by

and

Abstract

D(k, n k^{th} n^{th}

k n single-server

k time D(k,n k n

D(k,n k and/or n

machine.

If E P O( ), the E P

K N queues, yielding O(KN O(N + log P P K and N K N K O(

n

σ^2 k time D(k, n k n queues.

D(k, n k and/or n

conjectures. D(k, n D(n, k k and n n k k with fixed n n^{− 1⁄2}[D(k, n) − n] D̂_k n k where D̂_k k- B̂ ≡ (B̂_1 B̂_k B_i ≡ {B_i (t t ≥ D̂_1 (t) = B̂_1 (t

D̂_k(t) =_{0 ≤ s ≤ t}sup

D_{k− 1} (s) + B_k(t) − B_k(s)

, t ≥ 0 . (3.2)

Δ(k, n) = D(k + n) − D(k, n k ≥ 1 . (3.3)

n^{− 1⁄2}Δ(k, n) ^_k n where Δ̂_k = D̂_k − D̂_{k− 1} with D_k ≡ {D_k(t t ≥ Δ̂_1 Δ̂_k k-

Δ(k, n n k, S(n, k) = D(n, k) − D(n, k −

limits D̂_k Δ̂_k

D̂_k Δ̂_k D(k, n Δ(k, n n when k Δ̂_k Δ̂_k k k^{− 1⁄2}D̂_k as k where α α

k^{− 1/2} ED̂_k k k^{− 1/2} D̂_k VarD̂_k → k^{− 1/2} D̂_k

k^{1⁄2}E[Δ̂_k / k . (3.6) k^{1⁄2}a_k → a as k a_k : k ≥ k^{− 1⁄2}

j=1Σ^{k a} j^{→ 2a}

D(k, n [D(k, n) − n]/ kn for k ≤ n k ≤ n ≤ 10^6 3.00]. α

(3.6), α / k^{th} k k . D̂_k Δ̂_k α D(k, n Δ(k, n

/ n^6 and k n and k.) n k k ≡ k_n as n

[D(k_n , n) − n]/ nk_n as n (3.7) with k_n satisfying k_n ≤ n^1 k_n = n.

n^{− 1} D(xn, n) (x n where x x γ(x) = + x)^2 γ

γ < distribution.

γ(x

Δ(k, n)/ n k = n = 10^j for j = Δ(k, n)/ n D(k^j k and j k and j k j j k. D(k, n) − n]/ kn

Δ(k, n), D(k, n), Δ̂_k D̂_k k k = 10^3 and n = 10^6 k = n = 10^6

/ D̂_k and Δ̂_k D̂_k k Δ̂_k k. Δ̂_1 = B̂_2 − B̂_1 =^d 2B̂_1 Δ̂_1 E[Δ̂_1 = 2/ E[Δ̂^2 ] = E[Δ̂^4 ] =

E[D̂_k / k k α D̂_k → k ED̂_k k = o( k k D̂_k k k . (4.1)

n^{− 1} D(xn, n) → + x)^2 n x by x n^{− 1} [D(x, n) − n] ∼ + )^2 − 1 = 2 + n or n^{− 1⁄2}[D(x, n) − n] ∼ 2 x + n (4.2)

D̂_k

ED̂_k ∼ 2 k − k log k and SD(D̂_k ∼ k 4

SD(D̂_k k^{− 1/4} k)^{− 1} k = 10^j for j = SD(D̂_k k^{− 1⁄4}

SD(D_k

D̂_k − 2 k L_1 as k

where L_1

D̂_k ∼ 2 k − k log k ± k 4

where δ

k D̂_{10} ∼ − ± ∼ ± and D̂_{1000} ∼ − ± ∼ ± . (4.7)

Δ̂_k

Δ̂_k → k

k Δ̂_k ≥ k (4.9) and Δ̂k − 1 ≤ k ≥ 2 . (4.10)

m^{th} Δ̂_k m = m^{th}

Δ(k, n)/ n for n = 10^6 n 1 j=1Σ^n_j^{Δ(k, j)} m . (4.11)

n = 10^6 and k = 10^3 t [Δ̂_k = ± [Δ̂_k^2 ] = ± k^2 E[Δ̂_k^4 ] = ± .

γ̂ ∼

Δ̂_k k k =

k Δ̂_k L_2 as k where_2 = Var L_2 = EL_2^4 ∼

Δ̂_k ∼ k 1 ± k 1 . (4.14)

Δ̂_k D̂_k Δ̂_k D̂_k ∼ log k, Δ̂_k ∼ 1 D̂_k ∼ / k)^2.

