LIMITSFOR QUEUESASTHE WAITING ROOM GROWS

by
Daniel P. Heyman Ward Whitt
Bell Communications Research  AT& T Bell Laboratories
Red Bank, NJ 07701 Murray Hill, NJ 07974

May 11, 1988



ABSTRACT

We study the convergence of finite-capacity open queueing systems to their infinite-capacity
counterparts as the capacity increases. Convergence of the transient behavior is easily established
in great generality provided that the finite-capacity system can be identified with the infinite-
capacity system up to the first time that the capacity is exceeded. Convergence of steady-state
distribution is more difficult; it is established here for single-facility models such as GI/Gl/c/n
with ¢ servers, n —c extra waiting space and the first-come first-served discipline, in which all
arrivals finding the waiting room full are lost without affecting future arrivals, via stability

properties of generalized semi-Markov processes.



1. Introduction

Consider an open queueing system with capacity n. When n is very large, we expect that the
standard descriptive stochastic processes, such as the number of customersin the system at time t
for t = 0, and their limiting steady-state distributions are very close to their counterparts in the
same system with infinite capacity. Indeed, for simple models such as the M/M/c/n queue (c
servers and n —c extra waiting spaces) for which the steady-state distributions can be displayed
explicitly, convergence of the steady-state distribution asn — o is easily verified (provided that
the infinite-capacity model is stable). We establish convergence results here that do not depend
on explicit expressions for the quantities of interest. We also give examples to show that some

careis needed.

In Section 2 we establish very strong convergence (total variation) in great generality for the
stochastic processes representing the transient behavior, provided that we can represent the finite-
capacity system up to the first time that the capacity is exceeded in terms of the infinite-capacity
system. The red difficulty is obtaining convergence of the limiting steady-state distributions. In
Section 4 we obtain a convergence result for the steady-state distributions of single facilities with
¢ servers working in paralel and the first-come first-served (FCFS) queue discipline, in which all
arrivals finding the system full are lost without affecting future arrivals. In addition to being of
interest for its own sake, this result illustrates how similar results can be obtained for other
models. Our approach is to apply continuity or stability results for Markov processes and
generaized semi-Markov processes (GSMPs), as in Whitt (1980b). In particular, we apply
Lemmal there. In order to establish Theorems2 and 3 of Whitt (1980b), the GSMPs were
assumed to have finite state space. Since the GSMPs here do not have finite state space, we

obtain corresponding results here via a stochastic order bound (Corollary 2 to Theorem 1).

There is considerable related literature. The limits here express a form of model stability,



continuity or robustness; see Chapter 3 of Franken, Konig, Arndt and Schmidt (1981), Chapter 8
of Stoyan (1983), Chapter 4 of Borovkov (1984), Brandt and Lisek (1983), and Whitt (1980a, b).
Perhaps more closaly related is the literature about approximating countable-state Markov chains
by finite-state Markov chains; see Seneta (1981) and references there. In that context, the desired
conclusion is that the steady-state distributions in the finite-state chains converge to the steady-
state distribution of the infinite-state chain as the size of the state space grows. The classical
paper by Ledermann and Reuter (1954) establishes limits of this kind for birth-and-death
processes. While there are several results of this type, there seem to be many open problems.
Somewhat related, at least in spirit, is the convergence of a sequence of closed Markovian
gueueing networks to a related open queueing network as the population grows; see Sections 5

and 8 of Whitt (1984).

2. Convergence of Transient Behavior

Let the stochastic process [X.,, Yol = {[Xw (1), Yo (t)] : t = 0} describe an open queueing
system with infinite capacity. (In this section the queueing system can be very generd, e.g., a
multi-class open queueing network.) The random variable X, (t) represents the number of
customers in the system at time t, and the random variable Y, (t) represents other aspects of
interest at time t, such as residual interarrival times and service times. The random variable
Y., (t) might contain supplementary variables to make [X.,, Y. ] aMarkov process, but need not.
We assume that [ X, (1), Y. (t)] takes values in a complete separable metric space (which
usually would be Euclidean space, but need not be) and that the sample paths of [ X, Y] are

RCLL (right-continuous with left limits).

