by

and

Abstract

U(t t ≥ N(t t ≥ T_n : n ≥ U(T_n − n ≥

V(t) = t 1 ∫_0^t U(s)ds , t >

W(t) = N(t) 1 k=1Σ^{N(t) U(T}k^{− N(t) >}

ρ / t

t^{1/2} [V(t) − v] N σ_v^2 and t^{1/2} [W(t) − w] N σ_w^2 as t v = w / ), N(m, σ^2 ) m σ^2

σ_v^2 = )^4

2ρ ) and σ_{w2} = )^4

+ 5 4ρ^{2 3} )

σ_w^2_v^2 = )^3 ) > 0 . (6)

V(t W(t V(t

X(t t ≥

N(t t ≥ T_n X(T_n − n ≥ f U(t) = f[X(t V(t W(t U(t) and T_n t to Ef[X(∞ X(∞ X(t t ≥ v = w = Ef[X(∞ σ_v^2 and σ_w^2

σ_w^2_v^2.

t n^{th}

W(t via L W

X ≡ {X(t t ≥ ∞ N ≡ {N(t t ≥ T_n : n ≥ N(t) = n ≥ T_n ≤ t}, t ≥ T_0 =^{th} N U(t) = f(X(t f X U N V(t W(t

V(t) → v and W(t) → w t (7) vand w w − v = E[μ^∗ (t μ^∗ (t U^∗ (t

with U^∗ (t) = f(X^∗ (t X^∗ and N^∗ X and N μ^∗ (t N^∗ at t X^∗ (t

W(t V(t t^{1/2} (V(t)− v , W(t)− w) N Σ t (9) Σ σ_v^2 and σ_w^2 σ_{vw} t^{1/2} (W(t) − V(t) − (w − v N σ_d^2 t where σ_d^2_w^2_v^2 − 2σ_{vw} . (11) vand w σ_v^2 , σ_w^2 , σ_{vw} and σ_d^2 in

σ_w^2

σ̂_w^2 =

n − 1 1 k=1Σ^{n (n[W( ) − W k − − W(t 2 .}

V(t W(t W(t) − V(t , λ

t^{− 1/2}

∫_0^t U(s)ds − vt , ∫_0^t U(s)N(ds) wt , N(t) t (L1 , L2 , L3

then t^{1/2} V(t) − v , W(t) − w

(L_1 , λ^{− 1} (L_2 − wL_3 t (13) and t^{1/2}

W(t) − V(t) − (w − v)

− 1 L_2^{− 1} wL_3 − L_1 as t . (14)

(L_1 , L_2 , L_3 ) σ_i^2 and covariances σ

σ_v^2_1^2 , σ_w^{2 − 2} (σ_2 − 2wσ_{23} + w^2 σ_3^2 σ_d^2_1^{2 − 2} σ_2^{− 2} w^2 σ_3^2 − 2λ^{− 1} σ_{12} + 2λ^{− 1} wσ_{13} − 2λ^{− 2} wσ_{23} .

Proof.

W(t) = λ t 1 ∫_0^t U(s)N(ds) −_{N(t)}^t_t^{N(t) t}_{λ t}^1 ∫_0^t U(s)N(ds

t^{1/2} (W(t) − w) = λ t^{1/2} 1 ∫_0^t U(s)N(ds) wt −_{N(t)}^t_{t1/2}^{N(t) t}_{λ t}^1 ∫_0^t U(s)N(ds)

− 1 L_2 − (λ^{− 1} L_3 λ^{− 1} λ w)^{− 1} (L_2 − wL_3 t .

V(t

N(t) t , λ t 1 ∫_0^t U(s)N(ds) (λ^{− 1} , w

V(t W(t λ v = w

^_t : t ≥ X, N ^_t σ X(s N(s ≤ s ≤ t U(t N(t intensity μ(t

hold. λ

t^{− 1/2}

∫_0^tU(s)ds t , ∫_0^t μ(s)ds t , ∫_0^tU(s)μ(s)ds wt ,

(15)

∫_0^tU(s N(ds) (s)ds N(t) − ∫_0^t μ(s)ds (Z1 Z5 t ,

1 = Z_{1 2} = Z_3 + Z_{4 3} = Z_2 + Z_5

(Y_1 , , Y_5 ) Proof.