Var D̂_k <<

j=1Σ^{k Var Δ̂}j

Δ̂_k

γ(x

n^{− 1} D(n, n n =

n = n^{− 1} D(n, n

D(n, n) ≤ 4n − n, n n × n

n . n^{− 2} Var D(n, n) → n n Var D(n, n n exponent β

1/ /4 1. γ(x

γ(x) = 1 + 2 x + o(x x →

D(k, n Δ(k, n

^_k E Δ̂_k as n . ED(n, n) to γ O / n ).

ED(n, n) ∼ 4n − (4.17) k ED(k, n) − n]/ n to ED̂_k O / n

xn^{1⁄2}n

ED(xn^{1⁄2}, n) ∼ ∼ 2 + n^{1⁄4} log x (4.18)

n ≥ 10^3 ≤ x ≤

P K O ) + log P

K inputs x_1 x_K o K partial products x_1 ,x_1 ox_2 x_1 ox_2 o ox_K O ) + log P P

operator o

A(k) and D(k k^{th} k ≥ 0, A(k + = A(k) + U(k and D(k + = (A(k + ∨D(k + V(k where x∨y = x,y}, A = D = U(k V(k k^{th} k^{th}

A A(K times D D(K A(k + = U + + U(k K U(k).

∨ +

x + (y∨z) = (x + y)∨(x + z)

0 D(k + = V(k) 0 A(k+ + V(k) 0 D(k)

. (5.4)

D(k + = (V(k) + D(k ∨ A(k + + V(k + = (D(k) ∨ A(k + + V(k) .

D̃(k + ×

M(k +

D̃_{k+1} = M_k.M_{k− 1} M_1 .D̃_0 . (5.5)

K M_1,

M_2 .M_1 M_K M_1 x 0 y

x_1 0 x_2 y_1 0 y_2 = (x_1 + y_1 ) 0 x_1 + y_2 )∨x_2 ) .

M_k M_1 by

D̃_0 x_1 0 x_2 0 y = 0 (x_1 + y)∨x_2 ,

D = 0. U(k V(k O( P K A(k O ) + log P P K M_k M_1 D̃_0 are O ) + log P A A(K), and D D(k K N D D K D D K O ) + log P D D K O ) + log P

in O(N ) + log P P n^{th} queue n +^{st} O(K). K and N N ≤ K K O ) + N log P O(

D(k,n ≤ k ≤ K 1 ≤ n ≤ N in O ) + log P O ) + N log P ) > log P

k^{th} n^{th} queue, Δ(k,n) = D(k,n) − D(k,n − D(k,N) − D(k D(k,n D(k,n − Δ(k,n

O ) + log P

K O(K A A(B D D(B B < K O ) + log P A(B + A B D(B + D B A(B D(B A D becomes O(N ) + ( P

References

1989.

1,

Oper. Res.,

Adv.

Ann. Prob.

Stochastics

properties.

partitioning.

Computers

Hypercubes,

to appear.

networks.

simulation.

k n = 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

m =

k n = 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

m =

k n = 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

m =

E Δ(k, n)/ n )^m] = E S(n, k) n )^m m = k = n = 10^j for j = m = m =

= 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6 average

c^2 (Δ(k, n)/ n ) ≡ Δ(k, n)/(E[Δ(k, n^2 n for k =

= 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

10^6 3.00*

E[D(k, n) − n]/ kn k ≤

20 ≤ k ≤ ≤ k ≤ n for k = k = 10^6 n for k = n.)

= 10^3 n = 10^4 n = 10^5 n = 10^6

10^6 2.63*

E[D(k, n) − n]/ kn − k ≤ k > k = 10^6 k = n = 5000.

k n = 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

k n = 10^1 n = 10^2 n = 10^3 n = 10^4 n = 10^5 n = 10^6

D(k, n) − n]/ kn k = 10 mean/ k ±0.0013 ±0.0012

k = 100 mean/ k ±0.0066 ±0.0063

k = 1000 mean/ k ±0.0013 ±0.0015

D(k, n) − n]/ n for n = 10^6 and

k = 10^j for j = k = k = k t distribution.

exponential Bernoulli n = 10 n = 100 n = 1000 n = 10 n = 100 n = 1000

variance/n variance/n^{3/4} variance/n^{1/2}

D(n, n n = 10^j for j = def

%%EndProlog def

%%EndProlog by

and

Abstract

D(k, n k^{th} n^{th} queue

k

k and n n

k customers

D(k,n k n D(k,n

D(k,n k and/or n

D(k,n k and n

one all turn.

data.

distributed-subsystem

If E P O( ), the E P distributed-event

K N queues, yielding O(KN O(N + log P P K and N K N K O(

n

σ^2 k time D(k, n k n queues.

