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We develop deterministic fluid approximations to describe the recovery from rare con-
gestion events in alarge multi-server system in which customer holding times have a general
distribution. There are two cases, depending on whether or not we exploit the age distribu-
tion (the distribution of elapsed holding times of customersin service). If we do not exploit
the age distribution, then the rare congestion event is alarge number of customers present. If
we do exploit the age distribution, then the rare event is an unusua age distribution, possibly
accompanied by alarge number of customers present. As an approximation, we represent the
large multi-server system asan M /G /oo model. We prove that, under regularity conditions,
the fluid approximations are asymptotically correct as the arrival rate increases. The fluid
approximations show the impact upon the recovery time of the holding-time distribution
beyond its mean. The recovery time may or not be affected by the holding-time distribution
having along tail, depending on the precise definition of recovery. The fluid approximations
can be used to analyze various overload control schemes, such as reducing the arrival rate
or interrupting services in progress. We also establish large deviations principles to show
that the two kinds of rare events have the same exponentially small order. We give numer-
ical examples showing the effect of the holding-time distribution and the age distribution,
focusing especially on the consequences of long-tail distributions.

Keywords: multi-server systems, high congestion, recovery from congestion, overload
control, long-tail distributions, transient behavior, fluid limits, fluid approximations, large
deviations, Sanov’s theorem, residual lifetimes, age distributions

1. Introduction

In this paper we study recovery from congestion in a large multi-server system.
Our motivating application is alink in a high-bandwidth multi-service communication
network, but there are many possible applications. We assume that service requests
arrive according to a Poisson process with rate A and require a certain bandwidth for
a random holding (service) time with general cumulative distribution function (cdf) G
having mean ~. As a smplifying assumption, we let the required bandwidth be 1 for
each customer. (See section 6 for multi-class extensions, where different classes have
different holding-time cdf’s and required bandwidths.) We consider how the system
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recovers from congestion, with and without intervention, where the intervention may
be to reduce the arrival rate or to interrupt some services in progress. Our god is to
obtain insights for system design and overload control.

We focus on large systems, where the offered load A\ is large and the capacity
is even larger, so that demand exceeding capacity is a rare event. The size enables
us to apply relatively simple deterministic fluid approximations in order to describe
the transient behavior of the system. We show that these fluid approximations are
asymptotically correct as the size increases.

Numerical results are not difficult to obtain when the holding-time distribution is
exponential, e.g., see Abate and Whitt [2] and Davis, Massey and Whitt [13]. However,
here we are primarily interested in non-exponentia holding-time distributions. We
focus on the impact of the holding-time cdf G beyond its mean. For instance, we
investigate the consequence of G having a long tal; e.g., G might have a power tail,
i.e, G°(t) ~ at P ast — oo, where G¢ is the complementary cdf (ccdf), i.e., G¢(t) =
1 — G(t), « and  are positive constants and f(t) ~ g(t) means that f(t)/g(t) — 1
ast — oo. We are interested in long-tail distributions because they are frequently
reported in measurements of existing communications networks, e.g., see Caceres,
Danzig, Jamin and Mitzel [8], Leland, Tagqu, Willinger and Wilson [24], Paxson [28]
and Crovella and Bestavros [12]. In models of stationary traffic, Willinger, Tagqu,
Sherman and Wilson [31] have proved that long-tail on and off times in individua
sources can cause self-similarity seen in aggregate traffic.

It is somewhat difficult to anticipate the impact of a long-tail holding-time cdf
G upon recovery from congestion, because there is somewhat conflicting evidence.
First, it is known that long-tail service times cause long-tail waiting times in single-
server queues, e.g., see Abate, Choudhury and Whitt [1]. In that setting the impact
can be great. However, in the fluid limit arising under heavy loads, the service-time
cdf beyond its mean ceases to matter in single-server queues, e.g., see Chen and
Mandelbaum [9] and Choudhury, Mandelbaum, Reiman and Whitt [11].

That background is not especialy relevant, though, because the model here is
not a single-server queue. If we consider the M /G/s/0 multi-server loss model or the
M /G /oo infinite-server model, then the steady-state distribution of the number of busy
servers has the insensitivity property, i.e., that distribution depends on the holding-time
cdf G only through its mean. However, the transient behavior of these models does not
have the insensitivity proper, e.g., see Eick, Massey and Whitt [16] and Davis, Massey
and Whitt [13]. Moreover, when the system gets large, the holding-time cdf beyond
its mean continues to matter. We will show that the deterministic fluid limit describing
recovery from congestion in a multi-server system as the arrival rate increases depends
strongly on the holding-time cdf G. On the other hand, the long-tail character of G
might not have serious consequences. We will show that the impact of the cdf G
beyond its mean upon recovery depends on how recovery is defined.

In order to simplify analysis, we will only consider the M /G /oo infinite-server
model, but the conclusions are also applicable more generally to M/G/s/r models
with s servers and r extra waiting spaces, provided that the offered load (mean number
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of busy servers) Ay isindeed large and s iseven larger; e.g., see example 2 in section 3.
(It appears that the limit theorems in sections 7-10 extend to such finite-capacity
systems, but that remains to be proven.) This paper continues to develop the idea that
infinite-server models are very useful for understanding the behavior of multi-server
systems; for related previous work, see Davis, Massey and Whitt [13], Eick, Massey
and Whitt [16], Glynn and Whitt [19], Leung, Massey and Whitt [25] and Massey
and Whitt [27]. This paper aso continues to develop the idea that a large size, when
viewed correctly, need not lead to excessive computational complexity, but instead can
lead to atistical regularity and a simplification in performance analysis; for related
previous work, see Chen and Mandelbaum [9], Glynn and Whitt [19] and Krichagina
and Puhalskii [22].

It should be noted that the M/G /oo model is aso of interest because it arises
as the limit of the superposition of N possibly heterogeneous on-off (0-1 valued)
processes as N — oo with the mean off time increasing so that the overall mean
remains fixed. Analysis similar to what we do here applies to superpositions of in-
dependent on-off processes (and more general component processes). We intend to
discuss recovery from congestion in such aternative models elsewhere.

In addition to serving as an approximation for finite-capacity models, the infinite-
capacity model is directly applicable to systems for which bandwidth allocations are
somewhat elastic. We are thinking of applications which can function down to very
low bandwidths, but for which a certain minimum dlocation is desirable. If the
alocation falls below this level, either too frequently or for too long, then the quality
of service received by the application is deemed insufficient. A concrete example is
packet telephony running over alink operating a rate-based feedback mechanism, with
the application responding to rate-control messages by using a coarser encoding. Each
call would use up to ¢ units of bandwidth, but calls would never be blocked. If the
total bandwidth is B and the number of calls present is n, then the alocated bandwidth
would be min{c, B/n}. As afirst approximation, it seems reasonable to assume that
the call holding time is independent of the allocated bandwidth, so that the M//G /oo
model is directly appropriate.

In the M /G /oo model the obvious high-congestion event is having a large num-
ber of customers in the system. The likelihood of such an event is easy to determine
because the steady-state number of customers in the system, denoted by N, has a
Poisson digtribution with mean m = \v, i.e,

= e ™mk
P(Nzn)=>_ o (1.1)
k=n )

From the point of view of (1.1), the cdf G beyond its mean plays no role, but
(1.1) does not tell the whole story. The congestion is usually regarded as worse when
the number of customers remains high for a longer period of time. This is certainly
the case when there is inflow to a buffer with a rate proportiona to the content of the
M /G /oo system above a certain level, as in ATM switch models.
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Let N(t) be the number of customers in service in the M /G /oo system as a
function of time ¢. We say that the system has recovered from a rare congestion
event at time O when N(t) first reaches a recovery level k& with m < k < n. Thus,
assuming that the rare congestion event is an unusualy large number of customers
present initidly, i.e., the event { N(0) = n}, the recovery timeis

T=T,r=inf{t >0 N(t)<k|N@O)=n}. (1.2

We are interested in determining how the distribution of T° depends on the parameters
m, n, k, A andthe holding-time cdf G. We show that, unlike in (1.1), the holding-time
cdf G beyond its mean can play a big role in (1.2).

We are particularly interested in the distribution of 7" when A\, m and n are large.
In that case, we show that the recovery time T' is approximately constant, being equal
to an associated recovery time for the mean, which can be regarded as a fluid limit
(shown in section 7). Paralleling (1.2), the recovery time for the mean is

T =1 = inf{t >0 E(N(t) | N(O) =n) <k} (13

for m < k < n. More generaly, we suggest focusing on the time-dependent condi-
tional mean E(N(t) | N(O) = n). It turns out to be remarkably tractable.

A complication in our discussion of recovery is the precise meaning of the rare
congestion event { N(0) = n}. There is no difficulty if the holding-time distribution is
exponential, because then the stochastic process { N(¢t): ¢t > 0} is Markov. However,
we want to treat non-exponential holding-time distributions. A key to the remarkably
simple analysis here is the assumption that the M /G /oo system is in steady state at
time 0. In the steady-state setting, we condition on the event { N(0) = n}. However,
in most applications we actually want to define the rare congestion event as a first
hitting time of the level n by the process N(t). To properly formalize the meaning for
successive hitting times, we can let the hitting time be the first time to hit the high
level n after first hitting a suitably low level, such as the mean m or 0. (When the
arrival rate is not too large, 0 should suffice (and will be regenerative), but when the
arrival rate is large, O will be visited too rarely.)

