by 1 2 3

1 2

3

Abstract homogeneous nonhomogeneous;

λ (t

T function λ (t) = a + bt ≤ t ≤ T a and b λ (t) T N k− , ≤ k ≤ N â and b̂ a and b T N T

N estimate.

a,b,T and N

n N Nn n. n n = 1.

a and b a,b ab a,b

a,b,T and N, a and b).

N. b b

a when a = 0 and a + bT when a + bT =

T number N N N = N = 10.

N T] N N N N N N N N

a = N a∼ N a,b,T and N

λ (t) = a + bt T N k− , ≤ k ≤ N T N mutually Y_k

λ_k = N T (a + bx_k

where

x_k = (k − 2 1 ) N T ≤ k ≤ (3)

Y x Y_k x_{k k} k α and β by w_k ≤ k ≤ N

k=1Σ^{N w}k^{= N α̂ and β̂ to}

α ,β min k=1Σ^{N w}k^{(Y}k^{− [ x}k^{2 . (4)}

β̂ = k=1Σ^{N w}k^{(x}k^{− x_)2} k=1Σ^{N w}k^{(x}k^{− x_ Y}k^{− Y_)}_= k=1Σ^{N w}k^{(x}k^{− x_)2} k=1Σ^{N w}k^{(x}k^{− x_)Y}k_{(5)}

and α̂ = Y _^ x _

where x _ = N^{− 1}

k=1Σ^{N w}k^xk^{and Y_ = N− 1}_{k=1}Σ^{N w}k^Yk^{. (7)}

and a and b are

b̂ = T N β̂ and â = T N α̂ (8)

for β̂ α̂ â and b̂

Y_k Eâ = a and Eb̂ = b.

constraint â + b̂t be T â ≥ b̂ â (9) α ,β

â < â ≥ b̂ â

â = b̂ = Nβ̂ where β̂

β min k=1Σ^{N w}k^{(Y}k^xk^{)2}

i.e.,

b̂ = T N k=1Σ^{N w}k^xk^2 k=1Σ^{N w}k^xk^Yk_{. (11)}

â b̂T and b̂ = Nβ̂ β̂

α min k=1Σ^{N w}k^{(Y}k^{(T− x}k^2

i.e.,

b̂ T N k=1Σ^{N w}k^{(T− x}k^{)2} k=1Σ^{N w}k^{(T− x}k^{)Y}k

_______________ . (13)

w_k = ≤ k ≤ N

b ≠ Y_k

Y_k

Var Y_{k k} ≡ N T (a + bx_k ≤ k ≤ (14)

a and b

w_k =

λ_k

N /_{k=1}Σ^N_{λ k}^1 ≤ k ≤ N

observations Y_k

Y_k x_{k k} with σ_k^{− 1} Y_k^{− 1}_k^{− 1} x_{k k}^{− 1} ε_k.

Then σ_k^{− 1} ε_k = (σ_k^{− 1} Y_{k k}^{− 1}_k^{− 1} x_k

problem.

a and b

(TWLS). (IWLS).

â and b̂ λ^_k = ( â + b̂x_k ŵ_k. â,b̂ ŵ_k

b̂ = N

k=1Σ^{N x}k^Yk_{k=1}Σ^{N x}k^2

b̂ = N

k=1Σ^{N Y}k_{k=1}Σ^{N x}k^{= 2}_{k=1}Σ^{N Y}k^2 b =

x_k, Y_k ≤ k ≤ N

â and b̂ Y_k Y_k are

N

unbiased, i.e., Eâ = a and

Eb̂ = b

b Eâ > a while Eb̂ < b

O subscript N N x_k and Y_k

Var b̂_N^O = T N 2 k=1Σ^{N (x}k^{− x_)2} 2 k=1Σ^{N (x}k^{− x_)2}_N^T^{(a + bx}k^) = N^2 − 1

N^2

T^3 a + bT) . (16)

k=1Σ^{N (x}k^{− x_)2 = T2 (N2 − /12N}

upon a,b,T and N N N N

N^2 − 1 N = 1 + 2N^2 1 + 8N^4 3 + 16N^6 5 + O N^8 1 as N . (17)

