by 1 2

________________ 1 2

Abstract

is O(N^α O(N^1 N α devices.

O(N^α O(N^1 an N α

th th

− 9

both

W P(W > x) x^β e^x as x where f(x) ∼ g(x f(x) (x) → x

numerically α , β and η

N r r = N η N, r η r > N >

N i ≤ i ≤ N− i i + N i to i + i ≤ N− N− 1

i λ_i queue i (LST) B̂_i (s) ≡ ∫_0^∞ e^{− st}dB_i (t i i + N R̂_i (s

L_{i,m} ≡ (L_{i,m} L_{i,m,N− 1} i m {L_{i,m}:m ≥ p_{i,m} ≡ (p_{i,m}(k_0 k_{N− 1} N- L_{i,m} p̂_{i,m} N

p̂_{i,m}(z) = E

j=0Π^{N− 1z}j^{Li,m,j =}_{k0 = 0}Σ^∞_{kN− 1 = 0}Σ^∞_{j=0}Π^{N− 1z}j^{kj p}i,m^{(k}0^kN− 1

N z = (z_0 z_{N− 1} express p̂_{i,m}(z p̂_{i − m− 1} (z

w w(k) = k mod (2.2) i,m is

p̂_{i,m}(z) = R̂_{w(i −} (

j=0Σ^{N− 1(λ} j j^zj

× p̂_{w(i − m− 1} (z_0 z_{i − 2} ,B̂_{w(i −} (

j=0Σ^{N− 1(λ} j j^zj^zi^zN− 1^{) . (2.3)} m p̂_{i,m}(z) =

k=1Π^{m R̂}w(i − k)_{j=0}Σ^{N− 1(λ} j j^zj^{(k− )}^{p̂}w(i − m^{(z(m)}

where

z_l^{(k)} = B̂_l (

j=0Σ^{N− 1(λ} j j^zj^{(k− )}

z_l^{(k−} for l = w(i − k) for l ≠ w(i − k) (2.5)

and z^0 = z. p̂_{w(i − m} (z^{(m)} w(i − m) t = p̂_{w(i − m} (z) = all z k_0 = (k ,k ,_{N− 1} then

p̂_{w(i − m} (z) =

j=0Π^{N− 1 z}j^{k j . (2.6)}

m O(N N O

y^{(k)} =

j=0Σ^{N− 1(λ} j j^zj^{(k) ) . (2.7)}

p̂_{i,m}(z) =

k=1Π^{m R̂}w(i − k)^{(y(k− )p̂}w(i − m^{(z(m)}

z_l^{(k)} = B̂_l (y^{(k−} ) z_l^{(k−} for l = w(i − k for l ≠ w(i − k) (2.9) y^{(k)} = y^{(k−}_{w(i − k)} (z_{w(i − k)}^{(k−} − z_{w(i − k)}^{(k)} z = z and

y = j=0Σ^{N− 1(λ} j j^zj^{) . (2.11)}

R̂_{w(i − k)} (y^{(k−} O z computing p̂_{i,m}(z O(m O(N

z^{(k)} y^{(k)} O(Nm O(N).

p̂_{i,m}(z p̂_{i,m} z_j , j

N p̂_{i,m}(z_0 ,z_1 ,z_2

B̂_l (. R̂_l (. λ_l to m p̂_{i,m}(z p̃_{i,m}(z) = p̂_{i,m}(z̃ z̃_k = k ≠ i and z̃_i = z Ŝ_{i,m}(s i m Ŝ_{i,m}(s) = p̃_{i,m}(B̂_i (s . (2.12) Let Ĉ_{i,m}(s i m m > N

Ĉ_{i,m}(s) = p̃_{i,m} − λ_i ) . (2.13)

m if

j=0Σ^{N− 1ρ} j^{< ρ} j j^bj^{j and b}j

p̂_{w(i − m} (z^{(m)} z^{(m)}

p̂_i (z) ≡_mlim p̂_{i,m}(z).

i,m i

p̂_i (z) = E

j=0Π^{N− 1z}j^{Li,j =}_{k=1}Π^{∞ R̂}w(i − k)^{(y(k−}

z_l^{(k)} =

B̂_l (y^{(k−} ) z_l^{(k−}

for l = w(i − k for l ≠ w(i − k) (2.15)

y^{(k)} = y^{(k−}_{w(i − k)} (z_{w(i − k)}^{(k−} − z_{w(i − k)}^{(k)} ) .

z = z =

j=0Σ^{N− 1(λ} j j^zj^) k lim z^{(k)} =

k lim y^{(k)} =

k lim R̂_{w(i − k)} (y^{(k−} ) = 1 . (2.19)

z_l^{(k)} that

p̂_i (z k = I

R̂w(i − I) (y^{(I −} )− 1 (2.20) ε I z

O O(I).

