queues, 1

ABSTRACT 1

δ(z) BMAP D(z) at z = 1 δ^{(k)}

δ(z) δ^{(k)}

BMAP BMAP

BMAP MAP MAP MMPP

MMPPs, MAP BMAP

MAP

the where ρ

ρ ρ

BMAP

BMAP

BMAP BMAP δ(z BMAP matrix D(z z =

δ(z z = 1. The k^{th} derivative δ^{(k)} k^{th} BMAP then t t BMAP 1

ρ

ρ ρ decreases;

BMAP BMAP processes N(t J(t): N(t

t J(t t N(t J(t CTMC ~

ρ Q̃ = D_0 D_0

D_1

D_0

D_1

D_2

. . D_0

D_1

D_2

D_3

where ρ D_k, k ≥ m×m matrices, D_0 has D_k is k ≥ D =

k=0Σ^{∞ D}k

m-state CTMC. Let π D πD = πe = e

D(z) ≡

k=0Σ^{∞ D}k^{zk . (2)}

D(z z^∗ < z^∗ . When D_k = k ≥ k_0 MAP (then k_0 = 2), z^∗ z^∗ > D(z z for z < z^∗ k^{th} derivative D^{(k)}(z kand z < z^∗. ρ

π( k=1Σ^{∞ kD}k^{)e D e = 1 . (3)}

D(z Perron-Frobenius eigenvalue δ(z z ≤ z < z^∗

δ(z < z < z^∗ u(z v(z u(z)v(z) = u(z)e = δ(e^s s with δ = 0. N(t J(t P (n,t) = P(N(t) = n , J(t) = jN = J = i

P^∗(z,t) = n =0Σ ∞ P(n,t)z^n (5)

P^∗(z,t) = e^{D(z)t} , t ≥ 0 . (6)

π̃ (t)

P_π~ (N(t) = n) = i =1Σ m j=1Σ^{m π̃} i^{P (n,t) ~P(n,t) (7)}

N(t π̃ function π̃P^∗(z,t)e

c(z,t) ≡ log E_π~ z^{N(t)} = π̃P^∗(z,t)e) . (8)

c(z,t) t ≤ z < z^∗. A =_{i j}Σ A m×n A_1A_2 ≤ A_1 . A_2and e^A ≤ e^A. > 0 and 1 ≤ z < z^∗, 0 = t c t) ≤ t c(z,t) ≤ D(z) .

Proof. π̃e^{D t} t, c t) = 0 t c(z,t z c(z,t) ≤ π̃ . e^{D(z)t} . e) = D(z)t , D(z). c(z,t) as t

δ(z). 0 < z < z^∗ π̃, π̃P^∗(z,t)e = e^{δ(z)t} + O(e^{r(z)t} ) (z) (z) c(z,t) ≡ π̃P^∗(z,t)e) (z)t + O(e^{− (δ(z)− r(z t} ) (10) and t^{− 1}c(z,t) ≡ t^{− 1} π̃P^∗(z,t)e) (z t . (11)

Since D(z z < z^∗, c(z,t z for z < z^∗ t z k^{th} c(z,t z z = c_k(t k^{th} factorial (t π̃ N(t k^{th} k^{th}

t k^{th} O(t^k t . k^{th} c_k(t t k^{th} k^{th} δ^{(k)} k^{th} δ(z z = 1.

≥ 1,

t lim t c_k(t)_{(k)} . (12)

Proof.

i.e.,

t c(z,t) =

k=1Σ^∞_t^{ck(t)}_{k!}^{(z− k_______ (13)} and

δ(z) = k=1Σ^∞_{k!}

δ^{(k)} z−^k . (14)

z with z < z _ < z _ < z^∗ z z for z z = z δ(z of D(z e^{δ(z)t} e^{D(z)t} π̃P^∗(z,t)e = u(z)e^{δ(z)t}v(z) + O(e^{r(z)t} where u(z v(z δ(z) and r(z δ(z r(z z δ(z z z = r(z) < δ(z δ > r z z = 1, π̃P^∗(z,t)e = u(z)e^{δ(z)t}v(z) + O(e^{rt} with r < δ(z r z z z = k^{th}

t c_k(t) = dz^k d^k t c(z,t) z=1 = 2tπi k! C ∫_{(z− k+1}

c(z,t) dz

where C z = z = z =

[24].

c_k(t)^{(k)} t_k + r_k(t where r_k(t) = o t r_k(t) = O(e^{− skt} t where s_k

N(t

δ^{(k)} δ^{(k)} γ_k c_k(t),

n independent BMAP another BMAP the n i^{th} component BMAP ρ_i and m_i ×m_i matrices D_{ik}, k ≥ BMAP ⊗ ⊕ BMAP D_k

