by 1 2 3

________________ 1 2 3

Abstract j k k

X ∞ state-dependent j class-j

developed.

X ∞ not

m state-dependent

j^{th} j

before.

Let n ≡ (n_1 n_m n_j j^{th} e_j m j^{th} S Z_m^+ m S into m + B_i ≤ i ≤ m + B_j j ≤ j ≤ m B_{m+1} n ∈ B_j n + e_j ∈ S n − e_1 ∈ B_1 if n ∈ S and n_1 > n + e_j ∈ S whenever n + e_i ∈ S for i < j n ∈ B_j n + e_i /∈ S for i < j n − e_j ∈ S whenever n ∈ S and n_j > B_1 S

Let s(n) = n_1 + +n_m λ (k s(n) = k μ_i (k i when n_i = k.

π(n) = f(n) (S n ∈ S

where

f(n) =

j=0Π^{s(n)− 1λ ( j)}_{i =1}Π^m_{l =1}Π^{ni /μ}i^{(l}

(S) = n ∈ SΣ f(n).

Proof.

π n ∈ S with n_j > j > n + e_{j− 1} − e_j S n − e_j /∈ B_j n − e_j ∈ B_j n − e_j +e_{j− 1} /∈ S n +e_{j− 1} − e_j ∈ S n j j− 1. j j− π(n + e_{j− 1} − e_j )μ_{j− 1} (n_{j− 1} + j is π(n)μ_j (n_j n + e_{j− 1} − e_j /∈ S. n − e_j /∈ B_i for i ≤ j− n ∈ S, n − e_j ∈ S n − e_j ∈ B_j n j j j is π(n − e_j )λ (s(n)− j π(n)μ_j (n_j j = n ∈ S and n_1 > n − e_1 ∈ B_1.

λ ( j) j in m m

r m_j

j ≤ j ≤ r

j=1Π^{r m}j

m_j k j is λ_j (n)p

j n_kΣ

m_j p = i k j is μ (n are n q k j. q = k j and k.

Let n ≡ (n ≤ j ≤ r ≤ k ≤ m_j ≤ i ≤ q e be n. network k j q + B queue i ≤ i ≤ q B_{j,k,q +1} k j if n ∈ B n + e ∈ S n − e_1 ∈ B_1 whenever n ∈ S and n_1 > 0. n + e ∈ S whenever n + e ∈ S for i < l n ∈ B n + e /∈ S for i < l n − e ∈ S whenever n ∈ S and n > S S

n = i =1Σ q n and n_j =

k=1Σ^{mj n .}

π(n) = f(n) (S n ∈ S

where

f(n) =

j=1Π^r_{a =0}Π^{nj − 1λ} j^{(a)}_{k=1}Π^{mj pn}_{i =1}Π^{q /}_{l =1}Π^{n μ (l}

and g(S) = n ∈ SΣ f(n).

i j P i i j with probability P n

not p − p, 0 ≤ p < λ S = i be kμ_i k i

p = p = p > π(i,j) = Kx_i y_j for x_0 = y_0 = y_1 /μ_2 − p x_1 (μ_1 ) − p μ_1

1 x_2 and y_2 equations.

equivalently j,k,i j size-k queue-i ( j,k,i μ j,k,i j,k,i + ≤ i ≤ k− j,k,k

j,k,l j,k l >

p K_i ≤ i ≤ p r j arrives j λ_j (n) n class-j j. j is m_j j k p .

j a i ≤ i ≤ p a = but a i K_i requirements a

policies: and

j μ_j^{− 1}

j k as

kμ_j )^{− 1} k k k (kμ_j )^{− 1} k kμ_j )^{− 1} k− k− μ_j )^{− 1} k quantity q k j size-k i k + 1 − i j k

j and k p > k j is m_j j Class-j k λ_j (n)p when n class-j j j customers. j k n ≡ (n ≤ j ≤ r, 1 ≤ k ≤ m_{j,} 1 ≤ l ≤ k n j k l k j size-k macro n if

ka +

j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n a (k+1− l) > K}i^{i ≤ i ≤ (5.1)}

j,k n becomes n + e_1.

j size-k m ≤ m ≤ k

a (k− m+ +

j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n a (k+1− l) > K}i^{for}

while

a (k− m+ +

j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n a (k+1− l) ≤ K}i^{for}

1 ≤ i ≤ p a + j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n a (k+1− l) > K}i^{for ≤ i ≤ (5.4)}

l j and size k k− l + μ_j.

