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ABSTRACT

Motivated by models of queues with server vacations, we consider a Lévy process modified to
have random jumps at arbitrary stopping times. The extra jumps can counteract a drift in the
Lévy process so that the overall Lévy process with secondary jump input, can have a proper
limiting distribution. For example, the workload process in an M/G/1 queue with a server
vacation each time the server finds an empty system is such a Lévy process with secondary jump
input. We show that a certain functional of a Lévy process with secondary jump input is a
martingale and we apply this martingale to characterize the steady-state distribution. We
establish stochastic decomposition results for the case in which the Lévy process has no negative
jumps, which extend and unify previous decomposition results for the workload process in the
M/G/1 queue with server vacations and Brownian motion with secondary jump input. We also
apply martingales to provide a new proof of the known simple form of the steady-state
distribution of the associated reflected Lévy process when the Lévy process has no negative

jumps (the generalized Pollaczek-K hinchine formula).



1. Introduction

We consider a Lévy process modified to have random jumps at arbitrary stopping times. We
consider this Lévy process with secondary jump input primarily because we want to extend
known decomposition results for the M/G/1 queue with server vacations (Fuhrmann and Cooper
(1985), Shanthikumar (1988, 1989), Doshi (1990a)) and jump-diffusion processes (Kella and
Whitt (1990)). These decomposition results express the steady-state distribution as the
convolution of other component distributions. For surveys of vacation queueing models, see
Doshi (1986), (1990b), Takagi (1987) and Teghem (1986). For background on Lévy processes,
see Chapter 14 of Breiman (1968), Chapter 9 of Feller (1971), Bingham (1975), and Chapter 3 of

Prabhu (1980).

The Lévy processes with secondary jump inputs, which we refer to as JLPs, (defined in
Sections 2 and 3 below) arise in these queueing vacation models in three different ways: First, the
workload or virtual-waiting-time process in an M/G/1 queue in which the server takes a vacation
each time it finds an empty system isa JLP, i.e., the net input of work is a Lévy process without
negative jumps (a compound Poisson process minus t) modified to have positive random jumps
(the vacation times). Second, following Doshi (1990a), if we restrict attention to (condition
upon) times at which the server is busy, then the workload process in the M/G/1 vacation model
isaJLP. (Then, asin this paper, the jumps are not necessarily nonnegative.) Finaly, asshownin
Kella and Whitt (1990), special JLPs caled jump-diffusion processes arise as heavy-traffic limits
of (and thus approximations for) general queues with server vacations. Other JLPs may also

serve as useful models for queues and related storage systems with service interruptions.

As abasis for proving our decomposition results, we prove that certain functionals associated
with the Lévy process, the reflected Lévy process (RLP), the Lévy process with secondary jump

input (JLP) and the reflected process associated with a Lévy process with secondary jump input



(RILP) are martingales. (Even for the M/G/1 queue, this martingale approach seems to be new;
see Brémaud (1981), Rosenkrantz (1983) and Baccelli and Makowski (1989ab) for other
martingale results for queues. The martingale results here are analogous to previous level
crossing arguments for vacation models;, e.g., see Doshi (1990a) and Shanthikumar (1989).)
Together with simple regenerative arguments, the first two martingales provide short proofs
establishing the known simple form of the steady-state distribution of the RLP when the Lévy
process has no negative jumps, i.e., the generalized Pollaczek-K hinchine formula; see Section 4.

See Zolotarev (1964), Bingham (1975) and Harrison (1977) for previous proofs.

In Sections 5 and 6 we characterize the steady-state distributions of JLPs and RILPs. Under
the assumption that the Lévy process has no negative jumps we establish stochastic
decompositions for the JLP and the RILP. For example, under certain conditions, the steady-state
distribution of the JLP is a convolution of three distributions: the steady-state distribution of the
RLP, the stationary forward-recurrence-time distribution of the jump size and the steady-state

distribution of the state of the JLP ‘‘right before’’ (not quite, see details later) ajump.

2. ThelL évy Process

Our basic stochastic process X = {X; Ot = 0} is a rea-valued stochastic process with
X(0) = 0 defined on an underlying probability space (Q, A, P) endowed with a standard
filtration {A, Ot = 0}, i.e, {{ Ot = 0} is an increasing right-continuous family of complete
sub-o-fields of A. We assume that X is a Lévy process with respect to the filtration {A ; Ot = 0},
i.e, X isadaptedto A ; and X, — X; isindependent of A, and distributed as X,_; forO <t < u.
Moreover, we assume that the sample paths of X are right-continuous with left limits, so that X is
strong Markov. The one-dimensional marginal distributions are infinitely divisible, i.e., X; has

characteristic function (cf)



Ee' 9% = g9@t >0, (2.1)
where @(a) isthe characteristic exponent; e.g., see p. 706 of Bingham (1975).

