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We consider the classical M /G /1 queue with two priority classes and the nonpreemptive
and preemptive-resume disciplines. We show that the low-priority steady-state waiting-time
can be expressed as a geometric random sum of i.i.d. random variables, just likethe M /G/1
FIFO waiting-time distribution. We exploait this structures to determine the asymptotic be-
havior of the tail probabilities. Unlike the FIFO case, there is routinely aregion of the para
meters such that the tail probabilities have non-exponential asymptotics. This phenomenon
even occurs when both service-time distributions are exponential. When non-exponential
asymptotics holds, the asymptotic form tends to be determined by the non-exponential as-
ymptotics for the high-priority busy-period distribution. We obtain asymptotic expansions
for the low-priority waiting-time distribution by obtaining an asymptotic expansion for the
busy-period transform from Kendall’s functional equation. We identify the boundary be-
tween the exponential and non-exponential asymptotic regions. For the special cases of
an exponentia high-priority service-time distribution and of common genera service-time
distributions, we obtain convenient explicit forms for the low-priority waiting-time trans-
form. We a so establish asymptotic results for cases with long-tail service-time distributions.
As with FIFO, the exponential asymptotics tend to provide excellent approximations, while
the non-exponential asymptotics do not, but the asymptotic relations indicate the general
form. In all cases, exact results can be obtained by numerically inverting the waiting-time
transform.

Keywords: priority queues, M/G/1 queue, low-priority waiting time, tail probabilities,
asymptotics, non-exponential asymptotics, asymptotic expansions, Laplace transforms,
algebraic singularities

1. Introduction

In this paper we study the low-priority steady-state waiting-time distribution
in the classica M/G/1 queue with two priority classes and the nonpreemptive and
preemptive-resume disciplines. The priority structure tends to make the low-priority
waiting-time distribution have a relatively long tail. We quantify this effect.

The Laplace transform of the low-priority waiting-time distribution and the first
few moments are well known, e.g., see Cohen [30, section 111.3.6], Heyman and So-
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bel [41, section 11.5] and Theorem 2.1 below, but the distribution itself is somewhat
complicated, depending on the busy-period distribution of the high-priority customers,
which in turn is characterized implicitly via the Kendall functional equation for its
transform, (2.4) below. In fact, the low-priority waiting-time distribution is easily
computed numerically by numerical transform inversion, e.g., by the Fourier-series
method or the Laguerre series method; see Abate and Whitt [4] and Abate, Choudhury
and Whitt [15]. The required high-priority busy-period transform vaues for com-
plex arguments are easily obtained by iterating the Kendall functional equation for the
high-priority busy-period transform, as shown in Abate and Whitt [5]. This iterative
calculation of the busy-period transform was also used to caculate transient perfor-
mance measures in the M /G /1 queue with the first-in first-out (FIFO) discipline in
Choudhury, Lucantoni and Whitt [27].

Here we aim to obtain a better understanding of the low-priority waiting-time
distribution by doing asymptotic analysis to determine the limiting form as t — oo.
As in the FIFO case, there is often an exponentia tail; i.e., if W5 is the steady-state
low-priority waiting-time cumulative distribution function, then we often have

1—Wo(t) ~ae™ ast— oo (L1

for positive constants « and n, where f(t) ~ g(t) ast — oo means that f(t)/g(t) — 1

ast — oo; see Abate, Choudhury and Whitt [12,14]. Moreover, as in the FIFO case,

the asymptote in (1.1) usualy provides a good approximation for ¢ not too small.
However, unlike the FIFO case, there also is routinely asymptotics of the form

1—Wot) ~at™32e™™ ast— oo (1.2)

for positive constants o and 7 (different from the parametersin (1.1)). This observation
evidently has not been made before in the literature except in a special case considered
by Washburn [52], which we discuss in section 13.

