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EIGENFUNCTIONS F OR P AR TIALL Y RECT ANGULAR BILLIARDS

JEREMY MARZUOLA

1. Intr oduction

In this note, w e further dev elop the metho ds of Burq-Zw orski [8] to study eigenfunctions for

billiards whic h ha v e rectangular comp onen ts: these include the Bunimo vic h billiard, the Sinai

billiard, and the recen tly p opular pseudoin tegrable billiards [2 ]. The results are an application

of a "blac k b o x" p oin t of view as presen ted in [7 ] b y the same authors.

Figure 1. Exp erimen tal images of eigenfunctions in a Sinai billiard micro w a v e

ca vit y � see http://sagar.phy sic s. ne u.e du . W e see that there is alw a ys a non-

v anishing presence near the b oundary of the obstacle as predicted b y Theorem

3 b elo w.

By a partially rectangular billiard, w e mean a connected planar domain, 
 , with a piecewise

smo oth b oundary , whic h con tains a rectangle, R � 
 , suc h that if w e decomp ose the b oundary

of R , in to pairs of parallel segmen ts, @R= � 1 [ � 2 , then � i � @
 , for at least one i .
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W e sho w that for suc h billiards, the eigenfunctions of the Diric hlet, Neumann, or p erio dic

Laplacian cannot concen trate in closed sets in the in terior of the rectangular part. A com bination

of this elemen tary result with the no w standard, but highly non-elemen tary , propagation results

of Melrose-Sjöstrand [16 ] and Bardos-Leb eau-Rauc h [1 ], can giv e further impro v emen ts � see

[7],[8 ].

Here, w e pro v e further non-concen tration results, a w a y from the obstacle in the Sinai billiard

(see Fig.1 and Theorem 3 ), and along certain tra jectories in pseudoin tegrable billiards, (see Fig.5

and Theorem 4 ). F or recen t motiv ation coming from the study of quantum chaos w e suggest

[2],[8 ],[10 ],[17], and references giv en there.

A ckno wledgments. This pap er is a dev elopmen t of an unpublished w ork b y N. Burq and M.

Zw orski, who treated the case of a square billiard rather than a general rectangular billiard. The

author is v ery grateful to Maciej Zw orski and Nicolas Burq for allo wing me to use results from

their unpublished w ork, as w ell as man y helpful con v ersations. I w ould also lik e to thank Sriniv as

Sridhar for allo wing the use the exp erimen tal images sho wn in Fig.1 .

2. Semiclassical Pseudodifferential Opera tors on a Tor us

In this section, w e w ould lik e to discuss prop erties of Pseudo di�eren tial Op erators (PDO's) on

a torus. T o b egin, w e examine the nature of PDO's and their sym b ol classes. In Rn
, w e de�ne a

W eyl quan tization of an op erator a(x; hD ) where a 2 S(R2n ); a = a(x; � ) b y:

a(x; hD )u(x) =
1

(2�h )n

Z

Rn

Z

Rn
e

i
h hx � y;� i a(x; � )u(y)dyd�;

for u 2 S and a sym b ol class b y:

Sk
� (m) = f a 2 C1 (R2n )kj@� aj � C� h� � j � j� k m for all m ulti-indices � g;

where m : R2n ! (0; 1 ) is is an order function, i.e. there exist constan ts C , N suc h that

m(z) � Chz � wi N m(w):

W e also ha v e

S�1
� (m) =

1\

k= �1

Sk
� (m):

F or k; � = 0 w e write simply S(m) . On a torus, ho w ev er, a and all its deriv ativ es are b ounded

in the x v ariable, th us for h small and k p ositiv e, w e need not w orry ab out the deriv ativ es in x,

only those in � . Also, for k negativ e, pro vided that w e ha v e the prop er lo cal regularit y for our

sym b ol a, this de�nition still w orks p erfectly on a torus.

Note also that w e need only w ork with sym b ols that are p erio dic in the x-v ariable with p erio d

determined b y the dimensions of the torus. In other w ords, a(x; � ) = a(x+ 
; � ) for 
 2 (aZ)� (bZ) ,

where a; b2 R. Using this relation, w e easily see the follo wing prop ostion.

Prop osition 2.1. If a(x; � ) is a p erio dic symb ol in x with p erio d 
 , then a(x; D )T
 = T
 a(x; D )
wher e T
 u(x) = u(x � 
 ) .

Pr o of. W e easily calculate:

a(x; hD )T
 (u) =
Z

Rn
a(x; � )e

i
h <x � y;�> û(y � 
 )dyd�(2.1)

=
Z

Rn
a(x � 
; � )e

i
h <x � 
 � ~y;�> û(~y)d~yd�(2.2)

= T
 (a(x; D )u)(2.3)
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�

F rom the ab o v e prop osition, it b ecomes clear that the prop erties of sym b ol classes in Euclidean

space translate directly to prop erties of similarly de�ned sym b ol classes on a torus. F or instance,

w e ha v e the follo wing result.