The Lévy process X can be represented as the independent sum of a Brownian motion and
another Lévy process, X. If X has no negative jumps and the paths of X are of bounded variati on,
then without loss of generality X can be a subordinator (a Lévy process with nondecreasing
sample paths). The subordinator in turn can be represented as a nonnegative compound Poisson
process or as the limit of a sequence of nonnegative compound Poisson processes; p. 303 of
Feller (1971). The process depicting the net input of work in an M/G/1 queue is a Lévy process
without negative jumps, having a degenerate Brownian motion component (with drift coefficient
— 1 and diffusion coefficient 0) and a subordinator which is a compound Poisson process with

Poisson rate equal to the arrival rate and jumps equal to the service times.

We conclude this section by identifying a martingale associated with X that we will apply; it
is similar to the familiar Wald martingale W, = exp {i aX; — @(a)t}, t=0; see p.7 of

Harrison (1985) and p. 243 of Karlin and Taylor (1975). In particular, let

t
Z, = ga) [ € ds-€, t20. (2.2)

0
Since we work with cf’s, we work with complex-valued martingales. Asusual, if z = u + iv,

then [z = (u? + v?)¥2,
Proposition 2.1. For dl red a, Z isacomplex-valued martingale with respect to {A ;1 = 0}.

Proof. First, suppose that @(a) # 0. The finiteness of E [Z;[is a consequence of the finiteness

of @(a) and Fubini’stheorem. For0 < s < t,
Ot O

cp(a)EH e X gy oA SE= e®)(t-s) _ 1 = [ X oA ] - 1w.pl, (23)
0° O



where the first equality follows from the independent increments property, Fubini’s theorem, and

integrating e®®)(U~S) from sto t. The result now follows by multiplying the left and right sides

S
by '®* and adding g(ar) [ €'“*“ du (both of which are A ¢ measurable).  m
0

3. TheL evy Process With Secondary Jump Input (JLP)

Let {T,On= 0} be a drictly increasing sequence of stopping times with respect to the

filtration {A, Ot = 0}, with Ty = 0. Let {N; ot = 0} be the associated counting process, i.e.,
Ny =sup {ngT,<t}, t=20. (32

Let {U,, On = 0} be a sequence of random variables and assume that U, is A+ measurable for
n = 0. Thenthe Lévy process with secondary jump input (JLP) is{Y; Ot = 0}, where

N¢
Y =X + 3 U, t=0. (32)
k=0

An example of interest isthe special case in which X has no negative jumps, U,, > Ofor al nand

n-1
T, =inf{t=00X;+ S U,=0},n=0, (3.3)
k=0

but in general we do not restrict attention to this case.

The following is our main tool. The random variable Y1 — U, below can be thought of as
the value of Y just prior to the n™ jump, but note that Y1, —Up = Yy _onlyif Xis continuous

aTh.

Theorem3.1. (@ If T,, - cow.p.lasn - oo, then{M;1 = 0} isalocal martingale with respect

to{A ;1 = 0} with localizing sequence{T,}, where

o : Ne oye U Y
M=) [ e ds+1-¢e" -5 (T My 120, (34)
0 k=0



(b) If, in addition, EN; < o for al t, then {M;1 = 0} in (3.4) is a zero-mean complex-valued
martingale with respect to {/ ; (ot = 0}.

Proof. (a) From (3.4), by considering the threecasest < T,,_1, Tp-1 <t<T,andt > T,, we

see that

iaE;:lui
Mt ot =Mt ot = (Z1,00 = Z7,,00)e ™ (3.5

wherex 0y = min{x, y}. Since{Z;Ot = 0} is aright-continuous martingale with respect to the
standard filtration {/A (Ot = 0} by Proposition 2.1 and T, is a stopping time, {Zr_:[t = 0} isa
martingale, e.g., p. 20 of Karatzas and Shreve (1988). Moreover, since Uy is /A 1 -measurable for

i 3 U
al kand sincee ' is bounded, {Mt gt = Mt __ i1 20} and thus {My_ [t = O} are

martingales with respect to {/A ;1 = 0}. Since T,, -» o w.p.1, {M;[t = 0} is alocal martingale

with localizing sequence {T,}.
(b) From (@), we have
E(Mt, ots) = Mt gs w.p.1. (3.6)
Since Ogégt[l\/lsms (o)t + 2(N(t) + 1) and EN(t) < o, the result follows from the

dominated convergence theorem for conditional expectations, p. 301 of Chung (1974), letting

n - oin(3.6). =

4. TheReflected L évy Process (RLP)
Let

It = - Il’lf XS and Rt =Xt+|t,t20. (41)

