by

Abstract

P(W > x

x^{− r} for r >

P(W > x x x

x

P(W > x) e^x as x where W η α and f(x) ∼ g(x x f(x) (x) → x P(W > x by α e^x α and η

not identify W Ee^{sW} s not hold.

W Ee^{sW} s > 0.

t

intensities. W

W time V Ee^{sV} s >

P(V > x)_r x^{− r} as x for r

interarrival times

discipline.

P(W > x

P(W > x

m_1 = m_2 =

r = P(W > x x x = x = 100.

n W_n ) as n , where W_n n

U and V G_a (x) = P(U ≤ x G_s (x) = P(V ≤ x), x ≥ F m be F^c (x) = 1 − F(x (or

F_e (x) = m 1 ∫_x^∞ F^c (y)dy , x ≥ 0 . (1.2)

EV = 1 < EU < 1. Ee^{sV} s > G_s subexponential G_{s2} (x) G_s (x

G_{s2}^c (x)_s^c (x) → x . (1.3)

Ee^{sV}

s > Ee^{sV}

EV = 1^{sV}

s > 0_s (x)

P(W > x) ∼ 1 ρ G_{se}^c (x) ≡ 1 ρ ∫_x^∞ Gs^c (y)dy as x . (1.4)

(x)∼g(x) ∫_x^∞ f(y)dy∼∫_x^∞ g(y) .

G_{se} G_s

P(V > x)_r x^{− r} as x for r >

P(V > x) ∼ e^{− axb} as x for b

Corollary. = 1 (V > x)_r x^{− r} > 1

P(W > x)∼ 1 ρ r − 1 α_r x^{− (r −} . (1.5) c_a^2

Indeed, interest. typically good, P(W > x

x = 100. underestimates

x

G ∞ n points x_i ≤ i ≤ n with x_0 = 0, x_i < x_{i +1} and x_n p_l ,p_m and p_u

p_l (x_i ) = G(x_{i +1} ) − G(x_i ≤ i ≤ n −

p_m x_i + x_{i +1} )/ = G(x_{i +1} )− G(x_i ≤ i ≤ n − 2 p_m(x_{n − 1} ) = 1 − G(x_{n − 1}

p_u (x_i ) = G(x_i ) − G(x_{i − 1} ≤ i ≤ n − 2 p_u (x_{n − 1} ) = 1 − G(x_{n − 2} ) . (1.8)

G_l p_l for G G_l^c (x) ≤ G^c (x x G_u is almost G x_{n − 1} {x_i G_l, G_m and G_u G cdf’s G_l G G G_l y_i ≤ i ≤ n

i =1Σ n p(y_i )e^{− syi} . (1.9) n y_i empirical

predict P(W > x x F_e^c (y ≤ y ≤ x

Ee^{sW} s >

conclusions.

F_r (x

F_r^c (x)_r x^{− r} as x r >

transforms e^{− sα}

W

F_r^c (x) = r r − 1 r x^{− r} , x ≥ (r −

f_r (x) = r r r − 1 r x^{− (r +} , x ≥ (r − (2.3)

m_n′ = (r − n) r r r − 1 n ≤ n < r

c^2 = 1 (r −

(PME). For r >

g_r (x) =

(r −

∫^∞ fr (y)y^{− 1} e^− dy (2.5)

for f_r g_r are

m_n ≡ m_n (g_r ) = n!m_n′ = n! (r − n) r r r − 1 n

e.g.,

m_1 = m_2 = (r − 2r r r − 1 2 , m_3 = (r − 6r r r − 1 3 (2.7)

c_r^2 = 1 + r(r −

2 . (2.8)

xto x^{− 1}

g_r (x) = 0 ∫^{(r −} ϕ r (y)ye^{− yx} dy

where

ϕ_r (y) = r r r − 1 r y^{r − 1} < y < (r − . (2.10)

Let G_r and G_{re} g_r

G_r^c G_{re}^c

g_r

> 1,

G_r^c (x) = a_r g_{r − 1} (a_r x x ≥ and

G_{re}^c (x) = x ∫^∞ Gr^c (y)dy = br gr − 2 (cr x x ≥

where

a_r = (r −^2 r(r − , b_r =

(r −^2

(r − r − and c_r =

(r − r − r(r − . (2.13)