Our most important assumption concerns the way the finite-capacity systems are related to the
infinite-capacity system. We assume that the system with capacity n can be constructed in terms

of the infinite-capacity system up to the first time that the population exceeds n. Let T, be the



first passage time defined by
Ton = inf{t=20: X, (t) >n}, n=21. (2.1

We assume that {[ X« (1), Yo (t)] : 0<t < T,,} is arepresentation (has the same probability
distribution) of the corresponding stochastic process associated with the n-capacity system, say
[Xn, Ynl ={[X, (1), Yo(1)] : 0t < Ty}, where T, isthe first time that the capacity would
have been exceeded. So far, we have said nothing about [ X, (t), Y, (t)] fort = T,,. However,
the representation assumption implies that the transient behavior of [X,, Y,] converges to the

transient behavior of [ X.,, Y. ] inavery strong sense.
The RCLL property implies that for each positive t

Oguet {Xe(8)} <0 w.pl, (2.2)

p. 110 of Billingsley (1968) and p. 70 of Whitt (1980a), which in turn guarantees that

[im Ten =  w.p.l. (2.3)

n - oo

For the special construction above, w.p.1, for al t > 0 there exists ng such that
[Xn(S), Yn(s)] = [Xx(S), Yu(s)], Oss<t, (2.4)

for al n=ng. (Of course, ny depends on the sample path as well as t.) This implies

convergence in total variation for the probability distributions, i.e., for eacht > 0,

lim sup EP([XH, Y,] 015 E(A) - P([Xe, Yo] O T[{l(A))B =0, (2.5)

n-o A

where A is a measurable subset of the function space D[ 0, t] of RCLL functionson [0, t] and T,
is the projection map from the function space D[ 0, «) onto D[ 0, t], defined by 11, (X)(s) = X(s),
0<s<t. (See Chapter 3 of Billingsley (1968), Section 2 of Whitt (1980a), and Chapter 3 of

Ethier and Kurtz (1986).) An elementary consequence of (2.5) isthat



lim P(X,(t) = k) = P(Xo(t) = k) (2.6)

n - oo

for al t and k. Anocther consequenceis
[Xn, Yn] ® [Xew, Yol @8 N - o in D[O, «) , 2.7

where = denotes convergence in distribution (weak convergence) with the Skorohod J4 topology

onDJ[0, »);i.e,

lim E f([Xn, Yn]) = E f([Xe, Yal) (2.8)

n - o
for all continuous bounded real-valued functionson D[ 0, ).

While we have established convergence of the processes (transient behavior) as n — o in
great generality, we have yet to treat stationary or limiting distributions. The following example

illustrates some of the difficulties.

Example 2.1. Let the infinite capacity system be a simple M/M/1 queue with traffic intensity
p < 1. Let the associated n-capacity system be the modification in which the system closes
down, i.e., empties immediately with all service times set equal to O, the instant an arriving
customer finds n customers in queue. Clearly the representation assumption above holds, so that

(2.2)-(2.8) hold, but the limiting distributions do not converge. m

3. General Multi-Server FCFS Loss Systems

Now assume that the infinite-capacity queueing system is a single facility with unlimited
waiting space, ¢ servers working in parallel and the FCFS queue discipline. Let the stochastic
behavior be specified by a sequence {(uy, vi) : k= 1} of ordered pairs of nonnegative random
variables, where u, represents the interarrival time between the (k —1) and k" arrival, and vy is
the service time of the k™ arrival, but we make no independence or common-distribution

assumptions. Hence, we have an A/A/c/o model (A for arbitrary, instead of G for general



stationary or Gl for renewal). Let the system start out empty at time 0. Other initial conditions
can be introduced through the basic sequence {(uy, vi)}; i.e, if u, =0 for 1 < k< K with

Uk +1 > 0, thenthere are K customersin the system at time O.