(N_i (t J_i (t ρ_{i i} ×m_{i ik},k ≥ 0, i ≤ i ≤ (N_1(t) + + N_n(t), (J_1(t , J_n(t 1 +_n and ×_k =_{i =1}Π^n m_i

ρ D_{k 1}D_{1k} ⊕_nD_{nk}, k ≥

D(z) = ρ ρ_1 D_1(z) ⊕ ⊕ ρ ρ_n D_n(z δ(z) = ρ ρ_1

δ_1(z) + + ρ ρ_n δ_n(z

u(z) = u_1(z) ⊗ ⊗ u_n(z v(z) = v_1(z) ⊗ ⊗ v_n(z = ue = 1.

Proof. N_1(t) + + N_n(t BMAP N_1(t) + + N_n(t J_1(t J_n(t CTMC BMAP D_k A_1 ⊕ A_2 = (A_1 ⊗ I_2) + (I_1 ⊗ A_2

PF δ(z

component PF δ_i (z ≤ i ≤ n

PF δ(z D(z eigenvectors u(z v(z z =

CTMC (DTMC CTMC D ≡ D CTMC, δ = 0, u and v = e. Let Y = (e D)^{− 1} and Z = Y − eπ . (23) Z CTMC D e D

Let δ^{(k)} k^{th} δ(z z = δ^{(k) (k)}

δ(z) (z) (z) = 1 δ D e = u (D I)Y D Z v = Y(D I)e = ZD e

δ D e + 2πD ZD e , u D Z + 2πD ZD Z − 2πD Z^2 D Z + 2u (D − I)Z , v = ZD e + 2ZD ZD e

− 2Z^2D e − πD Z^2D e)e = ZD e + 2Z(D − I)v − 2u v ,

δ D e + 3πD ZD e + 3πD ZD e + 6πD ZD ZD e − 6πD Z^2D e D e + 3u D e + 3πD v + 6u (D − I)v ,

≥ 2,

δ^{(n)} D^{(n)} e +

k=1Σ^{n − 1}_k^n^{π(D(k) (k) I)v(n − k)}

u^{(n)} =

k=1Σ^n_k^n^{u(n − k)(D(k) (k) I)Y}

v^{(n)} = eπv^{(n)} +Y

k=1Σ^n_k^n^{(D(k) (k) I)v(n − k)}

where

πv^{(n)}

k=1Σ^{n − 1}_k^n^{u(k) v(n − k) . (30)}

Proof. differentiating n D(z)v(z) (z)v(z obtain

k=0Σ^n_k^n^{(D(k) (k) I)v(n − k) = 0 . (31)} π

− Dv^{(n)} =

k=1Σ^n_k^n^{(D(k) (k) I)v(n − k) . (32)}

Adding eπv^{(n)}

(e D)v^{(n)} = eπv^{(n)} +

k=1Σ^n_k^n^{(D(k) (k) I)v(n − k) . (33)}

Ye = e n ue = uv = u^{(n)} e = n ≥ 1, πv u e =

Y(D I)e = Y(D D eI)e = (Y − eπ)D e = ZD (34) eπv^{(n)} is u^{(n)} eπ u^{(n)} e = n ≥

BMAP E_2

(PH BMAP α ,T

D_0 = T = 0 − 2 − 2 2 , D_1 Te 2 0 0 0 (35)

and D_k = k ≥ / / δ = 1,

Y = 3/8 5/8 5/8 3/8 , Z = − 1/8 1/8 1/8 − 1/8 (36)

u = / − 1/ v = (− 1/ /^t, δ 1/

δ = 3/ BMAP

are c_1 = 1, c_2 + c_1 = 1/ c_3 + 3c_2 − 2c_1 = 1/4;

m_1 = 1, m_2 = 3/ m_3 = 3;

m_k = k!m_1^k k^{th} M

An E_2 M M / / / / / /

E_2 / /

E_2 / / /

BMAP V ϕ (s) ≡ Ee^{sV} s > EV = Let η_V = s : ϕ (s) }; η_V η_V

Let Q and L

Q and L

σ^{− k}P(Q > k) as k (37) and e^{ηx}P(L > x) as x where σ ,β,η and α

σ and η,

k^{− 1} log P(Q > k) → log σ as k and x^{− 1} log P(L > x) as x ,

σ^{− 1}, η − 1 < z^∗_V to

δ /σ ) = ρ η and ϕ (η) ≡ Ee^{ηV − 1} . (39)