We propose our steady-state rare event, not only as an approximation for what
we see at arandom (steady-state) time, but also as an approximation for the associated
hitting-time rare event. We conjecture that this approximation is asymptotically correct
asn — oo, by which we mean that the age distribution conditional on { N(0) = n} has
the same distribution asymptotically as n — oo for both definitions of the rare event
{N(0) = n}, i.e, when it is a hitting time and when the system is in steady-state.
Intuitively, this asymptotic equivalence is believable if we note that P(N > n + 1 |
N >n) — 0asn — oo when N has a Poisson distribution.

We a so establish supporting theory for the hitting-time approximation in the case
of alarge arriva rate. Conditioning on { N(0) = n} in steady state, we show that in
the limit as A\ — oo and n — oo with n/\ — § > ~ the normalized path before time 0
is increasing. (See the corollary to theorem 6 in section 7.) We are able to describe
the path before time O as well as the path after time O, because the M /G /oo system
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is time reversible. We are able to characterize the entire path, not just the behavior at
finitely many time points, by establishing a functional law of large numbers.

A second major theme in this paper is the idea that the notion of rare congestion
inan M /G /oo system should include more than just large values for N(t). In order
to make the stochastic process { N(t): t > 0} a Markov process, we need to append
the elapsed holding times (ages) of the N(t) calsin progress at time ¢. (Alternatively,
we could obtain a Markov process by appending the residual holding times of each
customer in service at time ¢, but the residual times typically are not yet known at
time t.) When the holding-time distribution is not nearly exponential, observed ages
give important information about the residua holding times. Even as the arrival rate
A increases, the ages play an important role in the evolution of the system. Hence we
also consider the empirical age distribution at time ¢, denoted by A(t); A(¢,x) is the
fraction of the N(¢) calls in progress with ages less than or equal to .

Since the process { (N (t), A(t)): t > O} is Markov, it is natura to consider rare
events for the pair (IV(t), A(t)). We propose considering possible deviations of A(t)
from its mean as well as large values for N(t). We relate the rarity of high values
of N(t) to the rarity of exceptional age distributions A(t) by establishing a joint large
deviations principle (LDP) for N(t) and A(t) as the arrival rate A increases. The
joint LDP for N(t) and A(t) implies LDPs for N(t) and A(t) separately. The LDP
for A(t) enables us to understand how likely are various possible age distributions.
The two LDPs show that the two kinds of rare events have probabilities of the same
exponentialy small order. Thus, it is appropriate to consider unusual age distributions
as well as large numbers of customers.

We adso relate the age distribution A(t) to the residua holding-time distribu-
tion R(t); R(t,x) is the fraction of the N(¢) calls in progress with residua holding
times less than or equal to z. The same LDP applies to the pair (N (t), R(t)) as to
(N(t), A(t)). ThisLDP helpsreved the likelihood of alternative recovery paths starting
from N(0) = n. We mention here that the transient response of the LD rate-function
describing buffer overflow after conditioning on a rare event has been investigated for
single server queues by Duffield [15].

Here is how the rest of this paper is organized. In sections 2—7 we consider the
case in which we do not use the age distribution, while in sections 8-12 we consider
the case in which we do use the age distribution. In section 2 we present the basic
supporting M /G /oo theory and the recovery equation for the mean, which approxi-
mates the recovery time of the process in (1.2). In section 3 we make comparisons
with M /M /s/0 numerical results to show that the infinite-server results can serve as
useful approximations for systems with finitely many servers. In section 4 we discuss
applications to overload control. In section 5 we discuss approximations for losses and
delays when the process N (t) represents the random input rate into a service facility
that processes fluid at a fixed rate c. In section 6 we discuss extensions to multiple
classes. In section 7 we present limit theorems as A — oo and n — oo showing that
the approximation is asymptotically correct.

We begin considering the second case in which the age distribution is used in
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section 8. We show the importance of the ages in predicting the residual holding
times when the holding-time distribution has a long tail. In section 9 we consider how
the ages can be exploited in congestion control via call interruption. In section 10
we show that the new conditional mean in this setting is asymptotically correct for
large systems. In section 11 we study the asymptotic behavior of the conditional mean
ast — oo, focusing especialy on the impact of long-tail distributions. Finally, in
section 12 we present the supporting large deviation principles.

2. The conditional mean and the recovery equation

The M /G /oo model structure enables us to treat the customers in service inde-
pendently of each other and of new arrivals. The following fundamental independence
result characterizes the distribution of the recovery time T in (1.2) and serves as a
basis for the limit theorems we prove later. The result can be proved by exploiting the
fact that the arrival-time and service-time pairs congtitute a Poisson random measure
in the plane; e.g., see theorem 2.1 and (20) in Eick et a. [16] and references cited
in [16]. A proof of part (a) is given in the appendix of [20]. Part (b) is contained
in [16].

Theorem 1. (a) Conditional on N(0) = n, the n elapsed and n residual holding times
at time O are each distributed as n i.i.d. random variables with the stationary-excess
cdf associated with the holding-time cdf G, i.e,

Ge(t) = } /t G°(u)du, t=>=0. (2.1
Y Jo

(b) The number of new arrivals after time 0 in the service at time ¢, denoted
by No(t), is independent of N(0) and the residual holding times of the N(0) initia
customers and has a Poisson distribution with mean mG.(t) for each ¢t > 0, where
m = \y and G, is the stationary-excess cdf in (2.1).

Theorem 1 implies that the conditional mean and variance have remarkably simple
expressions.

Corollary. The conditional number (N (+t) | N(0) = n) has mean
My(t) = E(N(t) | N(O) =n) = E(N(—t) | N(O) = n) = m+ (n — m)G.(t), (2.2)
variance

Vo) =Var (N(t) | N(O) = n)
=Var(N(=t) | N(0) = n) = nGL(t)Ge(t) + mGe(t) (2.3

and is asymptatically normally distributed as n — oo and m — oo.
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Proof. Let .S,(t) be the number of the origina n customers remaining in the system
a time ¢. By theorem 1,

(N(t) | N©) = n) £ S,(t) + No(?), (2.4)

where £ denotes equality in distribution (as stochastic processes with ¢ > 0), S, (t)
and Ny(t) are independent stochastic processes and S.,(t) has a binomial distribution
for each ¢, i.e,,

n

P(S,(t) =k) = ( k) GEEG (). (2.5)

Formulas (2.2) and (2.3) are simple consequences. We get (N(—t) | N(0) = n) 4
(N(t) | N(O) = n) because the M /G /oo system in steady-state is time reversible.
Finaly, as n — oo and m — oo, after the usual normalization, the binomia and
Poisson distributions converge to normal distributions, and the convolution of two
normal distributions is a normal distribution. O

The corollary to theorem 1 alows us to characterize the recovery time for the
mean.

Theorem 2. If there is no ¢t such that G°(t—) > 0 = G*(¢t), then G&(t) is continuous
and strictly increasing. Then the recovery time for the mean, 7 in (1.3), is the unique
root ¢ of the recovery equation

Gey = o (26)
n—m
More generally,
T= sup{t: GS(t) > kom } (2.7)
n—m

Proof. We apply the conditional mean in (2.2). Note that G¢ has positive density
ge(t) = G(t)/~ on the support of G, so that G¢ is strictly decreasing and continuous
on the support of G. The condition implies that G¢(t) — 0 as t approaches the upper
limit of support. Hence, there necessarily is a unique root of equation (2.6). If the
condition does not hold, then there is at* such that GS(¢*—) > 0= GS(¢*) and G¢ is
continuous and strictly decreasing on [0, ¢*]. In this case, if

Go(rr—y > oM

> Gi(t*) =0,

n—m

then clearly 7 = t*. a

The recovery time for the mean is easy to calculate, e.g., by bisection search,
because G¢ is monotone. To illustrate how tractable the recovery equation in (2.6) is,
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Figure 1. Stationary-excess ccdf for Pareto and Exponential distributions with common mean.

suppose that G' is exponential with mean 1. Then G¢(t) = G°(t) = e ¢, t > 0, so that
the recovery time for the mean is given explicitly by

T = Iog((n —m)/(k — m)) (2.8

For a second example, let g be the Pareto density p(1+t)P~1, ¢ > 0, for p > 1,
which has mean v = (p — 1)~%. Then the stationary-excess ccdf is G<(t) = (1 + )27

and

_ 1/(p—1)

T = <” m) 1 (2.9)
k—m

For a small system, the recovery time for the mean might not be very revealing,
because the random recovery time 1" in (1.2) need not be close to 7. Indeed, even
the expected recovery time ET" need not be close to 7. However, 7 is meaningful for
large systems, because then T', ET and T should all be close, as we show in section 7.

From (2.6) we can see that the impact of the cdf G on = depends on whether the
recovery level k iscloseto n or close to m. When the recovery level k is close to the
m, the cdf G beyond its mean matters greatly. However, possibly counter to intuition,
when the recovery level k is not too far from the initial level n, the cdf G' beyond its
mean matters little. If the recovery point & is closer to n than m, then the recovery
time 7 depends more on the initial portion of the cdf G, than upon its tail. Note
that the density of G. is g.(t) = G°(t)/~, which has the value 1/~ at the origin; this
clearly depends upon the cdf G only through its mean. Since recovery in applications
may actually not require returning to a level close to the mean, the holding-time cdf
beyond its mean may indeed not matter much.