Let Q_j j Q_j =

k=1Σ^{mj}_{l =1}Σ^{k n (k− l +}

where n j k l k S ≡ S_p = n : j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n a (k+1− l) ≤ K}i^{≤ i ≤ p}^{. (5.6)}

S j macro

vectors n n ≤ n′if

l =1Σ m n ≤ l =1Σ m n′ j,k, (5.7)

If n ≤ n′ n n′

S ≡ S_C = {n : n ≤ n′ + e_1 for , > n′ with ka +

j=1Σ^r_{k=1}Σ^{mj}_{l =1}Σ^{k n′ a (k+1− l) ≤ K}i^{≤i≤p} . (5.8)}

n − i +1 (a) ≡ p μ (l)_j (k− i + f(n) =

j=1Π^r_{a =0}Π^{nj − 1(λ} j^{(a)/μ}j^)_{k=1}Π^{mj pn}_{i =1}Π^{k /(k− i + n n}

blocking.

j let n j l n = k=lΣ^{mj n}j,k,k− l +1^{. (5.10)}

n p^c =

k=lΣ^{mj p}

(5.9). n

π(n) = g(S)^{− 1} f(n n ∈ S where f(n) =

j=1Π^r_{a =0}Π^{nj − 1}_{μj}^{λ j (a)}_{l =1}Π^{mj}_l^{pc} n /n (S) = n ∈ SΣ f(n) and

S ≡ S_p = n : j=1Σ^r_{l =1}Σ^{mj la n ≤ K}i^{≤ i ≤ p}^{. (5.13)}

λ_j (a a

f(n) = j=1Π^r_{μj}^{λ j} n_j

l =1Π m_j l p^c n /n ! =_{j=1}Π^r_{l =1}Π^{mj}_{μj}^{λ j}_l^{pc}^n /n f(n (Q_1 Q_r Q_j ≡ l =1Σ m_j n j

class-j λ_j /μ_j ) l =1Σ m_j

(p^c is γ_j (k) = (p^c )/ l =1Σ m_j

(p^c ≤ k ≤ m_j g(S_p ) ≡ g(K K = (K_1 K_p

G(z) =

K_1 =0Σ ∞ K_p =0Σ ∞ g(K)z_1^{K1}_p^{Kp} (6.1)

z = (z_1 z_p K_i =

j=1Σ^r_{l =1}Σ^{mj la n . (6.2)}

Then

G(z) =

n_{11} =0Σ ∞ n_{r,mr} =0Σ ∞ K_1 =K_1

Σ^∞_{Kp =Kp}Σ^∞_{j=1}Π^r_{a =0}Π^{nj − 1λ} j^{(a)}_{l =1}Π^{mj}_{lμj}^{pc} n n ! 1 z_1^{K1}_p^{Kp}

= i =1Π p − z_i ) 1 n_{11} =0Σ ∞ n_{r,mr} =0Σ ∞ j=1Π^r_{a =0}Π^{nj − 1λ} j^{(a)}_{l =1}Π^{mj}_{lμj}^{pc} n n_! 1 i =1Π p z_i^{la n}

= i =1Π p − z_i ) 1 j=1Π^r_{nj1 =0}Σ^∞_{nj,mj =0}Σ^∞_{a =0}Π^{nj − 1λ} j^{(a)}_{l =1}Π^{mj}_{lμj}^{pc} n n ! 1 i =1Π p z_i^{la n} . (6.3)

r z_i λ_j (k)_j k and j

G(z)= exp j^{=1} Σ^r_{μj}^{λ j}_{l =1}Σ^{mj}_l^p c i =1Π p z_i^{la}

/_{i =1}Π^p − z_i ) . (6.4)

p = arrivals. p

j=1Σ^{r m}j^{j,l λ} j^{pc ,}

lμ_j la i λ_j (k) = (N_j − k)λ_j′ k and j

f(n) = j=1Π^r_{nj}^{Nj}_{μj}^{λ j′} n_j

n_j ! l =1Π m_j l p^c n n_!

