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In this paper we establish a joint central limit theorem for customer and time averages by applying a martingale central
limit theorem in a Markov framework. The limiting values of the two averages appear in the translation terms. This
central limit theorem helps to construct confidence intervals for estimators and perform statistical tests. It thus helps
determine which finite average is a more asymptotically efficient estimator of its limit. As a basis for testing for PASTA
(Poisson arrivals see time averages), we determine the variance constant associated with the central limit theorem for the

difference between the two averages when PASTA holds.

his paper is concerned with estimating limiting
time averages, customer (embedded) averages
and their differences. When the two limiting aver-
ages are known to agree, that is, when arrivals see time
averages (ASTA) (see Melamed and Whitt 1990a and
references cited there), we want to know which finite
average is a more asymptotically efficient estimator
(i.e., produces smaller confidence intervals with large
samples). When the two limiting averages need not
agree, we want to estimate their difference and be able
to test for ASTA.
To illustrate what happens when ASTA is known
to hold, we give two examples.

Example 1: The Workload in the M/M/1 Queue

Let {U(?):t = 0} be the continuous-time workload (or
virtual waiting time) process in an M/M/1 queue with
service rate 1 and arrival rate p < 1. Let {N(¢): ¢t = 0}
be the Poisson arrival process with associated arrival
times {7,:n = 1}. Then {U(T,—):n = 1} is the
sequence of waiting times (before beginning service).
It is well known that the time average

V(t)=%fU(s) ds, t>0, (1)
0
and the customer average
1 N()
W(t) = — U(T—), N(@)>0, 2
0 =55 Z VT MO 2

both converge with probability one (w.p.l) to
p/(1 — p) as t — oo, so that we have ASTA.

There is no need to estimate the limit in this case,
but it is interesting to ask which estimator tends to
produce smaller confidence intervals. We can easily
decide, because it is known that central limit theorems
(CLTs) hold, i.e.,

12[V(1) — v] = N(O, ¢2) 3)
and
?W() — wl = N, i) 4)

as t — o, where v = w = p/(l — p), = denotes
convergence in distribution and N(m, ¢%) denotes a
normally distributed random variable with mean m
and variance ¢°. Moreover,

2p(3 = p)
ol = W and
Q2+ 5p—4p>+ 0
0% = 1= o) , (5)
(see Table II of Whitt 1989), so that
— o)1 +
7 - ol= W > 0. (6)

Hence, for this example, the time average V{(t) is
always asymptotically more efficient. (This result may
seem to contradict results for the M/G/1 model by
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Law (1975); he showed that W¥(¢) is superior to several
indirect estimators, but V(¢) was not an alternative
considered there.)

Example 2: A Uniformized Continuous-Time
Markov Chain

Let {X(z):¢t = 0} be an arbitrary, irreducible, finite-
state, continuous-time Markov chain, uniformized so
that the time between successive transitions has an
exponential distribution independent of the state.
(From the general case, this is achieved by introducing
extra transitions from states to themselves; e.g., see
Keilson 1979.) Let {N(¢):t = 0} be the Poisson
process counting the transition epochs 7,. Then
{X(T, —):n = 1} is the embedded discrete-time
Markov chain. Let f'be an arbitrary function on the
state space of the chain and let U(¢) = f[X(?)]. It is
well known that both V(¢) in (1) and W(¢) in (2),
defined in terms of U(¢) and 7, here, converge w.p.1
as 1 — « to Ef[X(x)}, where X () has the unique
stationary distribution of {X(z):7 = 0}. Moreover, (3)
and (4) hold with v = w = Ef[X(0)].