Consistent with this observation, we find that the impact of a long-tail cdf on
differs little from the impact of a short-tail cdf with the same mean if % is suitably
close to n, but it differs dramatically if % is suitably close to m. However, “suitably
close” depends on the decay rate of the ccdf G¢.
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Example 1. We illustrate by comparing the normalized conditional mean [E(N(¢) |
N(0) = n)—m]/(n—m) for an exponentia cdf and a Pareto cdf with a common mean
in figure 1. As above, we consider the Pareto density g(t) = p(1 + )1, t > 0,
which has mean v = 1/(p — 1) and stationary-excess ccdf G<(t) = (1 + t)*P. The
cases of p = 1.8 and p = 1.1 are shown below in figure 1. For p = 1.8 and
(k — m)/(n —m) > 0.5, recovery with the Pareto is not too different from recovery
with an exponential. However, for p = 1.1, thisistrue only for (k—m)/(n—m) > 0.9,

say.

We propose the recovery equation (2.6) as a good way to understand the way
recovery occurs in a large system and the way it depends on the cdf G. To describe
the relation between G and 7, we use stochastic order relations. For background, see
Stoyan [29] and chapter 4 of Baccelli and Brémaud [3]. The relationship between
the cdf’'s G and G, is studied in Whitt [30]. For example, if GG1 is stochastically
less variable than G, denoted by G1 <y Go, i.e, if [(° fdG1 < [~ fdG> for
al convex rea-valued f for which the integrals are well defined (which requires
equa means), then G, is stochastically less than G, denoted by G1. <g¢ Go, i.€.,
Joo fdG1e < [5° fdGa. for dl nondecreasing real-valued f. (G <g Gz if and
only if G5.(t) < G5.(t) for dl t.) From (2.6), it is clear that if G1. <g¢ G2, then
71 < 12. Hence we have the following result.

Theorem 3. If two potentia holding-time cdf’'s are ordered by G; <, G>, then
T < To.

3.  Systems with finitely many servers

To show that our infinite-server analysis also applies to systems with finitely many
servers, we make numerical comparisons for the Erlang loss (M /M /s/0) model.

Example 2. We apply the algorithm in [2] for computing the time-dependent mean
number of busy servers in the M/M/s/O model given an arbitrary initid state. By
(2.2), the infinite-server formula is smply

E(N®)|NQ =n)=n+((n-m)e’, t=0. (3.1)

We claim that the time-dependent mean E(N(¢) | N(0) = n) will be approximately
independent of s for s > n if m is suitably large and n is suitably large compared to
m. We give two concrete examples. first, v = 1, m = Ay = 400 and n = 500 and,
second, v = 1, m = Ay = 100 and n = 130. The first case should be more dramatic
because m is larger and n exceeds m by 5,/m as opposed to 3,/m. (The standard
deviation of the steady-state number of busy servers in the infinite-server model is
v/m.) Table 1 provides supporting evidence by displaying the time-dependent mean
for three values of s in each case, with s = n in the first case and s = o in the last
case, with the last case coming from (3.1).



78 N.G. Duffield, W. Whitt / Control and recovery from rare congestion events

Table 1
The time-dependent mean E(N(¢) | N(0) = n) in the M/M/s/0 model as a function of s. The model
parameters are v = 1, m = A\ = 400 and n = 500 in the first case and v = 1, m = A\ = 100 and
n = 130 in the second case.

m = X\ = 400 m = X\ =100
timet s = 500 s =600 s = 00 s =130 s =180 s =00
0.0 500.00 500.00 500.00 130.00 130.00 130.00
1.0 435.15 436.79 436.79 109.42 111.04 111.04
2.0 412.93 413.53 413.53 103.34 104.06 104.06
3.0 404.76 404.98 404.98 101.17 101.49 101.49
4.0 401.75 401.83 401.83 100.39 100.55 100.55
5.0 400.64 400.67 400.67 100.10 100.20 100.20
00 400.00 400.00 400.00 99.94 100.00 100.00

When s is significantly greater than n, the infinite-server approximation is es-
sentidly exact. When s = n, there is an error in the approximation, but it is not
large.

4. Recovery with intervention

We now consider modifications in the conditional mean E(N(t) | N(0) = n) and
the recovery equation based on intervention.

Reduction of the arrival rate. One form of intervention is to reduce the arrival rate
after time ¢ = 0, where 0 is a point of high congestion, i.e., N(0) = n. In such control
settings it is natura for the control epoch to be the first hitting time of the level n.
Instead, our analysis is based on conditioning upon the event { N(0) = n} in steady
state. However, as indicated earlier, it seems reasonable to also apply our results to
the first hitting time of level n.

Reducing the arrival rate to a new constant value is equivalent to reducing m
in (2.2) and (2.6), which produces a new recovery equation of the same form. For
m < k < n, clearly (k—m)/(n —m) isincreasing in m, so that the recovery time for
the mean is reduced by decreasing m.

One possible strategy isto completely turn off arrivals until recovery is achieved.
The resulting recovery time for the mean is the solution to (2.6) with m = 0. Further
recovery afterwards with the arrivals turned on is again described by (2.6) with n
replaced by k& and k replaced by a new recovery level j withm < j < k.

More generaly, we could decide to reduce the arriva rate to a time-dependent
function A(¢), t > 0, with A(t) < A. For example, this could be realized by admitting
an arrival at time ¢ with a time-dependent probability A(t)/A. Then Ny(t) still has a
Poisson digtribution, but now with mean

t
ENo(t) = /0 Aw)Ge(t — u) du, 4.1)
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which is still increasing in ¢. However, with (4.1), E(N(t) | N(0) = n) need not be
decreasing in ¢t. Because of the lack of monotonicity of E(N(t) | N(0) = n) when we
use (4.1), it is natura to consider changing the definition of the recovery time for the
mean to

r= inf{t > 0: sup(N(u) | N(0) = n)< k:} (4.2)
u>t

In general, it is natural to pay attention to the whole path E(N(t) | N(0) = n) for
t > 0 aswell as 7. The suprema supyc,; E(N(u) | N(0) = n) and sup,,~, E(N(u) |
N(0) = n) for t > 0 both may be interesting.

We must be careful defining a corresponding modified recovery time T extending
(1.2), because typically sup,; N(u) = oo w.p.1. One approach is to consider the
supremum up to a suitable finite time limit ¢4, i.e.,

T = inf{t: sp N(u) < k| N@©) = n} (4.3)
o<t<usty

with T' = ¢4 if the infimum is not attained. If ¢; > 7 and 7 < oo, where 7 is defined
by (4.2), then T" will still be approximately equal to 7 in large systems (see section 7).
It is important to note that our analysis so far relies on the arrival process being
a Poisson process. Some methods of reducing the arrival rate would cause the Poisson
property to be lost. For example, if we reject every other arrival after time O, then the
arrival process after time 0 becomes a renewal process with Erlang (E») interarrival
times and rate A\/2. Obviously, changing the arrival process after time O leaves the
number of customers in the system at time O and the ages of their holding times
unchanged. It is significant that the critical mean formula ENy(t) in (4.1) actually
does not depend on the Poisson property, but instead holds for any point process with
arrival rate function A(u), v > t; see remark 2.3 of Massey and Whitt [27] and the
analysis there. Thus, the analysis here is applicable to a large class of arrival rate

controls.

5. Loss and delay

The framework developed so far can be used to approximately describe loss and
delay in a service system with capacity c. In this setting, c is the fixed rate that fluid is
processed, while the process N(t) that we have been studying represents the random
fluid input rate at time ¢. There may be no buffer, an infinite buffer, or a finite buffer
of size b.

The natural simple approximation based on what we have done is to let the
input rate at time O have the steady-state Poisson distribution as in (1.1) and let
the conditional process (NV(t) | N(0) = n) be approximated by its conditional mean
E(N(t) | N(O)=n)fort > 0andt < 0. Wewill usethe M /G /oo model in section 2,
for which E(N(t) | N(0) = n) = m + (n — m)GS(t). We assume that ¢ > m.
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No buffer. First consider the case of no buffer. Then the probability of loss (rate in
> rate out) at any time in steady-dtate is

o0 —mmk
PINO>c)= 3 2 e~ (e + 05— m)/Vm), (5.1)

k=c+1

where ®%(z) = 1 — ®(z) and P the standard (mean 0O, variance 1) normal cdf. From
(5.1), we see that the likelihood of loss depends on the holding-time cdf G only through
its mean.

We next describe the average fluid loss rate, denoted by r. Let ¢ be the density
of the standard norma cdf ®. Let N(a,b) denote a norma random variable with
mean « and variance b. We use basic properties of the conditional mean of a normal
random variable; e.g., see lemma 1 on p. 593 of Choudhury, Leung and Whitt [10].
The average fluid loss rate is

r=E(N@©0) —¢c)" = E(N(0) —c| N(0) > ¢) P(N(0) > c)
zE(N(—(c — m),m) | N( —(c— m),m) > O.S)P(N( —(c— m),m) > 0.5)
¢((c—m+0.5)/ym) \
= —(c— - ) . 2
( (e m)+ Vg I L0 (e~ m 05/ vim). (62)
However, when there is loss, the length of the period where it occurs depends
on the cdf G beyond its mean, as we have shown. Moreover, conditional on the rate
being n > ¢ at time O, the total loss associated with this excursion of N(t) above ¢
depends on the cdf beyond the mean. Let

Te(n) = inf{t >0 E(N(t) | N(O) = n) < c} (5.3

and let L be the total quantity of fluid lost while the rate experiences this excursion
above c. Then our fluid approximation is

7e(n)
(LI N@©Q)=n)~2 /0 [E(N(t) | N(O) =n) — ] dt

Te(n)
=2(n —m) /0 Ge(t)dt — 2(c — m)Te(n), (5.9
where
G (7o) = :L = T:L (5.5)

The 2 appears in (5.4) to account for the mean before time 0 as well as the mean after
time 0. From (5.4), we can see the influence of the cdf G.

