering. Hence, without introducing
subsequence notation, we have (X" (), Dy, (1) = (X(t), L(1)) in R, as n — oo, where (X(t), L(¢)) is a finite
random vector with P(X(7) € A) = 1.

We use the same construction used previously in the proofs of Lemmas 8.4 and C.4, letting o decrease
to achieve new requirements in addition to the conclusions deduced before. We now regard ¢ as the time
origin for the frozen difference processes. Given DY ,(t), let the two associated frozen difference processes be
{D}(X},,8): s =t} and {D}(X}5¢, 5): s = 0}. We directly let

Di’;.(X" ) =Dy(X), 1) :D;(X”(u), 1)=D],(t), ux>t, (C13)

so that we can invoke property (C6) at time ¢ in our application of Lemma C.4 here. As before, the initial
random states X}, and X, and their fluid-scaled limits are chosen to achieve the goals before and here.

We now successively decrease upper bounds on ¢ and increase lower bounds on 7 until we achieve (C2) in
Lemma C.2. First, we can apply Lemma 8.4 to find an n, such that P(B"(8,€)) > 1 —€/6 for n > n,. We next
apply Lemma C.4 to conclude that there exists o, such that the following variants of the integral inequalities in
(C7) hold with probability at least 1 — €/6 as well:

€ 1

1 t+o t+o 1 t+o
P ft lopog 00 5 =g < ft Log =048 = = /f Vg, -0 48 +

€
— Cl4
- (C14)

for all o < g,. (We divide by m, because we will be multiplying by z, ,(¢).)

We now present results only for X},, with the understanding that corresponding results hold for X. We
represent the bounding frozen queue-difference processes directly in terms of the FTSP, using the relation (AS5),
with the notation introduced there:

{Di(A},mf, Xpy, t+5): s >0} = {D(A!/n, m}/n, Xy /n, t+sn): s >0}. (C15)

Upon making a change of variables, the bounding integrals in (C14) become
1 t+o d 1 t+no
;/, 1{D}’(A§’,tn}’,X,’(,,,s)>0} ds = no . 1{D(A;*/n,m;'/n,x;-"/n,s)>0} ds. (Cl6)

For each integer k, we can apply Lemma C.5 to obtain the iterated limits

lim lim P(D(A}/n, m/n, Xy /n, s) =k) = lim lim P(D(A}/n, m}/n, Xy /n,s) =k), (C17)

n—00 §— 00
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where the limit is P(D(x,,, ) = k) = P(D(A;, m;, x);, 00) = k). In particular, the limit for the model parameters
first implies convergence of the generators. The convergence of the generators then implies convergence of the
processes. Finally Lemma C.5 implies convergence of the associated steady-state distributions.

By Corollary C.1, we also have the associated double limit for the averages over intervals of length O(n) as
n— oo. As n — oo,

1 t+no

E . 1{D(/\;’/n,m'l?/n,XX,,/n,s)>0} ds = P(D()\t’ mj’ X OO) > 0) = 77-1,2(XM)' (CIS)

Invoking Lemma C.5, choose o, less than or equal to the previous value o such that

|75 (x) — L (X ()] < 6imz for all o < 0. (C19)
For that o,, applying (C18), choose n, > n, such that for all n > n,,
1 t+no, € €
P( n_O'Q/r 1{0()\;1/;1,m;?/n,x;,/n,s)>0} ds — 771,2(XM) > 6_n12> < 6 (C20)

We now use the convergence of X" along_the subsequence over [0, 7] together with the tightness of the
sequence of processes {X": n > 1} to control Z{ , in an interval after time . In particular, there exists o3 < 0,
and n; > n, such that

P< sup {|)_(”(u)—}_((t)|}>e/6><e/6 for all n > n,. (C21)

U t<u=<t+o3

For the current proof, we will use the consequence

P( sup  {|Z] ,(u) = Z, ,(D)|} > e/6> <€/6 forall n>n,. (C22)
wt<u<t+o3

We let the final value of o be o;. We now show the consequences of the selections above. We will directly
consider only the upper bound; the reasoning for the lower bound is essentially the same. Without loss of
generality, we take € < 1 A m,. From above, we have the following relations (explained afterward) holding with
probability at least 1 — € (counting €/6 once each to achieve |x,, — X(¢)|| < €/6, ||x,, — X(?)|| < €/6, (C14),
(C22) and twice for (C20)):