V(i,j 1 ≤ i ≤ k ≤ j ≤ n Π (k,n k + n − k,n i,j ≤ i ≤ k ≤ j ≤ n. Then D(k,n Π (k,n k + n − 1

D(k, n k and/or n D(k, n D(n, k k and n n k case k n [D(k, n) − n]/ n D̂_k n k

where D̂_k k- B̂ ≡ (B̂_1 B̂_k B_i ≡ {B_i (t t ≥ D̂_1 (t) = B̂_1 (t

D̂_k(t) =_{0 ≤ s ≤ t}sup

D_{k− 1} (s) + B_k(t) − B_k(s)

, t ≥ 0 . (3.2)

Δ(k, n) = D(k + n) − D(k, n k ≥ 1 . (3.3)

Δ(k, n)/ n ^_k n

where Δ̂_k = D̂_k − D̂_{k− 1} with D_k ≡ {D_k(t t ≥ Δ̂_1 Δ̂_k k-

t Δ(k, n n k, S(n, k) = D(n, k) − D(n, k −

limits D̂_k Δ̂_k

^_k and Δ̂_k has

D(k, n Δ(k, n n when k D̂_k Δ̂_k k D̂_k / k as k

where α α α

ED̂_k / k k k and n n k

D̂_k / k D̂_k D̂_k / k indeed. n k k ≡ k_n as n

[D(k_n , n) − n]/ σ^2 nk_n as n (3.6)

with k_n satisfying k_n ≤ n^1 ε

k_n = n

D(xn, n) (x n

where x x γ(x) = + x)^2 γ = γ γ(x §2.1.

D̂_k Δ̂_k α and γ D(k, n Δ(k, n

/ γ n^6 and k Δ(k, n)/ n k = n = 10^j for j = Δ(k, n)/ n D(k^j k and j k and j k j j k.

[D(k, n) − n]/ kn

k = n k ≤ n ≤ 10^6 D(k,n

Δ(k, n), D(k, n), Δ̂_k D̂_k k k = n = 10^6 k = n = 10^6 D̂_k D̂_k n D̂_k k

D̂_k D(k,n) − n]/ n n n = 10^6 D̂_k / k D̂_k / k approaches α as k k α n when k ^_k in

[D̂_k / 2; (iii) D_k (iv) D_k 0 < ;

[D̂_k k → 0 ; ^_k k L_1 [L_12 ] ;

(vii) [D̂_k k]/ D̂_k N

Discussion. E[D̂_k / k E[D(k,n) − n]/ kn k n

E[D(k,n) − n]/ kn for k = n = 10^6 t 20k

n^{− 1} D(xn, n) → + x)^2 n x x n^{− 1} [D(xn, n) − n] ∼ + )^2 − 1 = 2 + n

or n^{− 1⁄2}[D(y, n) − n] ∼ 2 y + n (4.1)

D̂_k k

limit β

D_k

Var[D̂_k ∼ k)^2 4 as k . (4.2)

k E[D_k o k 1 as k

E[D̂_k ∼ 2 k − k log k . (4.4)

≤ k ≤ n = 10^6 Q-Q D̂_k k D̂_k k Δ̂_j ≤ j ≤ k Δ̂_j

Δ̂_k Δ̂_k ≡ D̂_{k+1} − D̂_k Δ_k k Δ̂_1 = B̂_2 − B̂_1 =^d 2B̂_1 Δ̂_1 E[Δ̂_1 = 2/ E[Δ̂^2 ] = E[Δ̂^4 ] = 12. Δ̂_k (i) [Δ̂_k /2 = 1 ; (ii) [Δ_k − 1 ≤ ≥ 2; (iii) [Δ̂_k ≥

(Δ̂_k (Δ̂_k → 1 ;

(vi) kΔ̂_k L_{2 2}

Discussion. k m^{th} Δ̂_k m = m^{th} Δ(k, n)/ n for n = 10^6 using

n 1 j=1Σ^n_j^{Δ(k, j)} m . (4.5)

n = 10^6 and k = 10^3 t [Δ̂_k = ± [Δ̂_k^2 ] = ± k^2 E[Δ̂_k^4 ] = ± .

α ∼

a_k : k ≥_k → a as k

j=1Σ^{k a} j^{/ k → 2a}

implies

k = n = 10^6 Q − Q α D̂_k / k D̂_k k kΔ̂_k k not k n k.