O<s<t

Wecdl R = {R;[f = 0} the reflected or regulated Levy process (RLP) associated with the Lévy



process X. The process | in (4.1) can aso be defined as the minimal right-continuous
nondecreasing process such that X; + I, = Ofor al t; then | increasesonly when R = 0; seep. 19

of Harrison (1985).

We now characterize the RLP R for the special case in which the Lévy process X has no
negative jumps as the limit of JLPs Y2 for which U,, = aw.p.1 for al n. We first characterize
the approximating JLPs. Let Y2 be the JLP associated with X, U, = a w.p.1 for al n and
Ta =inf{t=>0X; < -na}, n=1, asin (3.3). Then Y§ = X; + I? where I? = a(N§ + 1)

and N2 isthe renewal counting process associated with { T2}. It isimmediate that
O<Ig-1ly =Y -Ry<aforadltwpl. 4.2
Lemma4.1. If X has no negative jumps, then EI? < o and

t H a . a — iaa)
ME = g(a)] €' ds+1-¢€" —q I?(la—z 4.3)
0

is azero-mean complex-valued martingale with respect to {A [t = 0}.

Proof. We first show that EI? < «. Since X has no negative jumps, {Tarn = 1} is a random
wak with T3 < T3,; w.p.1 and N? is the associated renewa counting process. Hence,
ENZ < oo; see p. 182 of Karlin and Taylor (1975). By (4.2), El; < EI? < a(EN2 + 1). Since
12 = a(N2 + 1) and (4.2) holds, EN? < « for each a > 0 and t > 0. Hence, we can apply

Theorem3.1l. =

From (4.2), we see that M — M? asa — O uniformly on Q x [0, to] for al tg > 0, where

fisin (4.3) and
M = g(a)[ €“Fds+1- €N +ial, t20. (4.4)

As an immediate consequence, we obtain the martingale property for M°.

Theorem 4.1. If X has no negative jumps then M? in (4.4) is a zero-mean complex-valued



martingale with respect to {A [t = 0}.

Proof. By dominated convergence for conditional expectations, E(M3 1\ ) — E(MPM\ o)
wpl as a - 0 for 0ss<t However, E(M}\ ) = M2 - M2 wpl as a — 0 by
Lemma4.1 and the convergence noted above. =

Remark 4.1. When X is Brownian maotion (and even more generally), Proposition 2.1 and
Theorem 4.1 can be obtained from I1t0’'s lemma, while Theorem 3.1 and Lemma4.1 can be
obtained from a generalized form of 1t0’s lemma; see Kella and Whitt (1990), p. 71 of Harrison

(1985) and p. 301 of Méyer (1976). m

We now give our first new proof of the generalized Pollaczek-Khinchine formula. For this
purpose we use the following elementary lemma. It is aso well known; e.g., it is a consequence
of Proposition 2 on p. 721 of Bingham (1975).

Lemma 4.2. If X has no negative jumps, E[X;O< o and EX; <0, then
ET§ = — a/EX; = —ial/@ (0).

Proof. Since X has no negative jumps, {Tam = 0} is a random walk with 0 < T3 < T3,
w.p.1. Hence, ET2 = nET%. Since ECX;< o, k™1X, - EX; w.p.lask - o by the strong

law of large numbers. Since EX; < 0, ET§ < oo, by Theorem 8.4.4 of Chung (1974). Finally,
—a=n"1Xq = (nT'TE)(TA) ' X2 — ET{EX; w.p.lasn — o,

SOthatEi‘: —a/EX]_. |
Theorem 4.2. (generalized Pollaczek-Khinchine formula) If X isaLeévy process without negative

jumps such that EfX[]< o and E X; < 0, then

lim Ee'%R = 99 (9) fora 20 .

o o(a)

iaR,

Proof. Note that {e " '[0 = 0} is a bounded aperiodic regenerative process with respect to

{TACN = 0} where T3 = inf{t[X; < — na}. (Obviously Rt= = 0.) By Lemma4.2, E T§ < o.



