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Abstract

We establish a heavy-traffic asymptotic expansion (in powers of one minus the traffic
intensity) for the asymptotic decay rates of queue-length and workload tail probabilitiesin stable
infinite-capacity multi-channel queues. The specific model has multiple independent
heterogeneous servers, each with i.i.d. service times, that are independent of the arrival process,
which is the superposition of independent non-identical renewal processes. Customers are
assigned to the first available server in the order of arrival. The heavy-traffic expansion yields
relatively simple approximations for the tails of steady-state distributions and higher percentiles,

yielding insight into the impact of the first three moments of the defining distributions.
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1. Introduction

Let Q and W be the steady-state queue length (number in system) and workload (remaining
service time of all customers in the system) at an arbitrary time in an infinite-capacity queueing

model. Insurprisingly great generality,

c*P(Q>k) - Bask - (1)
and

e™P(W > X) - o asx - o, @)

where ¢ and n are the asymptotic decay rates and 3 and a are the asymptotic constants. For the
GI/G/1 queue, such exponential small-tail asymptotics were established in 1953 by Smith [20];
these results require that the service-time distribution have a finite moment generating function in
a neighborhood of the origin. For recent extensions and more references, see Abate, Choudhury
and Whitt [1]-[3], Asmussen and Perry [5], Asmussen and Rolski [6], Elwalid and Mitra[10],
[11], Falkenberg[12], Neuts [18], Tijms [21] and Whitt [23]. Corresponding small-tail
asymptotics also typicaly hold for the steady-state random variables associated with the
embedded processes, observing just before arrivals or just after departures, with the same

asymptotic decay rates, but different asymptotic constants; see[2].
In even greater generality, we have the weaker limits
k log P(Q > k) - logo ask — o (3)
and
x 1logP(W>Xx) -~ -nasx - «; 4
see Chang [7] and Glynn and Whitt [13]. The limits (1) and (2) support the approximations

P(Q > k) HBc® and P(W > x) BHae™"x, (5)



and the limits (1)—(4) support the cruder approximations
P(Q > k) Ho* and P(W > x) Be ™" . (6)

Moreover, these approximations are often surprisingly good; see Section 1.9 and Chapter 4 of

Tijms[21] and [1]. The cruder approximationsin (6) are often good for high percentiles.

In [1] a heavy-traffic expansion was developed for the decay rate n in the GI/GI/1 model,
which reveals how n depends on the first three moments of the interarrival-time and service-time
distributions when the traffic intensity is not too low. The first term corresponds to the familiar
heavy-traffic limit [16], [17]. The second term is especialy revealing as a refinement of this
heavy-traffic limit. Numerical examplesin [1] clearly demonstrate the value of this approach. It
is significant that the heavy-traffic refinements for n are much more tractable than the heavy-
traffic refinements for the mean EW, i.e., we obtain useful exact formulas for n, whereas this is

not possible for the mean; see[22] and [1].

The purpose of this paper is to develop the corresponding heavy-traffic expansions for both n
and o in the general multi-channel queue, with m heterogeneous servers and the superposition of
n independent non-identical renewal arrival processes. This multichannel model is of
considerable interest to study the effect of statistical multiplexing in communication networks.
The asymptotic decay rates play a key role in concepts of effective bandwidth for admission
control; see Chang [7], Elwalid and Mitra[10], [11] and Whitt [23]. The way to determine the
decay rates for this model was indicated in [23]. Theoretical justification was provided first for
the specia case of phase-type distributions by Neuts [18] and then for the specia case of asingle
server by Chang [7] and Glynn and Whitt [13]. However, in full generality, the formula for the

decay rates remainsto be justified.

n
Interestingly, the GI/GI/1 analysis extends directly to the > GI;/GlI/m model with m
i=1



identical serversin paralel and an arrival process that is the superposition of n independent and
identical renewal arrival processes, because the decay rates o and n are the same as for the
GI/GI/1 model, after an appropriate adjustment of the time scale. However, this also remains to

be fully proved.

Here is how this paper is organized. In Section 2 we review the equations determining the
asymptotic decay rates; in Section 3 we establish the heavy-traffic expansion; and in Section 4 we

make afew concluding remarks.

