EIGENFUNCTION CONCENTRATION FOR PSEUDOINTEGRABLE BILLIARDS
ANDREW HASSELL AND JEREMY MARZUOLA

ABSTRACT. In this note, we extend the results on eigenfunction concentration in pseudointegrable billiards
as proved by the second author in [5]. There, the methods developed in Burg-Zworski [3| to study
eigenfunctions for billiards which have rectangular components were applied. Here we take an arbitrary
pseudointegrable billiard B and show that eigenfunction mass cannot concentrate away from the vertices;
in other words, given any neighbourhood U of the vertices, there is a lower bound

/ uf2 = / ful?
U B

for some ¢ > 0 and any eigenfunction u. The results apply also to plane domains, or tori, with slits, with
pseudointegrable billiard flow.

1. Pseudointegrable billiards

A pseudointegrable billiard domain B is a plane polygonal domain such that every vertex angle is a
rational multiple of 1, see Figure 1. Let us denote by N the least positive integer such that every vertex
angle is an integer multiple of m/N. Consider the classical billiard flow on the unit cotangent bundle S*B.
Since the product of two reflections in the plane is a translation or a rotation through angle 2a, where a
is the angle between the fixed lines of the reflections, we see that — at least for trajectories that avoid the
vertices of B — there are only a finite number (not more than 2N) of directions in which the trajectory
may travel. In other words, there are invariant sets of directions, which explains why these domains are
considered integrable in some sense. The reason why they are only pseudo-integrable is that invariance
breaks down for trajectories that hit a vertex, as they can ‘di [ract’ and emerge in any (interior) direction,
as is necessary if they are to model the behaviour of singularities of solutions to the wave equation on B.
Our main result is that eigenfunctions of the Dirichlet Laplacian on B do not concentrate away from the
set V of vertices. More precisely, we have

Theorem 1. Let B be a plane pseudointegrable billiard, and let U be any neighbourhood of V. Then there
exists ¢ = ¢(U) > 0 such that, for any L2-normalized eigenfunction U of the Dirichlet Laplacian Apg, we
have

(11) /U 2 >c.

That is, U is a control region for B, in the terminology of [2].

Remark 2. We do not assume convexity of B.

Remark 3. A similar result holds for polygonal domains, or tori, with (straight) slits. Here the assumption
of pseudointegrability is that the angle between each pair of edges is a rational multiple of m where the set
of edges is understood to include the set of slits, and in the statement of the theorem, V is understood to
include the boundary points of each slit, see Figure 2.

Remark 4. The theorem can be sharpened for convex billiards by removing from V those vertices with
angle of the form m/n for some integer n, as a reflection principle argument takes care of such verticies.
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Figure 1. Examples of ergodic pseudointegrable billiards for which Theorem 1 is applicable.
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Figure 2. A standard pseudointegrable billiard consisting of a torus with a slit S and
the regions V; and Vs of concentration according to Theorem 1.



EIGENFUNCTION CONCENTRATION FOR PSEUDOINTEGRABLE BILLIARDS 3

To prove this theorem, we shall argue by contradiction. Assume that there is no C such that (1.1) holds.
Then there is a neighbourhood U of the set of vertices and a sequence (u,,) of normalized eigenfunctions,
with eigenvalues A2 — oo, whose mass in U tends to zero as n — oo. Associated to such a sequence is (at
least one) semiclassical measure 1, a probability measure on S*X (see, for example, [4]) which is necessarily
supported away from the inverse image m—!(U) — see Lemma 11.

It is a standard property of such semiclassical measures that p is invariant under the billiard flow. We
shall show that the support property of u just mentioned and the geometry of the billiard flow is such
K would have to be supported on finitely many ‘types’ of periodic trajectories (here, ‘type’ is a technical
term defined below). So it su [ceq, for a contradiction, to show that its mass on each such type of periodic
trajectory is zero. To do this we use the argument of [5] (which in turn relies on [3]) slightly modified so
as to avoid a technical assumption made there.

Remark 5. One technical issue is that the billiards we consider have a non-trivial singular set (consisting
of vertices), where the invariance of the semiclassical measures along the billiard flow could be disrupted,
as discussed in [6]. However, here we are only concerned with semiclassical measures that avoid a neigh-
bourhood of the singular set. Outside such a neighbourhood, the domain is locally convex with straight
boundary, and hence we can apply the techniques used to study semiclassical measure invariance from
Sections 2 and 3 of [4], who analyze convex billiards with W 2> boundary regularity. Indeed, in our case
a much more elementary argument su [ced to see this invariance. For any edge e of B, arc-parametrized
by y € [0,1], we can consider a rectangle R = [— ', /], x [ /2,1 — /2] with RN {x > 0} C B, where (x,y)
is a Cartesian coordinate system near e with x =0 on e, and X > 0 on B N R. Given the sequence (u,,) of
normalized eigenfunctions as above, restrict to R N B and reflect in e, i.e. consider

un,(X,y) = {

Then u!, are eigenfunctions in R, and HU;IH%Z(R) < 2. So the sequence (u},) determines a semiclassical

measure ' in T*R°, where R° denotes the interior of R, which agrees with p for x > 0 and such that the
mass of Y’ restricted to x = 0 is twice that of p restricted to x = 0. The measure p’ satisfies

(1.2) (802 +ndy ) =0
in R°, by [4], and this immediately implies invariance of p with respect to the billiard flow at e.

u,(x,y) if x>0
—U,(—Xx,y) if x <0.