10^{− 12 − 13} in

Ŝ_i (s) = p̃_i (B̂_i (s and Ĉ_i (s) = p̃_i − λ_i p̃_i (z) = p̂_i (z̃ z̃_k = k ≠ i and z̃_i = z.

i

Q̂_i (z) = λ_i

k=0Σ^{N− 1r} k − k=0Σ^{N− 1ρ} k^)_.

z− B̂_i (λ_{i i} z)

B̂_i (λ_{i i} z) [p̃_i (z)− p̃_i (B̂_i (λ_{i i} z

where r_i i i + N i is

Ŵ_i (s) =

k=0Σ^{N− 1r} k − k=0Σ^{N− 1ρ} k^)_.

s_{i i} B̂_i (s)

[p̃_i (B̂_i (s − p̃_i − λ_i . (2.24)

z n^{th} moment nl + l l l = and l =

O(m O(I m I

O(m O(I

I upon N I = O(N^α α O(N^α O(N^1

is O(N^3 N

O(N O(N^2

ρ I on ρ ε complexity O ε ρ

ρ ρ

p̂_{i,m}(z

j=0Σ^{N− 1(λ} j j^zj^{(k−}_{j≠w(i − k)j=0}Σ^{N− 1 (λ} j j^zj^{(k− ).}

p̃_i (. p̃_i (.

computing p̂_{i,m}(z

i i discipline.

length M(>N

N,N,N− w(i − k k

N

N-

m

m N N

i probability p_{i0} j p (j = i

j=0Σ^{N P = 1.} N N−

P_i (z) =

j=0Σ^{N p z}j

p_{i0} = i = N inversion.

r_k = r r →

r_k

p_k ≡_{R→ 0}lim r_k R r_k

pseudostations k and k+ k k^{th}

p_k p_k

k and k+

Ŵ_i (s) = s_{i i} B̂_i (s) − k=0Σ^{N− 1ρ} k^) Nr p̃_i (B̂_i (s − p̃_i − λ_i ) . (4.1)

As r → 0, R̂_i (s) → i and s p̂_i (z) → i and z

get

Ŵ_i (s) = s_{i i} B̂_i (s) − k=0Σ^{N− 1ρ} k^) N ∂r ∂p̃_i (B_i (s r =0 − ∂r ∂p̃_i − λ_i ) r =0 . (4.2) log p̂_i (z) =

k=1Σ^{∞ log R̂}w(i − k)^{(y(k− ) .} r

p̂_i (z) ∂r ∂p̂_i (z) = k=1Σ^∞_{R̂w(i − k) (y(k− )} ∂r ∂R̂_{w(i − k)} (y^{(k−} )

. (4.3)

As r → 0, p̂_i (z) → R̂_{w(i − k)} (y^{(k−} ) →

∂r ∂p̂_i (z) r =0 =_{k=1}Σ ∞ ∂r ∂R̂_{w(i − k)} (y^{(k−} ) r =0 . (4.4)

r → r r X_r ≡ rX_1 where X_1

∂r ∂Ee^{− srX1} _________{r =0} = E(− sX_1 e^{− srX}1 )_{r =0} s

∂r ∂R̂_{w(i − k)} (s) r =0 (4.6)

∂r ∂p̂_i (z) r =0_{k=1}Σ ∞ y^{(k−} . (4.7)

∂r ∂p̂_i (z) r =0 k = I whenever

y^{(k)} (4.8) ε ∂r ∂p̃_i (z) = ∂r ∂p̂_i z z the i^{th}

transform.

P(W>x)

P(W > x) x^β e^x as x

for f(x)∼g(x f(x) (x) → x

B̂_i (− s) and R̂_i (− s) s α ,β and η in η β α multiplier.

α ,β and η n^{th} moment μ_n

μ_n ∼ η^n

( n + as n . (5.2)

α , β and η μ_{n − 2}, μ_{n − 1} and μ_n n

a_{n n} /μ_{n − 1} (5.3) η_n =

a_n − a_{n − 1} 1 (5.4)

β_n =

a_n − a_{n − 1} a_{n − 1} − n +

α_n = Γ( n + μ_n η^n (5.6)

n lim α_{n n}lim β_n and_nlim η_n . (5.7)

α_n , β_n and η_n n

μ_n n

O(n^{− 1}

k^{th} O(n^{− k} k =

P(W > x)_1 x^β e^x_2 x^1 e^x as x

η

η

η

x lim x^{− 1} log P(W > x) . (5.9)

− 12 − 10− 13

N=

case.

P(W>x) x^β e^x as x parameters α ,β,η α ,β,η η

η

l Typically l = l = l l

l = and l =

E_2

λ_i = 2×10^{− 4} + − i)×2×10^{− 6}

2×10^{− 4} + i×2×10^{− 6} ≤ i ≤ 999 .

≤ i ≤ 500 (6.1)

×10^{− 4}

×10^{− 3}

31725.30

1300039.0

Performance Measure Pr(W > Pr(W > Pr(W >

example.

O(I I

how I N ρ ε number I

N, ρ and ε.