Prop osition 2.2. Given u(x) = u(x + 
 ) wher e 
 is as ab ove, and u is L 2
on a torus, then

a(x; hD )u(x) is L 2
on the torus, when a 2 S� (1) , 0 � � � 1

2 .

Pr o of. Note that the condition on a implies that it is L 2
b ounded. Giv en a function u(x) whic h

is p erio dic on a torus, w e can write it as

P

 T
 u0 where u0 = � (x)u(x) and � (x) is equal to

1 on a single cop y of the torus in the plane and 0 otherwise. Note that no assumptions ab out

the smo othness of � (x) are made. Hence, u0 2 L 2
and therefore, so is a(x; hD )u0 . Then,

a(x; hD )u(x) =
P


 T
 a(x; hD )u0 . The sum con v erges for eac h x since a(x; D )u0 will ha v e

compact supp ort and w e ha v e a(x; hD )u a p erio dic function that is L 2
on the torus. �

Using similar tec hniques, w e w ould lik e to dev elop the concept of a microlo cal defect measure

in this setting. As sho wn in [11 ], w e ha v e the follo wing theorem in Euclidean space:

Theorem 1. Ther e exists a R adon me asur e � on Rn
and a se quenc e hj ! 0 such that

(2.4) haw (x; h j D)u(hj ); u(hj )i !
Z

R2n
a(x; � )d�

for al l symb ols a 2 S(1) .

W e call � a microlo cal defect measure asso ciated with the family f u(h)g0<h � h0 . Note that

an S(1) sym b ol on the torus corresp onds to an S(1) sym b ol on the plane, therefore this result

pro v es the existence of microlo cal defect measures on a torus as w ell.

Pr o of. 1. Let f ak g 2 C1
c b e dense in C0(R2n ) . Select a sequence h1

j ! 0 suc h that

haw
1 (x; h1

j D)u(h1
j ); u(h1

j )i ! � 1:

Then, select a subsequence f h2
j g � f h1

j g suc h that

haw
2 (x; h2

j D)u(h2
j ); u(h2

j )i ! � 2:

Con tin ue suc h that at the kth step, y ou tak e a subsequence f hk
j g � f hk � 1

j g suc h that

haw
k (x; hk

j D)u(hk
j ); u(hk

j )i ! � k :

Then b y a diagonal argumen t, arriv e at a sequence hj suc h that

haw
k (x; h j D)u(hj ); u(hj )i ! � k

for all k = 1 ; 2; :::.

2. De�ne �( ak ) = � k . By a standard theorem on op erator norms, w e ha v e for eac h k that

j�( ak )j = j� k j = lim
h j !1

j < a w
k u(hj ); u(hj ) > j � lim sup

h j !1
Ckaw

k kL 2 ! L 2 � C supjak j:

The mapping � is b ounded, linear and densely de�ned, therefore uniquely extends to a b ounded

linear functional on S(1) , with the estimate

j�( a)j � C supjaj
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for all a 2 S(1) . The Riesz Represen tation Theorem therefore implies the existence of a (p ossibly

complex v alued) Radon measure on R2n
suc h that

�( a) =
Z

R2n
a(x; � )d�:

�

W e no w quote a general theorem ab out microlo cal defect measures on Euclidean space whic h

w e can then apply to a torus. T o state the propagation theorem in the form su�cien t for our

applications, w e follo w [5 ].

Let us consider a Riemannian manifold without b oundary , M . By partitions of unit y w e

can de�ne semi-classical pseudo-di�eren tial op erators a(x; hD x ) asso ciated to sym b ols a(x; � ) 2
C1

c (T � M ) .

No w w e consider a sequence (un ) b ounded in L 2(M ) . satisfying

(2.5) (� h2
n � � 1)un = 0 :

Using (2.5), as in [12 ] (see also [5]) w e can pro v e the follo wing result.

Prop osition 2.3. Ther e exist a subse quenc e (nk ) and a p ositive R adon me asur e on T � M , � (a

semi-classic al me asur e for the se quenc e (un ) ), such that for any a 2 C1
c (T � M )

(2.6) lim
k ! + 1

(aw (x; hn k D x )un k ; un k )L 2 (M ) = h�; a (x; � )i :

F urthermor e this me asur e satis�es

(1) The supp ort of � is include d in the char acteristic manifold:

(2.7) � def= f (x; � ) 2 T � M ; p(x; � ) = k� kx = 1 g

wher e k � kx is the norm for the metric at the p oint x ,

(2) The me asur e � is invariant by the bichar acteristic �ow (the �ow of the Hamilton ve ctor

�eld of p):

(2.8) Hp� = 0 ;

(3) F or any ' 2 C1
c (T � M ) ,

(2.9) lim
k ! + 1

k'u n k k2 = h�; j' j2 i :

The �rst t w o prop erties ab o v e are w eak forms of the elliptic regularit y and propagation of

singularities results, whereas the last one states that there is no loss of L 2
-mass at in�nit y in the

� v ariable.