With FIFO we can aso have asymptotics of the general form (1.2), but only
for specia service-time distributions, caled class Il in [11], for which the service-
time Laplace transform g(s) has rightmost singularity —s* < 0 and g(—s*) < oo.
(A Laplace transform of a probability density is analytic in the right halfplane, so any
singularity s must have Re(s) < 0. See section 3 for a classification of probability
distributions.) Unlike FIFO, asymptotics of the form (1.2) occurs for the low-priority
waiting-time distribution for well-behaved service-time distributions, e.g., when both
service-time distributions are exponential. Indeed, for well behaved service-time distri-
butions, we have exponential asymptotics as in (1.1) when the low-priority arrival rate
is above a critical threshold (with the requirement that the modd still be stable), and
the non-exponential asymptotics in (1.2) when the low-priority arrival rate is below
this threshold. Moreover, when (1.2) holds, the asymptotic decay rate » in (1.2) does
not increase (corresponding to smaller tail probabilities) when the low-priority arrival
rate decreases.

Upon reflection, this can be understood by observing that the low-priority wait-
ing time should be dominated by the remaining high-priority busy period when the
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low-priority arrival rate is sufficiently small. Thus, as the low-priority arrival rate
approaches 0, the low-priority waiting-time distribution approaches a nondegenerate
limit, which corresponds to the high-priority equilibrium time to emptiness, which in
turn is closely related to the equilibrium excess of the busy-period distribution (see
(2.13) below). Thus, the asymptotic form (1.2) can be anticipated if one realizes that
it is the asymptotic form of the M /G /1 busy-period distribution, first determined by
Cox and Smith [31]; see Theorems 7.1 and 8.1 below.

Asin the FIFO casg, it is also possible to have asymptotics different from (1.1)
and (1.2). However, such asymptotics can occur only with the class Il and 111 service-
time distributions in [11]. (Class Il distributions are long-tail service-time distribu-
tions, having O as the rightmost singularity of their Laplace transforms; see section 3
for more discussion.) We obtain such asymptotic results here, athough some of our
procedures remain to be fully justified. (We will point out the gaps.)

Our experience is that the non-exponential asymptotes, (1.2) and others, tend to
be not nearly as accurate approximations as the exponential asymptote in (1.1), so that
in applications it may be desirable to calculate exact values in those cases, but the
asymptotes indicate the general tendency. We give numerical examples here, which
support previous examples [3,8,11-14]. The reader could elect to go directly to the
examples in section 14.

The quality of the different asymptotic approximations can be explained theo-
retically by the very different rates of convergence that prevail. Usually the rate of
convergence is exponential in (1.1) and only linear in (1.2); i.e., the typical refinements
of (1.1) and (1.2) are, respectively,

1-Wot) ~ae™(1+o(e ")) ast— oo (1.3)
for ¢ > 0 and
1—Wa(t) ~ at~¥%e™(1+O(1/t)) ast — oo. (1.4)

(Recdll that an asymptotic expansion

F@&) ~ ) gt) ast— oo (15)
k=0
means that
FO =D gk ~ gnra(t) ast— oo (16)
k=0

for al n > 0; see Erdélyi [37] or Olver [46].)

The exponential asymptotics with the exponential rate of convergence in (1.3) oc-
curs when the rightmost singularity of the low-priority waiting-time Laplace transform
wo(s) isasimple pole a —n with Re(¢) < —(n + ¢) for all other singularities ¢. The
non-exponential asymptotics in (1.4) occurs when the rightmost singularity of w(s) is
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a branch point singularity at —7, such that Heaviside's asymptotic expansion applies
in the form

a(s) = / e dWa(t) ~ D an(s +0)? ass — - (1.7
0 k=0
see Doetsch [34, p. 254] or Van der Pol and Bremmer [51, p. 139]. The whole integer
powers in (1.7) correspond to analytic functions and thus have no influence upon the
asymptotics as ¢ — oo in the time domain. We establish results of the form (1.3)
and (1.4) in sections 8 and 12 here. We provide a conceptually satisfying derivation
by obtaining a corresponding asymptotic expansion for the high-priority busy-period
transform from Kendall’s functional eguation. The asymptotic expansion (1.7) for the
transform wy(s) follows quite directly from the asymptotic expansion for the busy-
period transform by exploiting simple relations among asymptotic expansions, as on
Olver [46, p. 19].
We aso determine the different asymptotic behavior at the boundary between
(1.1) and (1.2). At this boundary point,

