by 1 2 3 4

________________ 1 2 3 4

Abstract

F^c (x) x^β e^x as x

0.

form F^c (x)∼

k=1Σ^{m α} k^{x k+1 e x}

η β when

β β 0).

Keywords:

th

− 9

th

other.

z

(cdf) F(x c (x) = 1− F(x), n^{th} moment m_n = ∫_0^∞ x^ndF(x) = ∫_0^∞ nx^{n − 1} F^c (x)dx

(LST) f̂(s) = ∫_0^∞ e^{− sx}dF(x

and (mgf)

M(z) = f̂(− z) = n =0Σ ∞ m_n z^n

where m_0 = m_n M(z

F^c (x) x^β e^x as x where f(x) ∼ g(x x f(x) (x) → x η asymptotic β and α α and η β η

f̂(s

β Non-zero β f̂(s β β non-zero β

β β

When

F^c (x) −

k=1Σ^{m− 1α} k^{x k+1 e x} m^{x m+1 e x as x (1.5)}

for m ≥ m = α_1

3/2;

β − 3/

3/

− 3 identify β η̂_n = nm_{n − 1 n}

β̂_n =

m_{n − 1} ηm_n − n α̂_n = n!n^β η^nm_n . (1.8)

η β η α_1 η and β η̂_n

and α̂_n β̂_n β̂_n

f̂(s f̂(s) = e^{− sf̂(s)} (1.9)

m_n = (n +^{n − 1} , n ≥ 1 . (1.10)

n

e^{− 1} , 3/ e^5 /2π η O(n^{− 1} η̂_n + c_1 n^{− 1} + c_2 n^{− 2} + + c_{m− 2} n^{(m−} + O(n^{− (m−} n where c_1 η n ≤ extrapolation (1.12).

i.e.,

η̂_n (k) =

j=0Σ^{k− 1η̂} n − j^wj^{(n,k− k ≥}

where

w_j (n,k) = j k− j

(−^j (n − j)^k

η̂_n η̂_n (k O(n^{− k} η̂_n (k k^{th} of η η̂_n ^_n.) η̂_n ξ̂_n ^_n^{− 1} ξ̂_n (k to ξ̂_n η_n^∗ ^_n^{− 1} = (n ξ̂_n − (n − ξ̂_{n − 1}^{− 1} = m_n m_{n − 2} − m_{n − 1}^2 m_{n − 1} m_{n − 2} = (r_n − r_{n − 1} )^{− 1} (1.15)

for r_n ≡ m_{n n − 1}

η̂_{20} η̂_n (k k and n with k ≤ n ≤ η β η and β n η̂_n for η β_n = 0. β̂ η:

β̂_n^∗ = r_n − r_{n − 1} r_n − n (1.16)

for r_n ≡ m_{n n − 1} η̂_n^∗ η O(n^{− 1} β̂_n β̂_n^∗ β η α n!n^β nΓ(n Γ(x

α is α_n^{∗ n}m_n /(nΓ(n . (1.17) When β α̂_n α_n^∗ α.

α_k

α̂_{k,n} = A_{k,n} B_{k,n}

where

A_{k,n} = η^k α_1 (n n (n k) (1.19)

and

B_{k,n} = α_1 nΓ(n ) η^n m_n − 1− α_1 (n α_2 η − − α_1 (n (n k+ α_{k− 1} η^{k− 2} (1.20)

α_k α̂_{k,n}

α_k η,β,α_1 α_{k− 1}

α̂_{k,n}

x, x

assume not η α

m_n F^c (x (1.1), m_n = ∫_0^∞ x^{n − 1} F^c (x)dx

m_n ∼

η^n Γ(n ) kΣ_{(n )}k^{a kη} k

a_k e^xx F^c (x

F^c (x) x^β e^{xδ} as x (1.23) for δ 3/ η̂_n , β̂_n and α̂_n as n via assume η̂_n , β̂_n and α̂_n as n

f(x) = 2e^{− x} − cos x) =^2 e^{− x} , x ≥

F(x) = 1− e^{− x} − cos x + sin x f̂(s) = ∫_0^∞ e^{− sx}f(x)dx = +s + +s)^2 ) 2

∫_0^∞ e^xx^n cos =_{2 )(n + /2}^{n!} n + α^{− 1}

n^{th} F is m_n = n − 2^{− (n + /2} n + π/ n ≥ 1 . (2.5)

η̂_n 1, β̂_n α̂_n n . not have F^c (x) ∼ 2e^{− x} as x s s) − − 1 ± i

z =

α and β

f(x f_u by f f_u (x) = e^{− ux}f(x) ^(u) . (3.1) f_u f̂_u (s) = f̂(s +u) ^(u where f̂(s f(x f̂ f̂_u has − u f(x) x^β e^x as x then

f_u (x) ∼ f̂(u) α x^β e^{− ( u)x} as x . (3.4)

F_u^c (x) ∼ ( u) f̂(u) α x^β e^{− ( u)x} as x

f̂(s f̂_u (s M_u (z) ≡ f̂_u (− z α ,β and η f

F^c (x) ∼ 1 α x^1 as x . (3.6)

F_u^c (x uf̂(u)/( F^c (x). η α and β.