Unlimited buffer capacity. Next suppose that there is an infinite-capacity buffer. The
net rate into the buffer is positive while N(¢) > ¢. The maximum buffer content
associated with an excursion of N(t) above ¢, Qmax, IS aso approximated by (5.4).
The maximum delay experienced by any particle of fluid during the excursion above ¢
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isthen Qmax/c. However, the buffer is still emptying after 7. = 7.(n). The conditioned
busy period (the length of the period that the buffer is non-empty) is then approximated

by
(B| N() =n)

Tetu
%270(71)+inf{u>01 Qmax:/ [C—E(N(t) | N(O):n)] dt}

Te+u
= 27.(n) + inf{u >0 Qmx = / [c —m—(n— m)Gg(t)] dt}, (5.6)

where Qmax 1S approximated by (5.4).

A finite buffer. Now suppose that there is a finite buffer of capacity b. Using the
deterministic fluid approximation, let n; be the level such that the buffer just fills at
time 0, i.e., let n, be such that

Tc(nb)
b= / [E(N(t) | N(0) = np) —c] dt. (5.7)
0

We actualy consider the interval [—7.(n), 0], but the means forward and backward
from O are the same. Then we would approximate the probability of any loss at time
0 by
= e ™mk c
P(NQ©) >m) = Y e ((np + 0.5 —m)/v/m). (5.8)

k‘ZTLb+1

The expected loss associated with an excursion above c is
> P(NO©=n)((L|NO=n)-b)", (5.9)
n=c+1

where (L | N(0) = n) is given by (5.4) and N(0) has the Poisson distribution. To get
an explicit value of (5.9), it seems necessary to calculate each term and then calculate
the sum.

Suppose that we seek the probability that a quantity of fluid of at least size d is
lost associated with an excursion above c. Then, let n(b, d) be the largest level n such
that

Te(n)
b+d>2/ dt[E(N(t) | N() =n) — ¢, (5.10)
0
where 7.(n) isasdefined in (5.3) Let L;, be the quantity of fluid lost during an excursion
above ¢ with buffer capacity b. Then
P(Ly > d | N(0) > ¢) ~ P(N(0) > n(b,d) | N(0) > c)

_ ®((n(b,d) +- 0.5 — m)/\/m)
T ((c+05—m)/\/m)

(5.11)
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In summary, the simple fluid approximation gives useful insight into the way loss and
delays depend on the holding-time cdf G when the input rate is an M /G /oo process.

6. Multiclass extensions

The results so far extend easily to multiple classes of customers, which is very
important for analyzing integrated-services networks. With the infinite-server model,
multiple classes are easily treated separately as independent single classes.

To illustrate, suppose that there are ¢ independent customer classes. For customer
class i, service requests arrive according to a Poisson process with arrival rate A\; and
require a fixed bandwidth b; for a random holding time having a genera cdf G; with
mean ;. We now define the recovery time for the mean

T = inf{t >0 Supi:biE[Ni(u) | N1(0) = nq,...,N.(0) = nc} < k:}, (6.1)

uzt'i=1
where it is understood that the recovery level k isin between the mean and the initia
level, i.e,

m= : bm; < k < y b;n; = n, (6.2

with m; = \;y;. Paralding (4.2), we include the supremum in (6.1) because we need
not have monatonicity. Paraleling (4.3), we can define a corresponding recover time
T using an upper time limit ¢.

The initial congestion time 0 might be determined as the first hitting time of the
total bandwidth process ;_, b; N;(t) to the level n. At that time, a congestion alarm
goes off. We then observe the vaues N;(0) = n; for 1 < i < ¢ and consider how
recovery OCcurs.

The analysis is a straightforward extension of the previous analysis, because
the processes { N;(t): t > O} are conditionally mutually independent given the event
{N;(0) =n;, 1<i<c}. Padlding (2.2),

E(N;(t) | Ni(0) = n;) = ESin(t) + ENio(t) = mi + (ni — ms)Gi(t), (6.3

o that
E ( Z szZ(t) ‘ NZ(O) = Ny, 1 <1< C) =m-+ Z bz(nl - mZ)Gfe(t) (64)
i=1 i=1

Thus, we obtain the following generalization of theorem 2.
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Theorem 4. Suppose that G§(t) > O for al 7 and ¢. If (6.2) holds in the multiclass
setting, then the recovery time for the mean defined in (6.1) is

u>t

T= inf{t >0 sup{ y bi(n; — mi)Gfe(u)} =k— m} (6.5)
i=1

7. Large systems

We now return to the basic M /G /oo setting of section 2, and show that we are
judtified in focusing on the recovery time for the mean in (1.3) when the system is
large. We show that the actua recovery time T' in (1.2) will be close to the recovery
time for the mean when the system is large. To do so, we consider the limit as the
arrival rate increases and impose appropriate regularity conditions. Let T), and 7 be
the recovery times in (1.2) and (1.3) as functions of A. Let % denote convergence in
probability.

Theorem 5. If A — 00, n — o0 and k — oo with n/A — § and k/\ — 3, where
v < <4, then

n—71 and T\5 7,
where

T=sup{t > 0: G¢(t) > (B —)/(6 — )} (7.1)

We now discuss the proof of theorem 5. First, the limit for r, is an elementary
conseguence of (2.6) and (2.7). Hence the main problem is the limit for T). We
can egtablish the desired convergence by applying the law of large numbers, but it is
important to apply the law of large numbers in function space, because we want the
sample paths of the stochastic process { N(t): ¢ > 0| N(0) = n} to be suitably close
to the conditional expectation E(N(t) | N(0) = n) for al ¢ in intervals [0, ¢o] for each
to. (The conditional stochastic process { N(t): ¢t > 0| N(0) = n} is well defined by
theorem 1 and (2.4).) It is not enough that the random variable (N(t) | N(0) = n) be
close to its mean with high probability for each ¢. We need the uniform convergence
over bounded intervals in order for the first passage time to be continuous almost surely
with respect to the deterministic limit process. Uniform convergence over bounded
intervals also allows us to treat the supremum over bounded intervals in (4.3) by
applying the continuous mapping theorem.

In fact we can obtain a functional weak law of large numbers (FWLLN) as a
corollary of afunctional centra limit theorem (FCLT). For the FCLT, it is convenient
to treat the two processes S, () and No(t) in (2.4) separately. For S,,(t), we can apply
the FCLT for empirical distribution functions in sections 13 and 16 of Billingsey [5].
For No(t), we can apply the FCLT for the M /G /oo model starting empty (and more
general models) on p. 103 Borovkov [7]. (See Glynn and Whitt [19] and Krichagina
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and Puhalskii [22] for other work related to the FCLT for infinite-server queues.) In
particular, theorem 5 is a consequence of the following result. Let D[0, c0) be the
function space of al right-continuous real-valued functions with left limits, endowed
with the usual Skorohod metric, which reduces to uniform convergence on bounded
intervals at continuous limit functions, and let = denote convergence in distribution.
Let N (i, 0?) denote a normal distribution with mean y and variance o2.

Theorem 6. Under the conditions of theorem 5,
(NA() | NA(Q) = n) — E(NA() | NA(Q) = n)
VA

where {Z(t): t > 0} is a Gaussian process with zero means and continuous sample
paths. In particular,

= Z(-) in D[0,00) &8s A — o0,

Z(t) £ N (0,6%(t)), (7.2)
where
o?(t) = 6G(1)Ge(t) + 7Ge(1). (7.3)
The variance formula in (7.3) follows directly from (2.3).

As an immediate consequence of the FCLT in theorem 6, we obtain the associated
functional weak law of large numbers (FWLLN).

Corollary. Under the conditions of theorem 5,

ATH[(NAC) | NA(0) = n) — E(NA() | NA(0) =n)] = 6() inD[0,00) as\— oo,

(7.9
where 6(t) = 0 for ¢t > 0, so that for al (deterministic) times T
N N,(0) =n) —
sup {‘( O NO) =n) —m — Gg(t)‘} =0 asA—-0 (7.5)
0<t< T n—m

Proof. For (7.4) we apply theorem 6 and the continuous mapping theorem, theo-
rem 5.5 of [5], using the mappings Ay (z) = x/v/A for = € D[0, o). The limit (7.5)
is essentialy just a restatement of (7.4) using the fact that

E(Nx(t) | Nx(Q) = n) = m+ (n — m)GS(2). (7.6)
By (7.6),
(n —m) [(Na@®) | NA(0) = n) — E(NA(t) | Na(0) = n)]
A n—m
_ (Nk(t) ‘ N)x(o) = n) —m _ Gc(t).