1— Wo(t) ~ at Y2e " ast — oo, (1.8)

where o and n are positive constants (different from those in (1.1) and (1.2)). The
boundary asymptote in (1.8) can provide a much better approximation than the other
two approximations in the neighborhood of the boundary. When (1.1) applies near the
boundary point, the asymptotic constant « in (1.1) becomes very small; when (1.2)
applies near the boundary point, the asymptotic constant « in (1.2) becomes very large
(see Remark 7.4 and Theorem 7.5).

The work here complements other recent work on asymptotics for waiting-time
distributions with non-FIFO disciplines. Related asymptotics for the LIFO discipline
appears in Abate, Choudhury and Whitt [13] and Abate and Whitt [1], for polling
models in Choudhury and Whitt [26] and Duffield [35], and for the random-order-
of-service (ROS) discipline in Flatto [39]. For the LIFO discipling, the asymptotic
form is as in (1.2). For polling models, the asymptotics is of the more general form
We(t) ~ at~Pe ™ ast — oo. For ROS, even for the M /M /1 model, the asymptotics
is not of this form; Flatto shows for the A//M /1 model that We(t) ~ at~5/6e-m—t"*
ast — oo for positive constants «, n and ~.

Here is how this paper is organized. In section 2 we introduce our notation
and establish convenient representations for the low-priority waiting-time distribution.
A geometric random sum representation enables us to directly apply previous asymp-
totic results. In section 3 we discuss the three classes of distributions on the positive
halfline mentioned above and establish preliminary results. In section 4 we show that
the low-priority waiting-time distribution has a long tail if and only if at least one of
the two service-time distributions has a long tail. In section 5 we establish the main
asymptotic result for 1 — W>(¢). Throughout the paper we give arguments in both the
time domain and the transform domain. In section 6 we establish heavy-traffic limits
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(as the low-priority traffic intensity increases). We show that the two iterated limits
agree.

A more detailed description of the asymptotics for 1 — WW>(¢) depends on as-
ymptotics for the high-priority busy-period distribution. In section 7 we review the
asymptotics for the busy-period distribution obtained by saddle point methods by Cox
and Smith [31] and apply the results to support (1.2). In section 8 we develop the new
asymptotic expansion for the busy-period transform and apply it to support (1.3)—(1.8).
In section 9 we establish results for the long-tail case. We obtain the asymptotes in
considerable generality there, but several of the arguments remain to be made rig-
orous. In section 10 we establish associated asymptatic results for the low-priority
sojourn time, which is the low-priority waiting time plus the low-priority service time
(completion time) for the nonpreemptive (preemptive-resume) discipline.

The next three sections consider special cases. In section 11 we discuss the specia
case in which the high-priority service-time distribution is exponential. We also discuss
the specia case in which both service-time distributions are exponential. In section 12
we discuss the specia case in which the two service distributions coincide, but may be
genera. In section 13 we discuss the specia case, first considered by Washburn [52],
in which the low-priority arrival rate is high and service times are short, such that the
low-priority traffic intensity is nonnegligible, making the low priority class correspond
to fluid input. We also consider the case in which the high-priority input corresponds
to afluid. In all these specia cases we are able to find more explicit expressions.

In section 14 we give numerical examples. The first two numerical examples
are for the case in which the two classes have a common exponential service-time
distribution. The first example focuses on the two cases in (1.1) and (1.2); the second
example focuses on the boundary case in (1.8). The third example is for the case in
which the two classes have a common long-tail service-time distribution.