Hence,
lim Ee% = Ef " e FasETE (4.5)
t o o

whereE T§ = —ai/¢ (0) by Lemma4.2. Finaly, the main result follows from Theorem 4.1 and

Doob’s optional sampling theorem. First, we have EM%Dt = 0 for dl t. To justify the
interchange of the limit ast - o and the expectation, note that the first term of (4.4) is
dominated by t, the second and third terms are bounded, and I; in the fourth term is

nondecreasing int. Finally, notethat @(a) = Oonly for a = O because, by (4.4),
T iaRg ,. _ .
(p((;()Ef0 e"™ds = -iaa,

whichisnotOfora # 0. m
Remark 4.2. We need X to have no negative jumps (in addition to the other assumptions) in

ordertohave E T{ = - ai/@ (0) in Lemma4.2 and the proof of Theorem4.2. =

Of course, one may object to the statement that this proof is short since it essentially relies on
Theorem 3.1, whose proof is not so short. Therefore we give another proof which depends only
on Proposition 2.1. At the same time, we extend previous results about queueing systems with
server vacations. (We will obtain a more general extension in section 5.)

Theorem 4.3. Let X be a Lévy process without negative jumps for which E[X;j< « and
E X; <0. Let {U,m =0} be a positive i.i.d. sequence with EUy < . Let {T,,m = 0} be

defined asin (3.3). If either X is not deterministic or if the distribution of U is aperiodic, then

im EQ®Y = A9 (0) i(1- Ee'®Y°)
to oo o(a) aEU,

(4.6)

Proof. As in the proof of Theorem 4.2 above, {Y.[1 = 0} is regenerative with respect to
{Tom=0}. Since X is not deterministic or U, is aperiodic, the regenerative process is

aperiodic. Hence,



. i 1 T jay.

lim Ee'* = E e eds . 47

t - ET]_ J'O ( )
Since ET; = —i EUg/@' (0) (again use Lemma4.2, after conditioning on Ug), the result

iaUg

follows by multiplying the martingale of Proposition 2.1 by e and applying the optional
sampling theorem. This with (4.7) yields (4.6) for al a such that @(a) # 0. Since X; # 0, we
cannot have @(a) = Ofor all a. Indeed, we have (a) = O0for somea # 0if and only if X; has
a lattice distribution; see p. 174 of Chung (1974), which is not possible for a Lévy process
without negative jumpsand EX; < 0. =

Remark 4.3. By Theorem 4.2, a¢' (0)/@(a) in (4.6) isthe cf of the limiting distribution of the
RLP. The other term i(1 — EeiO‘U")/aEUO is the cf of the stationary forward-recurrence-time
distribution of Uy, which has density P(Uy > X)/EU,. Hence, Y, converges in distribution to
the convolution of those two component distributions, and thus the limiting distribution of Y; has
a stochastic decomposition. Theorem 4.3 extends previous results for the virtual waiting time
process in the M/G/1 queue with multiple server vacations ((5.6) of Doshi (1990a), Cooper
(1970), Fuhrmann and Cooper (1985) and Lévy and Y echiali (1975)) and Brownian motion with
jumps (Theorem 2.2 of Kellaand Whitt (1990)). =

Second proof of Theorem 4.2. The special case of Theorem 4.3 in which U, = a > 0 for all
n = 1resultsinthe process{ Y2t = 0} of Lemma4.1. By (4.2),

% iaR,

- Ee

Ee - " "Rg< 2a0¥2 - R< 2aa . (4.8)

Now the result is obtained from (4.8) by taking expectations, letting t — co and then letting

a - 0. Theform of thelimit isobtained by lettingUy =a - 0in(4.6). =m

Thisis the quickest way that we know to establish Theorem 4.2.
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5. The Steady-State Distribution of the JLP

We now characterize the limiting distribution of the JLP Y in the general framework of

d P
Section 3. Let — denote convergence in distribution and let — denote convergence in

probability.

Theorem 5.1. Suppose that
i P =0) #1,

p
(i) n'T, - Alasn - wofor0 < A™! < oo,

d

n-1 p . n-1 - p .

. - iaY + - ia(Y U -

iv) nts & LB andnt s €T L Bl asn - oo for random
k=0 k=0

variablesY* and Y~ withEY™ # EY™,
(v) {t7IN.t = 0} isuniformly integrable.