Since U μ N

μ(t) f E[N(t)^2 ] t

μ(t) v = w λ 3.2 v and w U(t μ(t N(t

[V(t t^{− 1} ∫_0^t μ(s)ds , t^{− 1} ∫_0^tU(s)μ(s)ds] →^p [v, λ , λ w

where →^p

∫_0^t μ(s)ds

∫_0^tU(s)μ(s)ds_→p_{w as t}

X and N Y Y

{ ^_t : t ≥ Y. g and h X(t) = g(Y(t μ(t) = h(Y(t U(t) = f(g(Y(t where f μ N Y N are Y

∫_0^t U(s)ds = ∫_0^t k1 (Y(s ds ∫_0^t μ(s)ds = ∫_0^t k2 (Y(s ds (19) ∫_0^t U(s)μ(s)ds = ∫_0^t k3 (Y(s ds

with k_1 (y) = f(g(y k_2 (y) = h(y k_3 (y) = f(g(y h(y A Yand $ (A γ_i and functions b_i Y $ (A , i.e., Ab_i k_{i i} (20) for i = γ_i k_i ≡ ∫ k_i (x)π(dx where π Y

discussion. v, λ and λ w γ_1, γ_2 and γ_3 Since b_i ∈ $ (A), M_i (t) ≡ b_i (Y(t − ∫_0^t (Ab_i Y(s ds (22)

Y − 1/2 b

i (Y(t 0 =

t^{− 1/2}

∫_0^t ki (Y(s ds i t − Mi (t) t , i Proof.

∫_0^t ki (Y(s ds i t ∫_0^t (Abi Y(s ds

b_i (Y(t + b_i (Y(t − ∫_0^t (Ab_i Y(s

Y

t^{− 1/2} b_i (Y(t =^d t^{− 1/2} b_i (Y t

where =^d

M(t) = [M_1 (t M_5 (t

M_4 (t) = ∫_0^t U(s N(ds) (s)ds M_5 (t) = N(t) − ∫_0^t μ(s)ds , t ≥ 0 . (24)

M

− 1/2 M(t) Z′for M

i = Z_i′, 1 ≤ i ≤ 5. t^{− 1/2} M(t t M M E[M(t)^2 ]

t [M_i , M_i t) →^p σ_i^2 as t (25)

and

t [M_i , M_j t) →^p σ as t

M_i , M_i ] ≡ [M_i M_i , M_j see

≤ i ≤ 3 Y π σ = 2∫_0^∞ Cov[k_i (Y k_j (Y(t dt ;

4.3. M_n : n ≥ M_n (t) = M(nt)/ n, t ≥ R^5 t = 1.

≤ i, j ≤

U(T_k) W and E[U(T_k)^2 ] → E[W^2 k

E[U(T_k → E[W] = w as k . (28) Then

t N(t) →^p σ_{52}

t 1 k=1Σ^{N(t) U(T}k^{) →p σ} 45^{E[W] w (29)} t 1 k=1Σ^{N(t) U(T}k^{)2 →p σ} 4^{2 E[W2 t .}

f U(T_k)^2 = U(T_k σ_4^2_{45} w. W(t) − V(t μ(t N

[N(t)^2 ] and μ(t) = σ_d^{2 − 1} W] . (30) Proof. f μ(t) v = w, Z_2 = Z_3 Z_1 λ^{− 1} L_2^{− 1} wL_3 − L_1 λ^{− 1} Z_4^{− 1} wZ_5 σ_d^{2 − 2} σ_4^{2 − 1} w^2 − 2λ^{− 2} wσ_{45}^{− 1} W] .

ρ

σ_d^{2 − 1} W] = )^2 2 . (31)

σ_d^2 σ_v^2, σ_w^2 and σ_w^2_v^2 as

σ_{vw} = )^4 ρ − 26 5ρ^2 ) > 0 . (32)

f M_4 (t

t^{1/2} M_4 (t) N λ w t (33) σ_d^{2 − 1} w − w) . (34) Proof. f W(t) = V(t) = 1 t σ_d^2 = 0.