Since G_r

density g_r r g_r r =

g_2 (x) = x^3

1 − +2x+2x_2 )e_{− 2x} x >

g_3 (x) = 3x^4 16 − + 2 3x + 8 9x^2 + 16 9 x^3 )e^{− 3 2} x >

g_4 (x) = 8x^5 243 1− 1 + 3 4x + 9 8x^2 + 9 128x^3 + 243 32x^4 e^{− 4 3}

, x >

G_2^c (x) = 2x^2 1 − +2x)e^{− 2x} x >

G_3^c (x) = 9x^3 16 − + 2 3x + 8 9x^2

)e^{− 3 2} x >

G_4^c (x) = 32x^4 243 1− 1 + 3 4x + 9 8x^2 + 81 32x^3 e^{− 4 3}

, x >

r r Γ(z γ(a,x

> 1,

G_r^c (x)∼rF_r^c (x)γ(r, (r −

(r + F_r^c (x) (r + r r − 1 r x^{− r} (2.15)

and

G_{re}^c (x) (r) r r − 1 r − 1

x^{− (r −} . (2.16)

Proof.

rγ(r, (r − (r + x g_r

ĝ_r (s) ≡ ∫_0^∞ e^{− sx}dG_r (x) = ∫_0^∞ e^{− sx}g_r (x)dx = r r r − 1 r ∫_0^{(r −}_{s +x}^{xr} (2.17) r

ĝ_r (s) = i =1Σ r (−^{r − i} i r r r − 1 r − i

s^{r − i} + (−^rr r r − 1 r s^r ln 1+ (r − s r . (2.18) ĝ_2 (s) = 1 − s + 2 s^2 + s 2

ĝ_3 (s) = 1 − s + 3 4 s^2 − 9 8 s^3 + 2s 3

ĝ_4 (s) = 1 − s + 3 4 s^2 − 16 27 s^3 + 64 81 s^4 + 3s 4 ) . (2.19)

s s r r s^{− 1}

ĝ_r (s) = i =0Σ ∞ (−^i r +1+i r r − 1 r i +1

s^{− (i +} (2.20)

s s

− 12.

r n + 1/ n

ĝ_r (s) = 1− s + 2 m_2

s^2 − + n! (−^nm_n

s^n

+ (−^{n +1}2r r r − 1 r s^r (r − s

where m_k k^{th} r

> 1,

ĝ_{r +1} (s) = 1 − ^_r (d_r s

r = r^2 /(r + r − .

ĝ (s) = 1 − s + 5 9s^2 − s) 5/3s ) . (2.22)

r = m + 1/2,

G_r^c (x) ∼ 2^{m+1}

.3.5 m+ π F^c (x

G^c (x) ∼ 40 27 π x_− and G_{ec} (x)∼ 20 9 π x_− as x . (2.24)

∞

P(W > x k^{th} k+^{st}

i =0Σ k a_i s^i +ĥ(s ĥ(s

ĝ(s) = i =0Σ ∞ a_i s^i + ĥ(s i^ (x) ∼ h(x) .

L(x

^ (s)^{th} (k +^{st} ≥ 0, ^ (s) =_{i =0}Σ^k a_i s + ĥ(s) ^(s) ∼ (−^{k+1} s^rL ) → 0

G^c (x) ∼ rΓ(− r)x^r

(−^{k+1} L(x) (3.2)

< r < k + 1.

not

(s) ∼ (−^{k+1} s^{k+1} log → 0

∫_0^xy^{k+1} dG(y) ∼ (k+ . (3.3)

1 − G(x) ∼ x^{k+1} k! . (3.4)

Proof. x ∫_0^xy^{k+1} dG(y) x^{k+1} G^c (x) + (k+ ∫_0^xy^kG^c (y)dy ,

ĥ(s) ∼ (−^{n +1} n n − 1 n ns^n log s as s →

r = n + 1/

ĥ(s) ∼ (−^{n +1} r r − 1 r rπs^r as s → 0 .

G g(x) = Ax^{− (k+} for x ≥ x_0 let

g(t) = π t^2

− cos t) = π 4 t 2

ĝ(s) = π 2 arctan ) − π s log 1 + s^2 1 . (3.6)

s → 0,

arctan ) = 2 π − s + 3 s^3 − 5 s^5 +

ĝ(s

π s log 1 + s^2 1 = π s + s^2 ) − π 2s log s

s = /π)s log s as s →

ĝ_e (s) = − ĝ(s .