Pr o of. W e will pro v e this prop osition only for the case of a torus, but the metho ds are applicable

to an y manifold.

(0) (P ositivit y) W e need to sho w that a � 0 implies

Z

T2 � R2
a(x; � )d� � 0:

Since a � 0, using the Garding inequalit y , w e see that:

aw (x; hD ) � � Ch:

Let h = hj ! 0, to see:

Z

T2 � R2
ad� = lim

j !1
haw (x; h j D)u(hj ); u(hj )i � 0:
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(1) (Supp ort of � ) Let a b e a smo oth function suc h that supp (a) \ p� 1(1) = ; . W e m ust sho w

Z

T2 � R2
ad� = 0 :

Select � 2 C1
c (T2 � R2) suc h that

supp (a) \ supp (� ) = 0 :

Then,

aw (x; hD )
�
((p � 1)w + i� w )� 1(p � 1)w �

(x; hD ) = aw (x; hD ) + O(h1 )L 2 ! L 2 :

Apply aw (x; hD ) to u(h) to see that aw (x; hD )u(h) = o(1) and th us haw (x; hD )u(h); u(h)i ! 0.

But,

haw (x; hD )u(hj ); u(hj )i !
Z

T2 � R2
ad�:

(2) (Flo w In v ariance) Select a as ab o v e, then

h[pw ; aw ]u(h); u(h)i = h(pw aw � aw pw )u(h); u(h)i(2.10)

= haw u(h); pw u(h)i � h pw u(h); (aw )� u(h)i(2.11)

= o(h) as h ! 0:(2.12)

Ho w ev er, [pw ; aw ] = h
i f pw ; aw g + O(h2) . Hence,

h[pw ; aw ]u(h); u(h)i =
h
i

hfp; agw u(h); u(h)i + ho(h)u(h); u(h)i :

As w e let hj ! 0, w e get: Z

T2 � R2
f p; agd� = 0 :

So, if � t is the �o w generated b y the Hamiltonian v ector �eld Hp , then

d
dt

Z

T2 � R2
(� t � a)d� =

Z

T2 � R2
(Hpa)(� t )d� =

Z

T2 � R2
f p; agd� = 0 :

No w, (3) follo ws easily b y lo oking at the op erator j' (x; � )j2 and applying the result ab out exis-

tence of a microlo cal defect measure. �

3. P ar tiall y rect angular billiards

In this section w e will need to recall the basic con trol results [4],[7] for rectagles, and the

propagation results [16 ],[1],[5 ],[6] for billiards. Since in the sp eci�c application presen ted in

Section 4 w e only use propagation a w a y from the b oundary , that is the only case w e will review.

The follo wing result from [4] is related to some earlier con trol results of Haraux [13 ] and

Ja�ard [14 ].

1

Prop osition 3.1. L et � b e the Dirichlet, Neumann, or p erio dic L aplac e op er ator on the r e ctangle

R = [0 ; 1]x � [0; a]y . L et ! x b e a non-empty op en subset of [0; 1]. Then for any non-empty ! � R
of the form ! = ! x � [0; a]y , ther e exists C such that for any solutions of

(3.1) (� � z)u = f on R; u� @R= 0

we have

(3.2) kuk2
L 2 (R ) � C

�
kf k2

H � 1 ([0 ;1]x ;L 2 ([0 ;a ]y )) + ku� ! k2
L 2 ( ! )

�

1

W e remark that as noted in [4] the result holds for an y pro duct manifold M = M x � M y , and the pro of is

essen tially the same.
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Pr o of. W e will consider the Diric hlet case (the pro of is the same in the other t w o cases) and

decomp ose u; f in terms of the basis of L 2([0; a]) formed b y the Diric hlet eigenfunctions ek (y) =p
2=asin(2k�y=a ) ,

(3.3) u(x; y) =
X

k

ek (y)uk (x); f (x; y) =
X

k

ek (y)f k (x):

W e get for uk ; f k the equation

(3.4)

�
� x �

�
z + (2 k�=a )2

��
uk = f k ; uk (0) = uk (1) = 0 :

W e no w claim that

(3.5) kuk k2
L 2 ([0 ;1]x ) � C

�
kf k k2

H � 1 ([0 ;1]x ) + kuk� ! x k2
L 2 ( ! )

�
;

from whic h, b y summing the squares in k , w e get (3.2).

