by 1 2 3

1 2 3

Abstract

related.

Let W L workload let Q, Q^a and Q^d

η,σ ,α_L,α_W,β, β^a and β^d e^{ηx}P(L > x)_L and e^{ηx}P(W > x)_W as x (1) and σ^{− k}P(Q > k) , σ^{− k}P(Q^a > k)^a and σ^{− k}P(Q^d > k)^d as k . (2) η and σ the and α_L,α_W,β,β^a and β^d asymptotic constants. as σ^{− k}P(Q = k) )/σ as k . (3)

K

V η and σ Ee^{ηV − 1} β^a_W, L and α_L/α_W )/

Ee^{sV}

MMPP_2/D_{2 2} 2

w_p = x : P(W > x) < 1− p w_p ∼ α_W/ /η η and σ

x_0 , x_1 , x_1 R, x_1 R^2 , where R σ R

x_1 R^{i i} (x_1 r)l + o(σ^i i where l and r σ le = lr = 1, with e σ and η are η and ξ σ of R x_1 (r)l

Q(∞ component m×m matrices A_k ≡ A_k(∞ ); m_1 ×m matrices B_k ≡ B_k(∞ m×m_1 matrix C_0 ≡ C_0 (∞ Q(∞ ρ (x_0 , x_1 , x_i = (x_{i1} x_{im} X(z) = i =1Σ ∞ x_i z^i

equation X(z zI− A(z = zx_0 B(z) − zx_1 A_0

where A(z) =

k=0Σ^{∞ A}k^{zk and B(z) =}_{k=1}Σ^{∞ B}k^{zk.}

βi^{− p} σ^i as i for p ≠ p =_ilim and_ilim denote

that_ilim^{− i}i^px = l_j and_ilim σ^{− i}i^px = u_j 0 ≤ l_j ≤ u_j and

p ≡ k=0Σ^{∞ A}k j^{> u}j^)

Proof. i,j i j i ≥ m + j′ A m i,j i + k, j′ m k k m m m × m submatrices A_l i i ≥ m + m + m ε k x x_{i +k,j′} (6) i j and j′

i lim^{− i}i^px_ilim^{− i}i^px_{i +k,j′}^k_ilim^{− (i +k)} (i +k)^px_{i +k,j′} (7)

and

i lim σ^{− (i +k)} (i +k)^px_{i +k,j′}^{− 1}_ilim σ^{− (i +k)} (i +k)^px^{− 1} σ^{− k}_ilim σ^{− i}i^px . (8)

x_i as i z > B(z z function X(z z > p(z) = z where p(z) ≡ pf(A(z A(z p(z) A(z p(z

(s) (A(s

Ho .. sX (z) ≡ pf(A(z (z) p(z) (z) log p(z) (z) z > 0 (z) = ≠ 1 > 1.

Proof. z = e^{− s} A(e^{− s} ) s p(e^{− s} s ,∞ s ∞ ( ,∞ p(e^{− s}

− log z p(z z for z > p(z z A p = A p′ < p(z) = z z > 1.

A(z z not pf(A(z p(z) = z may actually not z > W Q^d

example, P(Q > k) ~x^{− 3/2} σ^k as k k. X(z z^{− 1} σ^{− i}x if σ^{− i}x → l_j as i σ^{− i} k=i +1Σ ∞ x l_j / i

X(z I − A(z = x_0 B(z) − x_1 A_0 (9) where A(z) = A(z) p _ (z A(z z p _ (z) =

P p ≤ l and r p le = lr = e is P be Z = (I − P + prl)^{− 1}.

Z Z is P is l π and r = e P and P − prl P since P P − prl.

= lr = 1 − prl

Proof. P and P − prl

P − prl l and r P and P − prl p P

p ≤ 1 = lr = 1 (I − P + prl)

Z ≡ (I − P + prl)^{− 1} = I + n =1Σ ∞ (P − prl)^n = I + n =1Σ ∞ (P^n − p^nrl

Zr = r > 0 = l > 0. Proof. Let sp sp(P − prl) < P − prl)^n → 0

(P − prl)^n = i =0Σ n i n (−^{n − i}P^i (prl)^{n − i} = P^n + i =0Σ n − 1 i n (−^{n − i}p^nrl = P^n − p^n

Finally,

Zr = (I + n =1Σ ∞ P^n − p^nrl)r = r + n =1Σ ∞ (p^nr − p^nr) = r ,

where r lZ.