Expressions for the variance constants ¢} and ¢2
have been given by Kemeny and Snell (1960, 1961)
and Hordijk, Iglehart and Schassberger (1976); see
also Glynn (1984) and Whitt (1992). Moreover,
Theorem 4.2 of Hordijk, Iglehart and Schassberger
implies that ¢% < o2. (They do not work directly with
the averages in (1) and (2) but the subsequences in
which ¢ is replaced by the random epoch of the nth
visit to a fixed state, i.e., regeneration points. The
comparison is fair because both processes have the
same random number of transitions. The comparison
carries over to (1) and (2); see Lemma 1 on p. 210 of
Glynn and Whitt (1986) and Section 6 of Glynn and
Whitt (1989). The comparison of (1) and (2) is fair
because both processes have the same expected num-
ber of transitions.) Hence, unlike Example 1, here the
customer average W(¢) is always asymptotically more
efficient.

Estimating the averages is also important when
ASTA is not known to hold. We may want to use a
customer average as an approximation for a time
average, or vice versa. Then, we might want to esti-
mate the difference to see if the approximation is
reasonable, and possibly make corrections. For exam-
ple, estimating time averages can be computationally
intensive in discrete-event simulation. Time averages
can be estimated if we collect data at every event and
use the time intervals between these events. However,
the total number of events may be prohibitively large.
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An alternative procedure is to introduce extra inde-
pendent events strictly for sampling. However, it is
typically easier to collect data only at time points in a
subset of the original events. We might routinely use
such a potentially biased procedure to estimate time
averages, and only occasionally do a more compli-
cated estimation, as described here, in order to esti-
mate the bias to see if it is serious and, if so, to make
corrections.

As a theoretical basis for constructing confidence
intervals for estimators of the two limiting averages
and their difference, we establish supporting central
limit theorems. In Section 1 we specify the model. In
Section 2 we show that the desired CLT follows from
a CLT for basic component processes. In Section 3
we introduce martingale structure and give a sufficient
condition for the CLT in Section 2. In Section 4 we
show that the conditions in Section 3 are satisfied in
a certain Markov framework. For this purpose, we
apply the martingale CLT on p. 339 of Ethier and
Kurtz (1986). For additional background on CLTs for
general processes, see Chapter 4 of Billingsley (1968),
Section 9.2 of Lipster and Shiryayev (1989), and
Section 7.7 of Durrett (1991).

In Section 5 we show how the martingale CLT in
Section 4 can be applied to generalized semi-Markov
processes (GSMPs). In Section 6 we consider the
special case of continuous-time Markov chains.
Finally, in Section 7 we draw conclusions.

This paper was partly motivated by Yao (1992).
Yao noted that the martingale CLT applies to a mar-
tingale associated with PASTA introduced by Wolff
(1982). However, this martingale is not the natural
estimator for the difference of the two limits; see
Propositions 5 and 6 below. The analysis here is also
similar in spirit to the analysis related to indirect
estimation via L = AW, see Law (1975), Carson and
Law (1980) and Glynn and Whitt (1986, 1987, 1988,
1989). A new paper that presents additional related
results concerning comparisons of estimators is
Glasserman (1991) .

1. THE MODEL

Consider a continuous-time stochastic process X =
{X(t):t = 0} taking values in a general space, and a
stochastic point process on the interval [0, ), char-
acterized by the counting process N = {N(¢):t = 0}
or, equivalently, the sequence of successive points
{Tho:n=z 1} 1e, Nt) =sup{n =2 0:T, < t},1 = 0,
where T, = 0 without there being a Oth point. Because
of the many applications in queueing theory, we refer
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to N as the arrival process, even though the points
need not be interpreted as arrivals. Let U(z) = f(X(2)),
where f'is a real-valued measurable function on the
state space of X. We assume that the sample paths of
U are left continuous with right limits, while the
sample paths of NV are right continuous with left limits.

We are interested in the time average V(t) in (1)
and the customer average W(¢) in (2), within the
general framework here. Under appropriate regularity
conditions,

V(ity v and W()—-w wplast— o, (7)
where the limits v and w satisfy the bias formula

_ covlw0), UM(D)]
Elw*n]

with U*(t) = f(X*(¢)), X* and N* being the stationary
and stationary-increment versions of X and N, and
w*(¢) being the conditional intensity of a point from
N* at t conditional on X*(¢); see Brémaud (1989),
Makowski, Melamed and Whitt (1989), Melamed and
Whitt (1990a, b), and Brémaud, Kannurpatti and
Mazumdar (1991). See (17) below for an analog of (8)
derived via the CLTs.