t+o _ _ € t+o
(a) ft 1{D7‘2(3)>0}Zl,2(s) ds < (Zl,Z(t) + 6)[ Lipn (s)>0y dS

_ € t+o €T
(b) = <Z1,2(t) + g) (/t l{Db’;()\f’,m;?,X,’(,,,S)>0} ds+ 6_n12)

e € 7 €T
(C) = (ZI,2(t) + 8) </(; l{D()\I'»’/n,m’;/n,Xj'/,/n,t+sn)>0} ds + 6_}112)
J _ € 1 no €
(d) = (Zl,2(t) + 8) o (E‘/O 1{D()\F/n,m}’/n,X,'\’,,/n,t+s)>0} ds+ 6_},"2)
_ ¢ ) (C23)
(e) = (Zl,z(t)+g>0'<771,2(xM)+6272)

() = (Zl,z(t)+§)0'<77172()_((t))+63752>

g€’

(@  =Zi(ma(X0) + BT er + jeo +
2

(h) 521,2(0”71,2(}20))0"‘?—‘50’

< (21,2(1‘)771’2()?(1‘)) +¢€)o for all n>ny=n;.

We now explain the steps in (C23): First, for (a) we replace Z{"z(s) by Zl‘z(t) for t <s <t+ & by applying
(C22). For (b), we apply Lemma C.4. For (c), we use the alternative representation in terms of the FTSP in
(C15). For (d), we use the change of variables in (C16). For (e), we use (C20), exploiting the convergence
in (C18). For (f), we use (C19). Step (g) is simple algebra, exploiting Zl’z(t) < m,. Step (h) is more algebra,
exploiting 771’2()_( (1)) <1, and € <1 A m,. That completes the proof of the lemma. [
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C.5. Proof of Lemma C.4. We will directly show how to carry out the construction of the sample path
order for stochastic processes having the same distributions as the terms in (C7). We will show that the interval
[0, €] can be divided into a large number (O(n)) of alternating subintervals, each of length O(1/n), such that
full sample path order holds on one subinterval, and then the processes are unrelated on the next subinterval.
We will then show, for an appropriate choice of &, that these intervals can be chosen so that the first intervals
where order holds are much longer than the second intervals where the processes are unrelated. Hence we will
deduce for this construction that the inequalities in (C7) holds w.p.1 for all n sufficiently large. We will specify
the steps in the construction and explain why they achieve their goal, while minimizing the introduction of new
notation. We highlight twelve key steps in the argument.

An integer state space. We exploit Assumption 3.3 to have r, , be rational, and then use the integer state space
associated with the QBD representation in §6 of Perry and Whitt [37]. However, we do not directly exploit
the QBD structure; instead we directly work with the CTMCs with transitions &j and £k, where j and k are
positive integers. We will reduce the analysis to consideration of homogeneous CTMCs.

Exploiting Lemma 8.4, but reducing the length of the interval. We construct the states x,,, x,, € A, and random
vectors X, X}, and associated frozen processes D} (X!) and D%} (X ) exactly as in Lemma 8.4, but we adjust
the speciﬁc values to make them closer together at tlme 0 as needed by choosing & to be suitably smaller than
the 6 needed in Lemma 8.4. It is significant that here & can be arbitrarily small; we only require that & > 0.

Initializing at time 0. By Assumption 3.2, we have X" = x(0) € A C R; and D} ,(0) = L € R. Since x(0) is
deterministic, we immediately have the joint convergence (X", D7 ,(0)) = (x(0), L) € Ry; apply Theorem 11.4.5
of Whitt [47]. We then apply the Skorohod representation theorem to replace the convergence in distribution with
convergence w.p.1., without changing the notation. Hence, we can start with (X", D7 ,(0)) — (x(0),L) e R,
w.p.1. With that framework, we condition on DY ,(0). We then initialize the processes D}(X,, 0) and D} (X}, 0)
to satisfy D}(X,, 0) = D}(Xj;, 0) = Dy ,(0), as in (CO6).

Coupling over an initial random interval. Given identical initial values, we can apply the rate order in
Lemma 8.4 to construct versions of the processes that will be ordered w.p.1 over an initial interval of random
positive length, just as in Corollary 8.1. Let v, be the first time that the sample path order is violated. The rate
order implies that v, > 0 w.p.1 for each n > 1. The coupling is performed over the interval [0, v,]. At random
time v,, we must have all three processes in the boundary set of states {j: — B+ 1< j <}, where B=j Vk.
That is so, because violation of order only need occur when, just prior to the order violation, we have —f8 <
Di(X,) <0 <1< D}(Xy) < B, where the rates are no longer ordered properly, because the processes are in
dlfferent regions. At tlme v,, either the upper process jumps down below the lower process or the lower process
jumps up over the upper process.