≡ A (z) ≡ pf(A(z = z σ^{− 1} > 1 (σ^{− 1} ) ε (σ^{− 1} ) (x_0 B(σ^{− 1} )− x_1 A_0 )r(σ^{− 1} ) > 0 (z) σ^{− 1},

′(σ^{− 1} ) ′(σ^{− 1} ) > 1 σ^{− 1}

σ^{− i}x_i → l ≡ p′(σ^{− 1} ) − 1

(x_0 B(σ^{− 1} )− x_1 A_0 )r(σ^{− 1} )l(σ^{− 1} ) as i

Proof. A A(z z > pf(A(z z > (I − A(z^{− 1}

k=0Σ^{∞ A(z)k p_(z) < l(z r(z} p _ (z r(z

X(z)r(z − p _ (z = (x_0 B(z) − x_1 A_0 )r(z) ≡ H(z)r(z

X(z I − A(z) + p _ (z)r(z)l(z = H(z) +

1 − p _ (z) H(z)p _ (z)r(z)l(z)

X(z) =

H(z) +

1 − p _ (z) H(z)p _ (z)r(z)l(z) (I − A(z) + p _ (z)r(z)l(z)^{− 1}

i lim σ^{− 1} x_i =_{z − 1} − zσ )X(z)

=_{z − 1} − zσ )

H(z) +

1 − p _ (z) H(z)p _ (z)r(z)l(z) (I − A(σ^{− 1} ) + p _ (σ^{− 1} )r(σ^{− 1} )l(σ^{− 1 − 1}

= σ^{− 1} p _′ (σ^{− 1} )

H(σ^{− 1} )p _ (σ^{− 1} )r(σ^{− 1} )l(σ^{− 1} ) (I − A(σ^{− 1} ) + p _ (σ^{− 1} )r(σ^{− 1} )l σ^{− 1 − 1} = p′(σ^{− 1} ) − 1

H(σ^{− 1} )r(σ^{− 1} )l(σ^{− 1} ) (I − A(σ^{− 1} ) + r(σ^{− 1} )l(σ^{− 1 − 1} ,

because

z^{− 1} lim z 1 p _ (z) − 1 = σ p _′ (σ^{− 1} ) = p′(σ^{− 1} ) − 1 .

p′(σ^{− 1} p(σ^{− 1} ) p(z z A recurrent, p′ < p(z have p′(σ^{− 1} ) > l(σ^{− 1} I − A(σ^{− 1} ) + r(σ^{− 1} )l(σ^{− 1 − 1} = l(σ^{− 1} ) .

x_0 B(σ^{− 1} )− x_1 A_0 )r(σ^{− 1} l(σ^{− 1} σ^{− i}x_i i limit. x_0 B(σ^{− 1} )− x_1 A_0 )r(σ^{− 1} ) >

r = e since A ≡ A x_0 B − x_1 A_0 )e = (x_0 B(z)− x_1 A_0 )r(z) > z < z^{− 1} x_1 = A_0^{− 1} − B_0 )x_0

x_0 B(σ^{− 1} ) − x_1 A_0 = x_0 (B(σ^{− 1} ) − − B_0 σ^{− 1} > B(z) > z > 0.

Corollary.

σ^{− i}x_i e → le = p′(σ^{− 1} ) − 1

(x_0 B(σ^{− 1} ) − x_1 A_0 )r(σ^{− 1} ) , x x_{i + j} , x_i e x_{i +1} e and x_i e x → l(σ^{− 1} )

.

Q^d K

N(t J(t): N(t t J(t N(t J(t Q̃ i.e.,

ρ Q̃ = D0 D_0 D_1

D_0 D_1 D_2

D_0 D_1 D_2 D_3 (14)

where ρ D_k, k ≥ m × m matrices, D_0 D_k k ≥ D ≡

k=0Σ^{∞ D}k m

ρ Let V ϕ (s) ≡ Ee^{sV} s.