Moreover, under appropriate regularity conditions
(see Sections 2-4), in this general framework, CLTs
(3) and (4) hold, plus a joint CLT for (W(¢), V(2)),
ie.,

V() —v, W(t)—w)=>N(0,Z) ast—oo, %)

w —

@®)

where the covariance matrix £ has diagonal elements
(variances) 2 and o2 and off-diagonal elements covar-
iances o,,,. AS a consequence,

tHW(1) = v(t) = (w ~ v)) = N(O, o2)
ast— o, (10)

where

b= 0%+ 02 = 20, (11)
Note that the limiting averages v and w appear in the
CLTs in the translation terms.

In applications we will thus want to determine the
variance constants ¢z, o2, o, and o2 in (3), (4) and
(9)-(11). In some cases, we will be able to calculate
the variance constants analytically, but usually we
must estimate them. For example, we might estimate
o2, using batch means, i.e.,

R c
7= ;::[ (n[W(kt/n)

= W((k = )t/n)] = W)

See Goldsman and Meketon (1986), Glynn and
Iglehart (1988), and Damerdji (1989a, b) and refer-
ences cited there for more information about variance
estimators.

2. A GENERAL CENTRAL LIMIT THEOREM

We first give general conditions for the vector process
[V(), W(1)] and the difference W(r) — V(¢) to obey
CLTs.

Proposition 1. a. If there exist constants v, w, and \
such that as t —

{z“/z<f U(s) ds — ut, fU(s) Mds) — awt,

N(@) - M) = (L, Ly, L), (12)
then
V() = v, W) — w)y = (L, \"(L; — wL3))

ast—o (13)

and
1AW(r) = V(1) = (w = v))
= )\—‘Lz - >\—1WL3 — L, ast— oo, (14)

b. If, in addition, (L,, L,, L;) is normally distributed
with means 0, variances o and covariances ¢, then
the limits in (13) and (14) are normally distributed
with

o2 = o}, ol = N%o}— 2way + We3), and
0y = o7 + A0 + AW a3 — 2N o

+ 2)\—1W0'13 - 2>\_ZW0'23.

Proof. Note that

W(t) = %j; U(s) Mds)

t \(N@)=n\ 1 |
_ (N__(t)><___[ >>\—I fo U(s) N(ds),
so that

W) — w)
- )\—tll—ﬁ [ £ U(s)N (ds) — )\wt]

Y DA
'(W)(‘T - ))\_z fo U(s) N(ds)

= >\>le - (A—l)(Lj;)(}\_])\W)

=ANYL, — wL3) ast— oo,
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This convergence above jointly with the normalized
version of V(t) follows from the convergence in (12)
Jointly with

t 1 ' -1
[M?yrffo Uts) N“’”]*“ 0

which holds by Theorem 4.4 of Billingsley and the
continuous mapping theorem, Theorem 5.1 of
Billingsley.

Remark 1. The asymptotic efficiency of the estimator
[V(t), W(£)] in (13) can be improved by using a linear
control estimator if A is known; see Section 8 of Glynn
and Whitt (1989) and the references cited there. More-
over, if v = w, then we can further improve the
asymptotic efficiency by the same method.

3. MARTINGALE STRUCTURE

We now proceed to exploit martingale structure; for
background, see Brémaud (1981) and Ethier and
Kurtz (1986). Let { %t = 0} be the internal history or
filtration of (X, NV); i.e., Z is the o-field generated by
{[X(s), N(5)]:0 < s < t}. Recall that we assumed that
U(1) is left continuous, so that it is predictable. We
also assume that the point process N(¢) has a stochastic
intensity u(¢). (The CLTs below extend to point pro-
cesses with more general compensators.)

We now give a sufficient condition in this frame-
work for the condition of Proposition 1 to hold.