Since this paper was written, we have made significant extensions of the results here in
Choudhury and Whitt [9] and Glynn and Whitt [13], [14]. We have also developed numerical
algorithms and evaluated the approximations based on the asymptotics. In Choudhury, Lucantoni
and Whitt [8] we show that the quality of the cruder asymptotic approximations in (6) based on

the decay ratesn and o alone can deteriorate dramatically when the number of sources getslarge.

2. The Modd and the Determining Equations

The modél is specified by n + m nonnegative mean-one random variablesU;, 1 < i < n, and

Vi, 1 <j < mandn + mtime-scaling factors (arrival and servicerates) pw;, 1 < i < n, and ;,

i1

n m
1< j < mwhereitisunderstoodthat 3 w; = land 3 y; = 1;i.e, thetota servicerateis1
i=1 j=1

and the total arrival rate (which equals the traffic intensity) is p. The random variable U;/pw; is
a generic interarrival time in the i arrival channel, while the variable V;/y; is a generic
service-time at the j server. We assume that customers are assigned to the first available server
in order of arrival, with some procedure to break ties. Interestingly, the tie-breaking mechanism

does not affect the asymptotic decay rates.

Our asymptotic expansionasp — 1 will involve the parameters w; and L, and the first three

moments of U; and V;, which we assume are finite. Moreover, we assume that the moment



generating functions E e®’ are dl finite for some positive s. This is a necessary (but not

sufficient) condition for (1) and (2); see[1].

Let uj, and vj, be the k™ moments of U; and Vj, respectively. Let ¢z and c3 be the squared
coefficients of variation (SCV, variance divided by the square of the mean) of U; and V;. By the

assumptions above,
Up =Vjp =1, up,-1=ciandvjp-1=cj.
Note that u;3 and v;3 are the third moments of U; and V; instead of U;/pw; and V;/j;.

We now describe the equations that we conjecture determine the asymptotic decay rates. (As
indicated in the introduction, the references explain where these equations come from and provide
strong supporting evidence for their validity.) The geometric decay rate o in (1) is the unique

root zin (0,1) of the decay-rate equation
n m
2 a2 =3 s, ™

where a;(z) = a;(z, p) and sj(z) are the functions of z that are roots of the individual

congestion eguations

Ee d@U/PW -5 1<i<n, 8)
and

EeS@Vi — % 1<j<m. )

Then the exponential decay raten = n(p)in (2) issimply

N=3 a0) =3 5(0). (10)



3. TheHeavy-Traffic Expansion

In this section we show how to obtain heavy-traffic asymptotic expansions for the decay rates
cgandnin(l) and (2) asp - 1from below, using avariant of the method used for the GI/GI/1
gueue in [1]. For the GI/GI/1 queue, this idea goes back to Smith [20, p. 461], but he considers
only the first term. Even the first term is useful here, because it provides additional support for
82. Thefirst term yields the exact decay rate of the limiting exponentia in the heavy-traffic limit

givenin [16]-{17], aswe will now demonstrate.

To do the asymptotics for the decay rates, it is convenient to work with the cumulant
generating functions, which are the logarithms of the moment generating functions [15, p. 64].
The specifying equations (8) and (9) become

_SU\/pWi

log Ee =logz, 1<i<n, (11)

and

sV, /y;

log E e =-logz, 1<j<m. (12

The coefficients of s"/n! in the power series expansion of these cumulant generating functions
are the cumulants of —U;/w;p and V;/y;, respectively. The first three cumulants of U; are
Uy = 1, Ujp — U3 = Ujp — 1=c% and uj3 — 3uj Uiy + 2u3 = uj3 — 3uj, + 2. We will

express the cumulants via the moments below. The key parameters are

n
cZ = S wics where ¢§ = ujp, - 1, (13)
i=1
2 _ <2 2
€2 = S ujcs where c§ =vjp - 1, (14)
=1
n (ujg —3cG(ch +1) - 1)
da = z Wi (15)
i=1 6
Vijg = 3¢5(c3 +1) -1
ds — U, ( i3 Sj( Sj ) ) - (16)