ϕ ′(s) = EVe^{sV} ϕ (η ϕ ′(η η

Q^d and Q L x^d i j x_i^d = (x_{i1}^d x_{im}^d X^d (z) = i =0Σ ∞ x_i^dz^i D(z) =

k=0Σ^{∞ D}k^{zk and}

A(z) = E[e^{ρ D(z)V}] = ∫_0^∞ e^{ρ D(z)y}dP(V ≤ y) . (15)

Then X^d (z zI − A(z = (− x_0^dD_0^{− 1} )D(z)A(z − x_0^dD_0^{− 1} Q^d Q^d (z) = X^d (z)e, e z > 1.

D(z A(z z D(z A(z A(z D(z z pf(A(z = z pf(A(z = z D(z A(z

> 1 pf(A(z = σ and η with 0 1 and

0

pf(D /σ = ρ η and Ee^{ηV} = 1/σ . (17)

Proof. D(z z > D(z D(z A(z r(z A(z)r(z) = ∫_0^∞ e^{ρ D(z)y}r(z)dP(V ≤ y) = r(z)∫_0^∞ e^{ρ ypf(D(z} dP(V ≤ y

pf(A(z = Ee^{ρ pf(D(z V} . (18) pf(A(z = z. σ and η in pf(A(z = z

σ and η e 1 σ (η e

D(z). (z)

≥ 0 (D = 0. Proof. Since D(z e^{D(z)} pf(e^{D(z)} ) = e^{pf(D(z} pf(D(z = e^{pf(D(z} z e^D pf(e^D ) = pf(D = 0. Q^d

1 ≡ D 0 1 and 0^{( )V} and pf(D(σ^{− 1} ε

d (z) σ^{− 1}

σ^{− i}x_i^d → l^d = ρ (p′(σ^{− 1} ) − η(− x_0^dD_0^{− 1} )r(σ^{− 1} )l(σ^{− 1} ) as i

(z) ≡ pf(A(z^d p′(σ^{− 1} ) ′(η)p_D′(σ^{− 1} ) > 1 ϕ (η) = Ee^{ηV}_D (z) = pf(D(z . Proof. X(z X^d (z

because D − x_0^dD_0^{− 1} )D(z)A(z x_0 B(z) − x_0 B(z) − x_1 A_0 (− x_0^dD_0^{− 1} )D(z)A(z)r(z) = (− x_0^dD_0^{− 1} )pf(D(z pf(A(z r(z z > pf(D = 0, pf(D(z z σ^{− 1} pf(D(σ^{− 1} /ρ and pf(A(σ^{− 1} = p′(σ^{− 1} given.

Let g G in − x_0^dD_0^{− 1} − (x_0^dD_0^{− 1} ) = )g σ l^d / probabilities σ^{− k} k=i +1Σ ∞ x_i^d

x^t i j x_i^t = (x_{i1}^t x_{im}^t X^t (z) = i =0Σ ∞ x_i^tz^i

X^t (z)D(z) = (z− X^d (z) . (21) z <

X^t (z X^t (z) − x_0^t x_0^d (D(z) − I) X^d (z)E[e^{ρ D(z)Ve} where V_e P(V_e ≤ x) = (EV)^{− 1} ∫_0^xP(V > u) (23)

(A(z = σ^{− 1} > 1 (σ^{− 1} )^{ρ D(σ − 1 )Ve} Proof. pf(D(σ^{− 1} / D(σ^{− 1} Ee^{ηV − 1} Ee^{ηVe} = E(e^{ηV} − /ηEV pf(Ee^{ρ D(σ − 1 )Ve} ) = Ee^{ρ pf(D(σ − 1 Ve} = Ee^{ηVe} .

x^a and X^a (z D( j,k j,k)^{th} D

X_j^a (z) = X_j^t (z)

k=1Σ^{m (D − D}0^{j,k}

Q^a is Q^a (z) = X^a (z)e = X^t (z D − D_0 )e. Q^a Q^d X^a (z) = X^d (z X^a (z)e = X^d (z)e X^t (z D_0 + D_1 z) = (z − X^d (z X^a (z)e = X^t (z)D_1 e.