I N ρ and ε 10^{− 12}. I I = O(N^α α ∼

I = O(N^α α N ε^{− 12} I ρ .

ρ I

ρ .

Clearly I approaches ∞ as ρ − 1/log ρ / N ρ I ε. I − log ε.

ε 10^{− 8} 10^{− 10} 10^{− 12} 10^{− 14} I

ε

E_4 E_2

ρ

×10^{− 4} (this C_n n^{th} P(C_n > n

E_2

N N= N = N =

N = 1. For N=^{th}

N = N > η α and β η β and α β and α α_n and β_n n =

α and β are η, α and β th significant. N=

N= N= − 3

η N β −

N > N

th

η η

η η η η η η

for η

F^c (x) ∼ α_1 x^β e^x_2 x^1 e^x

N = 1

Moment α_n η_n β_n

×10^{14} ×10^{16}

N = 3

Moment α_n η_n β_n

− 0.272482 ×10^{227} − 0.981276 ×10^{229} − 0.981445 ×10^{232} − 0.981630 − 1.00003

N = 9

Moment α_n η_n β_n

− 0.465349 ×10^{234} − 0.980175 ×10^{237} − 0.980377 ×10^{239} − 0.980567 − 1.0005

where α_1 α α_2 =

= 0 Moment α_n η_n β_n

− 0.272482 ×10^{227} − 0.981276 ×10^{229} − 0.981445 ×10^{232} − 0.981630 − 1.00003

= 0.1, c_b^2 = 1

Moment α_n η_n β_n

− 0.148503 ×10^{227} − 0.735567 ×10^{230} − 0.735720 ×10^{233} − 0.7358837 − 0.7492

= 1, c_b^2 = 10

Moment α_n η_n β_n

×10^{272} − 0.938639 ×10^{275} − 0.938166 ×10^{278} − 0.937710 − 0.8894

N = 3.

E(W_{FCFS} ) ≤ E(W_{Exhaustive} ) ≤ E(W_{Gated}

η.

η

= 0.1, c_b^2 = η

c_b^2 =

η ×10^{20} ×10^{22} 0.07369 ×10^{20} ×10^{22} 0.06713

η

Acknowledgement

comments.

References

distributions,’’

inversion,’’

regime,’’

8

Commun., Queueing Systems

Proc.

,

t t queues,’’

49

48

20

387-431.

IEEE

systems,’’ Queueing Systems

Queueing Systems

examples,’’

367-376. 36

K

Appendix

inversions.

Let X F(x) ≡ P(X ≤ x

F^c (x) ≡ 1− F(x F is

f̂(s) ≡ Ee^{− sX} = 0 ∫^∞ e^{− sx}dF(x

F^c (x

F̂^c (s) ≡ 0 ∫^∞ e^{− sx}F^c (x)dx =_s^{1− f̂(s)}

where s Re(s) > F^c (x

F^c (x) = 2lx 2l) F̂^c 2xl A + 2 k_1 =1Σ l k=0Σ^{∞ (− kRe[e− ik1 π F̂ c}_{2lx}^A −_{lx}^{ik1 π} −_x^{ikπ}

(A.3)

where i ≡ − Aand l The

E_a =

j=1Σ^{∞ e− F c (x+2 ) . (A.4)}

Since F^c (x+2 ) <

Ea ≤ 1− e^{− A} e^{− A} . (A.5)

A l.

let

S = k=0Σ^{∞ (− ka} k^{(A.6)} and

S_j =

k=0Σ^{j (− ka} k^{. (A.7)} S

E(m,n) =

k=0Σ^{m (}_2^{m − mS}n +k^{. (A.8)}

l = 1, A = 21, n = m = 11. X p_k and P̂(z) =

k=0Σ^{∞ p}k^{zk p}k^{from P̂(z}

p_k =

2lkr^k 1 P̂(r)+(−^kP̂(− r)+2

j=1Σ^{lk− 1Re[P̂(re π )e ]}

where r and l r = 10^{/2lk}

E_a =

j=1Σ^{∞ 10 j p}k+2nlk^{. (A.10)}

Since p_{k+2nlk} <

Ea ≤ 1− 10 10 . (A.11)

γ l l =

Let M̂(z X M̂(z) z = X f̂(s M̂(z) ≡ E(e^{zX}) = f̂(− z) . (A.12) If X P̂(z M̂(z) = P̂(e^z) . (A.13) Let μ_n n^{th} μ_0 ≡ μ_n n^{th} M̂(z

M̂(z) = n =0Σ ∞ μ_n z^n . (A.14)

M̂(z obtain μ_n

μ_n = 2nlr^n α^n n! M ^ (α r)+(− nM̂( r) + 2 j=1Σ^{nl − 1Re[M̂(α re π )e ]}

where r = 10^{/2nl} (A.16) and (n − μ_{n − 2} /μ_{n − 1} . (A.17) α in α n ≥ μ_1 and μ_2 α μ_1 and μ_2 α l = 2.

I N 10^{− 12}.

N =