Proposition 2. The CLT (12) holds if there exist con-
stants v, w, and \ such that:

t“/Z[J; U(s) ds — ut, f u(s) ds — i,
0

J;U(s)u(s) ds — awt,

fU(S)[N(dS) = u(s) ds], N(1) - fu(S) dS]
0 0

=(Z,...,2Zs) ast— x, (15)

inwhichcase Ly, =Z,, L, =23+ Z,and Ly = Z, +
Zs. In addition, the asymptotic normality condition of
Proposition 1b is satisfied if (Y, . .., Ys) is normally
distributed.

Proof. Apply the continuous mapping theorem with
addition.

Since U is predictable and u is the intensity of N,
the fourth and fifth components on the left in (15) are
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martingales under the usual moment conditions.
Hence, CLTs can be established for these components
directly, as Yao (1992) did for the fourth component
when u(?) = A w.p.l. (For the CLT applications, it
suffices to have f bounded and E[N(¢)*] < = for all .)
The other three processes are centered cumulative
processes, which satisfy CLTs under extra conditions
such as appropriate mixing or regenerative structure,
e.g., see Theorem 20 of Billingsley (1968) and Glynn
and Whitt (1987). We will establish the joint conver-
gence of all five components in the presence of extra
Markov structure by showing that the vector process
is asymptotically equivalent to a martingale. This
Markov structure applies to a large class of models,
e.g., after adding supplementary variables (see Glynn
1989a).

Remark 2. Note that nothing is gained by going from
Proposition 1 to Proposition 2 when PASTA holds,
because then u(f) = X w.p.l1 and v = w; then the
second term on the left in Proposition 2 is identically
0, while the third term is A times the first.

Remark 3. Note that if the CLT (15) holds, then the
limiting averages v and w can be identified from the
asymptotic behavior of [U(¢), u(z)], without directly
considering N(?). In particular, if (15) holds, then

[V(l), ™! J; wu(s) ds, t7! LU(s)u(s) ds]

5 [v, \, \W] ast — oo, (16)
where — denotes convergence in probability, so that

JoU(s)u(s) ds »
Touls) ds

which “explains” (8) and complements Melamed and
Whitt (1990b) and Brémaud (1989).

as t — o, (17)

4. A MARKOV FRAMEWORK

In this section, we assume that the basic processes X
and N are defined in terms of an underlying Markov
process Y, which is assumed to have left-continuous
sample paths. As regularity conditions, let the state
space of Y be a complete separable metric space and
let the sample paths be continuous from the left
and have limits from the right. Let the filtration
{ Z:t 2 0} be the internal filtration of Y.

In particular, we assume that there are measurable
functions g and # so that

X(1) = g(Y(1)), wu(t) = h(Y(1)) and
U(t) = fg(Y(1)), (13)

Copyright © 2001 All Rights Reserved
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where f is the real-valued function defined in
Section 1 and p is the stochastic intensity defined
in Section 2. Cases in which the intensity of N is a
function of Y occur naturally when the points of N
are completely determined by jumps of Y (see Section
5 of Melamed and Whitt 1990a, (3.2) of Melamed
and Whitt 1990b, and p. 597 of Serfozo 1989).

As a consequence, the three cumulative processes
in Proposition 2 can be represented as

L U(s) ds = J;k,(Y(s)) ds

J; u(s) ds =J; k(Y (5)) ds (19)

j(: U(s)u(s) ds = j{: ky(Y(s)) ds

with ki(y) = f(g(y), kAy) = h(y) and ki(y) =
Slg(y)h(y). We provide conditions under which these
cumulative processes are asymptotically equivalent to
martingales. Let 4 be the infinitesimal generator of Y
and Z(A) its domain. We assume that there exist
constants v, and functions b, defined on the state
space of Y and belonging to Z(4) satisfying Poisson’s
equation, i.e.,

Ab, = ~k, + v, (20)
fori=1, 2 and 3. Typically

o= whi= [ Ko (@) @

where 7 is the unique invariant probability measure
of Y. (Typically the Markov process will be irreducible
and positive recurrent.) See Glynn (1984, 1989b, c)
and Whitt (1992) for further discussion.