We also remark that, using this device, it is straightforward to show that p has no mass at the boundary
of T*B. Indeed, for su Lciehtly small and ’, ' has no mass in a neighbourhood of the edges y =
y=1l— of R. For0<d< ',/ letl C [- ', '] be an interval of length 6. Equation (1.2), and the vanishing
of Y near the above-mentioned edges of R, means that the mass of ' in | x [ 72,1 — /2] is fixed, for fixed
9, as | varies. Therefore the mass of W’ in [-0/2,0/2] x [ /2,1 — /2] is O(3), which means that p’, and
hence p, has no mass at x = 0, i.e. above the edge e in T *B.

2. Billiard flow on pseudointegrable billards

We begin by establishing some properties of the billiard flow on S*B. For the remainder of this paper,
we assume, as we may without loss of generality, that U = U, is the -neighbourhood of the set of vertices
V (for some arbitrary > 0). We always assume that is su [ciehtly small; in particular we assume that
4 is smaller than half the minimum edge length.

We introduce the following definitions: a geodesic is a billiard trajectory in S*B, which obeys the law
of reflection at points where it meets the interior of an edge, and is allowed to emerge from a vertex point
at an arbitrary (interior) direction. The projection of this to B will be called a projected geodesic, or, for
simplicity, a path. A path is a union of straight line segments in B with their endpoints on the boundary of
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B; these will be called segments for brevity. Each path that is disjoint from U. determines a doubly-infinite
sequence of ordered pairs (e, 8) where e is an edge and 6 € S' = {€ € R? | |§| = 1} is a direction in the
following way; starting at an arbitrary point on the path, we record the next edge encountered together
with the direction of incidence, then the following edge encountered together with the direction of incidence,
etc. We call this list the type of the corrresponding path (or of its associated geodesic), and we regard it as
identical to any translation of the sequence, i.e. we regard it as having no distinguished ‘zeroth’ element.

First we record some elementary results. Let |, denote the length of the longest edge of B.

Lemma 6. (i) If y is a path disjoint from U., the angle between the direction in which it is incident to
any edge and the direction of the edge is bounded below by 4 sin(T/N)/lpax.

(i) There exists M > 0 such that, if two segments of the same path are parallel and have a perpendicular
distance of a between them, then if both segments have endpoints on the same edge €, these endpoints are
distance at most Ma apart.

Proof. Property (i) follows since if the angle were less than 4 sin(n/N )/l .,.x, then the path would neces-
sarily meet the -neighbourhood of one of the two endpoints of that edge. Property (ii) is an immediate
consequence of (i). 1

Lemma 7. (i) Let 6 be a segment between distinct edges €1 and €y (without meeting any other part of the
boundary of B), and disjoint from U, and let d be a positive number less than /M. Let 6’,0" be the two
line segments parallel to 0, of perpendicular distance & from G, with their endpoints on the edges €1 and
ey. Then 0,0" do not meet any other part of the boundary of B.

(i) Suppose that 01 and O are two parallel segments between distinct edges €1 and €2 (without meeting
any other part of the boundary of B). Then every parallel segment between 01 and Gy with its endpoints
on edges €1 and €y does not meet any other part of the boundary of B.

Proof. (i) We first note that Lemma 6 (ii) ensures that ¢’ and ¢’ do in fact meet e; and e;. Consider the
closed convex quadrilateral Q" with parallel sides o and ¢’. Since 6 < /M < , no vertex of B can lie in
Q’. Suppose that the interior of some edge e’ intersected Q’. Since the vertices of e’ lie outside Q’, there
must be a point on the boundary of Q' that intersects an interior point of e’. But this cannot be on the
edges e; or e; since edges do not intersect except at vertices, and it cannot be on 0. Therefore it must be
on ¢’. But if &’ were parallel to ¢’ this would require one endpoint of e’ to lie on Q" which is not possible;
while if not parallel, then e’ would have to cross o, e; or e5, which is not possible. An identical argument
applies to the quadrilateral Q” with parallel sides o and ¢”.