A new construction using independent versions when order is first violated. At time v,, the order is first
violated and would remain violated over an interval thereafter. However, at this time v,, we alter the construction.
At this random time v, we temporarily abandon the coupling based on rate order. Instead, going forward from
time v,, we construct independent versions of the three processes being considered. More precisely, the three
processes are conditionally independent, given their initial values at time v,. The idea is to let them evolve in
this independent manner until the three processes reach a state in which the desired sample path ordering does
again hold. We do this in a simple controlled manner. We wait until, simultaneously, the upper bound process
D} (X}y, v, +1) exceeds a suitably high threshold, the lower bound process D (X, v, +1) falls below a suitably
low threshold, and the interior processes D ,(v, +1t) is in a middle region. At such a random (stopping) time,
the three processes will necessarily be ordered in the desired way. After that time, we can use the coupling
again.

Avoiding working directly with D} ,. However, since D{ ,(v, +t) is an inhomogeneous CTMC, and thus
difficult to work with, we avoid working with it directly. Instead, we simultaneously construct new upper and
lower bound frozen processes, D" +(X}) and D”(X”) starting at time v,, coupled with {D{ (v, +1): t > 0},
initialized by stipulating that D”(XM, v,) = D”(Xm, v,) = D} ,(v,). These new processes are coupled with
{D} ,(v, +1): t =0}, but conditionally independent of the independent versions of the other two processes
{D” (Xy» v, +1): t >0} and {D}(X],, v, +1): 1 > 0}. We again can apply Lemma 8.4 to obtain rate order, but
again we cannot have full sample path order, because of the gap. Nevertheless, we can now apply Corollary 8.1
to conclude that we have the sample path stochastic order

m?

Di(Xp, v, +1) = B <, D} ,(v, +1) <, D}(X}y, v, +1) + B in D([v,, 8]).
We thus can do a sample path construction to achieve

D"(X Vn+t)—ﬂ§D7’2(Vn+t)<D"(X v,+t)+B for0<t<é—-v, w.p.l (C24)
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Stopping times for desired order to be achieved. We now define stopping times for the order to be achieved.
Let
¢, =inf {t > 0: D}(X};, v, +1) > 2B, D}(X}. v, +1) < =2B, =B < D}(X},. v, +1) < B} (C25)
with the three processes D}(Xy,), D}(X},), and b;l(er&) in (C25) being mutually conditionally independent,
given that all three are initialized at time v, with the final values there obtained from the evolution of the coupled
processes up until time v,. (We have conditional independence given the vector of initial values at time v,.) We
can combine (C25) with (C24) to conclude that we have the appropriate order at time v, + ¢, in particular,

DX, v, +,) <DV, (v, + b,) < Di(Xjy, v, + ¢,) wp.l.

We not only obtain the desired order at time v, + ¢,,, but the stopping time ¢, depends on the three processes
{D}(Xyp, v, +1): t = 0}, {D}(X,, v, +1): t > 0}, and {D}(X},, v, +1): t > 0}, which are independent homoge-

neous CTMCs conditional on their random state vectors X}, and X, respectively. Thus the stopping time is with
respect to the three-dimensional vector-valued CTMC (conditional on the random state vectors X}, and X”).

Alternating cycles using coupled and independent versions. Going forward after the time v, + ¢, for ¢, in
(C25), we again construct coupled processes just as we did at time 0. However, now we initialize by having
the specified states coincide at time v, + ¢,; i.e., Di(X}, v, +¢,) = D}(X), v, + ¢,) = D} ,(v, + ¢,). Hence,
we can repeat the coupling done over the initial interval [0, v,]. In particular, we can apply the ordering of the
initial states and the rate ordering to construct new coupled versions after time v, + ¢,. We can thus repeat the
construction already done over the time interval [0, v, ] after time v, + ¢,,. The coupled construction beginning
at time v, + ¢, will end at the first subsequent time that the order is violated. At this new random time
(paralleling v,), we must have all three processes in the boundary set of states {j: — B+ 1< j < B}. In this
way, we produce a sequence of alternating intervals, where we perform coupling on one interval and then create
independent versions on the next interval.