η α Γ(x

β, Γ(n ∼ n!n^β Let X(η,ν

f(x) =

Γ(v) 1 η^ν x^1 e^x , x ≥

with η and ν ν/η ν/η^2

β, x_0 > 0 and 0_{1 2} P(X(η,n ) < x_0 ) ≤ C_1 e^{− C2 n} (4.2)

0 and 0

m_n ∼ η^n α nΓ(n ) ∼ η^n α (n n^β ________ as n

η̂_n , α̂_n and α_n^∗ for η̂_n α̂_n α_n^∗ Proof. x_0 F^c (x) ≤ )α x^β e^x for x ≥ x_0 and

F^c (x) ≥ )α x^β e^x for x ≥ x_0 .

m_n = ∫_0^∞ nx^{n − 1} F^c (x)dx

≤ ∫_0^{x0} nx^{n − 1} F^c (x)dx )n∫_{x0}^∞ x^{n 1} e^xdx

≤ x_0^n + η^n α )nΓ(n ) P(X(η,n ) > x_0 )

≤ x_0^n + η^n α )nΓ(n )

while

m_n ≥ η^n α )nΓ(n ) P(X(η,n ) > x_0 ) . (4.5)

Since x_0^n nΓ(n )η^{− (n )} and P(X(η,n ) > x_0 ) → n

m_n nΓ(n )/η^n as n

η̂_n and α̂_n and α_n^∗ α η and β η α η __n o(n^{− 1} β _ n o /log n n

α̂_n α η

__n

and β _ n η and β.

If η

__n n^{− 1} + o(n^{− 1} and β _ n /log n + o /log n) as n

η __n^__n

m_n !n^β _ n e .

Proof. η

__n η __n_n n^{− 1} + o(n^{− 1 n} ∼ e^γη^n as n . β _ n n^β _ n → K β _ n n → log K β _ n n K = e^δ η̂_n O(n^{− 1} η̂_n η̂_n (k k > O(n^{− k} o(n^{− 1} η and β α

η̂_n η̂_n

If F^c (x) e^x e^x for η̂_n ^_n O η/ϕ )^n ) for η̂_n η_n^∗ O(n(η/ϕ )^n n for η_n^∗ η̂_n^nm_n ! and η_n^{∗ n}m_n ! .

β n

O /log n

β_n^# ≡ log n η^nm_n log n ) + o /log n) . (5.1)

Proof.

β /η_n

β O(n^{− 1}

1/η_n =

nm_{n − 1} m_n ∼ nη n

n from n

F^c (x) x^β e^x ∼ log x γx^β e^x as x . (5.3)

when β η_n^∗

1. If F^c (x) x^β e^x x e^x x^{2ϕ} e^x

α ,η and ϕ β,γand δ m_n =

η^n α nΓ(n ) 1 + α n^ϕ ϕ + O(n^{− 2ϕ} ) as n (5.5)

and

r_n ≡

m_{n − 1} m_n = η n + (n − η nβ + O(n^1 ) (5.6)

for ϕ } 1/2, β̂_n for β̂_n η_n^∗ for

η_n^∗

Proof. γ and δ 0

x_0

F^c (x) x^β e^x x e^x ≤ )δx^{2ϕ} e^x and F^c (x) x^β e^x x e^x ≥ )δx^{2ϕ} e^x

x ≥ x_0 X(η,ν η ν m_n

m_n = ∫_0^∞ nx^{n − 1} F^c (x)dx

≤ ∫_0^{x0} nx^{n − 1} F^c (x)dx + ∫_{x0}^∞ nx^{n − 1} F^c (x)dx

≤ x_0^n + ∫_{x0}^∞ α nx^{n 1} e^xdx + ∫_{x0}^∞ γnx^{n 1} e^xdx + ∫_{x0}^∞ )δnx^{n 2 1} e^{ηx}dx

≤ x_0^n + η^n α nΓ(n ) + η^n γnΓ(n ) + η^{n 2ϕ}

)δnΓ(n 2ϕ )

x_0^n Γ(n )/η^n as n Γ(n + b)/Γ(n + a) ∼ n^{b − a} by m_n ≤ η^n α nΓ(n ) 1 + α n^ϕ ϕ + O(n^{− 2ϕ} )