We conclude this introduction by mentioning that results in this paper are applied
in Berger and Whitt [21] to investigate the concept of effective bandwidths for waiting
times in high-speed communication networks using priorities; see de Veciana, Kesidis
and Walrand [33] and Chang and Thomas [24] for overviews of previous work with the
FIFO discipline. The asymptotic results here imply that modifications in the concept of
effective bandwidths are needed when they are applied to waiting times with priorities.

2. The geometric random sum representation

In this section we express the classical results for the M/G/1 low-priority
waiting-time transform in a convenient form. We consider two priorities, with high
priority indexed by 1 and low priority indexed by 2. We consider the waiting time
before beginning service in the non-preemptive case, which is the same as for pre-
emptive resume; e.g., see Cohen [30, p. 450, eg. (3.63); p. 455, eq. (3.76)]. Results
for the waiting time to complete service — the overall sojourn time — will be obtained
as a corollaries in section 10, just as was done for the FIFO discipline in [14].
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For any cumulative distribution function (cdf) G(¢) on the nonnegative real line,
let g(t) be its probability density function (pdf), G¢(t) = 1 — G(t) its complementary
cdf (ccdf), g its kth moment,

3(s) = /O T et da() - /0 T ettt 2.2)

its Laplace-Stieltjes transform (the Laplace transform of ¢(¢)) and

~ 1 .
Ge(t) = a /o G(u) du (2.2

its associated equilibrium excess cdf, which has Laplace-Stieltjes transform g.(s) =
(1—9(s))/s91.

For class i (i = 1,2), let the arrival rate be )\;, the service-time cdf be G;(t)
and the traffic intensity be p; = \;g;1. To have proper steady-state distributions, we
assume that

p=p1+p2 <l (2.3

Without loss of generaity (by choosing units), let g3 = 1.

The distribution of the low-priority waiting time depends on the busy-period
distribution of the high priority class and related quantities. Let B1(t) be the class-1
busy-period cdf, b1(t) its density and 31(3) the Laplace transform of b1(t), defined as
in (2.1). The busy-period transform is characterized as the solution to the Kendall
functional equation

ba(s) = Ga(s + p1 — paba(s)). (249
Let
H(t) = (1= PY®) /p (25)

be the high-priority server-occupancy cdf, where P(%) (¢) is the high-priority emptiness
probability, i.e., the probability that the system has no class-1 customers at time ¢ given
that it had none at time O, which is known to be monotone, so that Hél)(t) in (2.5)

is a bonafide cdf; see [6, section 3]. Let ﬁg)(s) be the Laplace-Stieltjes transform of
H(t), again defined as in (2.1). From Theorem 4 of [6],

bie(s) 1= by(s)

- ) 2.6)
1—p1+ p1bie(s) s+ p1— p1ba(s)

n§(s) =

Let F:E(lj)(t) be the cdf of the first passage time to O for class 1 starting from an
initial level of class-1 work x. The Laplace transform of its density fi%))(t) is

F8(s) = e, (27
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where

21(s) = 5 + p1— paba(s); (2.8)

see [6, eq. (33)]. The first passage time starting from a random level with density g(t)
having Laplace transform g(s) thusAhas Laplace transform g(z1(s)). The busy-period
transform can thus be expressed as b1(s) = g1(z1(s)) asin (2.4).

A convenient representation for the low-priority virtual waiting time until begin-
ning service, which holds in much more general models, is the class-1 first passage
time to O initialized by the steady-state workload of both classes. (The class-i work-
load is the remaining service time of al class-i customers in the system at an arbitrary
time in steady state or, by the Poisson Arrivals See Time Averages (PASTA) property,
just before an arrival; see Wolff [54].) If a low-priority customer were to arrive in
steady state, he finds the steady-state workload of both classes. He must then wait
for this work and all subsequent class-1 input to clear until he can begin service. By
the PASTA property, the actual waiting-time distribution coincides with the virtual
waiting-time distribution with Poisson arrivals.