Applying a FWLLN after scaling time by n. Because the transition rates of DY , and all the other processes
are O(n), there necessarily will be order O(n) of these cycles in any interval [0, £]. However, we scale time
by n, replacing ¢ by nt, just as in (A5), (C15), and (C16) to represent all processes as FTSPs with random
parameters depending on n, converging to finite deterministic limits. Once we scale time by n in that way, the
scaled transition rates converge to finite limits as n — oo, but the relevant time interval becomes [0, n¢] instead
of [0, £], as in (C16). We can thus apply a FWLLN to complete the proof.

Regenerative structure as a basis for the FWLLN. As a formal basis for the FWLLN, we can apply regenerative
structure associated with successive epochs of order violation starting from coupling, but a regenerative cycle
must contain more than two successive intervals; we do not have an alternating renewal process. Such order-
violation epochs necessarily occur in the boundary region {j: —B8+1 < j < B}, where 8= j Vv k. Hence, there are
at most (23)* vectors of values for the three processes. Moreover, there necessarily will be one of these vectors
visited infinitely often. Successive visits to that particular state vector after coupling thus serve as regeneration
points for the entire process. That is, there is an embedded delayed renewal process. We next ensure that the
times between successive regeneration times have finite mean values, with the correct asymptotic properties
as n — oo. That justifies the FWLLN. In particular, we can apply a FWLLN for cumulative processes, as in
Glynn and Whitt [13]. For the particular QBD processes being considered, there is continuity of the asymptotic
parameters, as indicated in Lemma C.5.

Finite mean time between regenerations of order O(1/n). From basic CTMC theory, it follows that the first
passage times ¢, in (C25) have finite mean values that are of order O(1/n). In particular, E[¢,] < ¢, | < oo,
where nc, | — ¢; > 0. It is more difficult to treat the mean time over which the order is valid during a single
coupling, i.e., the initial time v, and the subsequent random times that which the order is valid during the
coupling. However, we can truncate the variables at finite constant times in order to ensure that the FWLLN
reasoning can be applied; e.g., we replace v, by ¥, =v, Ac, , < oo, where nc, , — ¢, > 0. We can later choose
¢, large enough so that the inequalities in (C7) hold for the specified €. Finally, the total number of these cycles
until the designated initial state vector appears again is a random variable. Because the successive vector of
initial state vectors visited on successive cycles is a finite-state discrete-time Markov chain, the random number
of cycles within a regeneration interval is a random variable with finite mean, say c, 3, with ¢, 3 — ¢; > 0 as
n— oco. As a consequence, the mean time between successive regenerations is ¢, 4, < oo, where nc, 4 — ¢, >0
as n— oo.

The proportion of time that order holds. Finally, it is important that we can control the proportion of time
that order holds in any interval [0, 7], 0 <t < £, as stated in (C7), for an appropriate choice of £&. As a basis
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for that control, we exploit the fact that the distribution of ¢,, the length of the first interval during which
order violation is allowed, and the random lengths of all subsequent intervals on which the desired sample path
order is violated, depend on the states of the three processes at time v, i.e., upon D}(X,, v,), D}(Xy., v,), and
Dy ,(v,). However, because the violation necessarily occurs in the boundary region {j: —B+1 < j < 8}, where
B =jVk, there are at most 23 possible values for each process, and thus at most (23)* vectors of values for
the four processes. Because this number is finite, the violation interval lengths (like ¢,) can be stochastically
bounded above, independent of the specific values at the violation point. Moreover, this can be done essentially
independently of £. On the other hand, the length of the intervals on which the coupling construction remains
valid necessarily increases as we decrease £ and appropriately increase ¢, and ¢, , in the paragraph above. Thus,
for any € > 0, we can achieve the claimed ordering in (C7) for all n > n, by an appropriate choice of &, c,,

and n,. 0O

Appendix D. The bounding QBD in Lemma B.3. We now describe how to present the process D in
Step 1 of the proof of Lemma B.3 as a QBD for each n. We assume that r, ; = j/k for j,k € Z,, and let
m = jV k. We define the process D" = kQ;,—jOi,. Thus, D’ is D" with an altered state space. In particular,
each process is positive recurrent if and only if the other one is.

We divide the state space Z, ={0, 1,2, ...} into level of size m: Denoting level i by L(i), we have

L(0)=(0,1,...,m—1), L()=(m,m+1,...,2m—1) etc.