1 6

i



Theorem. Assuming that the decay-rate equation (7) has a unique root in (0,1) and the cumulant
generating function (11) and (12) admit partial asymptotic expansions in powers of s, we obtain

the following asymptotic expansions for the asymptotic decay rates o and n in (1) and (2):

2(1-p) , 08(ds ~da) _ 2(cE-1) O

o=1- s M s E(l-p)z+0((1-p)3) asp - 1(17)
and
_ 2 _ A2
R I
:.gggggu—xm:p)+oul—pﬁ)asp-»1,
where

_ 4ds=da) | (¢ - cd)

(@G g+ a

(19)

Proof. We start by expanding each cumulant generating function in powers of s. We keep only
three terms, but it is easy to go further, provided higher moments are finite. We obtain the
normalized cumulants (expressed via moments) as coefficients; i.e.,

-s s?(uiz = 1) s*(ujz — 3uiz + 2)

+ 0O(s*) = log z 20
oW, 07w T (s%) g (20)

and

S2(vio — 1 s3(Via — 3Vio + 2
S . ( 122 ) + Wis 312 ) +0O(s?) = - log z (21)
Hj 2y 6u;

ass - 0. We then use the inverse function theorem with (11) and (12), as with reversion of
power series (matched power series) [4, p. 16], to write s = a;(z) and s = §j (2) as functions of
e = —log z (where a; and §j are the values of s as functions of log z and —log z, respectively,

yielding equality in (11) and (12)), i.e., a;(—log z) = a;(z) and sj(—log z) = sj(2), obtaining



Wi (ujp —1) €2 Oy —1)2 =3 a
B (e) = pwjes PUU2TDE o Uiz DT (Ua=3U2+2) ppaoet) 2

o 2 6 0

and

(Vi — 1 Ofy.. — 1)2 L~ 3y 0
HJ( i2 ) 82 + Uj |—|(V]2 1) _ (VJB 3V]2 + 2) |:|83 + 0(84) (23)

Si(8) = uie -
) J 2 0 > 6 0

ase=logz - 0.

Now we can apply (7) to obtain the asymptotic form of the characterizing equation

d(g) = g S(g) - iéi () =0. (24)

j=1 i=1
Substituting (22)—23) and (13)—(16) into (24), we obtain

(c5 + pcd)e

5 +(ds - pda)e® +O(%) =1-p . (25)

We now intend to apply the inverse function theorem again to (25) to represent € as a partial
power seriesin (1-p). First, however, we eliminate p from the coefficients of €X in the left side

of (25). We write (25) as
As + Bew + Ce?2 + De?w + O(e%) = w (26)

where w = 1-p, A = (c2 + c3)/2, B = -c3/2 and C = (ds—d,). Then, substituting

expression (26) for w in each appearance of w in the left side of (26), we get
As + (C + AB)e? + O(£3) = . (27)

Hence, by the inverse function theorem, we get

€

2(1- U8(ds — dj) 2¢2 O
= ALme) e A TR L H1-pR+O((1-p)) . (29)
Cs + C3 D(Cs + Ca) (Cs + Ca) O



Finaly, sincee = - log z, the geometric decay ratein (1) is
g2
0=e‘5:1—s+7+o(82)ass_>0, (29)
which is equivalent to (17).
Next, since n = Y(o) = Y(-log o), where —logo =€, ¢ = > s; and P = 3's;, by
j=1 j=1
(20), we can apply (23) to obtain

2

c
I’]ZS—TS82+O(83)858—>0. (30)

Then we can apply (25) to obtain (18). =

The first-order approximationsc H1-n andn B 2(1-p)/(c3 + ¢2) in (17) and (18) are the
familiar heavy-traffic limits [16]-{17]. Formulas (17)—(19) agree with previously derived
formulas for the GI/GI/1 queue. For example, the correction factor X in (19) coincides with the
previously derived GI/GI/1 result in the single-channel case[1]: For the GI/GI/1 model,

2(vz = 3c5(cs + 1) - ug + 3cg(cs + 1)) + 3((c5)? - (c3)?)