T o see (3.5 ) w e can use the propagation result ab o v e 2.3 in dimension one, but in this case an

elemen tary calculation is easily a v ailable � see [8 ]. �

The follo wing theorem is an easy consequence of Prop osition 3.1 :

Theorem 2. L et 
 b e a p artial ly r e ctangular bil liar d with the r e ctangular p art R � 
 , @R=
� 1 [ � 2 , a de c omp osition into p ar al lel c omp onents satisfying � 2 � @
 . L et � b e the Dirichlet or

Neumann L aplacian on 
 . Then for an y neighb ourho o d of � 1 in 
 , V , ther e exists C such that

(3.6) � � u = �u =)
Z

V
ju(x)j2dx �

1
C

Z

R
ju(x)j2dx ;

that is, no eigenfuction c an c onc entr ate in R and away fr om � 1 .

Pr o of. Let us tak e x; y as the co ordinates on the stadium, so that x parametrizes � 2 � @
 and

y parametrizes � 1 , then

R = [0 ; 1]x � [0; a]y :
Let � 2 C1

c ((0; 1)) b e equal to 1 on ["; 1 � " ]. Then � (x)u(x; y) is a solution of

(3.7) (� � z)�u = [� ; � ]u in R

with the b oundary conditions satis�ed on @R. Applying Prop osition 3.1 , w e get

(3.8) k�u kL 2 (R ) � C





 [� ; � ]ukH � 1

x ;L 2
y

+ ku� ! " kL 2 ( ! " )

�
� C0ku� ! " kL 2 ( ! " ) ;

where ! " is a neigh b ourho o d of the supp ort of r � . Since a neigh b ourho o d of � 1 in 
 has to

con tain ! " for some " , (3.6 ) follo ws. �

4. Applica tions

In [7 ] and [8], Prop osition 3.1 is used to pro v e that in the case of the Bunimo vic h billiard sho wn

in Fig.2 , the states ha v e non v anishing densit y near the v ertical b oundaries of the rectangle. That

follo ws from Theorem 2 whic h sho ws that w e m ust ha v e p ositiv e densit y in the wings of the

billiard, and the propagation result (in the b oundary case) based on the fact that an y diagonal

con trols a disc geometrically (see [7 , Section 6.1]; in fact w e can use other con trol regions as

sho wn in Fig.2). Here w e consider another case whic h acciden tally generalizes a con trol theory

result of Ja�ard [14 ].

The Sinai billiard (see Fig.1 ) is de�ned b y remo ving a strictly con v ex op en set, O , with a C1

b oundary , from a �at torus, T2
a;b

def= ( aS1) � (bS1) :

S def= T2
a;b n O :
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Figure 2. Con trol regions in whic h eigenfunctions ha v e p ositiv e mass and the

rectangular part for the Bunimo vic h stadium.

The follo wing theorem results b y applying Theorem 1 to a torus with sides of arbitrary length.

Theorem 3. L et V b e any op en neighb ourho o d of the c onvex b oundary, @O , in a Sinai bil liar d, S .

If � is the Dirichlet or Neumann L aplac e op er ator on S then ther e exists a c onstant, C = C(V ) ,

such that

(4.1) � h2� u = E(h)u =)
Z

V
ju(x)j2dx �

1
C

Z

S
ju(x)j2dx ;

for any h and jE (h) � 1j < 1
2 .

Pr o of. First note that w e can easily limit ourselv es to the case where our �at torus has one side

of length 1 and one side of length a. Supp ose that the result is not true, in other w ords, there

exists a sequence of eigenfunctions un , kun k = 1 , with the corresp onding eigen v alues � n ! 1 ,

suc h that

R
V jun (x)j2dx ! 0.

W e �rst observ e that the only directions in the supp ort of the corresp onding semi-classical

defect measure, � , ha v e to b e "rational", in other w ords, the tra jectory m ust tra v el along a line

of slop e

ma
n where m; n 2 N. The pro jection of a tra jectory with an irrational direction is dense

on the torus and hence m ust encoun ter the obstacle @O (and consequen tly V ). The propagation

result recalled in Prop osition 2.3 , part (3), giv es a con tradiction b y c ho osing a prop er test function

� whic h is nonzero on the supp ort of the measure � resulting from our sequence of eigenfunctions

(remark that w e apply this result as long as the tra jectory do es not encoun ter the obstacle and

consequen tly w e need only the interior propagation).

Hence let us assume that there exists a rational direction in the supp ort of the measure whic h

then con tains the p erio dic tra jectory in that direction. As sho wn in Fig. 3 w e can �nd a maximal

rectangular neigh b ourho o d of the pro jection of that tra jectory whic h a v oids the obstacle.