SDV(b̂ N = N m ≡ a + mis

Var m̂_N^O = T N 2 VarY _ = T^2 1 k=1Σ^N_N^T^{a + b(k−}_2^{1 )}_N^T^=_{2T}^{2a +bT . (18)}

Since m = where Z ≡

k=1Σ^{N Y}k^n N. Next, a = m − â_N^O is

Var â_N^0 = Var m̂_N^O + 4 T^2 Var b̂_N^O − T m̂_N^O ,b̂_N^O

where

− T m̂_N^O ,b̂_N^O ) T Cov T N N 1 k=1Σ^{N Y}k^,_T^N_{k=1}Σ^{N (x}k^{− x_)Y}k^/_{k=1}Σ^{N (x}k^{− x_)2}

T(N^2 − 12 k=1Σ^{N (x}k^{− x_ Y}k^{(20)}

Var â_N^O =

N^2 − 1

N^2 4T a +bT) + 2T 2a +bT − b → b + T 4a as N . (21)

t λ^_N^0 (t) = â_N^0 + b̂_N^0 t t

Varλ^_N^0 (t) = Varâ_N^0 + t^2 Varb̂_N^0 + 2t â_N^0 , b̂_N^0

where

â_N^0 ,b̂_N^0 ) = m̂_N^0 , b̂_N^0 ) − 2 T b̂_N^0 ) .

ã_N^0

estimator â_N^0 a_N^0 Then ã_N^0 = â_N^0 ≤ ã_N^0 = â_N^0 when â_N^0 >

Eã_N^0 = 2π Var â_N^0 1/2 ∼ SD(â_N^0 ) → b as N . (23)

~_N^0 = 2 1 − 2π 1 1/2 ^_N^0 ∼ ^_N^0 → b as N . (24)

N

parameter ε bT λ (t T a a ≠ b ≠ a = b = T N and N λ_k, x_k and w_k

As N x __NT ≡ N 1 k=1Σ^{N w}k^xk^=_{k=1}Σ^{N λ} k^{− 1 x}k^/_{k=1}Σ^{N λ} k^{− 1} → x __∞T

≡ ∫_0^T_{a +bt}^{tdt} /∫_0^T_{a +bt}^{dt} =_{+[}^T −_b^a as N x

Var b̂_N^T = T N 2 k=1Σ^{N w}k^{(x}k^{− x_}N^{T )2} 2 k=1Σ^{N w}k^{2 (x}k^{− x_}N^{T )λ} k

→ Var b̂_∞^T ≡

∫_0^T_{a +bt}

(t − x

__∞T

)^2 dt − 1 = T(T− 2x

__∞T ) 2b as N

T N 2 VarY _ N T → +[ b as N

Cov T N b̂_NT , T N Y__NT → N

and

Var â_N^T = T N 2 VarY _ N T + (x

__NT

)^2 Var b̂_N^T − 2x

__NT Cov T N b̂_N^T , T N Y _ N T

→ +[ b + T(T − 2x

__∞T ) x __∞T

)^2 b as N . (29)

b̂_N^T , Ŷ_N^T ) = N

λ^_N^T (t) = â_N^T + b̂_N^Tt,

Varλ^_N^T (t) = Varâ_N^T + t^2 Varb̂_N^T + 2t â_N^T ,b̂_N^T

where â_N^T , b̂_N^T ) = Y _ N T − x __NT b̂_N^T , b̂_N^T ) = Y _ N T , b̂_N^T ) − x

__NT

Varb̂_N^T (31)

x __∞T

b̂_∞^T â_∞^T

O(ε^2 0.