Ŵ^c (s) ≡ ∫_0^∞ e^{− sx}P(W > x)dx = k=1Σ^{∞ (− k+1}_1^ρ k − ĝ_e (s^k s^{− 1}

Proof. Wis

Ee^{− sW} = 1 s 1− ĝ(s) 1 = 1 + 1 ρ s ĝ(s)− − s) 1

= 1 + 1 ρ − ĝ_e (s 1 . (3.8)

Since Ŵ^c (s) = − Ee^{− sW}] ĝ_e (s

ĝ_e = 0, 1− g_e (s) s s

W^c (t) = 1 ρ G_e^c (t) + 1 ρ 2 1− G_e^{∗2} (t)− 2G_e^c (t)

+ 1 ρ 3 3 G_e^c (t)− − G_e^{∗2} (t

+ 1− G_e^{∗3} (t)

+ ... (3.9)

Let +^{− 1} (ĝ ĝ +^{− 1} (s^kĝ k^{th} g

+^{− 1} (s^{k+1} ĝ(− s +^{− 1} (s^kĝ) 2 and +^{− 1} (s^{− 3} ĥ(s)^2 ) +^{− 1} (ĥ(s

P(W > x) ∼ 1 ρ ψ_1 (x) + m_2 1 ρ 2 ψ_2 (x)

+ 3 m_3 + 4 3m_2 1 ρ 1 ρ 2 ψ_3 (x) (3.10)

2 (m_3 )

ψ_1 (x)∼G_e^c (x) = ∫_x^∞ G^c (y)dy∼∫_x^∞ H^c (y)dy ψ_2 (x)∼G^c (x)∼H^c (x) ≡ ∫_x^∞ h(y)dy ψ_3 (x)∼g(x)∼h(x)

as x .

as x as x (3.11)

+^{− 1} (s^{k+1} ĥ +^{− 1} (s^kĥ x ĝ +^{− 1} (s^{− 3} ĥ(s)^2 +^{− 1} (ĥ(s x ĥ(s)^k in ĝ(s)− − s

+^{− 1} s^{k− 1}

s^2 ĝ(s)− − s) k = +^{− 1} s^{k− 1} a_2 +a_3 s + + s^2 ĥ(s) k

∼+^{− 1}

s^2 ĥ(s) as x for k =

∼+^{− 1}

2a_2 s ĥ(s) + a_3 ĥ(s) + s^3 ĥ(s)^2 for k =

∼+^{− 1} a_2 ĥ(s k =

∼+^{− 1} (ka_2^ks^{k− 2} ĥ(s k > 3 . (3.12)

G

s^n +as^{− 1}

m_2 or m_3

r = m_2

r =

Conjecture. = 2.

P(W > x) ∼ )x ρ 1 + )x ρ x) − .

Ŵ^c (s) = 1 ρ s^2 ĝ_2 (s)− − s) − 1 ρ 2 s^2 ĝ_2 (s)− − s) 2 s +

= ) ρ + 2s^{− 1} )− ) ρ 2 +2s^{− 1 2} s +

+2s^{− 1} ) log s +2s^{− 1 2} s + s)^2, +^{− 1} (− log s)∼x^{− 1},

+^{− 1} (s log s)∼x^{− 2} and +^{− 1} (s s)^2 )∼ x−^2 as x

r = r =

G_4 are m_1 = 1, m_2 = m_3 = m_4 .

E_2 M

/ Γ_{1/2} r = G_4

G_4

Γ_{1/2} distribution. Γ_{1/2} and G_4

10^{− 8}.

P(W > x x ranging

EW = ) ρ +c_s^2 ) = . (4.1)

P(W > x × 10^{− 4} to × 10^{− 3} at x = × 10^{− 5} of x

Γ_{1/2} x = ×10^{− 3}

G_{4e}^c G_r^c (x x,

M and Γ_{1/2}

G_4

x

x = x = × 10^{− 7}. x x = 40.

P(W > x) = 1 − ) n =0Σ ∞ ρ^nG_{re}^{∗nc} (x where G_{re}^{∗nc} n G_{re} G_r

P(W > x) ∼ 1 − G_{re} (x ∼ ρ G_{re}^c (x

x = x =

r =

(1.6). x x N value.

considered.