The rectangle can b e describ ed as R = [0 ; a1]x 1 � [0; b1]y1 with the the y1 co ordinate parametriz-

ing the tra jectory . Let � , � > 0 b e small. Let u b e an eigenfunction in our sequence and de�ne

� = f � (x1) 2 C1
c (T2) j � (x1) = 1 for all x1 2 (�; a 1 � � ); � (x1) = 0 outside (0; a1)g:

Note that w e can then write � = � (x; y) for (x; y) 2 T2
1;a as x1 is simply a rotation and translation

of the standard co ordinates. Then � (x; y)u(x; y) is a function on all of R satisfying the p erio dicit y

condition. Let � � (� ) = �( � � � ) , where w e de�ne

� = f �( � ) 2 C1
c (R2) j �( � ) = 1 for � 2 B (0; � ); �( � ) = 0 for � 2 R2 n B (0; 2� )g;

where B (0; � ) is a ball cen tered at 0 of radius � . Note, due to the compact supp ort of this function

in � , � � (D ) is in the sym b ol class S(h� i � N ) for an y N . Let � R is the (p erio dic) Laplacian on

R . Using F ourier decomp osition w e can arrange that [� R ; � � (D )] = 0 . Since our eigenfunction
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x

y

p
(ma )2 + n 2

p
(ma )2 + n 2

1

a

�

�

Figure 3. A maximal rectangle in a rational direction, a v oiding the obstacle.

Because the parrallelogram is certainly p erio dic and our region has uniform

width, it is clear that the resulting rectangle is p erio dic.

is only de�ned on T2
1;a n O, let us in tro duce a smo oth function � 0 whic h is 0 on a neigh b orho o d

U of the obstacle and 1 on T2
1;a n V where U � V . Cho ose U and V suc h that �� 0 = � . Hence,

(� h2� R � E (h))� � (D )�� 0u = [ � h2� R ; � � (D )� ]u = � � (D )[� h2� R ; � ]� 0u + O(h1 ) ; kuk = 1 ;

b y the prop erties of S(h� i � N ) op erators acting on L 2
functions on a torus. As in the pro of of

Prop osition 3.1 , w e no w see that

(4.2) k� � �� 0ukL 2 � C
Z

!
j� 0uj2 + O(h1 ) ;

where ! is a neigh b ourho o d of r � (in the calculus of semi-classical pseudo-di�eren tial op erators).

Since the semi-classical defect measure of � � �� 0u (whic h is j� � �� 0j2 � � ) w as assumed to b e

non-zero, (4.2 ) sho ws that the measure of � 0u� ! is non zero and consequen tly there is a p oin t in

the in tersection of the supp orts of � and � 0u� ! . But � is in v arian t b y the �o w (as long as it do es

not in tersect the obstacle) and hence, once w e c ho ose � , � small enough suc h that all the cut-o�s

ab o v e are v ery close to the b oundary of R , its supp ort can b e made in tersect an y neigh b ourho o d

of @O . �

No w, from the ab o v e theorem, w e see the follo wing simple, but imp ortan t consequences:
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Remark 1. Let S = T2
a;b n O where O is su�cien tly smo oth in the case of Neumann b oundary

conditions, but otherwise lac king restrictions. Then, for V an y op en neigh b orho o d of @O , and

u a solution of � h2� u = E(h)u as ab o v e, then (4.1) is satis�ed. This follo ws from the ab o v e

argumen t as the con v exit y of the obstacle w as nev er used. Th us, the result holds for an y obstacle

(ev en connectedness is not assumed here) and is applicable to the sp ecial case of pseudoin tegrable

billiards (see for instance [2 ] for motiv ation and description). In the next section, w e use an

argumen t similar to that ab o v e in order to sa y ev en more ab out concen tration along tra jectories

in sp eci�c pseudoin tegrable billiards. By an elemen tary re�ection principle, the result also holds

for an obstacle inside a square with Diric hlet or Neumann conditions on the b oundary of the

square.

Remark 2. The pro of ab o v e giv es in fact the follo wing estimate for an y op en neigh b ourho o d,

sa y V , of the obstacle:

(4.3)

9C; 8u; f 2 L 2(S) solutions of (� � + � )u = f; u � @S= 0

kukL 2 (S) � C
�
kf kL 2 (S) + ku1lV kL 2 (V )

�

and according to [7, Theorem 4], this implies that the Sc hrödinger equation in S is exactly

con trollable b y V in �nite time. In fact, b y w orking on the time ev olution equation, w e could

strengthen this result allo wing an arbitrarily small time.

This latter result w as previously kno wn [14 ] for the particular case � = ; ( S = T2
) but the

pro of w as based on subtle results ab out F ourier series [15 ].