Thus, let V' be the steady-state workload cdf for both classes and let v(s) be its
Laplace-Stidtjes transform. We have just observed that

a(s) = (=(s)) (29)
and

Wo(t) = /0 - FO@) dv (z). (2.10)

A key concept in analyzing the M /G /1 priority queue introduced by Gaver [40],
is the completion time, which is the time from when one low-priority customer can
begin service until the next could begin if he were present. The completion time
transform is

&(s) = g2(z(s)). (2.11)
Let 72(s) be the Pollaczek—K hintchine transform with the completion time as service
time and arrival rate w/cy, i.e,
1-w
1-wie(s)
(formula (2.12) is not the class-2 workload).

Another useful quantity is the equilibrium time to emptiness for class-1, which
has transform

Ya(s) = (2.12)

fg%)(s) = 51(2'1(8)) =1-p1+ plgle(s), (2.13)
where 71(s) = w1(s) is the Laplace transform of the steady-state workload for class-1;
see Theorem 3 of [6]. In the introduction, we noted that f &))(s) is the light-traffic

limit of w(s), i.e., the limit as p, — O with p; fixed. (This result follows easily from
the second representation below.)
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We now give three convenient expressions for the low-priority steady-state
waiting-time transform.

Theorem 2.1. The steady-state waiting time until beginning service for the low-
priority class has Laplace transform

N < . 1—w Aél) s PN
Tals) = [ et W) =5 (ea(6) = T8 = Bl (1)
1-p
= 2.14
1-pf(s) (239
where
fls) = P2 7,0 P2 G (s .
f(s) p1+p2h0 (s) + pl+ngze( 1(s)) (2.15)

for w = pa/(1 = p1), h§(s) in (2.6), z1(s) in (28), Gae(s) = (L — Ga(s)) /9215, f (3 (s)
in (2.13), ¢.(s) = (L—¢(s))/ca for €(s) in (2.11) and ¢1 = g21/(1— p1), Y2(s) in (2.12),
and 7(s) is the transform of the steady-state workload for both classes.

The first formula in Theorem 2.1 is given in (2.9) above. The second formula
is a variant of a familiar decomposition; see Heyman and Sobel [41, p. 441]. It is
aso elementary to show that the last formula is equivalent to the transform formula
in Cohen [30].

The fina representation (2.14) is attractive because it is in the same form as
the Pollaczek—Khintchine transform for the FIFO waiting time with f(s) in (2.14)
and (2.15) substituted for the transform of the equilibrium excess of the service-time
distribution. The transform f(s) in (2.15), being a mixture of the two probability
transforms 1 §”(s) and Gz (21(s)), isitself atransform of a probability distribution. Let

F(t) be the cdf associated with f(s) in (2.15), i.e.,
Ft)y=—22a®@) + L2 / FO() dGae (). (2.16)
p1+ p2 pPL+p2 Jo

Paralleling the classic Benes formula for the M/G/1 FIFO waiting time, e.g., [30,
p. 255, eg. (4.82)], we obtain a time-domain formula directly from (2.14). It is a
geometric mixture of convolutions of the cdf F' in (2.16).

Corollary. The ccdf of the low-priority waiting time is
oo
W5(t) = > (1— p)p"F5(t), (2.17)
n=1

where FS(t) is the ccdf of the n-fold convolution of F(t) in (2.16).
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The geometric random sum representation in (2.14) and (2.17) aso holds for
the GI/G/1 FIFO steady-state waiting-time, there achieved by the ladder variable
representation; see Asmussen [18, chapters VII, VIII] and [12, eq. (14)].

The moments of the low-priority waiting time are easily computed from (2.14),
(2.16) and the moments of HS"(t) and F{D(¢), given in [11, Theorems 6 and 7]. For
example, the well-known formula for the mean is

p1(912/911) + p2(922/921) v1
w1 = = : 2.18
TG R 1- 1 (219
where v1 is the mean steady-state workload for both classes, i.e.,

_ pgu(d+1)

: 2.19
20— ) (219
with G being the mixture of the cdf’'s G; and Gy, i.e.,

a(t) = A1Ga(?) " A2Go(t) (2.20)

A+ AN

g, is the kth moment of G and ¢? = (92— g2)/ 2. To have (2.18) finite we require that
g12 < 0o and g < oo. It turns out that the mean in (2.18) describes the performance
remarkably well under heavy loads (when p is suitably large; see section 6). When p
is large and p, is small (so that p1 ~ p), we see that wx = O((1 — p)~2).