X =
3(c5 + c§)°

(31)

Notethat X = Owhenus = vz andc? = cZ, and thusin the M/M/1 special case.

Formulas (17)—<19) are especially important to develop insight into the way the decay rates
depend on the underlying parameters. First, the arrival process beyond its rate affects
approximations (17) and (18) solely via the parameters ¢ and d,, while the service process
beyond its rate affects these approximations solely via the parameters c2 and ds. From (18)
(regarding the terms lexicographically), we see that n is decreasing (more congestion) in the
arrival rate A and the **second-moment’’ terms c3 and c2 in (13) and (14), as we expect. The
decay rate n is also decreasing in the service ‘‘third-moment’”’ parameter dg in (16), but

increasing in the arrival ‘‘third-moment’” parameter d, in (15). This last property can be



understood by considering the fact that, for given first two moments, a high third moment usually

means more mass near the origin, and thus more short interarrival times.

We can see the effect of the degree of heterogeneity in the way the four parameters
c2, d,, ¢2, ds in expansions (17) and (18) are determined. From (13)—«(16), we see that these
parameters are all convex combinations of the corresponding single-source parameters, with the

weights depending on the rate of the source.

4. Concluding Remarks

The analysis in this paper extends to other single-channel processes. For example, if the i !
single-channel arrival process is a Markov renewal process (MRP) asin Neuts[18] and 8I11.B of
[23], then we replace Ee V' in (8) by f i (s) wherefi (s) isthe Perron-Frobenius eigenvalue of the
matrix of Laplace transforms of the MRP. Instead of (16), we expand the function log fi (s/pw;)
about s = 0; see Choudhury and Whitt [9] and Glynn and Whitt [13], [14]. Key structural
properties of fi(s), including its derivatives, are given in the Appendix of Neuts[19]. The
coefficient (uj>—1) in (20) should be replaced by the asymptotic variance constant of the
associated rate-1 MRP, i.e., the limit of the index of dispersion for counts (IDC), i.e., |.()

where

Var A, (t)

ICi(t) :Ti(t), >0, (32)

and A; (t) countsthe number of arrivalsin theinterval [0,t]; i.e, it is the heavy-traffic limit.

Similarly, if the j™ single-channel service process is a Markov renewal process, then we
replace Ee™ in (9) by g j (—s) where g j (s) is the Perron-Frobenius eigenvalue of the matrix of
Laplace transforms of the Markov renewa process. Instead of (21), we expand log @,- (—sly;)
about s = 0. The coefficient (v;, — 1) in (21) should be replaced by the asymptotic variance

constant of the associated rate-1 MRP, i.e., | ;j () where
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Var Sj (1)

ICj(t):Tj(t)’t>o’ (33)

and S; (t) counts the number of service completions during the first t units of time that the server

is busy.

In this paper we have considered only the asymptotic decay rates ¢ and n in (1) and (2). In
[1]-3] we discuss approximations and exact results for the asymptotic constants a and 3 in (1)

and (2).

The heavy-traffic asymptotic expansion is a convenient approximation, which is useful to
provide insight into the way the tail probabilities depend on the basic model data. It is known
that asymptotic decay rates and asymptotic constants can actually be computed directly from
transforms for a large class of models. For example, suppose that we have the Laplace-Stieltjes

transform of the waiting time, Ee™5V. Then the Laplace transform of P(W > x) is

We(s) = [ "e P(W > x)dx = ﬂ . (34)

Then —n isthe right-most singularity of Wc(s).

Having found n, we can find the asymptotic constant a in (2) by applying the final-value

theorem for Laplace transforms, i.e.,

a= lim eP(W>x) = lim (s+n)W(s+n). (35)
s- -n

X >

To justify (35), we assume that (2) is valid, so that indeed the right-most singularity of \7VC(s) isa
simple pole. Furthermore, if we can represent \7Vc(s) as N(s)/D(s) where —n is aroot of the

equation D(s) = 0, then we can also expressa as

a = N(-n)/D'(-n) , (36)

where D' isthe derivative of D.
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