Remark 3. As sho wn in [7, Theorem 2

0
], the results of Ik a w a and Gérard on scattering b y t w o

con v ex obstacles (see [7] and references giv en there) giv e an estimate on the maximal concen tra-

tion of an eigenfunction (or a quasimo de) on a closed orbit in a Sinai billiard. Let � 2 C1 (S; [0; 1])
b e supp orted in a small neigh b ourho o d of a closed transv ersally re�ecting orbit. Then for an y

family (� � � � )u� = O(� �1 ) , ku� k = 1 ,

C
Z

S
ju(x)j2(1 � � (x))dx �

1
log �

;

that is a concen tration on a closed tra jectory , if at all p ossible, has to b e v ery w eak.

5. Pseudointegrable Billiards

W e de�ne a pseudoin tegrable billiard to b e a plane p olygonal billiard with corners whose

angles are of the form

�
n , for an y in teger n (see [3]). In particular, w e will b e w orking with the

billiard P = T2
a;b nS where S is a slit that is parrallel to a side of the torus but not a closed lo op.

In Remark 1, w e p oin t out that Theorem 3 allo ws us to mak e statemen ts ab out the L 2
mass of

eigenfunctions in a neigh b orho o d of the slit for pseudoin tegrable billiards. F or this particular

t yp e of billiard, it w ould b e ideal to state that ev ery eigenfunction m ust ha v e non-zero mass in a

small neigh b orho o d of the edges of the slit (see Fig. 4 ). In this section, w e pro v e a w eak er result

ab out non-concen tration along certain classical tra jectories in P of semiclassical defect measures

obtained from eigenfunctions u suc h that (� � � �) u = 0 on P .

As with the Sinai billiard, the classical b eha vior of tra jectories m ust b e tak en in to accoun t

in our treatmen t of this problem. There cannot b e concen tration along tra jectories that do not

hit the slit as sho wn b y Theorem 3 . If a tra jectory has irrational slop e, it is dense in P , and

th us has mass near the edges of the slit as in Section 4 . Therefore, for our purp ose, w e concern

ourselv es only with rational tra jectories whic h in tersect the slit at some p oin t. As w e are dealing

with p erio dic b oundary conditions, let us consider the plane tiled with copies of the billiard P .
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V1

S

V2

Figure 4. A pseudoin tegrable billiard P consisting of a torus with a slit, S
along whic h w e ha v e Diric hlet b oundary conditions. W e w ould lik e to sho w that

eigenfunctions of the Laplacian on this torus m ust ha v e concen tration in the

shaded regions V1 and V2 .

Assume that P is orien ted suc h that S is parrallel to the y -axis. Let 
 2 S� (P) b e a tra jectory .

Giv en the natural pro jection

� 1 : S� (P) ! P;

w e tak e 
 0 = � 1(
 ) , or the ph ysical path along whic h the tra jectory tra v els. Consider the

pro jection

~� : R2 ! T2
a;b :

W e see that

~� : R2 n ~S ! P; where

~S = ~� � 1(S):

De�ne

� 2 : S� (R2 n ~S) ! S� (P)

to b e the ob vious pro jection. Let ~
 = � � 1
2 (
 ) . W e can write

~
 = [ 1
j =1 
 j ;

where eac h 
 j is a tra jectory in S� (R2 n ~S) . W e note that b y construction, 
 i \ 
 j = ; for i 6= j .

T o see this, assume that 
 i \ 
 j = ( x; � ) . Then, 
 i = 
 j as they w ould represen t tra jectories

whic h tra v el through the same p oin t in the same direction. No w, let

� �
1 : S� (R2 n ~S) ! R2 n ~S:

Select one tra jectory from the ab o v e union, sa y 
 1 . Let 
 0
1 = � �

1 (
 1) . W e see that either 
 0
1 is

b ounded in the x -direction or 
 0
1 is un b ounded in the x -direction. Note that this prop ert y then

holds for all 
 j , j 2 N. F or a tra jectory 
 , if the resulting path 
 0
1 is b ounded in the x -direction,

w e sa y 
 is x -b ounded. W e de�ne 
 as x -un b ounded if 
 0
1 is un b ounded in the x -direction. See

Fig. 5 for examples. No w, w e are prepared to state our theorem concerning the billiard P .

Theorem 4. L et 
 b e an x -b ounde d tr aje ctory on P = T2 n S . If � is the Dirichlet L aplac e

op er ator on P then ther e exists no micr olo c al defe ct me asur e obtaine d fr om the eigenfunctions on

P such that supp (d� ) = 
 .
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c. and d. represen t x -un b ounded tra jectories.

Ab o v e, a. and b. represen t t ypical x -b ounded tra jectories, while

d.

b.

c.

a.