V η_V when Ee^{sV} for s_V; − s Ee^{− sV}. σ^{− 1},η σ and η as ρ x for η < x_V (ϕ (x (ϕ (x > x x (ϕ (x < x η_V x x x if x x y (ϕ (x ≤ xand (ϕ (y ≥ y x y. η σ^{− 1} −

σ and η ρ ρ ρ_0 below ρ_0 ρ_0 above ρ_0. σ^{− 1} and η δ(z) and ϕ (s) ≡ Ee^{sV} z = s = have δ(z) z− +^{(k)} k! (z−^k _______ + = (z− 2 (z−^2 _______ + (k) k! (z−^k _______ + (40)

and

ϕ (s) s 2 s^2 +^{(k)} k! s^k + = 1 + s + m_2 2 s^2 + + m_k k! s^k +

where δ^{(k) (k)} m_k = EV^{k k} δ^{(k)}

ϕ (s) ≡ Ee^{sV} m_k

σ or η

ρ η (σ_{− 1}) ∼ ∼ (σ^{− 1} − +^{(k)} k! (σ^{− 1} −^k + (42)

and

σ^{− 1} (η) ∼ 1 2 m_2η^2 + + k! m_kη^k

+ (43)

for η by δ(ϕ (η σ^{− 1} . δ(ϕ (η /ρ

ψ (η) ≡ η δ(ϕ (η − 1 = ρ 1 . (44)

ψ (η) = a_1 a_2 2 η^2 + + k! a_kη^k _____ + (45)

f(ε) ≡ b_1 b_2 2 ε^2 + + b_k k! ε^k + (46)

f(ψ (η b_k

a_k

a_k

derivatives δ^{(k) (k)} m_k = EV^{k (k)} δ(ϕ (η a_k for arbitrary k b_k a_k b_k k.

m_k = k ≥ m_k = k δ(z) = D(z) = z− δ^{(k)} = all k ≥ n + a_n = m_{n +1} n ≥ 1. g(x) = − x g ) = )/ . η

h ) ≡ f(g = c_1 ) + + c_k k! )^k + (47)

c_k b_k Since

g(x) =

1− x x = k=1Σ^{∞ xk}

g^{(k)} = k c_k b_k c_k k.

c_k a_k δ^{(k)} and m_k c_k δ^{(k)} and m_k.

c_k k+ δ^{( j)} and m_j δ = m_1 = c_2 m_2 and δ c_k m_{k+1} and δ^{(k+} η

1 and . c_1 = c_k = k ≥ δ(z) = z− m_k = k a_k = k!

η ∼ c_1 ) = m_2

) . (49) c_A^2 ≡ 1

while c_s^2 ≡ m_2 −

η ∼ c_1 ) + c_2 2 )^2 = m_2 )

+ m_2 )^3 m_2 + δ )^2 − 2m_3 − 2δ ) )^2 (50)

δ^{(k)} = 0

for k ≥

a_k = m_{k+1}/(k+

η ∼ c_1 )+c_2 )^2 +c_3 )^3 +c_4 )^4

where c_1 =

m_2

2 , c_2 = 3m_2^3

6m_2 − 4m_3

c_3 = 3m_2^5

36m_2^4 − 48m_3m_2 +32m_3^2 − 12m_2m_4

c_4 = m_2m_3m_4 − 288m_2m_5 − 3200m_3 +5760m_3^2m_2 − 2160m_2^3m_4 − 4320m_3m_2^4 +2160m_2^6]/45m_2^7 . (52)

m_k = k 1

c_2 =

3m_2^3 m_2^3 − 2m_3)

c_3 = 3m_2^5

12m_2 m_2^3 − m_4)− 16m_3 m_2 − 2m_3) (53)

c_4 = m_2 − 2m_3 m_3^2 − 3m_2m_4) − 320m_3 m_3^2 − 3m_2m_4)+ 144m_2 m_2^4 − 2m_5)− 1440m_2m_3 m_2 − 2m_3 /45m_2^7 .

m_3 m_2 m_2 − 2m_3) m_4 m_2 m_2^3 − m_4

m_4 m_2 and m_3 m_3^2 − 3m_2m_4 m_5 m_2 m_2^4 − 2m_5

σ σ^{− 1}

σ^{− 1} − 1 (h =

k=1Σ^{∞ d}k_{k!}^{)k . (54)}

d_k

coefficients c_k

σ^{− 1} − 1 ∼ c_1 ) = m_2 )

1 m_2 ) + O )^2) . (56)

σ^{− 1} − 1 ∼ c_1 )+(c_2 +m_2c_1^2) 2 )^2 =

m_2δ )

+ m_2 )^3 m_2 + δ )^2 − 2m_3 − 2δ ) + (m_2 )^2

2m_2 )^2 . (57)

BMAP δ(z BMAP D(z z δ(z) δ^{(k) (k)} z = 1.