σ_d^2

w σ_d^2 = w λ^{− 1} − w)

w

Y

Y S_n : n ≥ Y J(t Y t N Y T_n : n ≥ S_n : n ≥ M are:

[M_i , M_i t) =

k=1Σ^{J(t) [b}i^{(Y(S}k^{+ − b}i^{(Y(S}k^{2 , i =}

[M_4 , M_4 t) =

k=1Σ^{N(t) k}1^{(Y(T}k^{2 ,}

[M_5 , M_5 t) = N(t [M_i , M_j t) =

k=1Σ^{J(t) [b}i^{(Y(S}k^{+ − b}i^{(Y(S}k^.

[b_j (Y(S_k + − b_j (Y(S_k ≤ i, j ≤ i ≠ j,

[M_i , M_4 t) =

k=1Σ^{N(t) [b}i^{(Y(T}k^{+ − b}i^{(Y(T}k^k1^{(Y(T}k^{≤ i ≤}

[M_i , M_5 t) =

k=1Σ^{N(t) [b}i^{(Y(T}k^{+ − b}i^{(Y(T}k^{≤ i ≤}

[M_4 , M_5 t) =

k=1Σ^{N(t) k}1^{(Y(T}k^.

Y A γ_i i

b_i = Zk_i + (πb_i )e where π e Z

Z_{lm} = ∫_0^∞ [P_{lm}(t)_m]dt with P(t A

Y(S_k) = l and Y(S_k +) = m, b_i (Y(S_k + − b_i (Y(S_k = (Zk_i )_l − (Zk_i )_m =

jΣ^{(Z − Z )k}i^{( j) . (39)}

σ_i^2 and σ ≤ i, j ≤ σ_i^2 and σ

1 ≤ i, j ≤ 3, σ_i^2 = 2

lΣ_mΣ^ki^{(l)π} l^Zlm^ki^{(m)} σ = 2 lΣ_mΣ^ki^{(l)π} l^Zlm^kj^{(m) .}

Proof. σ_i^2 σ A_l l^{th} A A_l l S_k, P(Y(S_k) = l)_l A_l /

jΣ^π j^Aj^{as k} and t J(t) → jΣ^π j^Aj^{t .}

σ_i^2 =

lΣ^π l^Al_lΣ_mΣ

jΣ^π j^Aj

π_l A_l A^l A Zk_i )_l − (Zk_i )_m]^2

= lΣ_mΣ^π l^Alm^{Zk}i^)l^{− (Zk}i^)m^{]2} = lΣ_mΣ^π l^Alm^{Zk}i^)l^{2 − Zk}i^)l^{(Zk}i^)m^{+ (Zk}i^)m^{2 ]} 2 lΣ_mΣ^π l^Alm^{(Zk}i^)l^{(Zk}i^)m 2 lΣ_mΣ_jΣ_nΣ^π l^Alm^{Z k}i^{( j)Z}mn^ki^{(n)} = 2 lΣ_jΣ^ki^{(l)π} l^{Z k}i^{( j .}

πA = Ae = because

mΣ_nΣ^Alm^Zmn^ki^{(n) k}i^{(l}

σ_{i4} and σ_{i5} ≤ i ≤ T_k from l to m l, m Y(T_k π^∗.

If{T_k} and π^{∗ − 1} N(t)

σ_{i4}

lΣ_mΣ^πl^∗_{Al}^{Alm}^{Zk}i^)l^{− (Zk}i^)m^{]U(l)}

and

σ_{i5}

lΣ_mΣ^πλ^∗_{Al}^{Alm}^{Zk}i^)l^{− (Zk}i^)m^]

for 1 ≤ i ≤ 3.

Acknowledgment. motivation.

σ_w^2_v^2 π_l^∗ and simplify.)

References

simulations.

simulation.

23.

L W. Queueing Systems

L W. L W.

Res. L W.

York.

Appl.

th

J.

Adv.

σ_w^2_v^2 π_l^∗ and simplify.)