Finally, use the conditions to obtain (n — m)/\A — 6 — v as A — oc. O
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Proof of theorem 5. Theorem 5 is an elementary consequence of (7.5) and (7.6).
Firgt, by (7.6),

E(Nx@t) | Nx(Q) =n) <k

if and only if
Gy < L=
n—m
where
k—mﬁﬂ—’y as \ — oo.

n—m o—7
Hence 7, — 7 as A — oo for 7 in (7.1). (We exploit the fact that G<(¢) is strictly

decreasing in t.) We now turn to 7), and apply (7.5). If we choose T, > 7 for T} in
(7.5), then by the closeness of sample paths T\, — 7 as A — oo too. O

We point out that the FWLLN in the corollary to theorem 6 helps justify the
use of the steady-state conditioning results to approximate hitting-time conditioning,
as indicated in the introduction. By the time reversibility, the process before O is
distributed the same as the process after 0. By (3.3), the limiting mean before time 0
is increasing.

Under dlightly stronger conditions on the growth of & and n with A\, we can
obtain a stronger distributional limit for 7).

Theorem 7. Let A — oo and n — oo with (k — B\)/vA — 0 and (n — 6)\)/vA — 0.
Assume that the support of G is greater than 7 for 7 in (6.1). Then VA (ry —7) — 0
as \ — oo and

VAT = 7) = N(O, 02) as \ — oo, (7.7)
where
2 8B =6 = B)+ (S — B)6—)
= [ AL . (7.8)

Proof. Apply (7.6). By the new conditions,

<k_m> - <u> = o(1/VA) as A — oo,

n—m o—n

which implies that 7, — 7 = 0(1/v/\) as A — co. Next, by theorem 6, recalling that
[(NA(TY) | NA(O) = n)—m]/(n—m) = (k—m)/(n—m) and GS(7) = (k—m)/(n—m),

VR(G - i) — VA(CADNO =0 _ e

= Z(1), &\ — oo. (7.9
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(We use the fact that Z (7)) = Z(7) as A\ — oo, because Z has continuous sample
paths and T, = 7.) By theorem 5 and Taylor’s theorem,
Ge(Th) — Ge(ma) = —(Tx — TA)ge(Ta) + O(T — 7). (7.10)
Combining (7.9) and (7.10), and using the differentiability of G<(t) in a neighborhood
of 7 (implied by the second condition), we obtain
Z(7)
_ge(T)
Next note that g.(t) = G°(t)/~. Finaly, by theorem 6,

asS )\ — o0.

VNI — 1) =

Z(r) L N(0,0%(7)), (7.12)

where
0?(r) = 6GE(T)Ge(T) +7Ge(7). (7.12)
Since G&(1) = (B — )/ (6 — ), we obtain (7.8). O

As a practical consequence of theorem 7, we see that (in a stochastic sense)

Ty~ 7+ O(1/V). (7.13)

8. Exploiting the age distribution

The main reason for using the non-Markov M /G /oo mode instead of a Markov
modé is to alow for non-exponential holding-time distributions. When the holding-
time distribution is exponential, the eapsed holding times provide no information
about the remaining holding times, by the lack-of-memory property of the exponen-
tial distribution. However, when the holding-time distribution is very different from
exponential, the elapsed holding times can enable us to accurately predict the remain-
ing holding times. Non-exponential holding-time distributions make stochastic models
harder to analyze, but they help us predict remaining holding times by exploiting the
elapsed holding times.

To see the impact of elapsed holding times on remaining holding times, it is
useful to consider the failure rate or hazard rate associated with a cdf G' with pdf g,
i.e,

r(z) = g(f”; x> 0. (8.1)

It is significant that the conditional remaining-holding-time ccdf can be expressed
directly in terms of the failure rate by

HE(t) = %(:)t) — exp(— / ) du>, £>0. 8.2
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To see (8.2), note that

Ge(z) = exp<— /0 ") du>, x>0, (8.3)

which in turn can be verified by taking the logarithm and then differentiating.

It is useful to employ stochastic comparison results related to aging that have
been considered in reliability theory, e.g., see Barlow and Proschan [4]. For example,
H¢ is stochagtically increasing in z, i.e.,

HE () < HE,(t) for al t when 21 < 25 (8.4)

if and only if the holding-time cdf G has decreasing failure rate (is DFR); see
[4, p. 54]. Similarly, H, is stochagtically decreasing in z if and only if G has in-
creasing failure rate (is IFR). Thus, if G is DFR (IFR), then recovery from congestion
would be speeded up if we interrupt the longest (shortest) holding times.

The potential advantage of knowing the actual ages can be determined by com-
paring

Hi(#) = inf H(t) and  HE(t) = sup HE(D). (8.5)

When G is DFR, Hj(t) = G°(t) < Gi(t); when G is IFR, H(t) = G°(t) > G:(t);
when G is exponential, it is both DFR and IFR, so that Hj(t) = G°(t) = Gi(t) =
HE(t).

We now consider some concrete examples. First, the hyperexponential (H}) ccdf
is

k
Gt)=> pie™, t=0, (8.6)
i=1

where \1 < --- < Ag. The Hy, ccdf is known to be DFR. Moreover, it is easy to see
that H, is again hyperexponentid, i.e.,

k
HY(t) = pix)e ™', t>0, (8.7)
i=1
where
pie T .
> 1P €Y7
It is easy to see that
Hit) — e ™M asz — oo (8.9)

Moreover, HS(t) — 1 asx — oo for dl ¢ if and only if r(t) — 0ast — oc.
This means that the remaining holding time gets large as the elapsed holding time gets
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large. Many long-tail distributions, such as the Weibull and Pareto distributions have
the DFR property with r(t) — 0 ast — oo. For the Weibull ccdf

Go(t) =e WA ¢ >0, (8.10)

it is easy to see directly that HS(t) — 1 asx — oo for each ¢. An even more revealing
property holds for the Pareto ccdf

Gt)y=@Q+0bvt)" t=0, (8.11)
which we state as a theorem. Let < denote equality in distribution.

Theorem 8. Let Y(a, b) have the Pareto ccdf in (8.11) and let Y. (a, b) have the asso-
ciated conditiona remaining-holding-time ccdf in (8.2). Then

Yy(a,b) £ (1 + bx)Y (a, b). (8.12)
Proof. Given (8.11),
ey = (AH0D) )
HE(t) = TG 107 (14 (b/(L + ba))t) "7, (8.13)
so that HS(t) = G°(t/(1+ bx)), t > O, which implies the stated result. O

Formula (8.12) dramatically shows how the distribution of the remaining holding
time increases stochastically as the elapsed holding time increases, when the underlying
holding-time distribution is Pareto.

It should thus prove to be more effective, but possibly more costly, to keep
track of the age distribution and exploit it in predictions. Given that we know the age
distribution, it does not matter how our time of interest is selected. It could be a hitting
time or a random time (in steady-state). If we keep track of the n ages x4, ..., x, of
the customers in service, then we can use them to obtain a new estimate for the mean
number remaining at time ¢, E'S,,(t).

The combinatorial possibilities for n calls with ages x4, .. ., z,, makes the distri-
bution of S,,(t) somewhat complicated, but the mean has the simple form

ESy(t) = zn: HE (1) (8.14)
=1

for H, in (8.2). As before, ES,(t) is decreasing in ¢. But if ES,(t) in (8.14) is used
to find the overall conditionad mean E(N(t) | N(0) = n) by exploiting (2.4), then
E(N(t) | N(0) = n) need not be decreasing in ¢. Hence, we could use the modified
recovery timesin (4.2) and (4.3).



N.G. Duffield, W. Whitt / Control and recovery from rare congestion events 89

9. Congestion control via call interruption

Another form of intervention, which might be regarded as more drastic than
reducing the input rate (section 4), is to interrupt and block some services in progress.
If we elect to block j customers in service, then it is natural to ask which j should
be selected. From the point of view of revenue, assuming that revenue is earned
proportional to the holding time, then we might prefer to block the customers with
shortest elapsed holding times. On the other hand, from the point of view of recovery
from congestion, this might not be the best choice, because the services that have
been in progress for a long time may be more likely to remain in progress a long
time. Fortunately, we can evauate the effect of any decision upon the recovery from
congestion. Given n customers in service at time ¢ = 0 with ages x4, . . ., x5, SUppose
that we decide to eliminate the last j (without necessarily assuming any ordering on
the ages). Then, instead of (8.14), we obtain

n—j
ER,(t) =Y HE,(1). (9.1)
i=1

More generally, in order to determine which customers to interrupt, we can for-
mulate and solve mathematical programs. To illustrate, suppose that there is a revenue
r1 + rox for completing service of a request with holding time z. Let the control
variables be yy, i.e., y, = 0 if the kth customer is interrupted and vy, = 1 otherwise.
One approach is to minimize the lost revenue, counting only the elapsed holding times,
subject to the expected remaining number of customers in service at time ¢t being less
than some target value v. This is achieved by the integer program:

min> "(r1 + rom) (1 — yi) 92)
k=1
subject to: > HE (ye <v, yp=00r1 1<k <n. (9.3)
k=1

If we wanted to minimize the expected total lost revenue of interruptions, including
the remaining holding times, then we would replace z;, in the objective function in
(9.2) by xj, + z},, where z}_is the conditional mean residud life, i.e,

= /0 HE, () dt. (9.4)

However, some of the lost future revenue associated with interrupted cals may be
replaced by revenue from new arrivals.