Let the capacity-n system be defined in terms of the infinite capacity system by letting n—c
be the size of the waiting room and stipulating that arrivals that find the waiting room full are lost
without affecting future arrivals or service times (an A/A/c/n system). We use the same sequence
{(uy, vi)}, so that we represent the capacity-n system in terms of the infinite-capacity system as
assumed in Section 2. Hence the limits described there apply here. Now we want to say what
happens after T,,,. With the additional structure in this section, we can conclude that the
infinite-capacity system serves as a stochastic bound for the finite-capacity systems. We use the
fact that all customers admitted to the capacity-n system have the same service times as their

counterparts in the infinite-capacity system.
Theorem 1. With the special construction, X, (t) < X, (t) for all n and t.

Proof. For any sample path, we can represent { X, (t) : t = 0} in terms of {X, (t) : t=0} in
two steps: first, by replacing the service times of al customers that would be lost by 0 and,
second, by not counting these customers. Since customers with 0 service times do not affect the
time in system of other customers, the second step is clearly consistent with the claim. For the
first step, we use known monotonicity properties for A/A/c/o systems, in particular, Theorem 8
and the following remark in Whitt (1981): Making the service times smaller can only reduce

Xo (t). To seethisdirectly, recall that
D, =U, + W, +v,, (3.1)

where D, isthe departureepoch, U, = u; + --- + u, isthearrival epoch, and W,, the waiting
time before beginning service of the n™" arrival. Decreasing some of the service times v, causes

D, to decrease or remain the same, because U, is unchanged and W, was shown to be a



nondecreasing function of (vq, ..., V,-1) by Kiefer and Wolfowitz (1955). Since all arrival

epochs are the same and all departure epochs are ordered, all queue lengths are ordered. m

Recall that a set S of probability measures on a complete separable metric space is tight if for
each € > 0 there exists a compact subset K such that P(K) > 1-¢ for dl Pin S pp. 9,37 of
Billingsley. Tightness guarantees that every sequence from Shas aweak convergent subsequence
(with a proper limit). In the terminology of Section 1 of Heyman and Whitt (1984), we give
conditions for the stochastic process {X,(t) : t =0} and the family of stochastic processes

{X,(t) : t =0, n= 0} tobestrongly stable.

Corollary 1. If {X,(t) : t =0} is tight, then {X,(t) : t =0, n= 0} is tight, so that every

sequence{ X, (ty) : k= 0} hasaweak convergent subsequence.

We say that one real-valued random variable X is stochastically less than or equal to another,

andwrite X, <4 Xo, if P(Xq > 1) < P(X, > t) for al t; see Chapter 1 of Stoyan (1983).
Corallary 2. (@) If X, (1) = X () and X,,(t) = X,,(x)ast — o, then

Xn(0) Sg Xoo () .

(b) If (a) halds for all n, then {X,(«) : n= 1} istight. (Every subsequence has a weakly

convergent sub-subsequence.)

It is of course also of interest to compare the finite-capacity systems for different capacity
sizes. We would like to conclude that X, (t) <X, (t) when n; < n, < o with the special
construction, but this is not true in general, as we show below. However, it is possible to show
that the epoch of the k™ admitted arrival and the k' departure (not the departure epoch of the k"
arrival) occur sooner in the system with larger capacity. Thisis verified by a minor modification

of Theorem 1 of Sonderman (1979).



Example 3.1. To seethat we need not have X, (t) < X,(t) foral tor
t t

X, = tIme t-ljo X1(s)ds < tIer:o t'lj(; X,(s)ds = X, , (3.2)
consider a D/A/1/e0o model inwhich u, = 1, vy, = 2and vy, 1 = € for al kand asmall positive
€ (0 < e <1/2). For the D/A/1/1 model constructed from it, X;(t) = 1 for all t = 2, so that
X1 =1in(3.2). For the D/A/LU/2 moddl, X,5(t) = 2for3<t < 4; X,(t) = 1for 1<t < 1+¢g,
2<t<3 and 4<t<4+g Xy(t) =0 for 0<st<1 1+e<t<2 and 4+e<t<5.
Moreover, the form of X,(t) in the interval [1+4k, 5+4k] is independent of k, so that

X, = (3+2¢)/4in(3.2). Fore < 1/2,X, < Xj.