+z) = z− z^2 /2+ ,

x __∞T = 2 T 1− 6 ε + 12 ε^2 − 360 19 ε^2 +O(ε^4 as 0 . (32)

Var b̂_∞^T =

T^3 − 2 ε + 60 19 ε^2 +O(ε^3 12a

= T^3 12a + 2 ε − 15 ε^2

+O(ε^3 0 . (33)

b̂_∞

Var b̂_∞^T

Var b_∞^O − Var b̂_∞^T = 15 ε^2

+ O(ε^3 0 . (34)

â_∞^T

(x __∞T )^2 Var b̂_∞^T = T 3a + 6 ε − 180 7 ε^2 +O(ε^3 0

and

) b = T a + 2 ε − 12 ε^2 +O(ε_2

Var â_∞^T = T 4a +b − 5T aε^2 +O(ε^3

and

Var â_∞^T

Var â_∞^0 − Var â_∞^T = 20 ε^2

+O(ε^3 0 . (36)

a = b = b = b → a = ∫_0^Tt^{− 1} dt

a = â <

a = N

b̂_N^T =

T^2 2 k=1Σ^{N Y}k

Varb̂_N^T = T^2 2b

N a = 0,

Var b̂_N^T

Var b̂_N^O = N^2 − 1

3N^2

→ N . (39)

a = a or a + bT

a → x

__∞ → a → x

__∞

b̂_∞^T → 2^2 â_∞^T → a →

Var â_N^O =

N^2 − 1

N^2 4 6b − 2 b → b as N . (40)

N.

Let p(n;a,b Y ≡ (Y_1 Y_N N

n ≡ (n_1 n_N a,b

(â,b̂ p(Y;a,b

lnp(Y;a,b)

k=1Σ^{N λ} k^+_{k=1}Σ^{N Y}k^{ln λ} k^−_{k=1}Σ^{N Y}k

aT − 2 bT^2 + k=1Σ^{N Y}k^{a +bx}k^{+ C (41)}

C p(Y; a,b a,b

Y_k > k a + bx_k > k Y_k =

k a = b = 0.)

a and b â,b̂

k=1Σ^N_{a +bxk}^{Yk = T (42)}

and k=1Σ^N_{a +bxk}^{xkYk =}_2^{T2 (43)}

If â < â_N^M = p(Y b

b̂_N^M = 2

k=1Σ^{N Y}k^2 a = Var b̂_N^M = 2^2 â +b̂T < â_N^M bT p(Y,− bT,b)

b̂_N^M 2

k=1Σ^{N Y}k^{2 . (46)}

a and b,

S ≡ k=1Σ^{N Y}k^{= aT +}_2^{bT2 =}_{k=1}Σ^{N EY}k^{. (47)}

aT + bT^2 / T].) S− aT)^2 for b

g(a) ≡

k=1Σ^N_{ax_ + x} k T S − a Y_k = 2 . (48)

a = and b = g(a x_k > x _ Y_k >

a_k^# =

x_k − x _ x_k T S for k >

. g g ). If g′( ) < g >

g = S T k=1Σ^N_{xk}^{Yk}^{(49)} and

g′( ) S^2 4 k=1Σ^{N Y}k^{(x_− x}k^{) . (50)}

g′( ) < g >

). a ≤ consider â = b̂_N^M a > a > b < b < where Y _ k ∗ = Y_{N− k+1}, b b^∗, a + bT = a^∗ g^∗ be g

g^∗′( ) g′( for g′(

g(a) = b = S− aT)^2 (ii) a = a^∗ +b^∗ T, b b^∗ for a^∗ g^∗ (a) = b^∗ = S− a^∗ T)^2, (iii) a = , b = (iv) a = b = 2^2 (v) a bT , b 2^2

k=1Σ^{N Y}k^{a + bx}k

a + bx_k > k â_N^M, b̂_N^M).

Y_k λ_k â and b̂

N,T,a,b â and b̂ values a and b.

l_2 â and b̂ l_2 a

â^0 − â^M_2 = 1000 1 i =1Σ 1000

â^i 0 − â_i^M 2 1/2 . (54)

â_i^0 ,â_i^M ≤ i ≤

TWLS− ML < OLS− ML .

â and b̂ when T = 12, a = b = N T = 6, a = b = a =

N = N = N N does. a ∼ 0 (or a + bT when a + bT ∼ 0).