Remark 4. In this setting, the limiting averages v, A,
and Aw in (16) coincide with the steady-state means
v1, v2, and vy obtained via (19)-(21).

Since b, € Z(A4),
M(t) = b(Y(1)) — J; (4b)(Y(s)) ds (22)

is a martingale with respect to the filtration of Y; see
p. 162 of Ethier and Kurtz.

Proposition 3. If (20) holds and t'?b(Y(2)) = 0 as
t—wfori=1,2, 3, then

t"“(l: k(Y(s))ds—~.t~ M.(t)> =0 ast—wx,

where M, is the martingale in (22).

Proof. If (20) holds, then

J; k{Y(s)) ds — v.t
= —L (Ab)(Y(s)) ds

= =b(Y(1)) + b(Y(1)) - J(: (Ab)(Y(s)) ds.

Apply (22) and the condition.

Note that if Y is assumed to be stationary, then one
condition in Proposition 3 is automatically satisfied,
ie.,

CPB(Y () = DY) = 0 ast e, (23)

where < denotes equality in distribution.

Hence, to establish the CLT (15), it remains to
establish the condition of Proposition 3 and the con-
ditions of a martingale CLT. We apply the martingale
CLT on p. 339 of Ethier and Kurtz. For additional
background on CLTs for general processes, see
Chapter 4 of Billingsley (1968), Section 9.2 of Lipster
and Shiryayev (1989) and Section 7.7 of Durrett
(1991). In particular, by the convergence-together
theorem (Theorem 4.1 of Billingsley (1968) or
Corollary 3.3 on p. 110 of Ethier and Kurtz), it
suffices to apply the martingale CLT to the five-
dimensional process M(t) = [M,(t), ..., Ms(1)}
having the first three components in (22), with (19),
and the last two components in (15), i.e.,

Myt) = j; U(s)[Mds) — u(s) ds] and

Ms(t) = N(t) - J;u(s) ds, t=0. (24)

Hence, we are in a position to apply the martingale
CLT. We state the martingale CLT for M as a condi-
tion in our proposition. Sufficient conditions appear
on p. 340 of Ethier and Kurtz.

Propesition 4. If the conditions of Proposition 3 hold
and r"'*M(1) = Z' for M in (22) and (24), then the
CLT(15) holdsand Z,= Z,, 1 < i< 5.

Under the regularity conditions given on p. 340 of
Ethier and Kurtz, r~!/M(¢) is asymptotically normally
distributed as ¢ — o with covariance elements deter-
mined by the quadratic variation processes associated
with M. In particular, suppose that M is square
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integrable, i.e., E[|M(#)]|?] < «. Then we have

; 07 ast— @ (25)

and

[Mu M](I) _p.)

; g, ast— o, (26)

where [M,, M,] = [M] is the quadratic variation and
[M,, M) is the cross variation (see pp. 67, 79 of Ethier
and Kurtz).

Remark 5. Another convenient view of the variance
and covariance terms for 1 < i < 3 comes from
considering a stationary process framework, which is
achieved by letting Y(0) have the unique invariant
probability measure 7. Then

oy =2 J(: ) Cov[k(Y(0)), k(Y(2))] d1;

e.g., see Theorem 20.1 of Billingsley (1968) and
Section 9.2 of Lipster and Shiryayev (1989).

Remark 6. The CLT on p. 339 of Ethier and Kurtz is
expressed in a stronger functional CLT form. There,
a sequence of martingale processes {M,:n = 1} is
defined with M,(t) = M(nt)/vn, t = 0. The associ-
ated limit process is then five-dimensional Brownian
motion. We obtain the standard limit in R° referred
to above by applying the continuous mapping
theorem with the projection map at time ¢ = 1.