1 (6.5)

and G(z) = i =1Π p 1− z_i 1 j=1Π^r^{1 +}_{μj}^{λ j′}_{l =1}Σ^{mj}_l^p c i =1Π p z_i^{la}

N_j

. (6.6)

f(n) =

j=1Π^r_{nj1 nj,mj}^{Nj}_{l =1}Π^{mj qn (6.7)} and G(z) =

j=1Π^r^{1 −}_{l =1}Σ^{mj q +}_{l =1}Σ^{mj q}_{i =1}Π^{p z}i^{la}

N_j

/_{i =1}Π^p − z_i

where q = x / +

k=1Σ^{mj x x} j^{′pc μ}j j=1Π^r_{l =1}Π^{mj − q )Nj .}

λ_j (k)_{j j} k α_j and β_j β_{j j} β_{j j} becomes G(z) = i =1Π p 1− z_i 1 n11 =0Σ ∞ n_{r,mr} =0Σ ∞ j=1Π^r_{r j − nj1 nr,mr}

r_j +n_j − 1 ×

μ^j β_j

n_j l =1Π m_j l p^c i =1Π p z_i^{la} n

= i =1Π p − z_i )^{− 1}

j=1Π^r^{1 −}_{l =1}Σ^{mj}_{μj l}^{β j p} c i =1Π p z_i^{la}

− r_j

. (6.9) for r_{j j} /β_j.

β_j α_j = N_j λ_j′, β_{j j}′ and r_{j j} /β_j N_j negative β_j λ_j (k)_{j j} kequals k

m_j p^c = l j

p

m_j .

Q_j (z) ≡ l =1Σ ∞ l p^c z^l . (7.1)

Q_j (z pmf p

= Aγ_j^{k− 1} ≥

p^c = A_j )^{− 1} γ_j^{m− 1} + p′ ,

A_j )^{− 1} γ_j^{l − 1} ,

1 ≤ l ≤ m− 1 l ≥ m (7.2)

′ = k=lΣ^{m− 1p , 1 ≤ l ≤ m− 1}

Q_j (z) = γ_{j j} ) A l =1Σ ∞ l (γ_j z)^l + l =1Σ m− 1 l p′z^l + γ_{j j} ) A l =1Σ m− 1

(γ_j^m_j^l ) l z^l

= γ_{j j} )

− A_j z) + l =1Σ m− 1 l p′z^l + γ_{j j} ) A l =1Σ m− 1

(γ_j^m_j^l )z^l . (7.3)

m p^c l distribution, m = A =_j

Q_j (z)_j z)/γ_j . (7.4)

Q_j (z p

P_j (z) ≡

k=1Σ^{∞ p zk . (7.5)}

j (z) Q_j (z) = ∫_0^z − P_j (u / − u (7.6)

Proof. − P_j (z / − z p_{j,k+1}^c ;

∫_0^z_{k=0}Σ^∞ pj,k+1^c u^kdu =_{k=0}Σ^∞_{k+1}^{pj,k+1c zk+1} = Qj (z) .

=_j )γ_j^{k− 1} ≥ 1 G(z) = i =1Π p − z_i )^{− 1}

j=1Π^r j_{i =1}Π^{p z}i^{a )− (λ j /μj γj ) . (7.7)}

m_j =

p =_j )γ_j^{k− 1} ≥ 1 G(z) = i =1Π p − z_i )^{− 1}

j=1Π^{r −}_{μj γj}^{λ j′} j_{i =1}Π^{p z}i^{a Nj . (7.8)}

p =_j )γ_j^{k− 1} ≥ 1 G(z) = i =1Π p − z_i )^{− 1}

j=1Π^{r +}_{μj γj}^{β j} j_{i =1}Π^{p z}i^{a − r j . (7.9)}

G(z)

j=1Σ^{r m}j

and

π refers

probability j k^{th} k^{th} k− j k^{th}

ν ≡ p^c /

k=1Σ^{mj pc . (8.1)}

k m_j p j k^{th}

B^t = 1 − g(K) g(K − ka_j )

where a_j ≡ (a_{1j} a i j

B_j^t =

k=1Σ^{mj ν Bt = 1 −}_{k=1}Σ^{mj ν}_{g(K)}^{g(K − ka j ) . (8.3)} j

B j j k^{th} B_j Let A ≡ (a

B = 1 −

n:An ≤ KΣ

λ_j (n_j )π(n)

n:An ≤ K − ka_jΣ

λ_j (n_j )π(n) = 1 − n:An ≤ KΣ

λ_j (n_j ) f(n)

n:An ≤ K − ka_jΣ

λ_j (n_j ) f(n)