δ(z δ^{(k)}

c_k(t BMAPs. N(t define δ(z

δ(z) =_tlim t log Ez^{N(t)}

define δ^{(k)} as

δ^{(k)} =_tlim t c_k(t)

BMAP function Ez^{N(t)}

BMAP BMAP.

BMAP

BMAP BMAP BMAP

MMPP/Γ_γ γ (MMPP MAP γ parameter γ c_s^2 = 1/γ M k E_k) D as k

MMPP (MMPP_2 MMPP_2

ρ ρ /

r γ, r and ρ . ρ r =

PH c_s^2 =

η ρ η_k(ρ k η ρ .

Then

(ρ ) ∼ η_7(ρ ) = ) − )^2 + )^3 + )^4 )^5 + )^6 + )^7 . (60) ρ η_k(ρ k k increases.

ρ η and σ ρ η_k k η k, 1 ≤ k ≤ η_7 σ_7 = 1/ϕ (η_7) for σ σ η_7 and σ_7 essentially ρ σ_7 η_{7 V} =

η_1 η_1 η_2 for η_k η_j j ≥ k η_k for k > η_1 and η_2

η_1 and η_2 at

η_2 does ρ ρ

η_k η_1 k = 6. r and γ η and η_k ≤ k ≤ r with and η and η_k ≤ k ≤ γ with r =

ρ η_1 good η_2 neither η_1 nor η_2 η_j j ≥ k).

γ η_7

η_6 to η_7

MMPP MMPP Γ_γ/

r = ρ : component MMPP MMPP MMPP and ρ , r ρ / r ρ ).

η

α e^x α α ηEW α

η ρ

α and β

BMAP arrival Γ /Γ_2/ Γ_2 ≡ E_2 service Γ_{1/2} Γ_{1/2}

BMAP.

Γ_γ γ are Γ( r)/Γ(γ), where Γ(x k^{th} Γ_{1/2} k− /2^{(k−} (k− Γ_{1/2}

c_k η k k ρ η_k ρ Acknowledgment.

REFERENCES

forthcoming.

forthcoming. Functions,

Scand.

8

1 forthcoming.

forthcoming.

Opns. Res.,forthcoming.

networks.

31

Queueing Systems 1992.

8

Prob.

Adv.

Biometrika

Florence,

arrivals.

Telecommunications Systems,forthcoming.

k (k+ a_k

a_1 = m_2

a_2 = m_3 m_2 )^3

a_3 = m_4 m_3 +3m_2 ) m_2 )

a_4 = m_5 m_4 +10m_3 m_2 ) m_3 +15m_2 ) m_2 )

a_5 = m_6 m_5 +15m_4 m_2 +10m_3^2 ) m_4 +60m_3 m_2 +15m_2^3 ) m_3 +45m_2 ) m_2 )

a_6 = m_7 m_6 +21m_5 m_2 +35m_4 m_3 ) m_5 +105m_4 m_2 +70m_3^2 +105m_3 m_2 ) m_4 +210m_3 m_2 +105m_2^3 ) m_3 +105m_2 ) m_2 )

a_7 = m_8 m_7 +28m_6 m_2 +56m_5 m_3 +35m_4^2 ) m_6 +168m_5 m_2 +280m_4 m_3 +210m_4 m_2 +280m_3^2 m_2 ) m_5 +420m_4 m_2 +280m_3^2 +840m_3 m_2 +105m_2^4 ) m_4 +560m_3 m_2 +420m_2^3 ) m_3 +210m_2 ) m_2 )