From (24)-(26), it is easy to identify the limits for
4 < i, j < 5. For this purpose, consider the typical case
in which

UT)= W and E[U(T)] — E[W3

as k- », (27)
so that
E[UT)] > E[W]=w ask — o, (28)
Then

MO 2, 3=
t 5

1 N(1)

- Y U(T) 2> 0as

[t

AE[W] = Aw (29)

1 NQ@)
7 2 UTy 2 53 = \E[W?] ast— o
k=1
Moreover, if fis an indicator function, then U(T)* =
U(Tk) and 0’% = g45 = AW.
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Our next result is a CLT for the difference W(t) —
V(t) when PASTA holds. Equivalently, we assume
that the stochastic intensity u(¢) is constant (so that ¥
must be Poisson).

Proposition 5. In addition to the conditions of
Proposition 4, suppose that (7) holds, f is bounded,
E[N(t)] < = and u(t) = X w.p.l for all t. Then
the CLT (14) holds with v = w and

2= \"'Var[W]. (30)

Proof. ASTA holds because (7) holds, f is bounded
and u(?) = X w.p.1; e.g., see Theorems 1 and 2 of
Melamed and Whitt (1990b). Consequently, v = w,
Z, =0and Z; = \Z,; see Remark 2. The limit in (14)
is A'Ly = M 'wLs — L,, which coincides with
N'Zy — X"'wZs under the extra assumptions here.
Thus, by (29),

Ué = )\_20'% + A" — 2A-2W0’45 = )\—lVar[W].

Example 1 Revisited. As a consequence of
Proposition 5, for the M/M/1 queue with arrival rate
equal to the traffic intensity p discussed at the outset,

2—p
= )\"! =
o3 = A\"'Var[W] T= o7 @31
Note that o7 in (31) is asymptotically negligible com-
pared to o2, o2 and 62 — 62 in (5) and (6) as p — 1.
From (11) and (31),

o = (32 — 26p + 5p?)
" 2(1 = p)*
As a consequence of Proposition 5, when f is an

indicator function, we obtain Yao’s CLT for Mu(¢)
plus a special form for the CLT for the difference.

> 0. (32)

Proposition 6. In addition to the conditions of
Proposition S, suppose that f is an indicator function.
Then

t'"2My(t) = N, \w) ast— o (33)
and (14) holds with
05 = A'w(l — w). 34)

Proof. Apply (29) and (30).

As a simple check of (33) and (34), let f be identi-
cally 1. Then obviously W(t) = V(t) = 1 for all ¢,
so that ¢2 = 0.

Note that the relative standard error, defined by
«/o_%/w, is

Yai _ N\ /A= w) (35)
w w
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which becomes large as w gets small. Hence, the
difference of small probabilities are hard to estimate
in the sense of (35). An example would be small
blocking probabilities in a loss model.

5. GENERALIZED SEMI-MARKOV PROCESSES

In applications to queues and related stochastic
models, the underlying Markov process Y often will
be associated with a generalized semi-Markov process
(GSMP) (see Glynn 1989a). To treat this case, suppose
that the sample paths of Y are piecewise linear with
jumps occurring at the nondifferentiable points of the
sample paths. Let {S,:n = 1} be the jump times of Y
and let J(¢) count the number of jumps of Y in [0, ¢].
We assume that all the jump times of N are also jump
times for Y, ie., {T,:n = 1} is a subsequence of
{S,: n = 1}. Then the five quadratic variation processes
and the ten cross-variation processes associated with
M are:

(M, M)
50

= X [B(Y(Sc +)) = b(Y(S)), i=1,2,3,
k=1

N(@)

(M, M)(1) = ;; k(Y(TW)Y,

[Ms, Ms)(t) = N(2),
(M., M)(1)

J()

= 2-31 [bY(Si+)) — bLY(S))]

[b(Y(Sit) = b(Y(S)), 1<i,j<3,i#],
(M., Mi)(1)

N(1)

= ¥ [B(Y(Tit+)) = bAY(TNk(Y(T))),

k=1
l<i<3

(M., Ms)(1)

Ny

= kZ [b(Y(T+)) = b(Y(TW))), 1 <is<3,

Nt

(M, Ms)(2) = kgl ki(Y(T0)). (36)

What we need, then, are weak laws of large numbers
(WLLN) as specified in (25) and (26) for the quadratic
and cross-variation processes in (36). Of course, we
always have (29).