Remark 2.1. The first formula in (2.14) suggests an approximation. We can approx-
imate the distribution of V' by an exponential cdf with mean v1 = (1 — p1)woy (for
motivation, see section 3, Theorem 4.1(a) and Remark 4.1) and we can approximate
fg%)(t) by an inverse Gaussian distribution. Then we obtain an exponential mixture of
inverse Gaussian distributions (EMIG) as an approximation for the cdf Wy(t). Asa
refinement, we can let V' have its known atom of 1—p at the origin and let (V' | V' > 0)
be exponential with mean v1/p. For related previous work, see [3,8,9].

Unfortunately, the explicit formula for the ccdf W3(¢) in (2.17) is not so con-
venient for calculation. However, it is straightforward to calculate the ccdf W5(t)
numerically by inverting its transform

1_4@2(8) (2.21)

o o0
W5(s) = / e St (t)dt =
0

for wy(s) in (2.14). For example, we can apply the Fourier-series method in [4]. We
can obtain the required busy-period transform values Zl(s) for complex s by iterating
the Kendall equation (2.4), as indicated in [5].

We conclude this section by pointing out that the two-dimensional transform of
the joint steady-state distribution of the high-priority and low-priority workloads, say
v(s1, s2), isgivenin Kella[44]. Itisthusalso possible to calculate thisjoint distribution
by applying two-dimensional inversion algorithms, e.g., as in Choudhury, Lucantoni
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and Whitt [27] or Abate, Choudhury and Whitt [16]. An agorithm to compute the
joint distribution of the queue lengths when both classes have exponential service times
was developed by Miller [45].

3.  Three classes of distributions

As indicated in [11, section 5], it is useful to divide probability distributions on
the positive hafline into three classes according to the rightmost singularity of the
Laplace transform and the value of the Laplace transform at that singularity. When
we classify the service-time distributions in this way, we determine the relevant cases
for waiting-time asymptotics.

Let g(t) be a pdf with Laplace transform g(s) (defined as in (2.1)). Let —s* be
the rightmost singularity of g(s), with —s* = —oo if g(s) is analytic everywhere, as
in the case g(t) has bounded support. (Note that s* is the radius of convergence of the
moment generating function, which equals g(—s) for rea s with s < s*. However,
the Laplace transform g(s) might be defined for complex s with Re(s) < —s* even
though the moment generating function isinfinite) Since g(¢) isapdf, we adways have
s* > 0. In this setting the pdf ¢(¢) and its transform g(s) are classified as follows:

classl: s* > 0and g(—s*) = oo,
classll: s*>0and 1< g(—s*) < oo, (3.1)
classlll: s* =0and g(—s*) = 1.

Class-| distributions are the “well behaved” distributions. All pdf’s with rational
Laplacetransforms are class|; e.g., thisincludes al phase-type distributions. Whenever
the rightmost singularity —s* of g(s) is a pole (single or multiple), g(—s*) = ~c.
However, even if —s* is a branch point singularity, we may have g*(—s*) = oo;
eg. this is the case for the gamma (1/2) transform 1/v/1+ 2s. The steady-state
waiting time in an M /G/1 queue with a service-time distribution having mean 1 has
an exponential tail for al arrival rates p, 0 < p < 1, if and only if the service-time
distribution is class I; e.g., see [12].