As given, the D/A/1/o model above is not stable, but it can easily be made stable by inserting
periodic blocks of O service times. This would reduce both X; and X5, but leave X, < Xj.
Moreover, as constructed, the processes X, (t) do not converge in distribution ast — 0. To
obtain such convergence, we can perturb the model above dightly. In particular, consider the

GI/A/1l/eo model in which uy isuniformly distributed in[1- 0, 1+ 8] for very small 6 and
P(vok =2 and voyq =€ foral k) = P(vox =€ and vypeq =2 foral k) = 1/2.

Then Xy (1) = Xy(0) and X5 (1) = Xp(0) with E[X; ()] > E[X3(e)]. =

4. Multiple GI/GI Classes with Heter ogeneous Servers

In this section we introduce additional structure to the A/A/c/n loss models of Section 3 in
order to establish convergence of the steady-state distributionsasn — . The essentia ideaisto
represent the loss model as a generalized semi-Markov process (GSMP) and apply Lemma 1 of
Whitt (1980b), which we state below. To be concrete, we specify a specific model, which is a

generalization of the classical GI/Gl/c/n loss mode.

In particular, we assume that arrivals come from m independent sources, with the interarrival



times and service times associated with each source coming from independent sequences of i.i.d.
(independent and identically distributed) random variables. The overall arrival process thusis a
superposition of renewal processes. As before, let customers be assigned to servers according to
the FCFS discipline. Let server j work at a constant rate r;, which also may differ from server to
server. Let the mean service requirement and mean interarrival time for source i be T; and A%,

respectively, which we assume are finite and positive. Let
m
a = Z )\i T; (41)
represent the total offered load. Let
Cc
B = _Z r (4.2
be the maximum long-run processing rate and let
p=alf (4.3)

be the traffic intensity.

The stability condition for the infinite-capacity system is obviously p < 1, but we do not
know general sufficient conditions for convergence of X,, (t) to a proper limit ast — o, so we
will assume convergence. (For the single-class moddl, i.e., the standard GI/Gl/c/c0c model, general
sufficient conditions are given in Theorem 2.3(a) of Whitt (1972) and Corollary 2.8, p. 252, of

Asmussen (1987).) In general, we make a conjecture.

Conjecture. If p <1 and the m interarrival-time distribution are all non-lattice, then

X (t) = X () ast — oo where X, () is proper.

With this structure, we can represent the A/A/c/n models, with n < o0, as GSMPs as in Whitt
(1980b). The discrete state of the GSMP, say V,,(t), consists of two components. X, (t), the

number of customersin the system, and a random vector of source indices of al customersin the



queue (in order of arrival, which coincides with the order in which they will enter service).
(Since the number of different states is countable, the state can be coded as a positive integer, as

in Whitt (1980b).)

To complete the GSMP, let Y, (t) =[Yn1(t), .., Y+ (t)] be an (m+c)-dimensional
vector of clock times. For 1 < i < m, Y, (t) isthe time until the next arrival from the i " source at
timet; form+1<i<m+c, Y, (t) isthe remaining service time for the customer in service at
the (i-m)" server at time t. The process {[V,(t), Yn(t)] : t=0} is the associated

continuous-time Markov process (CTMP) of the GSMP V,,.

In this setting we are able to establish convergence of the steady-state distributions, provided

that they always exist as unique proper limits.

Theorem 2. If [V, (1), Ya(D)] = [Vh(), Y,(0)] ast — oo for all proper initial conditions

[Vnh(0), Y,(0)] andfor all n, n < oo, then
[Vn(), Yn(®)] = [Vu(®), Yo ()] as n - o,
so that

Xn(©) = Xo() as n - .

To prove Theorem 2, we apply Lemma 1 of Whitt (1980b), which we restate here.