Different interruption strategies suggest that it is interesting to compare the impact
of different age distributions upon the empirical residual holding-time distribution.
Note, however, that we typically would observe the value of A(0), but the associated
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empirical residua holding-time distribution R(0) is arandom cdf. To compare random
cdf’s, we use notions of stochastic order on complete separable metric spaces with
closed partia orders (using the natural orders on the underlying spaces, i.e., cdf’'s are
ordered F1 < F> if F{(t) < F5(¢t) for dl t); eg., see Kamae, Krengel and O'Brien
[21] and Lindvall [26, chapter 1V]. Thus, R1(0) <g R2(0) means that £ f(R1(0)) <
E f(R2(0)) for all nondecreasing real-valued functions defined on the space of cdf’s,
while, for possible readlizations, R1(0) < R»(0) means stochastic order for cdf’s, i.e.,
R1(0,2) > Ry(0,z) for dl x w.p.1. Since we typically know the ages, the natural
condition is A1(0) < A»(0) w.p.1, which means A1(0,x) > A2(0,z) for al = w.p.1.
However, this w.p.1 comparison implies the stochastic comparison A1(0) <& A2(0).

Theorem 9. Assume that N(0) = n. Let R;(0) be the empirical residual holding-time
distribution associated with the empirical age distribution A;(0) for i = 1,2. If G is
DFR (IFR) and A1(0) <« (24) A2(0), then R1(0) <« R2(0) and 71 < 7.

Proof. Condition on the event {N(0) = n}. If A1(0) <g¢ A2(0), then there are
new versions A1(0), and A»(0), on a common probability space so that P(A1(0) <
A5(0)) = 1 by Strassen’s theorem, [26, p. 129]. Then, by the DFR property applied
to each atom of A4;(0), P(R1(0) < R»(0)) = 1, which in turn implies that R1(0) <g
R5(0). Since R;(0) < R;(0), we have the desired conclusion: Ry(0) <g R2(0). Since
R]_(O) <g RQ(O), ER]_n(t) < ERzn(t) for dl t, SO that T < To. O

So far, we have shown that we can obtain a suitable new recovery time for the
mean if we do any or al of the following: (1) change the arrival rate, (2) keep track
of the elapsed holding times and (3) interrupt some of the customers in service. It
is worth remarking that the both the intervention and age-tracking strategies depend
on the fact that the process {(IV(¢t), A(t)): t > 0} is Markovian. Changing the arrival
rate amounts to introducing time-inhomogeneity into the process, while tracking ages
and/or interrupting holding times in progress amount to conditioning with respect to a
certain state at a given time.

10. Large systems with an unusual age distribution

We now consider an analog of the limiting behavior as A — oo given in theorem 5
when we condition upon the age distribution. We consider the conditional stochastic
process { N(t): t > 0| N(O) = n, A(0) = F,}, where F,, is a cdf compatible in the
sense that it has has n jumps of size 1/n. The recovery times 7 and 7" in (4.2) and
(4.3) have the conditional counterparts

r= inf{t >0 sup E(N(u) | N(O) =n, AQ) = F,) < k:} (10.1)
u>t

T— inf{t >0 sup (N(u)| N©) =n, AQ)=F,) < k} (10.2)

t<uty
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where we assume that ¢ is sufficiently large that = < ¢1. The next theorem justifies
the use of the mean recovery time when the system is large. As before, let 7, and
T, be the recovery times in (10.1) and (10.2) as functions of \. As a preliminary
definition, following equations (8.2) and (8.14), we note that if the age is distributed
according to the cdf F' and the holding time is distributed according to the cdf G, then
the remaining holding time has cdf ©F given by

OF(t) = /O " dF@)H, (). (10.3)

We call © the residual time mapping. It follows from (2.1) that G, is a fixed point
O, ie, OG, = G.. A sequence of cdf's {F,,: n > 1} converges weakly to a cdf
F if the associated probability measures converge weakly; see [5]. This means that
F,(@) — F(t) asn — oo for dl ¢ that are continuity points of F.

Theorem 10. Assume that G is continuous. Under the conditions of theorem 5, with
the addition that the cdf F,, converges weakly to some cdf F,

ATIML, ) = ATTE(N() | N(O) =n, A(0) = F,) — M(t)
=6(OF)(t) + 7Ge(t) as )\ — o0 (10.4)
and, for each T, > 0,
sup [ATH(N@) | N(©O) =n, AQ)=F,) —M(t)| =0 asi—oo, (105)

0<t< Ty
so that
o1 and Thn571 as)\— oo,
where
r= inf{t >0 sup M(t) < 5}. (10.6)

ut
Proof. Pardlding (3.1),
(N@) | N() =n, AQQ) = F,) 4 (Sa(t) | N(O) = n, A(Q) = F,) + No(t),
where the two summands on the right are independent processes, so that
M, (t) = E(N(t) | N(O) = n, A(Q) = F,) = n(OF,)(t) + mGe(t).

Using the continuity of G to obtain the continuity of ©, we obtain A~1M,,(t) —
M(t) as A — oo for M(t) in (10.4), from which it follows that 7, — 7 as A —
0o. Asin section 6, we establish the FWLLN in (10.5) and desired limit for T3 by
establishing FCLTs for (S, (t) | N(0) = n, Ao = F},) and No(t). The FCLT for No(t)
was established before. Hence, it remains to treat S, (t). Just as before (theorem 6),
{Sn(@) | t > 0} is the sum of n independent processes, but now these component
processes are no longer identically distributed. Nevertheless, it is straightforward to
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modify the proof of theorem 16.4 of Billingsley [5] (thei.i.d. case) to obtain a FCLT
in this case, in particular,

(Sn() | N(Q) = n, An(0) = F) — E(Sn() | N(O) = n, An(0) = Fy)
Jn

= Z() in D[0,00) asn — oo,

where { Z(t): t > O} is a Gaussian process. In particular, we can directly verify con-
vergence of the finite-dimensional distributions and tightness. The finite-dimensional-
distribution-limit is a consequence of the Lindeberg—Feller CLT for triangular arrays
of non-identical summands, each of which is asymptotically negligible (here bounded),
see Feller [18, theorem 3, p. 262, example e, p. 264, and pp. 518, 524]. As before,
the FCLT implies the associated FWLLN (10.5), here using the maps h,,(x) = z/y/n.
As before, the FWLLN implies that 7), 2 7 as A — oc. O

Theorem 10 motivates trying to understand how the mean occupation function
{M(): t > 0} in (10.4) depends on the holding-time cdf G and the limiting age cdf F'.
From (10.4), we see that it suffices to understand the stationary-excess map G — G.
defined in (2.1) and the residua-time mapping (F', G) — OF defined in (10.3).

By essentially the same reason as in theorem 9, we obtain the following stochastic
comparison result.

Theorem 11. If the holding-time cdf GG is DFR and two prospective limiting age cdf’s
are ordered by I} <g F5, then OF; <q OF», M1(t) < Mo(¢) for dl ¢t and 71 < . If
G is IFR, then the inequalities are reversed.

The following is another elementary stochastic comparison result, which follows
easily from (10.3).

Theorem 12. If G and G are two holding-time cdf’s for which H(V <gq H®P for
al z, then ©1F <4 O>F.

Example 3. Consider the one-parameter family of Pareto ccdf’s G (x) = (p — 1)(1 +
x)~P for p > 1, al of which have mean 1. Since G, (z) crosses G/, (z) for only one
z, Gp, <v Gp, When p; > po; see Stoyan [29, p. 12]. Hence G, <& Gp,e, 8s Noted
before theorem 2. Clearly G, is DFR for each p and H®P is stochastically decreasing
inp for al . Hence, if 1 <g F%, then

O1F <g O2F) <q O2F>

by theorems 11 and 12. Combining this with G,,c <& Gp,e, We Obtain M (t) < Mo(t)
for al ¢t and 7, < m», where M;(t) and ; aredefined interms of G; and F;, ¢ = 1,2.
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11. The asymptotic tail behavior of the mean

It is also interesting to see how the tail behavior of G, and ©F depends upon
the tail behavior of F' and G. Our mativation here is that, while M (t) is generally
not monotonic, if (5 —~)/(6 — ) is small (for example, when we consider recovery
from alevel which is high to one which is close to the mean), then the recovery time
should be determined by the asymptotic form of mean occupation M (t) for large ¢.

The effect of G upon the tail behavior of G. is easy to see because asymptotics
for G°(t) is inherited by the integra (see, e.g., Erdelyi [17, p. 17]). For example, we
thus have the following result.

Theorem 13. Let G be a cdf with mean ~. (a) If G°(z) ~ az® e ™ as x — oo for
a>0and n > 0, then GS(x) ~ G(x)/ny sz — oc.

(b) If G%(z) ~ ax™ asx — oo for @ > 0 and p > 1, then GS(z) ~
az~ @D /(p - ).

More generaly, it is convenient to capture the possible power law tails for F
and G within the framework of regularly varying functions. Recall that a function f
defined on [0, oo) is said to be regularly varying of index p if

lim f(\x)/f(z) =\, fordl A>0; (11.1)
see Bingham, Goldie and Teugels [6].

We can extend theorem 13(b) by applying Karamata's theorem, theorem 1.5.11(ii)
of [6, p. 28].

Theorem 14. If G is a cdf with mean v such that G¢(x) is regularly varying with
index —p for p > 1, then GS(x) ~ 2G°(x)/v(p — 1) as x — oc.

We now treat the residual time mapping ©. First we obtain a general result
showing that (©F)¢ inherits an exponentia tail from G°.