Figure 5. Some examples of x -b ounded and x -un b ounded tra jectories.

Pr o of. Let 
 0
b e as ab o v e. Let V� b e an � neigh b orho o d of 
 0

. If the theorem w ere false, w e

w ould ha v e a sequence of eigenfunctions un , kun kL 2 = 1 with the prop ert y

Z

P nV�

jun j2dx ! 0;

for an y �: W e sho w that this is imp ossible.

F or eac h un , w e ha v e (� � � � n )un = 0 , un jS = 0 , un 2 L 2(P) . Let ~� b e as ab o v e. W e de�ne

the sequence ~un = ~� � 1un . W e ha v e (� � � � n )~un = 0 , ~un j ~S = 0 , and ~un 2 L 2
p er

(R2 n ~S) .

If � 2 : S� (R2 n ~S) ! S� (P) is as ab o v e and ~
 = � � 1
2 (
 ) , then ~un ! d~� with

supp (d~� ) = ~
 � S� (R2 n ~S) :

No w, let � �
1 : S� (R2 n ~S) ! R2 n ~S b e as ab o v e. Select one tra jectory , sa y 
 1 . As 
 1 is

x -b ounded, 
 0
1 = � �

1 (
 1) is con tained in a strip in the plane whic h is in�nite in the y -direction

and b ounded in the x -direction. Th us, 
 0
1 is con tained in a strip, C0 , with minimal width in the
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x -direction. Then, ~un satis�es (� � � � n )~un = 0 on C0 , is p erio dic in the y -direction, and satis�es

the follo wing b oundary conditions in the x -direction: Diric hlet b oundary conditions along the

slits that in tersect the b oundary of C0 and p erio dic b oundary conditions otherwise.

Without loss of generalit y , w e can c ho ose the x -co ordinates suc h that the b oundaries of C0

are x = � R and x = 0 . W e can then re�ect to a strip, sa y

~C1 , with b oundaries x = � R and

x = R , b y de�ning a new function on

~C1 b y:

~u(1)
n (x; y) =

�
~un (x; y) x 2 [� R; 0];

� ~un (� x; y) x 2 (0; R):

Note that ~un is p erio dic with p erio d 2R . As a result, w e ha v e

(� � � � n )~u(1)
n = f (1)

n

on

~C1 , where

f (1)
n = 2 u(0; y)� 0

0(x) � 2u(R; y)� 0
R (x):

W e note that f (1)
n is supp orted a w a y from the slits,

~S.

De�ne

� ]
1(x; y) =

�
(x; y) � R � x � 0;
(� x; y) 0 � x � R:

If � ]
1 : ~C1 ! C0 , then

(� ]
1)� 1(

[

j


 0
j )

is again a union of paths resulting from disjoin t tra jectories. No w, w e iterate this pro cedure a

�nite n um b er of times, stopping the iteration when the disjoin t tra jectories in the lift in tersect

eac h slit only once.

After eac h re�ection, w e restrict to a new minimal width strip, sa y Ci . Let us call

~Ci the strip

resulting from the i th re�ection. W e de�ne � ]
i : ~Ci ! Ci � 1 for 1 � i < N suc h that

� ]
i (x; y) =

�
(x; y) (x; y) 2 Ci � 1;
(2Ri � x; y) (x; y) 2 C0

i � 1:

Here, C0
i � 1 is de�ned as the re�ected strip and x = Ri � 1 is the line of re�ection for

~Ci . W e

can subsequen tly de�ne f ( i )
n as a sum of delta functions resulting from jumps that o ccur after

re�ection, similar to f (1)
n ab o v e. W e also ha v e � N : R2 ! CN , the ob vious pro jection that results

after w e tile the plane with copies of CN . So, w e ha v e:

R2 � N! CN � ~CN
� ]

N! CN � 1 � ~CN � 1
� ]

N � 1! :::
� ]

2! C1 � ~C1
� ]

1! C:

Note that

� � 1
N (
 0

1) =
[

j


 0
1;j ;

where f 
 0
1;j g is the set of all paths in CN generated b y the tra jectory 
 1 and the p erio dicit y in y .

After a �nite n um b er of re�ections, w e "unfolded" 
 0
1 to b e a p erio dic line on a large strip,

CN , whic h do es not in tersect a slit an ywhere. No w, let us c ho ose � � , � , and � 0 as ab o v e in order

to cut-o� microlo cally on this strip around 
 1 . Again, recall that w e can set �� 0 = � . As f ( i )
n is

supp orted only in b et w een the slits for eac h i 2 N, 1 � i � N , b y c ho osing � � to comm ute with

the p erio dic Laplacian, w e ha v e

(� h2� R � E (h))� � �� 0un = � � �f n + [ � h2� R ; � � � ]u = � � [� h2� R ; � ]� 0u + O(h1 ) ; kuk = 1 :

Th us, the result follo ws b y con tradiction from the pro of of Theorem 3 . �



EIGENFUNCTIONS F OR P AR TIALL Y RECT ANGULAR BILLIARDS 13


 1 in C 2 after

another re�ection.