. (5.8)

m_n ≥ ∫_{x0}^∞ nx^{n − 1} F^c (x)dx ≥ η^n α nΓ(n ) P(X(η,n ) > x_0 ) +

η^n γnΓ(n ) P(X(η,n ) > x_0 )

+ η^{n 2ϕ}

)δnΓ(n 2ϕ ) P(X(η,n 2ϕ ) > x_0 ) . (5.9)

m_n ≥ η^n α nΓ(n ) 1 + α n^ϕ ϕ + O(n^{− 2ϕ} )

. (5.10)

m_{n − 1} m_n = (n − η n(n 1 + α nϕ ϕ + O(n^{− 2ϕ} ) 1 + α (n −^ϕ ϕ + O(n^{− 2ϕ} )

= η n + n − 1 n η β 1 + O(n )

= η n + n − 1 n η β + O(n^1 )

for ϕ γand δ γ P(X(η,n ) > x_0 ) δ β̂_n η_n^∗

η and α_1

β,α_2 , , α_m

m_n = η^n α_1 nΓ(n ) 1 + n c_1 + n^2 c_2 + + n^{m− 1} c_{m− 1} + O(n^{− m})

where

c_1 = α_1 α_2 η

, c_2 = α_1 α_3 η^2 − α_1

( α_2 η , c_3 = α_1 α_4 η^3 − α_1 α_3 η^2 + α_1

(^2 α_2 η

r_n ≡ m_{n − 1} m_n = η n + η β + n d_1 + n^2 d_2 + + n^{m− 2} d_{m− 2} + O(n^{− (m−} )

where

d_1 = η β − α_1 α_2 η

d_2 = η β − α_1 2 + α_1 α_2 __________ +

α_1^2 α_2 η − α_1

2α_3 η . (5.14)

η̂_n β̂_n α̂_n β_n^∗

α_n^∗ α̂_{k,n}

Proof.

n − x 1 = n 1 1− ( ) 1 = n 1 1 + n x + n x 2 + n x 3 + . (5.15) m_n = η^n α_1 nΓ(n ) X_n

where

X_n = 1 + α_1 (n α_2 η + α_1 (n n α_3 η^2

+ + α_1 (n n (n m+ α_mη^{m− 1} + O(n^{− m}) . (5.17)

X_{n − 1} = 1 + C_1 n^{− 1} + C_2 n^{− 2} + +C_{m− 1} n^{− (m−} + O(n^{− m}

where C_1 = c_1 , C_2 = c_1 + c_2 and C_3 = c_1 + 2c_2 + c_3

X_{n − 1}

X_n

= 1 + D_1 n^{− 1} + D_2 n^{− 2} + + D_{m− 1} n^{− (m−} + O(n^{− m}

where D_1 = 0, D_{2 2} η/α_1 and

D_3 = α_1 α_2 η + α_1^2 α_2 η^2 − α_1

2α_3 η^2 . (5.20)

m_{n − 1} m_n = (n − η n(n X_{n − 1}

X_n

= η n + η β + ηn β___ + ηn^2 β + 1+ n D_1 + + n^{m− 1}

D_{m− 1} + O(n^{− m})

. (5.21)

η̂_n , β̂_n , α̂_n , β_n^∗ and α_n^∗ α̂_n in

α_n^∗ δ 0, F

X F X^δ P(X^δ > x) x^{(β/δ)} e^x as x . (6.1) X^δ m_{δr} (r +(β/δ)+ /η^{r +(β/δ)} as r . (6.2) where r m_n δ is

η̂_n ≡ nm_{δ(n − δn} as n (6.3) β̂_n m^{δ(n −} ηm_{δn} − n as n (6.4)

α̂_n ≡

n!n^{β/δ} η^{n +(β/δ)} m_{δn} as n

δ η,β and α

δ β/δ β δ̂_n ≡

n(r_{n +1} − r_n ) r_n

η̂_n ≡

r_n^δ δ n

β̂_n )^{1/δ} r_n − n − + α̂_n ≡

Γ n )/δ) η^{(n )/δ}

n = m_{n n − 1}

(1995).

motion − / / H_1 (x

H_1 (x) = 1− (x+ 1 ( + 2 2 ϕ (

, x ≥

where Φ ϕ that H_1^c (x) ≡ 1− H_1 (x 1/4, 3/ 8/ π ;

H_1 is

ĥ_1 (s) =

1+ 1+4s 2 (7.2)

m_n = n /(n +

m_n in

α_k/α_{k− 1} k− k ≥ 2 . (7.4)

x actually divergent.