Δ̂_k D̂_k ∼ log k D̂_k k variables Δ̂_k

not an γ(x

D(k,n

times D(k,n D(k,n Y_1 another Y_2 Y_1 ≤_c Y_2 (Y_1 ≤_{ic} Y_2 ), if Ef(Y_1 ) ≤ Ef(Y_2 f

1 ≤_c V_{2 1 2} 1 (k,n) ≤_{ic} D_2 (k,n) [D_1 (k,n)^m] ≤ E[D_2 (k,n)^m] ,n

Proof. D(k,n convex.

γ(x)

1 2 1 ≤ c V2 γ1 (x) 2 (x)

≤ Π (n,n) /4 < .

[D(n,n

− 1/2 D(n,n 0 ;

γ(x) = 1 + 2 x + o(x x → 0 . (4.7)

Discussion. n^{− 1} D(n, n n =

n = n^{− 1} D(n, n

n . ED(xn,n) (x D(xn,n) :n≥

D(n, n) ≤ 4n −

(n, n n × n n . > n^{− 2} Var D(n, n) → n n Var D(n, n n exponent β

1/ /4 1. γ(x

D(k, n Δ(k, n

variables. (k,n) and Δ(k,n) are

[Δ(k,n)^m]/ D(k,n) − n)^m]/ [Δ̂_k^m] [D̂_k^m] E Δ(k,n)/ n )^m] D(k,n)− n]/ n )^m]

[D(n,n) ] (v)γ − E[D(n,n) ] ( n ).

Discussion. > ED(n, n) to γ O / n

ED(n, n) ∼ 4n − 2 (4.8)

k ED(k, n) − n]/ n to ED̂_k O / n smaller n when k

D(k,n k << n k = D(k,n) ∼ n ± (4.9)

D(k,n) ∼ (n + 2 kn) ± n

k and n k = n = Then E[D(k,n ∼ (n + 2 kn) − kn = −

SD[D(k,n ∼ kn = 95 . (4.12)

± 100 ± ± 95 .

kn k = n = n =

k n γ(x

K inputs x_1 x_K K x_1, x_1 x_2 x_1 x_2 x_K O ) + log P P

K N queues. k= K n = N D(k,n k n K than N D(k,n D(n,k

D(k,n) = D(k,n − ∨D(k− n)

+ V(k,n

where x∨y = x,y}, D(k ≡ k V(k,n k^{th} n

K × N D(k,n D n − D(K,n − n − D n D(K,n n n = n ≥ k= K A(k)=D(k,n − n, V(k n D(k n.

D(k) = A(k)∨D(k− + V(k) . (5.2)

where ∨ + x + (y∨z) = (x + y)∨(x + z)

0 D(k) = V(k) 0 A(k) + V(k) 0 D(k− . (5.3)

D(k) = V(k) + D(k− ∨ A(k) + V(k) + 0 = D(k− ∨ A(k)

+ V(k) .

D̃(k × M(k D̃(k) = M(k).M(k− . .M .D̃ . (5.4)

x 0 y ,

x_1 0 x_2 y_1 0 y_2 = (x_1 + y_1 ) 0 x_1 + y_2 )∨x_2 )

x_1 0 x_2 0 y = 0 (x_1 + y)∨x_2 . (5.6)

P P divides K, Q = i^{th} k i − Q + iQ i = P i M(k

M(k)=M(k).M(k− . .M i − Q +

for k=(i − Q + iQ. P − P − M(Q), M Q M P − Q M̂ =M(Q), M̂ =M Q).M(Q M̂(P − =M P − Q). ... .M(Q). i = P forms v(i)=M̂(i − D̃ D̃(k)=M(k)v(i), for k=(i − Q + iQ

O(Q)=O( O P K is O(P^2 O( P n^{th} D(k,n O( +logP A(k D(k K K to × K D(k N D(k,N O(N( +logP O( K ≥ PlogP

O( + log P

V(k,n D(k,n O(kn large k and n k [D(k,n) − k]/ kn (5.7)

D(k,n)

variables D′(k,n) = D(k,n)− k ,

O( kn

A′(k) = A(k)− k+ V′(k) = V(k)−

D′(k) = D′(k− ∨ A′(k) + V′(k) . (5.9) k^{th} n^{th} queue, Δ(k,n) = D(k,n) − D(k,n − D(k,N) − D(k D(k,n D(k,n − Δ(k,n

O ) + log P

K O(K D n D(K,n K ≤ B B K B values D(k,n k= B and n = N D(k,n k=B+ B and n = N.