a_k of ψ (η) =

k=1Σ^{∞ a} k^{η k}

derivatives δ^{(k) (k)} m_k = EV^{k (k)} δ = m_1 =

1 2k− 1 b k 1 a_1 b_1 = 1 2 a_1^3 b_2 a_2 3 a_1^5 b_3 = 3a_2 − a_1 a_3 4 a_1^7 b_4 = 10a_1 a_2 a_3 − a_1^2 a_4 − 15a_2^3 5 a_1^9 b_5 = 15a_1^2 a_2 a_4 +10a_1^2 a_3^2 +105a_2^4 − a_1^3 a_5 − 105a_1 a_2 a_3 6 a_1^1 b_6 = 21a_1^3 a_2 a_5 +35a_1^3 a_3 a_4 +1260a_1 a_2^3 a_3 − a_1^4 a_6 − 280a_1^2 a_2 a_3^2 − 945a_2^5 − 210a_1^2 a_2 a_4 7 a_1^3 b_7 = 28a_1^4 a_2 a_6 +56a_1^4 a_3 a_5 +35a_1^4 a_4^2 +3150a_1^2 a_2^3 a_4 +6300a_1^2 a_2 a_3^2 +10395a_2^6 − a_1^5 a_7 − 378a_1^3 a_2 a_5 − 1260a_1^3 a_2 a_3 a_4 − 280a_1^3 a_3 − 17325a_1 a_2^4 a_3

b_k of f(ε) =

k=1Σ^{∞ b}k^{εk !}

a_k of (η) =

k=1Σ^{∞ a} k^{η k !}

! c_k

b_1

2b_1 + b_2

6b_1 + 6b_2 + b_3

24b_1 + 36b_2 + 12b_3 + b_4

120b_1 + 240b_2 + 120b_3 + 20b_4 + b_5

720b_1 + 1800b_2 + 1200b_3 + 300b_4 + 30b_5 + b_6

5040b_1 +15120b_2 +12600b_3 +4200b_4 +630b_5 +42b_6 +b_7

c_k ≡ h^{(k)} of h ) b_k ≡ f^{(k)} where h ) = f(g and g ) = )/ρ 2.8].

k 1 a_1 1 = m_2 2

2 a_1^3

2a_1^2 − a_2 = m_2 )^3 m_2 + δ )^2 − 2m_3 − 2δ )

3 a_1^5

6a_1^4 − 6a_2 a_1^2 +3a_2 − a_1 a_3

4 a_1^7

10a_1 a_2 a_3 − a_1^2 a_4 − 15a_2^3 +36a_2 a_1^2 − 12a_1^3 a_3 − 36a_2 a_1^4 +24a_1^6

c_k a_k δ^{(k)} and m_k.

k 1 c_1 2 c_2 + m_2 c_1^2 3 c_3 +m_2 c_2 c_1 )+m_3 c_1^3 4 c_4 +m_2 c_3 c_1 +3c_2 )+m_3 c_2 c_1^2 )+m_4 c_1^4 5 c_5 +m_2 c_4 c_1 +10c_3 c_2 )+m_3 c_3 c_1^2 +15c_2 c_1 )+m_4 c_2 c_1^3 )+m_1 c_1^5 6 c_6 +m_2 c_5 c_1 +15c_4 c_2 +10c_3^2 )+m_3 c_4 c_1^2 +60c_3 c_2 c_1 +15c_2^3 ) +m_4 c_3 c_1^3 +45c_2 c_1^2 )+m_5 c_2 c_1^4 )+m_6 c_1^6 7 c_7 +m_2 c_6 c_1 +21c_5 c_2 +35c_4 c_3 )

+m_3 c_5 c_1^2 +105c_4 c_2 c_1 +70c_3^2 c_1 +105c_3 c_2 ) +m_4 c_4 c_1^3 +210c_3 c_2 c_1^2 +105c_2^3 c_1 ) +m_5 c_3 c_1^4 +105c_2 c_1^3 )+m_6 c_2 c_1^5 )+m_7 c_1^7

d_k σ^{− 1} − 1 c_k η.

k δ^{(k)}

2 ν_2 − 2 3_3 +3ν_2 − 6ν_2 +6 4 ν_4 − 10ν_3 ν_2 +15ν_2^3 +12ν_3 − 36ν_2 +36ν_2 − 24

δ^{(k)} ν_k time (ν_1 = .

r_1 η_2 η_3 η_4 η_5 η_6 η_7 η

η MMPP parameters r and ρ

1 η_2 η_3 η_4 η_5 η_6 η_7 η ∞

η MMPP parameters γ and ρ r = 4.

_____________________________________________________ α approx., α ∼ mean approx. α ∼ α ∼

99.99 43.3078

43.3078

43.6061

46.8082

_____________________________________________________ α approx., α ∼ mean approx. α ∼ α ∼

MMPP/Γ_{1/2}

_______________________________________________________ α approx., α ∼ mean approx. α ∼ α ∼

99.99 111.8482

111.8482

111.9391

114.5668

_______________________________________________________ α approx., α ∼ mean approx. α ∼ α ∼

MMPP/Γ_{1/2}

intensity η_1 η_2 η_3 η_4 η

η with Γ_{1/2} /Γ_2