(8.4)

B_j =

k=1Σ^{mj ν B . (8.5)}

λ_j (n_j ) f(n λ_j f _ (n

B = 1 −

n:An ≤ KΣ f _ (n) n:An ≤ K − ka_jΣ f _ (n) = 1− g _ (K) g _ (K − ka_j )

where f _ (n f(n λ_j (m λ _ j (m)_j (m+ g _ (K g(K f(n f _ (n j t j t λ_j (n) to λ _ j (n)_j (n + .

λ_j (n)_{j j} n, λ _ j (n)_j (n +_{j j} (n + = (α_{j j} )_j n

λ _ j λ_j λ _ j j j B^t and B B_j^t and B_j m_j + K m_j g(K − ka_j k and j m_j K − ka_j

B_j^t

only two V_j (z) ≡

k=1Σ^{mj ν zk and}

h_j (K) =

k=1Σ^{mj ν g(K − ka} j

where g(K) = K_i < i

H_j (z) ≡

K_1 =0Σ ∞ K_p = 0Σ ∞ h_j (K)z_1^{K1}_p^{Kp}

= k=1Σ^{mj ν z}1^{ka1j} p^{ka}_{K1 =ka1j}Σ^∞_{Kp =ka}Σ^{∞ g(K − ka} j^{)zK1 − ka1j} p^{Kp − ka}

= V_j ( i =1Π p z_i^a )G(z) . (8.9)

Hence, B_j = 1 − h_j (K) (K

where h_j (K z_1^{K1}_p^{Kp}

computing v_j ( i =1Π p z_i^a O(m_j G(z h_j (K g(K V_j ( i =1Π p z_i^a ) p =_j )γ_j^{k− 1} for k ≥ ν =_j )γ_j^{k− 1}, k ≥

V_j ( i =1Π p z_i^a ) = 1_j i =1Π p z_i^a j ) i =1Π p z_i^a . (8.11)

ν and B ν B ≤ k_j j B_j B_j j E(Q_j )_j γ_j − B_j )/μ_j

where Q_j j γ_j j B_j EQ_j

M_j j

S_{UL}( ) = {n:

j=1Σ^r_{l =1}Σ^{mj la n ≤ K}i^{≤ i ≤ p ;}_{l =1}Σ^{mj ln ≤ M}j^{≤ j ≤ r} . (9.1)}

y ≡ (y_1 y_r z = (z_1 z_p

G(z,y) ≡

K_1 =0Σ ∞ K_p =0Σ ∞ M_1 =0Σ ∞ M_r =0Σ ∞ g(K,M)z_1^{K1}_p^{Kp} y_1^{M1} ,_r^{Mr}

= exp

j=1Σ^r_{μj}^{λ j y}j_{l =1}Σ^{mj}_l^p c i =1Π p z_i^{la}

/_{i =1}Π^p − z_i )_{j=1}Π^r − y_j ) . (9.2)

A a = b_j i and j δ = a > δ = S_{GM}( ) = {n:

j=1Σ^r_{l =1}Σ^{mj la n , δ M}j^{} ≤ K}i^{≤ i ≤ p} . (9.3)}

G(z,y) = i =1Π p 1− z^i 1 ×

j=1Π^r

1− y_j exp μ_j λ_j l =1Σ m_j l p^c i =1Π p z_i^{lbj δ} − y_j exp μ^j λ_j l =1Σ m_j l p^c y_j^{bj} i =1Π p z_i^{δ lbj}

+ y_j 1− y_j i =1Π p z_i^δ i =1Π p z_i^δ exp μ^j λ_j y_j l =1Σ m_j l p^c i =1Π p z_i^{δ lbj}