D n D(B n D(k,n k=2B+ B and n = N, B × N O(N ) + log P O( ) + log P B PlogP (a O( ).

K, N R K N

R K_1 K_R time O K_1 + +K_R) +log P P R O(N KR) +log P K′=KR

K N P K R KR P.

n,k n = N and k= K n,k n − k − V(n,k n > n,k− weight − V(n,k k> − D(n,k − V n,k

D(k,n O NlogK O( logN)

O( +logP P

K O( constants.

α

n n

n.) n n has n k_n k_n as n .

n n nk_n k_n n V_n V_n

P(V_n = 1 + nk_n ) = 1 − P(V_n = = nk_n σ where σ nk_n n ≥ n_0 n_0.

> nk_n as n V_n 1, E[V_n ] → V_n ]^2 E[V_n^2 ] n n, V_n = 1 + X_n where X_n

P(X_n = nk_n ) = 1 − P(X_n = = nk_n σ . (6.2)

Let D_n (i,j D_n′(i,j i j n times V_n and X_n > D_n (k_n ,n) − (n + k− = D_n′(k_n ,n

where D_n′(k_n ,n

U_n : n ≥ Let M_n n variables U_1 U_n L_n n L_n / n → n . (6.4)

Let Π (λ λ L_n : n ≥ let L(λ ) = L_{Π (λ )}

i.e., L(λ

Π (λ )/ . (6.6)

L(λ )/ . (6.7)

n [D(k_n ,n) − (n + k_n − / nk_n L(σ^2 n . (6.8)

n → 0 [D(k_n ,n) − n]/ σ^2 nk_n

σ^2 .

σ^2 ,

D(n,n)/σ n 2 . (6.10)

Proof. D_n′(k_n ,n)/ nk_n L(σ^2 n X_n (i,j customer i j n n X_n (i,j n ,^2 ≤ i ≤ k_n ≤ j ≤ n N_n 2 N_n (A_n , subset A X_n (i,j) > N_n M_σ 2 as n

where M_λ v(A) (A μ being

2

2

2

D′(k_n ,n)/ nk_n L(σ^2 n

Remarks. γ

Acknowledgment.

References

equations.

1, 546-572.

Oper. Res.,

1-12.

Adv.

Ann. Prob.

Stochastics

properties.

partitioning.

Computers

Hypercubes,

to appear.

Wiley,

Chichester.

networks.

ACM.

simulation. =10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6

m =

=10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6 m =

=10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6

m =

E Δ(k, n)/ n )^m for m = k = n = 10^j for j = m = m =

=10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6 average

Δ(k, n)/ n ) ≡ Δ(k, n)/(E[Δ(k, n^2 n for k =

=10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6

10^6 3.00*

E[D(k, n) − n]/ kn k ≤ k ≤ ± k ≥ ± n for k = k = 10^6 n for k = n.)

=10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6

__________________________________________________________________ =10^1 n =10^2 n =10^3 n =10^4 n =10^5 n =10^6

D(k, n) − n]/ kn

k

D(k,n) − n]/ n for n = 10^6 k = k =

=10^3 n =10^4 n =10^5 n =10^6

10^6 2.63*

E[D(k, n) − n]/ kn − n = 10^6 k = 10^6 k = n = 5000.

n =10 n =100 n =1000 n =10 n =100 n =1000

variance/n variance/n^{3/4} variance/n^{1/2}

D(n, n n = 10^j for j =

2^{13} .01 2^{14} .02 2^{15} .02 2^{16} .03 2^{17} .06 2^{18} .12 2^{19} .21 2^{20} .42 2^{21} .80

21 =

Δ(k, n)/ n n = 10^6 and k =

APPENDIX

D(k,n)− n]/ kn for n = 10^6 and k D(k,n)− n]/ kn and Δ(k− n)/ n for k = n = 10^6 D(k,n)− n]/ kn for n = 10^j with j = k Q − Q k=100, n =10^6 D(k,n)− n]/ kn k

mean

D(k,n)− n]/ kn for n = k

mean

D(k,n)− n]/ kn for n =

D(k,n)− n]/ kn for k= n =

Δ(k− n)/ n for k= n =

D(k,n)− n]/ kn for k= n =

Δ(k− n)/ n for k= n =

n 10^4 10^4 10^4 10^5 10^5 10^5 10^6 10^6 10^6 k

mean

D(k,n)− n]/ kn n 10^4 10^4 10^4 10^5 10^5 10^5 10^6 10^6 10^6 k

mean

D(k,n)− n]/ kn

D(k, n)− n]/ kn, for n = 10^6 and k =