 1 as a p erio dic tra jectory in R2
after a �nal re�ection and m ultiplication

b y a microlo cal cut-o� function.

re�ection will b e supp orted along the blue lines. Note also that w e

ha v e elected to sho w only 
 1 for simplicit y .


 1 in the strip

~C 1 . The inhomogeneit y resulting from

The union of all tra jectories here giv es ~
 .

In b old, w e ha v e 
 1 in the plane.

In b old, w e ha v e 
 1 in C 0

Figure 6. This diagram describ es ho w w e "unfold" the eigenfunctions in order

to deriv e a con tradiction.

Remark 4. Though this result only sho ws non-concen tration, the pro of of Theorem 3 can b e

used to sho w if 
 is an x -b ounded tra jectory and u is an eigenfunction supp orted on 
 0 = � 1(
 ) ,

then in fact there m ust b e mass at the edges of the slits as desired.

Remark 5. If instead of a torus, w e had Diric hlet b oundary conditions on the b oundary of

the rectangle as w ell as the slit, then this non-concen tration result can also b e applied b y an

elemen tary re�ection principle argumen t.

References

[1] C. Bardos, G. Leb eau and J. Rauc h. Sharp su�cien t conditions for the observ ation, con trol, and stabilization

of w a v es from the b oundary . SIAM J. Contr ol Optim. 30:1024�1065, 1992.

[2] E. Bogomoln y , U. Gerland, and C. Sc hmit. Mo dels of in termediate sp ectral statistics, Phys. R ev. E 59:1315-

1318, 1999.

[3] E. Bogomoln y and C. Sc hmit. Structure of W a v e F unctions of Pseudoin tegrable Billiards, Phys. R ev. L ett.

92:244102, 2004.

[4] N. Burq. Con trol for Sc hro dinger equations on pro duct manifolds. Unpublishe d , 1992

[5] N. Burq. Semi-classical estimates for the resolv en t in non trapping geometries. Int. Math. R es. Notic es ,

5:221�241, 2002.



14 J. MARZUOLA

[6] N. Burq and P . Gérard, Condition nécessaire et su�san te p our la con trôlabilité exacte des ondes. Comptes

R endus de L'A c adémie des Scienc es , 749�752,t.325, Série I, 1996

[7] N. Burq and M. Zw orski. Geometric con trol in the presence of a blac k b o x. JAMS , to app ear.

[8] N. Burq and M. Zw orski. Bouncing ball mo des and quan tum c haos. SIAM R eview , to app ear.

[9] N. Burq and G.Leb eau. Mesures de défaut de compacité, application au système de Lamé. A nn. Sci. Éc ole

Norm. Sup. (4) , No 34, 817-870, 2001.

[10] H. Donnelly . Quan tum unique ergo dicit y . Pr o c. A mer. Math. So c. 131:2945-2951, 2003.

[11] L. C. Ev ans and M. Zw orski. Lectures on Semiclassical Analysis. Unpublishe d L e ctur e Series , 2003.

[12] P . Gérard and E. Leic h tnam. Ergo dic Prop erties of Eigenfunctions for the Diric hlet Problem. Duke Mathe-

matic al Journal, No 71, 559�607, 1993

[13] A. Haraux. Séries lacunaires et con trôle semi-in terne des vibrations d'une plaque rectangulaire. J. Math.

Pur es Appl. 68-4:457�465, 1989.

[14] S. Ja�ard. Con trôle in terne exact des vibrations d'une plaque rectangulaire. Portugal. Math. 47 (1990), no.

4, 423-429.

[15] J.P . Kahane. Pseudo-p ério dicité et séries de F ourier lacunaires. A nnales Sc. de l'Ec ole Normale Sup érieur e

79, 1962.

[16] R.B. Melrose and J. Sjöstrand. Singularities of Boundary V alue Problems I & I I, Communic ations in Pur e

Applie d Mathematics , 31 & 35, 593- 617 & 129-168, 1978 & 1982.

[17] S. Zelditc h. Quan tum unique ergo dicit y . math-ph/0301035

Ma thema tics Dep ar tment, University of Calif ornia, Ev ans Hall, Berkeley, CA 94720, USA

E-mail addr ess : marzuola@math.berkeley.ed u


	1. Introduction
	2. Semiclassical Pseudodifferential Operators on a Torus
	3. Partially rectangular billiards
	4. Applications
	5. Pseudointegrable Billiards