V− U

ρ ρ^∗ with 0^∗ < ρ with ρ^∗ ρ with

0^∗ Ee^{s(V− U)} =

ĝ(s) ≡ Ee^{− sV} ĝ(s

− s^∗ for s^∗ > ĝ(s s^∗ Ee^{sV} g

class III:

class II:

class I: s^∗ = 0 .

s^∗ > < g(− s^∗ ) s^∗ > g(− s^∗ ) (5.1)

u > g(x

h_u (x) = ĝ(u) e^{− ux}g(x) , x ≥

Clearly, h_u (x ĥ_u (s) = ĝ(s +u) ^(u), ĝ = ĝ(− s) s > 0, − u ĥ_u (s ĥ_u (− u) = 1 ^(u h_u u h_u g. h h(s − s^∗

ĝ(s) =

h(− s^∗ ) ĥ(s − s^∗ ) g(x) = h(− s^∗ ) e^{s∗ x}h(x)

, x ≥ 0 . (5.4)

= 1^{− 1}

^ (s) = Ee^{− sU} ^(s) = Ee^{− sV} ^(s) is − s^∗,

0<s^∗ ^(− s^∗ ) = d, 1 < d^∗ ^(ρ^∗ ) = 1

P(W > x) ∼ 1− dâ(s^∗ ) s^∗ ŵ(− s^∗ )â(s^∗ ) G_{ec} (x x . (5.5)

value ŵ(− s^∗

â(s^∗ ŵ(− s^∗ ).

Corollary.

P(W > x) ∼ − [ρ /ρ^{∗ 2} ρ ) G_e^c (x x . (5.6)

Proof. Since â(s) /( s), ρ^∗ = s^∗ /(d −

1− dâ(s^∗ ) s^∗ ŵ(− s^∗ )â(s^∗ ) = s^∗ − dρ ρ s^∗ 1 ĝ_e (− s^∗ ) 1 ____________ =

− [ρ /ρ^{∗ 2} ρ ) .

algorithms.

probabilities P(W > x x

Acknowledgment.

References

.. U .. bertragungstechnik,

distributions,

(Cambridge submitted.

(Academic, 1980).

Distributions-1

1991.

2334-2336.

J.

with r = x ×10^{− 1} ×10^{− 1} ×10^{− 2} ×10^{− 3} ×10^{− 2} ×10^{− 2} ×10^{− 3} ×10^{− 2} ×10^{− 3} ×10^{− 3} ×10^{− 3} ×10^{− 3} ×10^{− 4} ×10^{− 3} ×10^{− 3} ×10^{− 4} ×10^{− 3} ×10^{− 3} ×10^{− 5} ×10^{− 3} ×10^{− 4} ×10^{− 6} ×10^{− 4} ×10^{− 4} ×10^{− 6} ×10^{− 4} ×10^{− 4} ×10^{− 7} ×10^{− 4} ×10^{− 4}

P(W > x m_1 = 1 and m_2 =

G_4 Γ_{1/2 2} asymptotics a 2 = c_a^2 = c_a^2 = c_a^2 =

P(W > x r = asymptotics

x exact ϕ (x) ≡ x^3 ϕ (x) 1 + x 27 ϕ (x) 1 + x 27 + x^2

352

× 10^{− 4} × 10^{− 5} × 10^{− 4} × 10^{− 4} × 10^{− 4} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 6} × 10^{− 6} × 10^{− 6} × 10^{− 6} × 10^{− 7} × 10^{− 7} × 10^{− 7} × 10^{− 7}

r = asymptotics

x exact ϕ (x) ≡ x^3 ϕ (x) 1 + x ϕ (x) 1 + x + x^2 × 10^{− 3} × 10^{− 3} × 10^{− 3} × 10^{− 3} × 10^{− 4} × 10^{− 4} × 10^{− 4} × 10^{− 4} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 5} × 10^{− 6} × 10^{− 5} × 10^{− 5}

r =

Approximations

x Exact N = 100 N = 300 N = 900 N = 100 N = 300 N = 900 e − e − e − e − e − e − e − 1 e − e − e − e − e − e − e − 2 e − e − e − e − e − e − e − 2 e − e − e − e − e − e − e − 3 e − e − e − e − e − e − e − 3 e − e − e − e − e − e − e − 3 e − e − e − e − e − e − e − 3 e − e − e − e − e − e − e − 4 e − e − e − e − e − e − e − 4 e − e − e − e − e − e − e − 4

P(W > x N r = N e − k ×10^{− k})