The proof of (ii) is very similar. Consider the closed convex quadrilateral Q with parallel sides o; and
02. There cannot be any vertex of B in Q, as the vertices of e; and e; lie outside Q and no edge of B can
cross any of the sides of Q. Similarly, no part of any edge (except for the sides of Q contained in e; and
€5) can intersect Q, since no edge of B other than ey, e; can intersect any of the sides of Q. 1

Lemma 8. Assume that B is a pseudointegrable plane billiard. Then any classical path Y either intersects
U, or it is periodic.

Proof. Lety be a path that does not meet U.. We have already observed that each segment in y can have
one of at most 2N directions. Since there are a finite number of directions and a finite number of edges,
there must be an edge and a direction 6 so that there are infinitely many occurrences of (e, 8) in the type
of y. Now assume, for a contradiction, that y is not periodic. Then no two segments of y coincide, so there
are infinitely many distinct segments meeting edge e with incident direction 6. It follows that, for arbitrary
9, there are two distinct such segments of y, say o; and 05, whose perpendicular distance is &’ < 3. We
may also, without loss of generality, assume that o; and o5 are separated by an even number of reflections.
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Taking 6 < /M, we see from Lemma 7 (i), applied repeatedly, that the sequence of edges encountered
starting with segment o; coincides with the sequence of edges encountered starting with o,, i.e., the type
of y is periodic, say with period 2k. However, the product of these 2k reflections is an oriented isometry of
R? that maps o0, to a parallel line segment, so it is translation by a vector whose component perpendicular
to oy is d’. Thus, after another 2k reflections we arrive at another segment o3 parallel to o; and with
perpendicular distance 20’ from o;. Repeating the argument, after 2kn reflections we arrive at a segment
of perpendicular distance nd’ from o;. But this is impossible for large n since nd’ is eventually larger than
the diameter of B. So we cannot have 3’ > 0, which is a contradiction. —1

In the course of the proof above, we showed

Lemma 9. Let y be a periodic path with an even number of reflections disjoint from U., and let 0 be a
segment of Y. Then, every path starting from a segment parallel to 'y and with perpendicular distance less
than /M is also periodic.

Next we show

Lemma 10. There are only a finite number of types of periodic paths disjoint from U,.

Proof. We have seen that there are at most 2N possible directions for a given path, and from the proof
of Lemma 8, there is a lower bound /M on the perpendicular distance between any two distinct parallel
segments. By counting the number of endpoints of all segments of a given direction, we obtain an upper
bound, namely 2K = 2N |E|l,,.xM/ (where E is the set of edges) on the length of one primitive period of
the type of any periodic geodesic. This in turn gives an upper bound of L = 2K (diam(B)) of the length
of one primitive period. To show that the number of types is finite, we show that the set of primitive
periods of types of periodic paths disjoint from U, with a given edge sequence ey, €s, ..., ek nis discrete.
It is su [cieht to take the angular variable &, || = 1, from the first element (eq, &) of the type and show
that this is discrete in S! (recalling that all the other angles in a type are determined by the first angle
and the edge sequence).

So consider the type t of a periodic path y disjoint from U, with this edge sequence. Starting a point
X €y, such that the next edge is e; with angle of incidence &, consider changing & by an angle at most
a. For L|sina| < /2M, this determines a new trajectory, disjoint from U, ,, that will not change the
sequence of the first 2K’ edges encountered, provided that Lsina < /2M. But (recalling that the product

of the reflections about lines ey, ...,exxmis a translation) after applying these reflections, the perturbed
path has undergone a perpendicular displacement of Isin a, where | is the length of one primitive period
of y, and therefore is not periodic for a # 0. 1

3. Reduction to rectangular billiards

We return to the proof of the main theorem. Recall the definition of the semiclassical measure p in
Section 1. We first show a (standard) support property of u:

Lemma 11. The support of W is disjoint from m—1(U,).

Proof. Suppose that there is a point q € supp 1 with m(q) € U. Choose a nonnegative function ¢ € C>°(B)
supported in U, with @ = 1 in a small neighbourhood G of m(q). Since ¢ > 0 and W is a positive measure,
we have (W, @) > 0. If (1, @) = 0 then (4, X) = 0 for every X € C°>(S*M) supported in m~*(G), since we
have X = X, and by the positivity of u and @, |(1, X@)| is bounded by (W, ©)|/X||~. But this would mean
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that m—1(G) is disjoint from the support of W, which is not the case. Thus we conclude that (u, ) > 0.
This means that
lim [ |u,|?¢ >0,