The states in L(0) are called the boundary states. Then the generator matrix Q™ of the process D" has the
QBD form
B® A" 0 0

AP AT AP0
Q(n) — 0 Agn) A(ln) A(()n)

(n) (n)
0 0 AP Al

(All matrices are functions of X”. However, to simplify notation, we drop the argument X, and similarly in the
example below.)
For example, if j =2 and k = 3, then

—o" QL0 }\g /A\’3’ 0 0
B"=| g -0 0 |. A’=|X A& o].
i 0 —o" 0 A A
—a" 0 Ay aroproo
(n) —og" (n) nn An
Al = 0 7 0 ’ A7 =10 p5 @ ’

a0 -0

where 1% = (s + 5 and 0" = % + Y 5\3‘.

Let AW = A" + A" + A" Then A®™ is an irreducible CTMC infinitesimal generator matrix. It is easy to
see that its unique stationary probability vector, v, is the uniform probability vector, attaching probability 1/m
to each of the m states. Then by Theorem 7.2.3 in Latouche and Ramaswami [28], the QBD is positive recurrent
if and only if VA(()")I < VA%")I, where 1 is the vector of all 1s. This translates to the stability condition given in
the proof of Lemma B.3.

Appendix E. Positivity of fluid limit. In this appendix we explain why Assumption 3.2 about the initial
conditions is reasonable. First, the assumed convergence DY ,(0) = L if x(0) € A is natural, since that conver-
gence holds whenever x(¢) € A, provided that ¢ is not a hitting time of the set A from S — A, by virtue of
Theorem 4.6 and Remark 4.2. We can take time O to be a time shortly after a hitting time of A.
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We now elaborate on another part of Assumption 3.2, namely, the assumed initial values for each n. Observe
that, given the convergence X" = x established in Theorem 4.1, we necessarily have Z1,(t) = Op(n) (and thus
Z3 (1) =0) and Q(t) = Op(n), i =1,2, if 7, ,(1) > 0 and ¢,(r) > 0, i = 1,2, where x =(q,, ¢, 2, ,) is the
fluid limit. However, in general we may not have such strict positivity in the components of the fluid limit at
time 0. (Recall that Assumption 3.2 allows Q7 (0) = o(n), i = 1,2, and Z} ,(0) is allowed to be 0.) Nevertheless,
we now show that we do necessarily have strict positivity of the components of x(¢) for all 7 > 0 small enough,
even if that property does not hold at time 0.

For a vector y € R;, we write y > 0 if the (strict) inequality holds componentwise.

ProprosITION E.1.  The fluid limit x satisfies x(t) > 0 for all t > 0 sufficiently small.

PrOOF. The statement follows immediately for the case x(0) > O because of the continuity of x. We thus
assume that at least one component of x(0) is not strictly positive. If z; ,(0) =0, then it was shown in the proof
of Theorem 6.4 that z, ,(¢) > 0 for all ¢ > 0. Now note that, by the assumption on the initial condition x(0) in
Assumption 3.2, g,(0) > rq,(0), so that if ¢,(0) =0, then we must have ¢,(0) =0 as well. We prove the result
for the three possible regions of x(0) in Assumption 3.2, namely, ST, A*, and A, separately.

(i) x(0) € S*. In this case, ¢,(0) > 0 and m; ,(x(0)) =1, so we need to consider the case g,(0) = 0.
Plugging these values of 7, ,(x(0)) and g,(0) in the equation for ¢, in (24), we see that ¢,(0) = A, > 0, so that
q, is strictly increasing at time 0, and the result follows.

(ii)) x(0) € A*. It is shown in Lemma 7.2 in Perry and Whitt [37] that if x(0) € A*, then for all 7 > 0
sufficiently small, x(1) e S—S™— A", i.e., q,(t) > rq,(¢) for all ¢ € (0, €,], for some €, > 0. As in the previous
case, 7, ,(x(0)) =1 and, assuming ¢,(0) =0, we have that g, is strictly increasing at time 0, so that g,(t) >0
for all ¢ satisfying 0 < ¢ < €,, for some €, > 0. Then, with £ =€, A €,, q,(¢) > 0 for all t € (0, ¢].

(iii) x(0) € A. By Theorem 5.2 in Perry and Whitt [37], the fluid limit x is right differentiable at zero and is
differentiable on an open interval (0, ) for some & > 0. For i =1, 2, if ¢;(¢#) =0, then ¢,;(¢) cannot be negative
by Theorem 5.1 in Perry and Whitt [37]. Hence, because we are considering the case ¢;(0) =0, we have two
possibilities: either ¢;(0) =0 or ¢;(0) > 0.