Then necessarily A = i ¢ (0)/(EY" - EY™ ) and

. ) ’ ; iaY™ _ iaY*
lim E¢'®Y = geiaY = 99 (0) I(Ee Ee ") (5.1)
om, o(@) a(EY - EY)

Remark 5.1. Formula (5.1) is not well defined if @(a) = 0. By condition (i), we do not have
@(a) = Ofor al a. Asnoted in the proof of Theorem 4.3, (a) = Ofor a # 0if and only if X,
has a lattice distribution. Then any a such that @(a) = 0isan isolated point. For such a, we
understand (5.1) to be defined by taking alimit on a, which iswell defined since Y has a bonafide
cf by (iii).

Remark 5.2. If X has no negative jumps with EfX;J< o and EX; < O, then the term
a@ (0)/@(a) in (5.1) isthe cf for the RLP in Section 4. The second term in (5.1) is considered

in Theorem 5.2 below.
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Remark 5.3. A natura sufficient condition for condition (iv) in Theorem 5.1 is to have
{Yr.k= 0} and {Yy, — Uk = O} be stationary and ergodic. Then the averages in (iv)

ia(Y, - U

converge w.p.1 to Ee'®"™ and Ee ) ask o o0, respectively; see p. 488 of Karlin and

Taylor (1975). Then Y™ isdistributed asYy, and Y~ isdistributed as Yt — Ug. Another way to
obtain w.p.1 convergencein (iv) isto have regenerative structure.

Remark 5.4. Condition (v) is aways satisfied if {N;t = 0} is arenewa counting process; see
p. 136 of Chung (1974).

Remark 5.5. Formula (5.1) generalizes (3.7) of Doshi (1990a). It is aso similar to equation (2)
of Shanthikumar (1988) and equation (4) of Fuhrmann and Cooper (1985). However they
concentrated only on the M/G/1 queue and mostly on the queue size, rather than the workload
process. Now we see that there is one more good reason for Fuhrmann and Cooper’s
assumption (7). The essence of this assumption is that the waiting time and the workload process

(viewing vacations aswork) areoneand thesame. =
In the proof of Theorem 5.1 we use the following lemma.

n-1 p
emma 5.1. Suppose that n i — mfor random variable W; wit i0< K < oo for
L 5.1. Su hat n™1 W, f d iable W; with QW K f
i=0

p
dliandt™ N; - A,0 < A < o, for acounting process N;. Then

N; p
t™1 S X; -~ Am.
i=0

N,
Proof. Since X; is bounded, N;* S X; is contained in a compact subset for every t w.p.1.
i=0
n-1 p
Hence, every subsequence has a sub-subsequence converging w.p.1. Since n™* > Xi - m,
i=0

N; p
the limit of this w.p.1 convergent sub-subsequence must be m. Hence, Nj* > Xi - meg,
i=0

see Problem 7, p. 75, of Chung (1974). By assumption and Theorem 4.4 of Billingsley (1968),
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N, p
("IN N7 S X)) - (A, m) .
i=0

The proof is completed by applying the continuous mapping theorem with multiplication; see
Theorem 5.1 of Billingsley (1968). =

Proof of Theorem 5.1. (a) We apply Theorem 3.1(a). By condition (ii), T, - o w.p.1 as

p
n - oo, asrequired there. Also (ii) impliesthat t™ Ny — A ast — «; eg., see Theorem 3 of
Glynn and Whitt (1988). Together with (iv) and Lemma 5.1, thisimplies that

N, . .
- ia(Yr, = Uy) iaYr
t 1 Z (e K _ K

k=0

p - e
e ) - AEe'" -Ee'")ast - . (5.2)

Together with (v), (5.2) implies that

N, iaYy, —U iay. PRvE v
tTES (e ™ -e ") o MEEY -EeY)ast o o,
k=0
By (iii), E€'®" _ Ee® ast - oo. From Theorem3.1(a), after dividing by t and letting

t - oo, we conclude that
@(a)Eel®Y = A(Ee'® - Ee@Y") . (5.3)

because EM; = Ofor dl t for M; in (3.4). Wedivide by ¢(a) in (5.3) for a such that ¢(a) # O.
For a such that ¢(a) = 0, we take a limit, as indicated in Remark 5.1. Finally, differentiating
with respect to a in (5.3) and setting a = O gives the expression for A. By condition (iv),

EY" # EY",sowecandivideby (EY" —EY™). =

We now consider the second term in (5.1). Following Shanthikumar (1988) and Doshi
(199043, 84), we provide necessary and sufficient conditions for the second term to be a bonafide
cf and sufficient conditions for it to be the product of two cf’s (so that we have afurther stochastic
decomposition).