. (9.4) no K_i i S_P = S_C n ≡ (n l ≤ m_j ≤ j ≤ r r independent M^X ∞ M^X

M^X ∞

Let Q M^X ∞

Ez^Q = ∫_0^∞ − P − − z)H^c (x dx

where λ P(z) ≡

k=1Σ^{∞ p}k^{zk H(x}

H^c (x) ≡ 1− H(x

EQ P′ ∫_0^∞ H^c (y)dy Q = EQ P ∫_0^∞ H^c (y)^2 (10.2)

Since P′ ∫_0^∞ H^c (y)dy mean EQ H Q P ≠ Q H P = p_1 = 1, Var Q H ∞ Q

p_k = − p)p^{k− 1}, k ≥ 1,

P(z) = − p) − pz and Ez^Q = ∫_0^∞ − z)H^c (x)/ − p) + p − z)H^c (x dx) . (10.4)

A + Be^x e^x = μB − 1 dx d A + Be^x) .

Then

Ez^Q = − p)/ − pz^{λ /μp}

z is r + i =1Π p − z_i )^{− 1}

i =1Π p − z_i )^{− 1}

r factors. If G(z) = l =1Σ m_j

b_l i =1Π p z_i^{la i} )^c (11.1)

,ρ_{l i} g(K) l =1Σ m_j

b_l g(K − la) + cρ a_i K_i^{− 1} l =1Σ m_j

b_l lg(K − la ≤ i ≤ p

for a = (a_1 , , a_p ). Proof. Let G^{(i)} (z G(z z_i z_i G^{(i)} (z) = r l =1Σ m_j

b_l i =1Π p z_i^{la i} )^{(c −} ρ l =1Σ m_j

b_l la_i i =1Π p z_i^{la i} z_i^{− 1} ,

G^{(i)} (z l =1Σ m_j

b_l i =1Π p z_i^{la i} ) = cρ G(z) l =1Σ m_j

b_l la_i i =1Π p z_i^{la i} z_i^{− 1} . (11.13)

G^{(i)} (z) =

K_1 =0Σ ∞ K_p =0Σ ∞ K_i g(K)z_1^{K1}_p^{Kp} z_i^{− 1} . (11.4)

z_1^{K1}_i^{Ki − 1}_p^{Kp} G^{(i)} (z (11.4).

m_j = m j m m m Let C_{CS} and C_{UG}

C_{CS} = O(r _ mK^{p_} and C_{UG} = O(r _ mMK^{p_}

where M K ≤ K and K = O( K K p _ < p r _ < r.

C_{CS} = (O(r _ K^{p_} and C_{UG} = O(r _ MK^{p_}) . (12.4)

p =

C_{CS} = O(rmK

C_{CS} = O(rK^2 ) . (12.6)

p _ = K K = O( K p _ = K.

C_{CS} = O(rmK^{2p} ) . (12.7)

p = p = p.

G(z) = − z)^{− 1}

j=1Π^{r G}j^{(z}

where G_j (z

G(z)_0 G(α z

where α_0 and α α j=1Σ^r_{Gj (z)}^{zGj′(z)} z^{≤ K}

where G_j′(z) = dz d G_j (z

α_0^{− 1} =

j=1Π^{r G}j^{(α ) . (13.3)}

G_j (z) =_j z)^{− (λ j /μj γj )}

G_j′(z) = (λ_j /μ_{j j} z)^{− (λ j /μj γj )− 1} . (13.5)

j=1Σ^r_{1 j}^{j /μj ≤ (13.6)}

α_0 =

j=1Π^r j^{α )(λ j /μj γj ) . (13.7)}

γ_1 = γ_2 = ρ_{j j} /μ_j p = r = 2.

capacity K ρ_1 ρ_2

K = (K = l l = l = 2. z = z = l = l =

increased.

capacity K ρ_1 ρ_2

z_j = distribution.

References

Distributions. Oper.

J. ACM,

publication.

1209-1211.

Perf. Eval. X /∞ System.

Prob. 38

274-279. 27

CONTENTS 3 3 4 6 6 10 12 14 16 18 19 20 21 22