Lemmal. If P, isaninvariant probability measure for a CTMP {&,(t) : t = 0} for eachn > 1,
and &, > & in D[0, ©) whenever &,(0) = &(0), then any weak convergent limit of a

subsequence of { P,,} isan invariant probability measure for {&(t) : t = 0}.

To apply Lemma 1 to prove Theorem 2, we use the next two lemmas, which we prove after

we prove Theorem 2.

Lemma 2. The family of steady-state random elements{[V (), Y ()] : n = 1} istight.



-10-

Lemma3. Let [V,(0), Y,(0)] serve as (proper) initial conditions for the CTMP [V, Y,] for

n<o. 1F[Vy(0), Yn(0)] = [Va(0), Yo (0)] asn — o, then

[Vh, Yn] = [V, Y] in D[0,®) as n - o .

Proof of Theorem 2. The assumption in Theorem 2 implies that [V (%), Y, ()] is the unique
invariant random element for the CTMP [V, Y,] for n< o. By Lemma?2 and Prohorov’'s
theorem (p. 35 of Billingsey), the sequence {[V(), Y,()] : n= 1} is relatively compact:
every subsequence has afurther subseguence converging to a proper limit. We will show that any
such limit must be [V (o), Y, ()], which will complete the proof; see Theorem 2.3 of
Billingsley. Hence, suppose [V, (®), Y, ()] = [V, Y] for some limit [V, Y] and some
subsequence withindex n'. By Lemmas 1 and 3, [V, Y] must be an invariant random element of

[Vo Yol. Hence [V, Y] = [Ve(©), Yo(©)]. =

Proof of Lemma 2. To establish tightness, it suffices to show that the margina components
{Vn(e) :n=1} and {Yj(0) : n>1}, 1<j<m+c, are tight separately, e.g., Problem 6,

p. 41, of Billingdey. For {V ()}, it sufficesto show that for any € > 0 there exists k such that
P(Xp(0) > k) <€ fordl n,

but this holds because X, («) is stochastically bounded by X, () as a consequence of

Corollary 2(a) to Theorem 1 here, i.e.,
P(Xn () > k) < P(Xo () > k) fordl n
and any individual random element istight; Theorem 1.4 of Billingsley.

The clock times {Yy;(«)} can be dominated by equilibrium residua lifetime variables
associated with the interarrival times and service times, in a manner similar to the proof of
Theorem 2 of Whitt (1980b). (The proof there implicitly assumes that events never cease to be

scheduled before the clock runs down and the deterministic speed of clock j in state s, is
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independent of s, both of which hold here.) Since the component arrival processes are renewal
processes, for j < m the steady-state clock times Y, () is distributed as the equilibrium life
variable associated with the interarrival time from source j, independent of n, which is proper
because the interarrival times have finite positive means. For the servicetimes(j > m),
t

P(Ypj(®) > k) = tIme t‘ljo P(Yp(u) > Kk)du, (4.4)
but the long-run average on the right in (4.4) is made only larger by deleting idle periods of the
server. The resulting average with al idle periods deleted coincides with the tail of the
equilibrium life variable associated with the service time in question, independent of n, which is

proper because the service times have finite positive mean. m

Proof of Lemma3. Section2 edsablishes Lemma3 for the specia in which
[Ya(0), Ya(0)] = [Ve(0), Y (0)] for dl n. To treat these more genera initial conditions, let
[Ve, Y&] bethe CTMP [V,,, Y] initialized by [V,(0), Y,(0)], n= 1. Asin Section2, we

can construct [V, Y,] intermsof [V5,, Y& ] up until the random time
Th =inf{t=0: X} (t) > n}.
Since [V,(0), Y,(0)] converges to a proper limit, it is evident that T, converges to « in
probability, i.e.,
p
d([an Yn]: [Vgo, YDO]) —=0,

where d is a metric inducing the usua topology on DJ[O, o). Hence, by Theorem 4.1 of
Billingsley, it suffices to show that [V0,, Yo ] = [Ve, Y], i.e, to show that the single CTMP
[V, Y] iscontinuousin the initial conditions, but such continuity is established in Theorem 1

in Whitt (1980b). m
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