Theorem 5.2. (a) Thetermi(Ee'®" - Ee'®Y" )/a(EY* - EY™)in (5.1) isthe cf of a bonafide
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probability distribution if and only if Y™ <4 Y™.

(b) Suppose that the assumptions of Theorem 5.1 are satisfied. If {U,m = 0} isa

nonnegative i.i.d. sequence with U,, independent of X1 and 1y, > n}, then

(B - &™) _ i(1-EeY) oy (5.4)
a(EY" - EY") aEUo | |

Proof. (a) Notethat thisterm isthe Fourier transform _[_w e'%f (y) dy of the function

fy) = D EN B =9 (55)

which is a bonafide probability density if and only if P(Y™ <y) = P(Y" <vy)foraly,i.e, if

andonly if Y~ <4 Y. For thislast step, recall that

E max{0, Y} = _[OOOP(Yz y)dy

and

E min{0, Y} = - E max{0, -Y}

—_[OOOP(— Y2y)dy = -J'_(;P(YS y)dy .

n-1
(b) Since Uy, is independent of Yy - U, = X7 + 3 U; and the event {N; = n}, the

i=0
monotone convergence theorem yields

N, 00 .
E z EJ‘EM(YTk -Uy e' 5 ia(Yr, = Uy

(1- eiauk)l{Nt > k)
K=0

= z Eeiu(YTk SR 1{N12k}(1 - Eeian) (56)
=ES e 4m T (g _ gelaVoy

Hence, instead of (5.3), we now have
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@(a)Eel®Y = AE(el9Y )(1 - Ee'*Y) . (5.7)

Differentiating with respect to a in (5.7), we obtain A = i@ (0)/EU,. Substituting thisin (5.7)

gives(54). m

Combining Theorems 5.1 and 5.2, we obtain the following corollary.
Corollary 5.1. If, in addition to the conditions of Theorems 5.1 and 5.2(a), X has no negative
jumps with EfX;0< o and EX; < 0, then the distribution of Y is the convolution of two
distributions one of which is the distribution of R. If, in addition, the assumptions of
Theorem 5.2(b) hold, then Y is the convolution of three distributions: the distributions of R and
Y~ and the stationary forward-recurrence-time distribution associated with U,. =
Remark 5.6. Under the conditions of Theorems 5.1 and 5.2, but without the condition on X in
Corollary 5.1, we do not necessarily obtain a valid stochastic decomposition. To see this,
suppose that — X is a Poisson process. Then X; has a lattice distribution, so that @(2m) = 0.
Hence, a @' (0)/@(a) isnot abonafide cf. Then (5.1) can be defined for a = 21tby taking alimit
asa - 2T
Remark 5.7. Theorem 5.2 and Corollary 5.1 are closely related to Sections4 and 5 of
Doshi (1990a). Equation (5.4) isaso similar to equation (3) of Fuhrmann and Cooper (1985).
Remark 5.8. Note that Theorem 4.3 is a simple consequence of Theorems 5.1 and 5.2, but we
prefer the direct proof given before. =
6. TheReflected JLP

We conclude by considering a reflected JLP, which we refer toasa RILP. Let YbeaJLP as
defined in Section3 and let Ly = —Oisr;];t Y, t20. Thenthe RILPisR? = Y, + L, t = 0.

Here we require that the underlying Lévy process X has no negative jumps.

As in Section 4, we consider R? as the limit of associated JLPs with small positive jumps to
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keep it positive. By the argument of Lemma4.1 and Theorem 4.1, we obtain the following result.
Lemma 6.1. Suppose that X has no negative jumpsand U,, = 0 for all nw.p.1. ThenEL; < o
w.p.1l. (@ If Ny < oo w.p.1, then {M;[t = 0} is aloca martingale with respect to {/ ;1 = 0}