D_1 e D_0 e X(z)D_1 e = X^d (z)e

x_0^t x_0^dD_0^{− 1} or x_0^d x_0^t D_0 , x_0^ae = x_0^t (D − D_0 )e. x_i^t and x_i^a.

σ^{− i}x_i^t → l^t and σ^{− i}x_i^a → l^a where

l^t = ρ ) l^d (26)

and

l^a = l^t

k=1Σ^{m (D − D}0^{j,k}

d ae = l^t (D − D_0 )e. Proof.

l^d ρ E(e^{ρ D(σ − 1 )Ve} ) = l^d ρ )/ , because

l(σ^{− 1} )E(e^{ρ D(σ − 1 Ve} ) = l(σ^{− 1} )E(e^{pD (σ − 1 )Ve} ) = l(σ^{− 1} ) η (e^{ηV} − = )l(σ^{− 1} )

l(σ^{− 1} )D(σ^{− 1} ) = l(σ^{− 1} )p_D (σ^{− 1} ),

l^d = 1 σ l^tD(σ^{− 1} ) = 1 σ l^tp_D (σ^{− 1} ) = ρ ) l^t .

l^de = l^ae = l^tD_1 e = l^te /ρ D − D_0 = D_1 D_0 = p_D (σ^{− 1} )^{− 1} − 1 /ρ /ρ ) = 1.

Let F_j (x x j F(x) = (F_1 (x F_m(x F̂(s) = ∫_0^∞ e^{− sx}dF(x

F̂(s) I s D(V̂(s = x_0^t . (28)

L F̂(s)e. Let F^a (x) = F_1^a (x F_m^a (x x j F̂^a (s) = ∫_0^∞ e^{− sx}dF^a (x

F̂_j^a (s) = F̂(s)

k=1Σ^{m (D − D}0^{j,k}

for F̂(s W^b W^b is F̂^a (s)e = F̂(s D − D_0 )e.

l̃(s r̃(s ρ D(V̂(s f(s l̃(s)e = l̃(s)r̃(s) = l̃( ) = l(σ^{− 1} r̃( ) = r(σ^{− 1} s f( ) > f(s) > s

(σ^{− 1} ) ≡ I^{− 1} D(σ^{− 1} ) + r(σ^{− 1} )l(σ^{− 1} ) l(σ^{− 1} )Y(σ^{− 1} ) = l(σ^{− 1} ). Proof. pf(^{− 1} D(σ^{− 1} = u u(I^{− 1} D(σ^{− 1} ) + r(σ^{− 1} )l(σ^{− 1} = r(σ^{− 1} (σ^{− 1} ) = u D(σ^{− 1} ur(σ^{− 1} ) = u = 0.

Let S and S^a π S πD = πe = π^a S^a satisfies π_j^a_j

k=1Σ^{m (D − D}0^{j,k F(∞ )}

probabilities F(x F̂(s ϕ (η) = Ee^{ηV} and p_D (z) = pf(D(z [ F̂(s s

e^{ηx}P(L > x, S = j) = e^{ηx}(π_j − F_j (x → l_j^L = ρ p_D′(σ^{− 1} )ϕ ′(η) − 1 x_0^t r(σ^{− 1} )l(σ^{− 1} )_j = ) σ l_j^t

e^{ηx}P(W > x, S^a = j) = e^{ηx}(π_j^a − F_j^a (x → l^{Wb} = l_j^L

k=1Σ^{m (D − D}0^{j,k) =}_)^{σ lj} a

e^{ηx}P(L > x)_L ≡ l^Le (32) and e^{ηx}P(W^b > x)_Wb ≡ l^{Wb}

l W^b

Proof.

s ( F(s

(I D(V̂(s ) = M(s) ≡ s π(I D(V̂(s ) − s x_0^t . (34)

r̃(s s < 0

s ( F(s r̃(s − f(s = s π − F(s r̃(s) − x_0^t r̃(s) . (35)

s s ) s ( F(s r̃(s) =_s lim (s ) s πr̃(s) − − f(s s

(s )x_0^t r̃(s)