Theorem 15. If G°(z) ~ ae " asx — oo, then (OF)%(x) ~ o' € " as x — oo,
where

o = a/ooo dF(y)[e " /G (y)] < oc. (11.2)

Proof. The condition implies that there are positive constants £ and K such that

O<k<inf €*G(r) < upe™G(r) < K < o0,

T

which in turn implies that

e ey G@ ey K
e H,(z) = EOLD < - < 00.
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Hence, we can apply the dominated convergence theorem. In particular,

e H,(z) — m as T — oo,
so that
& (OF)(z) = /O - dF (y) H(z) €7 — /O b dF(y)m as & — oo,
where the last integral is finite because
_« @
Ge(y)ew ~ k O

Theorem 15 tells us that (within the class of probability distributions considered)
if G has an exponentially decaying tail, so does ©F even if F islong-tailed. Hence
the tails of ©F and G and, hence by theorem 13b, aso G., are dominated by the same
exponentia rate, so that M (t) will eventualy relax exponentialy at this rate to ~.

In the following theorem we examine the effect upon ©F of power-tails in F
and G.

Theorem 16. If G°(z) ~ ax~™9€¢ ™ and F°(x) ~ Bz~ P for p and ¢,n > O (but not
qg=mn=0). Then

BprpIflg —pl /Tl 277, if p<yq,
e€”(OF)(x) ~ ¢ Bp z Plogz, if p=ygq, (11.3)
o 74, if p> g,

where o' is defined in (11.2), and is finite when p > q.

Proof. For any r > 0 we can divide up (©F)¢(x) as
(OF)(x) = Ar(z) + B.(2), (11.9)

where
Ap(x) = /O dF(y)Hg(x) and B,(zx) = / dF(y)Hg(x). (11.5)

For each r < oo, the asymptotics of A.(xr) as z — oo are as follows. By the
assumption on G, € z4G(x + y) converges to o as x — oo, uniformly for y € [0, r].
Hence

Ar(@) ~27 7€ ™, asx — oo, (11.6)

where

ar =« /07“ F(dy) [e_”y/Gc(y)}. (11.7)
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Now we turn to the asymptotics of B,.(z). By assumptionon F and G, for al &/, k > 1,
we can choose ' such that for all » >+ and x > 0

e By <k [ dRG)L+a/y)
> d
SKF(r)A+x/r) 14+ k‘/ dy Fc(y)@(l +x/y)~? (by parts)

SkF(r)1+z/r) 9+ kKB /roo dy yp%(l +x/y)~?

(since y — (14 x/y)~? is non-decreasing)
=k(1—K)F(r)L+z/r)"9 + kK Bp / - dy y P YA+ z/y) 9
< kK Cy(), T

where
Co(a) = Bp / Ty 2y (118)

The argument can be repeated to get a lower bound by replacing k, k' by their
reciprocals. Thus for al £ > 1 we can find y such that

k1o (x) < Br(x) < kCp(x). (11.9)

The advantage of working with C).(z) is that its asymptotics are relatively easy
to obtain. By making the change of variable z = ¢/x in (11.8), C,.(x) can be written
as Bpx~P times foz/r dz 2P~ Y1+ 2)"7. Asz — oo, thisintegral is either convergent
to a finite limit I'[p]F[q — p]/T[q] (if ¢ > p), or is divergent and ~ logzx (if ¢ = p),
or is divergent and ~ (p — q)~X(z/r)P~9 (if ¢ < p).

Thus when ¢ < p, A,(x) is o(C,(x)) as r — oo, and the stated result follows
since k > 1 is arbitrary. When ¢ > p then both A,.(x) and C,.(x) are O(z~?) and so

limsup z? € (OF)*(z) < a, + kBp(p — q)~1rd7?, (11.10)
with a corresponding lower bound for the liminf obtained by replacing & with k1.
But for fixed &, we are free to take r — oo and hence r7 P — 0. From g < p, is
follows that o, — o < oo and the stated result obtains. O

We now examine the long-tailed case, n = 0, in more detail (using the notation
of theorem 16). We assume that ¢ > 1 in order that the stationary-excess distribution
G. exists. Theorem 16 says that the tail of ©F is dominated by the longer of the
tails of F and G. So the tail of (OF) behaves like t— ™nlr.al while that of G, behaves
like t=(¢=D. Hence we can identify two regimes. If p < ¢ — 1, customers in service
a t = 0 leave more dowly that new customers arrive. Thus, provided 6 — v > 0
is sufficiently small, M(t) can be expected to increase initially before relaxing to



96

2.6 T T T T T 1 2.5 T T
o5 I M@): p=03 — | 2.4 M@): p=0.9 —
2.3 =
24 — 29 ]
M@®) 23F - M@#) 21 -
22 . 2 ]
1.9 rd =
2.1 — 1.8 |
2 | | | | | | | 17 | | | | | | |

N.G. Duffield, W. Whitt / Control and recovery from rare congestion events

2 4 6 8
log(1 + %)

10 12 14

0 2 4 6 8

10 12 14
log(1 + 1)

Figure 2. Evolution of M (t). Left: p = 0.3, ages long. Right: p = 0.9, ages short.

according to a power law ¢~P. But if p > ¢ — 1, then new customers arrive more
dowly, so we expect M (t) to fall below ~ according to a power law ¢~ M"P.4l before
rising up to ~ according to t1¢.

Example 4. We illustrate this behavior for F' and G Pareto with densities p(1 +
)P and ¢(1 4 x)~177 respectively, so that G¢(z) = (14 2)7 %, v = (¢ — 1)~* and
G¢(z) = (L + 2)~9"L. In this case, one can express (©F)°(x) directly in terms of the
hypergeometric function »F7 without need of the approximation used during the proof
of theorem 16, and

M(t) = 62F1(p,q, 1+ p,—t) +v(1— 1+ 2)*79).

In figure 2 we display M(t) for 6 = 2.5, ¢ = 1.5 and hence v = 2. By (10.4), M(t)
goes from 6 = 2.5 to v = 2.0, but figure 2 shows how. On the left 0.5 =¢ — 1 >
p = 0.3, while on theright 0.5 = ¢ — 1 < p = 0.9. Note that the horizontal time axis
is logarithmic.

The case p = 0.3 corresponds to longer ages, while the case p = 0.9 corresponds
to shorter ages. Longer (shorter) ages correspond to longer (shorter) residual times,
since G is DFR. Longer residua times mean that the congestion will take longer to
clear and, indeed, M (t) goes up before it goes down when p = 0.3. On the other
hand, shorter residual times mean that the congestion should clear relatively quickly
and, indeed, M (t) goes down quickly, even going below its eventual vaue v = 2.0,
when p = 0.9,

12. Large deviations

In this section we use large deviations theory to see how likely are various
deviations from the mean in large systems. First, we can directly anayze what it
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means for the event { N > n} to be unlikely. Since the event is a Poisson tall

probability as indicated (1.1), we can directly show that

P(N = n)

—— =1 121
P(N:n)ﬁ asn — oo (12.2)

and by Stirling’s formula,

PN = 1)~ —2 <ﬁ> g (m—m)

V2rn \ n
1
_ —n(log(n/m)—1+m/n)
=——=¢ asn — oo. (12.2)
vV omn

However, we are primarily interested in the case in which the mean m is large.
To discuss this case, let IV,,, denote the Poisson distribution as a function of m. For
moderately small tail probabilities, a normal approximation can be used, i.e., when m
is not too small,

P(Np = m+ zvm) =~ (), (12.3)

where ®(z) is the standard (mean 0, variance 1) normal cdf and ®°(z) = 1 — P(x).
However, for smaller tail probabilities it is better to use a large deviations approxima-
tion. If we let m — oo and n = em (assumed to be integer) with ¢ > 1, then

1
P(N,, = cm) ~ e ™ asm — o, 12.4
( )~ Jarem - (124)

where
I(c) =c(logec — 1) + 1. (12.5)

Infact, it iswell known that alarge deviation principle (LDP) holds for the distribution
of N(0).

Theorem 17. As m — oo, the distribution of m~1N,, satisfies an LDP with good
rate function 7 in (12.5).

Proof. This follows from the Gartner—Ellis theorem (see, e.g., Dembo and Zeitouni
[14, section 2.3]) upon the observation that the cumulant generating function (cgf)

m~tlog E[e"m] = (¢ — 1) (12.6)

exigts for al 6, independent of m, is continuous and essentially smooth, and, as can
be shown directly, has Legendre transform

I(c) =sup{ct — (¢ = 1)}. (12.7)
6

O
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We also note that the two asymptotic forms in (12.3) and (12.4) are different. If
only n — oo asin (12.1) and (12.2), then

logP(N > n) ~ —nlogn asn — oo, (12.8)
whereas, by (12.7),
log P(N,, > cm) ~mli(c) asm — oo. (12.9)

We now turn to the empirical residual holding-time distribution a ¢ = 0, con-
ditional on N(0) = n. (Recall that the empirical residual holding-time distribution
has the same distribution as the empirical age distribution.) The residua holding-time
distribution can be expressed in terms of the random cdf .S,, by

Ro(t) =1—n"1S,(t), t>0, (12.10)

where S,,(t) is the decreasing stochastic process whose marginals are distributed as in
(2.5), so that

ER,(t) = Ge(t), t>0. (12.12)
By the FCLT supporting theorem 6,
Vi (Rn(-) = Ge(-)) = W(-) in D[0,0) asn — oo, (12.12)
where W is a Gaussian process. From either (12.12) or (2.5),
V(R (t) — Ge(t)) = N(0,G.(t)GE(t)) asn — oo, (12.13)

where N (0, o2) is a random variable with mean 0 and variance 2. Hence, we aready
have some idea how R, (t) may deviate from G.(t)

An dternative view is provided by an LDP. By virtue of theorem 1, an LDP for
R,, follows directly from Sanov’s theorem (see [14, section 6.2]). By reversibility of
the underlying processes, an identical LDP holds for the distribution of the empirical
age measures A, (0).