with localizing sequence { T}, where

. 0 _ i 0
io(Ry, —Ux) _ e'aRTk +iaLy, t=20. (6.1

M = o(a)] @R gs + 1 - /9% ge
0 k=0
(b) If ENy < oo for al t, then {M;[t = 0} in (6.1) is a zero-mean complex-valued martingale
with respect to {A [t = 0}.
Proof. To see that EL; < o, note that L, < |, for al t w.p.1; since U, = 0 for al n w.p.1,
Y = X, for al t w.p.1. (El; < o by Lemma4.1.) Paraleling the definition of Y2 in Section 4,
let R® be the JLP associated with Y that approximates the RILP R?; e, let
T2 =inf{t=0QY; = -na}, n=>1, and R? = Y, + L& where L = a(N& + 1) with N2
being the counting process associated with { T2}. Then, asin (4.2), L2 - L, = R* - R? < afor
al t w.p.1. Moreover, R? is itself a bonafide JLP, so that we can apply Theorem 3.1 to it to
obtain the analog of Lemma4.1. The assumptions imply that N, + N& < o w.p.1 in (a) as
needed for Theorem 3.1(a) and that EN; + EN? < « in (b) as needed for Theorem 3.1(b).

Finally, leta - Oasinthe proof of Theorem 4.1 to obtain the desired conclusion. =

We now apply Lemma 6.1 to characterize the limiting distribution of the RILP.
Theorem 6.1. Suppose that X has no negative jumps, ECX;J< o, EX; < 0, U, 20 for al n

w.p.1 and the conditions of Theorem 5.1 hold with (iii) replaced by
d
(i) RO o R® and t'ERY - Oast - o

and (iv) replaced by

) n-1 P N
(iv)) n°t ¥ -~ Ee'“R" and n
k=0 k=0

iRy, PR eiu(R% - Uy

P )
~ EeloR
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asn — oo for random variable R* and R~ with ER* # ER™. Then

N,
limt™'L, = EX;0 and  lim t71 S U; = (1 - MEXO (6.2)

|
t- o0 t o o0 i=0
where0 < mt< land

a@ (0) Ui(Ee'"R - Ee'®R" ) (1 - m) N ng. 63)

EeiGRO —
o(a) 5 o(ER* - ER7) 0

Remark 6.1. Thecase EX; = 0 can betreated by the sameargument. =
Proof. By Lemma®6.1, L; < o for al t w.p.1. By condition (v) of Theorem 5.1, Ny + L; < o
w.p.1, so that we can apply Lemma6.1 (a). Dividing (6.1) by t and taking expected values we
know from the proof of Theorem 5.1 and (iii)’ that all terms converge except possibly for
t™1 iaEL,. Hence, t"1EL, convergestoo. Since,

N

t"'ERY = EX; + tT'EY U; + t1EL,
i=0

wheret™2ER? - 0by (iii)’,

N,
lim t™* E JU; = -EX; - limt™*EL, .

t - o i=0 to oo

Hence, we have established (6.2). Formula (6.3) follows by the proof of Theorem 5.1, again

differentiating with respect to a to determineA. =

Asin Section 5, Theorem 6.1 provides a stochastic decomposition.
Corollary 6.1. Under the assumptions of Theorem 6.1, (6.3) holdswith 0 < 11 < 1 and thereisa
random variable V such that

i(EeiO(R’ _ EeidR*) _

_ Ee'?V . (6.4)
a(ER* - ER7)

Hence, RC is distributed as the convolution of the distribution of R in Section 4 and another
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distribution. The second distribution is the mixture of a point mass at 0 with probability 1t and
the distribution of V with probability 1 — 1t If, in addition, the assumptions of Theorem 5.2(b)
hold, then the distribution of V is the convolution of the distribution of R™ and the stationary
forward recurrence-time distribution of U.

Remark 6.3. Corollary 6.1 generalizes Theorem 3.3 of Kella and Whitt (1990).
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Appendix A

Here we give some supporting details for the proof of Theorem 3.1. The following is the

basis for obtaining the last three terms in (3.5) from the previous display:

n . . .
Z e|0(Yt 1{Nt=k—1} — elaY, _ e|0(Yt 1{Nt2n} ’ (Al)
k=1

n _ N(t) On _
Z elor(YTk Uy) 1{Nt2k} - e|0((YTk Uy)
k=1 k=1
N(t) On _
=5 T g (A2)
k=0

and
n iaYTN( n i(XYT_
2 € Iin=k-p+ 2 € " LNk
k=1 k=1

iaYr,
LN 2 k-1

|
(¢
[EnY
—~
z
\Y
Z

On . .
= z e - e ' 1{N[2n} . (A3)