λ (t) = a + bt T estimators â and b̂

n â and b̂

y-intercept â

n a _ = n^{− 1} i =1Σ n â_i and b _ = n^{− 1} i =1Σ n b̂_i σ_a^2 and σ_b^2 â

and b̂

V_a ≡ i =1Σ n (â_i − a _ )^2 /σ_a^2 and V_b ≡ i =1Σ n (b̂_i − b _ )^2 /σ_b^2

n − approximate σ_a^2 and σ_b^2 (a _ , b _ σ_a^2 and σ_b^2 a _ , b _

EY_k

Y_k a and b

U ≡ k=1Σ^{N σ̂} k^{− 2}^Yk^{− (â +b̂x}k^)_N^T 2

where

σ̂_k^2 = (â + b̂x_k) N T ,

N−

b = 0, a =

k=1Σ^{N x}k^Yk^=_2^T_{k=1}Σ^{N Y}k x _ = 2.

b ≠ 0. Let

A_j =

k=1Σ^N_{a + bxk}^{xk} j (57)

for j = aA_0 + bA_1 = N and aA_1 + bA_2 = 2 NT

A_1 = (N − aA_0 ) ,

A_2 = 2b NT − b^2 Na + b^2 a^2

A_0

x _ = bA_0 N − b a . (60)

^ = (NY _ ) − b̂x _ λ_k = â + b̂x_k and

b̂ ≠ 0 (â,b̂)

Proof.

a = TA_0 N k=1Σ^N_{a + bxk}^{Yk − b}_{bA0}^{N −}_b^a^,

Proof.

k=1Σ^N_{a + bxk}

(x_k − x _ )^2 = k=1Σ^N_{a + bxk}

x_k^2 − 2x _ x_k + x _2

= b N 2 T + b a − bA_0 N .

b = b N 2 T + b a − bA_0 N T N k=1Σ^N_{a +bxk}^{xkYk − x_ T}

2 NT + b Na −

bA_0

N^2 = T N k=1Σ^N_{a + bxk}^{xkYk +}_{bA0}^{NT −}_b^{Ta}^,

Acknowledgment.

Y_k

λ_k cλ_k for λ_k

c ≥ 0.

ĉ = T 1 k=1Σ^N_{â + b̂xk}

Y_k −

(â + b̂x_k) N T 2

= T 1 k=1Σ^N_{â + b̂xk}^{Yk} 2 − N S

where

S ≡ k=1Σ^{N Y}k^{= âT +}_2^{b̂T2 (61)}

T N k=1Σ^N_{(â + b̂xk)2}^{Yk} 2 = ĉ k=1Σ^N_{â + b̂xk}^{1 + (62)}

a = and b =

â and b̂ ĉ â ∼ a and b̂ ∼ b

^ ∼ ĉ ∼ T^2 3N . (63)

σ^4.

λ (t) = 100 + 25t ≤ t ≤

λ (t) =

6 < t ≤ 12 .

0 ≤ t ≤ 6 (57)

λ (t) =

9 < t ≤ 12 .

6 < t ≤ 9

3 < t ≤ 6

0 ≤ t ≤ 3

(58)

λ _ =

lim 2 = (∫ 0 T (λ (t)− (a +bt^2 dt)^{1/2} (59)

N = EY_k ≥ k

Y_k

statistics V_a and V_b U

References

Stochastic

1224-1233.

t /G_t /

IEEE traffic,

1983).

172.

Ph(t) (t) Ann.

^ b̂ â b̂ â b̂

â and b̂

^ b̂ â b̂

l_2 â and b̂

N

y â N T = 12, a = b = replications.

N

b̂ N T = 12, a = b =

N

y â of N T = 6, a = b = replications.

N

b̂ N T = 6, a = b =

T = 12, N = 12, a = b = 25.

T = 12, N = 12, a = b = 100.

T = 12, N = 120, a = b = 100.

^ b̂ â b̂ â b̂

â and b̂

^ b̂ â b̂

l_2 â and b̂