each x

η,β and α η̂_n in

(1.6),

η̂_n ^_n ≡ m_n nm_{n − 1} = 2n n − n(n +

= 4 1 − 1/2n)

+1 ) = 4 1 + 8n 3 + 16n^2 3 + 32n^3 3 + (7.5)

β̂_n

β̂_n ≡ m_{n − 1} ηm_n − n = 4 1 n +1 4n^2 − 2n − n

= +1 )

− 3/2 = 2 − 3 1− n 1 + n^2 1 − n^3 1 ± (7.6)

α_n^∗ Γ(n +1/ obtain

α_n^∗ = Γ(n η^n m_n = π 8 2n +2 2n − 1

= π 8 + − /2n = π 8 1− 2n 3 + 2n^2 3 + . (7.7)

ĥ(− z ĥ(s

H_1

l.)

k^{th} η n ≤ n ≤ k ≤ k ≤ 5.

(Here η̂_n η̂_n

of n

n = n =

η̂_n n n ≥

η_n n

from n = n = η̂_{17} = η̂_n n n n where η̂_n η η̂_{17}

η η̂_{17}

η

η

η n = j^{th} n > j ≤

j^{th} j n H_1, η̂_n (k n ≤ k ≤ η_{17} Using η̂_{17} β using β̂_n (k β̂_n ^_n β_n^∗ (k) β_n^∗_n^∗ k^{th} β_n^∗ (k η β η̂_n n = n = 100. β̂_n β_n^∗ β̂_n β_n^∗ n n = β̂_n n = β_n^∗ n

β η β η β η. β η η η β η β β η α_1 ,α_2 ,α_3 and α_4 η and β, η̂_{17} β̂_{16} α_2 α_1 α̂_{j,n} α̂_{j,n} j = n α̂_{j,n} α̂ = α̂ α̂ = and α̂ j = j = j = j = 4. H^c (x − ĥ_1 (s for ĥ_1 (s

x x − 11 x

x = 8, x = x = 80,

x = x = 80,

x ≥ 20.

x = x = x =

ĝ_4 (s) = 1− s + 8 9 s_2 − 16 27 s_3 + 64 81 s_4 ln 1+ 3s 4

density

g_4 (x) = 8x^5 243 1− 1+ 3 4x + 9 8x^2 + 9 128x^3 + 243 32x^4 e^{− 4 3}

G_4^c (x) =

32x^4 243 1− 1+ 3 4x + 9 8x^2 + 81 32x^3 e^{− 4 3} c^2 = 5/ W ρ

ŵ(s) ≡ 0 ∫^∞ e^{− sx}dP(W ≤ x) =_{1 ĝe (s)}^1

where ĝ_e (s) = 1− ĝ_4 (s) . (8.5) P(W > x

P(W > x) ∼ ) ρ x ∫^∞ G4^c (y)dy ∼_{32x3 )}^{81ρ} as x . (8.6)

f̂_u (s u = f̂(s) = ĝ_4 (s − for F_u^c (x ĝ_4 = obtain − − G_4^c (x

f̂_u (s u = f̂(s) = ŵ(s

− f̂_u = − P(W ≤ xW >

Acknowledgment.

References

Oper.

Queueing

National

Wissenscha ..

Dover,

University.

Networks,

ATM.

Queues,

Transformation,

University.

Phase

York.

queue.

Springer-Verlag,

Generatingfunctionology, n estimators ∞ (exact)

η̂_n η̂_n

β̂_n − 1.29 − 1.36 − 1.41 − 1.43 − 1.46 β̂_n − 1.4994 − 1.49997 − 1.499991 − 1.499994 − 1.5003 β_n^∗ − 1.11 − 1.24 − 1.32 − 1.36 − 1.43 β_n^∗ − 1.72 − 1.4996 − 1.49996 − 1.4992 − 1.476 − 1.5000

α̂_n π α̂_n =4.5133

α̂_n − 17.4 − 20.9 − 22.8 − 23.8 − 25.4 − 48/ π α̂_n − 27.05 − 27.074 − 27.075 − 27.075 − 27.073 =− 27.0811

α̂_n π α̂_n =270.811

α̂_n − 1351. − 2235. − 2718. − 2970. − 3363. − 6720/ π α̂_n − 3776. − 3777. − 3777. − 3777. − 3580. =− 3791.35

η,β,α_1 ,α_2 ,α_3 and α_4 n H_1

F^c (x) x − 1.20e-02 − 5.59e+01 n = m_{n − 1} m_n η̂_n α̂_n η̂_n α_n^∗ β_n^∗

− 1.54 − 1.4993 − 1.49970 − 1.49987 − 1.49992 − 1.499939 − 1.499951