B

n—oo

contradicting our assumption about the sequence (u,,). 1

By Lemma 11 and Lemma 8, the measure [ is supported on periodic geodesics disjoint from U, and by
Lemma 10, there are only finitely many types of such geodesics. So it su [ced to show that the mass of i on
each type is zero. To do this, we fix a type t, periodic with primitive period (e1,81), (e2,02), ..., (€2x, B2r).
Now consider all geodesics with this type that are disjoint from U, ;. By Lemma 9 and Lemma 7 (ii),
the union, over all such geodesics, of the jth segments o; (thus going between e; and e;,;) is a closed
quadrilateral Q; with two parallel sides. Moreover, the Q; can be moved by isometries in such a way that
they join end-to-end to form a quadrilateral P. This is done by reflecting Q- about the edge es, reflecting
Q3 about the edge e3 and then the edge e,, reflecting Q4 about the edge ey, then the edge e; and then the
edge e,, and so on; see Figures 3 and 4. Since the product of the first 2k reflections is a translation, Qo1
and Q; are related by a translation which means that the ends of the quadrilateral formed by Q; Ne; and
Qar Negkr1 (Notice egr 1 = €1) are parallel. Hence P is a parallelogram. We will refer to the sides of P
made up of segments of geodesics as the ‘long’ sides and the sides of P made up of subintervals of the edge
e; as the ‘short’ sides (regardless of their relative lengths). We can think of each line parallel to the long
sides of P as an ‘unwrapped’ periodic path.

Now, for each eigenfunction u,, we define a function on P by taking u,, on the even Q,; and —u,, on
the odd Qoxr1- As is well known, this defines an eigenfunction on P (which we continue to denote u,,, by
abuse of notation) which is periodic in the long direction. We may therefore regard P as a cylinder C and
u, as an eigenfunction on this cylinder.

We now apply the argument of [5] to this function u,, on C. Let us use Cartesian coordinates (X,y) on
C, where x € [0,a], y € [0,1] withy = 0 and y = | identified. Thus {x =0} and {x = a} are the two long
sides of the cylinder, and the variable x parametrizes periodic paths of type t. Choose a cuto [function
X € C2°[0,a] such that X = 1 on an open set containing all x parametrizing all paths disjoint from U, (as
opposed to U, /2). Then Xu, vanishes near the long sides of C, and thus may be regarded as a function on
a torus T. So we now have a sequence v,, = Xu,, on T. Consider any semiclassical measure v associated
with the sequence (v,,) on T. (We remark that the v,, are bounded in L2 (by v/2k), so there exists at
least one semiclassical measure. This could be the zero measure; this would be the case if ||v,||;2 — 0, for
example.) Since p is supported on periodic geodesics of a finite number of types, there are only a finite
number of directions in the support of p. Consequently, there are only a finite number of directions in the
support of v. So we can find a constant-coe [cieht pseudodi [erkntial operator ® on T that is microlocally
1 in a neighbourhood of directions parallel to dy, i.e. in the direction of the unwrapped periodic paths,
but vanishes microlocally in a neighbourhood of every other direction in the support of v. (See [5] for a
discussion of constant-coe [cieht pseudodi [erkntial operators on a torus.)

Consider the sequence of functions (®v,,) on T. The semiclassical measures v’ associated to this sequence
are related to those for the sequence (v,,) by v/ = a(®)v. Thus, the support of v’ is restricted to directions
parallel to dy, i.e. to the long side of the torus, and to geodesics parametrized by x such that x(x) = 1
(because of the way we chose X).

Now we apply the proposition on p46 of [3] which says':

IThis proposition is stated in [3] for Dirichlet boundary conditions on a rectangle, but applies equally well to periodic
boundary conditions as noted in [5].
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Figure 3. Selecting the Q; based on a periodic trajectory in a billiard.

Proposition 12. Let A = —(92 + 0;) be the Laplacian on a rectangle R = [0,a], x [0,1],. For any open
0 C R of the form w, x [0,1],, there is C such that, for any solution of

(A—N)w =F + 0,9
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Figure 4. Unfolding the Q; into a parallelogram.

on R, satisfying periodic boundary conditions, we have
HWH%Z(R) < C(||f||%2(R) + ||9H%2(R) + ||W|\%2(w))-

We apply this with w = w,, = ®v,,, f =F, = ®((02X)u,.), g = g, = —2®((0.X)u,), and w contained in
the set {x = 0}. (Note that ® commutes with A and 0,.) Since f and g are supported on the support of
VX, their support is disjoint from that of V', s0 [[f,[|72(z) + 9172z — 0 @ n — co. Also, by our choice
of w, we have HWnHQLZ(w) = 0. It follows that HWnH%Z(R) — 0. But this means that v/ = 0. This implies that
v has no mass along directions parallel to dy, which means that p has no mass along the union of periodic
geodesics of type t which avoid U.. Since t is arbitrary, and the number of such t is finite, this means that
K has no mass, i.e. it is the zero measure. This is our desired contradiction, as p is a probability measure.
We conclude that Theorem 1 holds.
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