Theorem 18. Equipping the set of cdf’s with the topology of weak convergence in-
herited from the space of measures, the empirical residual holding-time distributions
R,, satisfy an LDP as n — oo with good rate function J, where

J(F) = K(F,G.), (12.14)
the entropy of F' relative to G. (or their Kullback—Leibler “distance”) defined as
o dr’
K(F,G.) = / dF'(z)log —(x), (12.15)
0 dG.

for F' absolutely continuous w.r.t. G, and co otherwise.
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Specifically, Sanov’s theorem says that for Borel sets of cdf’s A,
— inf_J(F)<liminfn~tlog P(R, € A)
FEA n—00

<limsupn~tlog P(R, € A) < — im;tJ(F), (12.16)
n—00 Fe

where A° is the interior and A the closure of A. It is worth remarking that the
stationary-excess cdf G, in (2.1) aways has a density g.. Thus, a necessary (but not
sufficient) condition for J(F') to be finite is for F' to have a density f, in which case
(by an abuse of notation) we write J(F') as

10}
9e(t)
The joint large deviation behavior of N(0) and R,,(0) can be seen informally by

observing from (12.5) and (12.15)—12.17) that for m large, the probability that N (0)
is near mc and Ry (o) has density near f is roughly

J(f) = /O ~ dt f(t)log (12.17)

e ml(e) g=meJ(f). (12.18)

We formulate this more precisely near the end of this section.

There are two important consequences of (12.15)—<12.17). First, the relative
entropy in (12.17) enables us to quantify how rare are various age or residua life
densities f that might appear instead of the stationary-excess density g..

Example 5. Asin example 1, it isinteresting to consider exponential and Pareto cdf’s
with a common mean. Given that g.(t) = e, t > 0,

sn= [ seyion( L2 ) o
_ /O L) dE+ /O F(t)log F(t) dt ~ /0 L () o

Hence, when f(t) = f,(t) = p(L +t)P~L, t > 0, I(f) =~ 1/(p — 1). Clearly J(f,)
diverges as p approaches 1. longer residua holding-times become progressively more
unlikely, and become impossible as the mean diverges, i.e, as p — 1. We now make
ge longer tailed. If g. is Pareto, in particular, if g. = f,, then

J(fp) = 1og(p/q) + (g — p)/p-

For fixed ¢, J(f,) isfinitefor al ¢g. The curves of J(f),) for these two cases are shown
in the left hand plot of figure 3. On the right hand plot we display I(f) when g. = f,
as afunction of ¢ for f exponential. All these examples confirm that the likelihood of
agiven empirical residual holding-time distribution decreases with increasing disparity
between its temporal characteristics and those of the stationary-excess distribution.
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Figure 3. J(f). Left: asafunction of p for f = f,. Right: as afunction of ¢ for g. = f.

The second consequence of (12.15)—12.17) is that the likelihood of R,, deviating
from its expected vaue for large n is of the same exponential order as the likelihood
of the event {N,, > e¢m} for ¢ > 1 in (12.9). This confirms that in considering
rare congestion events we should consider the empirical age and residual holding-time
distributions as well as large values for NV(0).

Example 6. In figure 4 we display contours of the joint rate function (12.18) when f
is restricted to be in the family of Pareto densities f, = p(1 + )P and g, = fq
with ¢ = 1. Observe the narrowing of the contours upon moving to the right from
(1,1). Thisillustrates that the prefactor ¢ to J in (12.18) means that a given deviation
in the age distribution become progressively less likdy if it results from conditioning
over an increasing number of customers.

We make some observations on the combination of example 5 and theorem 16.
Recall that when F' and G are Pareto with densities f = f, and g = f, and p > ¢,
theorem 16 says that (OF)°(x) ~ o’z 9. Thus from the graphs in the |eft hand display
of figure 3, one might expect that @ has rendered the original age distribution F' less
unlikely by adjusting the tail exponent down from p to ¢. Indeed, if R = ©A for a
genera age distribution A, then

J(R) = K©4.6.) 2 K(04,06,) © K(A,G,) = J(A). (12.19)

Here, (i) follows since ©G, = G, (ii) since ©, being a Markov map, does not increase
the relative entropy when applied to both its arguments; see [23, chapter 2]. However,
more than one such age distribution A can be mapped into R by ©. Indeed, when
G is continuous we can approach equality in step (ii) above as closaly as desired.
This follows from the large deviation contraction principle. To see this, recall that
by reversibility of the underlying processes, A,(0) and R, (0) satisfy an LDP with
the same rate function as n — oco. For G continuous it follows that © is weakly
continuous, i.e., F, — F weakly implies ©F,, — OF weakly. Thus by the large
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Figure 4. Contours of I(c) + cJ(fp) for ge = f.

deviation contraction principle (see, e.g., [14, section 4.2])

J(R) = inf J(A). (12.20)

Instead of the pair (N (t), A(t)) we can focus on a single quantity containing both
pieces of information, namely, the empirical age measure

N()

V() = by, (12.21)
i=1

where y14,...,yn(): ae the ages of the holding times in process and ¢, is the Dirac
measure (unit point mass) a y. The empirical age measure process {v(t): ¢t > 0}
is dso a Markov process. We now justify the use of the joint rate function (12.18)
by directly proving an LDP for the stationary empirical age measure v(0) as the
arrival rate A — oo. By reversibility, the corresponding residua life measure ©v(0)
must satisfy the same LDP. We regard v(0) is an element of M, the set of positive
measures (not necessarily probability measures) on R,. We topologize M, with
the topology of weak convergence (i.e.,, pointwise convergence on the set Cp(R.)
of bounded continuous functions on R;) which is inherited the space M of signed
measures on R,. The space M is metrizable as a complete separable space. For

convenience, we denote [ dv(z)f(z) by (v, f) and (v, 1) by v.
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Theorem 19. As m — oo, the distribution of m~1v(0) satisfies an LDP with rate
function

Lv) = {%)H vIw/v) Z i 8j (12.22)

Proof. Define for al f € Cy(R4) and m the cgf
Am(f)=mtlog Ee O = m~log B(G., V7O = (G, /) — 1

= A(f), (12.23)
independent of m. We now apply corollary 4.6.14 of [14]. For this purpose, it is
straightforward to show that:
(i) A(f) isfinitefor dl f € Cy(R4).
(i) N\ is Gateaux differentiable; i.e., for al f,g € Cy(Ry), the function R 5 ¢ —

A(f + tg) is differentiable.

(iii) The set distributions of m~11(0) is exponentially tight; i.e., for al z < oo, there
exists a compact set K, C M such that

limsupm™~tlog P[m~1(0) ¢ K,] < —=. (12.24)

A—00

Item (iii) is due to the exponential tightness of the distributions of m~17(0) and
v(0)/v(0), which follows from the goodness of the rate functions in the LDP's of
theorems 17 and 18 (see, e.g., [14, exercise 1.2.9]). To see this, pick 0 <a <1< b
and K a compact subset of probability measures in M,.. Then (using ¢ to denote
complements)
P[v(0) € ([a,b]K)] = P[m~5(0) € [a,b]%,1(0)/7(0) € K]
+P[m5(0) € [a,b],(0)/7(0) € K]
< P[mflﬁ(O) € [a,b]c]
+ sup P[V(O) /v(0) € K¢ | ©(0) = n] (12.25)

n>am

Thus, limsup,, ... m~*log P[m~tv(0) € ([a,b]K)] is bounded above by the maxi-
mum of —I(a), —1(b) and

limsupm ™t sup log P[R,, € K°]

m— 00 n>am
< limsup sup (a/n)log P[R, € KF] (12.26)
m—oo m>am
= alimsupn~tlog P[R, € K°| (12.27)
< —a inf J(), (12.28)
veke

and so (12.24) can be fulfilled for each = < oo be choosing a, b, K appropriately.
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Thus, [14, corollary 4.6.14], the distributions of m~1v(0) satisfy an LDP with a
good convex rate function which is the Legendre transform of A:

N(@)= sup {(y,f> — /\(f)}. (12.29)
feC(Ry)

Then the given form of A* follows from the duality [14, lemma 4.5.8] provided we can
show, firstly, that A isthe Legendre transform of L, and secondly that L is weak lower-
semicontinuous. The second property follows from the weak lower-semicontinuity of
K: see[14, lemma 6.2.12]. (For a sequence (v,) converging weakly to v # 0 then
clearly liminf,, L(v,) > L(v). If v, — 0O then v, /v, need not converge. But in this
case L(v,) = 1(7,) — 1(0) as required.) We now establish the first property. For any

€ C(Ry),
sup {(v, f)=Af)}= sup {z((w f) - Kw G))—I(x)} (12.30)

veM weMl zeRy

= sup {zlog(G,, &) — I(z)}. (12.31)

:L‘ER+

The negative of the functional in the last display is strictly convex and steep on R,
so by differentiation the supremum is seen to occur for = = (G, ef ), wWhere the
functional takes the value (G., e/ — 1) = A(f), as required. O
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