= η f′( ) x_0^t r̃( )

p_D (z) ≡ pf(D(z

f′(s) = s ρ p_D′(V̂(s V̂′(s) − s^2 ρ p_D (V̂(s ,

f′(η) = η ρ p_D′(σ^{− 1} )ϕ ′(η) − 1 . (37)

p′(σ^{− 1} ) ≡ dz d pf(A(z z^{− 1} pD′(σ^{− 1} )E[Ve^{ηV}] p′(σ^{− 1} )ϕ ′(η

(s ) s ( F(s I s D(V̂(s

− f(s)r̃(s)l̃(s)

= (s )

M(s) − s − f(s

(π − f(s − x_0^t )r̃(s)l̃(s) f(s) (39)

s

s s ) s ( F(s I η D(σ^{− 1} ) + r̃( )l̃( = η f′( ) x_0^t r̃( )l̃( )

l̃( ) = l(σ^{− 1} r̃( ) = r(σ^{− 1}

l(σ^{− 1} )Y(σ^{− 1} ) = l(σ^{− 1}

l(σ^{− 1} ) = l(σ^{− 1} )Y(σ^{− 1} )^{− 1} Y(σ^{− 1}

(31)–(33).

L , β^a_W (41) and

β β^a =

l^te l^t (D − D_0 )e = l^Le l^L(D − D_0 )e = l^Le l^{Wb} e = l(σ_{− 1} D − D_0 ) (42)

β β^a = β β^d = l^te l^tD_1 e = l^Le l^LD_1 e ______ =

l^Le l^We = α_L α_W

= l(σ^{− 1} )D_1 e = ρ ) . (43)

Proof. l^t β^a l^a

β^{a d} and l^We_W

D − D_0 = D_1 β^d / /ρ α_W/α_L /ρ

Corollary. 1

β β^a = α_L α_W = ρ σ = ρ 1 . (44)

e

β β^a = α_L α_W = ρ − e ) ηe = ρ ) logσ

. (45)

time T W V

e^{ηx}P(W > x)_W as x e^{ηx}P(T > x)_W/σ

.

t (MSP).

quasi-birth-and-death

Q̃ = B̃_1

B̃_0

Ã_2

Ã_1

Ã_0

Ã_2

Ã_1

Ã_0

. . Ã_1

Ã_0 Ã_0

(46)

Let D_0^↑ and D_1^↑ D_0^↓ and D_1^↓

ρ ⊗ ⊕ Ã_0 = I_1 D_1^↑ , Ã_1 = D_0^↓ D_0^↑ and Ã_2 = D_1^↓ ⊗ I_2 where I_1 and I_2

B̃_0 = I_1 D_0^↑ and B̃_1 = Ã_2 . (48) B_0

B̃_0 = D^↓ D_0^↑ .

Q̃

m_1 m_2 where m_1 and m_2 are

R equation R^2 Ã_2 + RÃ_1 + Ã_0 = 0 . (49) σ R, pf(R

pf(Ã(σ = where Ã(z) = x^2 A_2 + zA_1 + A_0 D(z A(z) A(z

~ pf(Ã(z (A = 0 pf(A(z = 0 σ with 0 1.

~ ↑ ↓

x_i = x_0 R^{i i} (x_0 r̂(σ l̂(σ ) + o(σ^i ) σ 0 1 pf(Ã(z = 0 pf(D^↓ (z pf(ρ D^↑ ^(σ ) ^(σ ) (σ ) (A(σ l̂(σ )r(σ ) = l̂(σ )e = 1. Proof. Ã D^↑ D^↓ pf(Ã(z = < z < σ

pf(Ã(z = pf z(I_1 D_1^↑ ) + (I_1 D_0^↑ ) + (D_0^↓ ⊗ I_2 ) + z (D_1^↓ ⊗ I_2 )

= pf I_1 ⊗ (ρ zD_1^↑ D_0^↑ + D_0^↓ + z D_1^↓ )⊗ I_2 = pf(zρ D_1^↑ D_0^↑ ) + pf(D_0^↓ + z D_1^↓