6. CONTINUOUS-TIME MARKOV CHAINS

As a concrete application of Section 5, we now sup-
pose that Y is an irreducible, finite-state, continuous-
time Markov chain (CTMC). Then A is the infinites-
imal generator matrix and Poisson’s equation (20) has
a solution for v, defined by (21) for each i; see Section
4 of Whitt (1992). Then all solutions of (20) are of the
form

b = Zk, + (nb)e, (37

where = is the unique invariant measure, ¢is a column
vector of 1’s and Z is the fundamental matrix with
components

Zim = J; [Pim(t) — 7] dt, (38)

with P(?) being the time-dependent transition matrix
associated with A4 (see (13) and Proposition 4.2 of
Whitt 1992). In this setting the conditions for the CLT
are easy to verify. ;
Proposition 7. If Y is an irreducible finite-state
CTMC, then the conditions of Proposition 4 are sat-
isfied so that the CLT (15) holds. The limit has a
multivariate normal distribution with covariance
matrix elements given by (15), (26), (29) and (36).

Given that Y(S;) =/ and Y(Si+) = m,
b(Y(Si+)) — b(Y(SW) = (Zk) — (ZK.)m
= 2 (Zy = Zkl)). (39

From (36) and (39), we thus deduce familiar expres-
sions for ¢? and o, for | <, j < 3;e.g., see Remark 5
above and (12) of Whitt (1992). For ways to calculate
o? and o, see Proposition 4.2 and its Corollary 3 in
Whitt (1992).

Proposition 8. For the finite-state CTMC and | < i,
J=<3,

012 =2 E 2 kl(l)ﬂ'lzlmkl(m)
I m

oy = 2 Z E k,(l)r/Z,mk,(m).
/I m

Proof. We only derive the expression for o7; the der-
ivation for ¢, is similar. Let A4, be the sum of the off-
diagonal elements of the /th row of A. Since 4,/4, is
the transition probability of the embedded chain in
state / at epochs Sy,

P(Y(S)=1)— W,A,/Z mAd, ask-—




and

JU)—»Zw,A wp.l ast-—»

J

Hence, by (36) and (39),

DTS 2(2 A)(”'/)uzz<,>,-<z:<,>mr

; 2 7”Alm[(Zkz)l - (Zkl)m]2

Y Y mldiml(ZK)F — 2Zk)(Zk)m + (ZK)E]
I m

II
~M

> 1A Zk)(Zk,),. (explanation below)

-2 ; 2 2 z 7rlAlmzljkl(j)Zmnkl(n)

n

[

2 ¥ Y k(mZk(j) (explanation below).
Loy

The fourth equality above holds because 74 = 0
and 4e = 0. The final equality holds because

Z Z AlmZmnkl(n) = _k,(l),

which holds by (20) and (37).

By similar reasoning, we can also obtain expressions
for 0,4 and 0,5, | < i =< 3, if we make some additional
assumptions. Suppose that the subsequence {7;} cor-
responds to all transitions from / to m for a set of pairs
(I, m). Then {Y(T,)} is a discrete-time Markov chain
(DTMC) with stationary distribution say 7*.

Proposition 9. If{T,} and =* are defined as above and
t7'N(t) - A as t — o, then

6=\ ; ¥ 1r,'<AT['I">[(Zk,), - (Zk)]U())

and

xgz <A’"’) (Zk) — (Zk)m]
<3.

forlsis<

7. CONCLUSION

We have provided a general framework for establish-
ing central limit theorems for time and customer
averages. The value of this approach is demonstrated
by the explicit formula for the difference variance
constant when PASTA holds in (30). The explicit
expressions for the quadratic variation and cross var-
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iation processes in a GSMP framework in (36) should
also assist further study.
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