Our proof builds on the fact that x(¢) is itself a continuous function of 7. That is so because the right-hand side
of each component of x(¢) in (24) includes the system’s parameters, the Lipschitz-continuous fluid limit x(¢),
and the function ar, ,(x(#)). However, m, ,(x) is locally Lipschitz continuous as a function of x by Theorem
7.1 in Perry and Whitt [37], and in particular, 7, ,(x(#)) is a continuous function of x(¢), which is itself a
continuous function of ¢. Hence, m, ,(x(¢)) is continuous in ¢, and so is ¢;(¢), i =1,2. As a consequence, if
¢;(0) > 0, then ¢;(¢) > O for all ¢ in some neighborhood of 0, so that g; is strictly increasing on a positive
interval, i =1, 2.

Hence it remains to consider the case in which ¢;(0) =0 for i = 1 or i = 2. Assuming that to be the case, we
will show that ¢;(0) =0 for j #i, j=1,2. Indeed, if ¢;(0) > 0, then g; must be increasing at a neighborhood
of time 0, so that x(¢) € A for all ¢+ > 0 small enough, contradicting the fact that A is an open set. Hence, the
proof of the proposition for the case x(0) € A will follow if we assume that ¢,(0) = ¢;(0) =0 for both i =1 and
i =2, and show that we reach a contradiction. We consider two subcases, depending on whether w, , > u, , or
12 = Moo

If @, , >, ,, then define the function V(x(¢)) = ¢,(t) + g,(¢). It is shown in the proof of Theorem 5.1 in
Perry and Whitt [37] that V is strictly increasing whenever x(¢) € A, so that at least one queue is increasing at
time 0. Once again, this means that the second queue must also be strictly increasing, for otherwise x will leave
A immediately after time 0, so the statement is proved.

If w, , <M, ,, then define the function V(x(1)) = (1 + €)q,(r) + ¢,(t) + €z, ,(¢), for arbitrary € > 0. We
again use the proof of Theorem 5.1 in Perry and Whitt [37] to conclude that V is strictly increasing at time 0.
However, in that case, even though ¢,(0) =0, i=1,2, V can be increasing because 2, ,(0) > 0. Assume that is
the case, and consider the ODE (24). (Recall that ¢;(0) = ¢,(0) =0, i=1 and 2.)

It follows from the assumption z, ,(0) > 0 and the equation for z, , in (24), that

1,2 (x(0)) (1,221,2(0) + 12,225 2(0)) > g 224 5 (E1)
Then, by the assumption ¢,(0) = ¢,(0) =0, we have

0=¢,(0)= A, My My — 771,2()‘(0))(1*1,221,2(0) +M2,222,2(O)) <A — My 11y _MI,ZZI,Z(O)’

where the inequality follows from (E1). Hence, w; ,z; ,(0) > A; — u, ;m,, which further implies that

Z1,2(0) > 55, (E2)
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for s5 in (8). From the equation for ¢,(0) in (24) (recalling that ¢,(0) =0 by assumption), we get

4,(0) =21, _I-Ll,zzl,z(o) _Mz,zzz,z(o) + 771,2()6(0))(#1,211,2(0) +M2,222,2(0)) > A, _l-’«z,zzz,z(o)’

where again, the inequality follows from (E1). Now, since z, ,(0) = m, — 7, ,(0), we have

G,(0) > A, — a2y +P«2,221,2(0) > Ay = o oMy +IJ«2,2S§ >0,

where the second inequality follows from (E2), and the third from Assumption 3.1. This contradicts the assump-
tion that ¢,(0) = ¢,(0) = 0. Hence the proof is complete. O

Appendix F. List of acronyms. In this appendix we list all the acronyms used in the paper and refer to the
sections where they are introduced and discussed.

AP—averaging principle (§1 and Perry and Whitt [36, 37])

CTMC—continuous time Markov chain (§1)

FCLT—functional central limit theorem (§1)

FQR-T—fixed queue ratio control with thresholds (§§1 and 2.2)

FSLLN—functional strong law of large numbers (§6)

FTSP—fast-time-scale process (§§1 and 3.2)

FWLLN—functional weak law of large numbers (§§1 and 4.1)

ODE—ordinary differential equation (§§1 and 3.3)

QBD—quasi-birth-and-death process (§3.3 and Perry and Whitt [37])

QR-T—not fixed queue ratio control with thresholds (§1 and Perry and Whitt [35])

SSC—state-space collapse (§§1 and 6)
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