= pf(D^↑ (z + pf(D^↓ . (53)

pf(D^↑ (z pf(D^↓ (z z pf(D^↓ z

x^t i j x^a and x^d

x^a = x^t

kΣ^Ã0^{( j,k xd = xt}_kΣ^Ã2^{( j,k}

x^d x_i^ae = x_i^tÃ_0 e and x_i^de = x_i^tÃ_2 e x_i^a and x_i^d level i x_i^tÃ_0 e (x_i^tÃ_2 e x_i^ae = x_i^de

2 D_0 = M , D_1 and D_j = j ≥ M Λ phases,

M = m^1 − m^1

− m_0 m_0 and 0 λ^1 λ_0 0

where m_0 ,m_1 ,λ_0 and λ_1 m_0 λ_1 + m_1 λ_0 = m_0 +m_1

ρ where ρ

D(z) = m^1

− m_{0 0} (z−

− m_{1 1} (z− m_0 . (57)

pf(D(z ≡ p_D (z

x = z − 1, m = m_0 + m_1, s_{0 1} and d_{0 1}

D(z) I)^2 (sx− m)_0 λ_1 x^2 − mx =

yielding

p_D (z) (x) = 2 sx− m+ d^2 x^2 +2mx − s)+m^2 . (59)

γ(σ^{− 1} − = ρ η and Ee_{ηV − 1} (60)

for γ(x

P(V = = = 1 − P(V = . EV = EV^2 =_0 = 1 = ρ m_0 m_1 =

m = s = d =

γ(x) = x − + x^2 + . (61)

p_D (σ^{− 1} ) = l(σ^{− 1} ) =

D(σ^{− 1} ) = − and r(σ^{− 1} ) =

(62)

with l(σ^{− 1} r(σ^{− 1} l(σ^{− 1} )r(σ^{− 1} ) = l(σ^{− 1} )e = 1. l^d ϕ ′(η), p_D′(σ^{− 1} g (− x_0 D_0^{− 1} ) = )g ϕ ′(η) = EVe^{ηV} = . (63)

p_D′(z) ′(x) = 2 s + 4 (d^2 x^2 + 2mx − s)+m^2 )^{− 1/2} d^2 x + 2m − s

p_D′(σ^{− 1} ) ′ = . (65) g = (σ^{− 1} ) =

l^d =

ρ (ρ p_D′(σ^{− 1} )ϕ ′(η) − η ) (σ^{− 1} )l(σ^{− 1} ) = l(σ_{− 1}

and l^ae = l^de =

l^t = ρ ) l^d = l(σ^{− 1}

and l^te =

l^ae = l^tD_1 e = l^de

Next,

l^L = 1 σ l^t = l(σ^{− 1}

and

l^We = 1 σ l^ae =

α_L , α_W^a and

α_W α_L = β^a β = l^de l^te = ρ ) =

k and β^a σ^k

values P(Q > k P(Q^a > k th

Acknowledgment.

References

preparation.

preparation.

Transformation,

Problems.

Princeton.

Adv.

Oper. Res.

Approach. J.

18, 221-254.

Applications,

Z. Wahrscheinlichkeitsth.

P(Q^a > k) P(Q > k) k

2/D_2 x exact α_Le^x α̂_L(x) η̂(x)

probabilities, P(L > x_2^b c_s^2 =

x exact α_Te^x α̂_T(x) η̂(x)

P(T > x_2^b c_s^2 = x

− − − − − −

− − − −

MMPP_{2 2} /

k )^{k− 1}_{ap} )β_{ap}^∗ σ_{ap}^k

P(Q = k_2^b/1 c_s^2 = β )/

P(Q = k) P(Q > k) k

P(Q = k P(Q > k 2

k exact^k β_{ap} σ_{ap}^k

P(Q > k_2 EQ = β_{ap} = EQ ) = σ_{ap} = k exact^k β_{ap} σ_{ap}^k

P(Q > k_2 EQ = β_{ap} = EQ ) = σ_{ap} =

k exact β )σ^k

P(Q = k_2

W_W T_{T W}/σ L_L )α_W/ Q^a Ee^{ηV} β^{a 2} ϕ ′(η)α_W/ Q^a α_L/α_W ′(η)α_W Q^{d d a} N^{a a} /σ N /σ N^{d d} /σ