Class-1I distributions are the long-tail distributions, which fail to have proper
moment generating function. They are often called subexponential distributions be-
cause they tend to decay more dowly than any exponential. Any pdf with only finitely
many finite momentsisin class IIl. A familiar example is the Pareto distribution. An-
other example is the Pareto mixture of exponential (PME) distributions in [11]. There
are also class-11 distributions with moments of al orders, such as the Weibull and log-
normal distributions. In particular, the Weibull ccdf G<(t) = e @° js class Il when
¢ < 1. The steady-state waiting time in an M/ /G /1 queue with a service-time distribu-
tion having mean 1 has a class 111 distribution for all arrival rates p, 0 < p < 1, if and
only if the service-time distribution is class I1I. (This is a consequence of Theorem 4.2
below; related results are reviewed in [11].)



J. Abate, W, Whitt / M /G/1 low-priority waiting-time 183

In [11] we called class|I distributions semi-exponential distributions, because
they are dominated by an exponential, i.e.,

lim €"G(t) = 0 (3.2)
t—o0

for al v < s*, but they do not have a pure exponential tail. Since g(—s*) < oo, the
rightmost singularity —s* is necessarily a branch point singularity, not a pole.

Class-II digtributions are less familiar, but they are important for us because the
M/G/1 busy-period distribution is usualy class Il. Indeed, the M /G/1 busy-period
distribution is aways class Il when the service-time distribution is class I. We will
elaborate on this point in sections 7 and 8.

Class-| distributions are intimately related to class-11 distributions, because one
can be converted into the other by exponential damping. Given any class-1I1 pdf g(t),
and any ~ > 0, we can construct an associated class-I1 pdf

e (1)
90 =203

Similarly, given any class-1l pdf g.(t) with rightmost singularity at —v (and g, (—7) <
00), We can construct an associated class-I11 pdf

_ e’ytg'y (t)
§7(_7) ’
Since the distributions are classified according to the rightmost singularities of the
Laplace transform, it is useful to be able to draw conclusions about these singularities.

For this purpose, we give an elementary comparison lemmawhich is based on ordinary
stochastic order; see Stoyan [49, section 1.2].

) (3.3)

9(t) (34)

Lemma 3.1. If X7 and X, are two random variables with P(X; > t) < P(X2 > t)
for al t, then E X1 < F €2 for al positive rea . Hence the rightmost singularities
of the Laplace transforms §;(s) = E e *Xi are ordered by —s} < —s3.

We now want to relate the rightmost singularity of g(s) to the tail behavior of
the ccdf G°(¢).

Lemma 3.2. Let X be arandom variable with ccdf G¢(t). Then for positive rea -,
EeX = / e'dG(t) < oo if and only if / et G(t) dt < oo, (3.5)
0

0
in which case

lim €G¢(¢t) = 0. (3.6)
t—o0

As a consequence, the rightmost singularities of g(s) and @C(s) coincide.
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Proof. Apply integration by parts as in Feller [38, p. 150], obtaining

b b
/ et dG(t) = 1 — €°G(b) + ~ / et G (t) dt. (3.7)
0 0
First suppose that the integral on the left in (3.7) converges as b — oo. Since the
contribution over (b, co) dominates €"*G¢(b), we must have €°G¢(b) — 0 as b — oo
and the integral on the right in (3.7) must converge. Next suppose that the integral on
the right in (3.7) converges. Since one plus the integral on the right is greater than the
integral on the left, the integral on the left must converge. O

Lemma 3.2 implies that if —s* is the rightmost singularity of g(s), then s* is
the supremum of those ~ for which e"'G¢(t) is integrable. Moreover, if v < s*, then
e"'Ge(t) — 0 ast — oo. Under extra regularity conditions, we have €"'G¢(t) — oo
for all v > s*.

Lemma 3.3. Assume that
e'Ge(t) — C(y) ast — oo, (3.8

where C(v) is some constant with 0 < C(y) < oo, for all but a most one rea ~.
Then we must have C(y) = 0 for v < s* and C(v) = oo for v > s*, where —s* is
the rightmost singularity of the Laplace-Stieltjes transform of G(¢).

Proof. The result for v < s* holds by (3.6) in Lemma 3.2 without condition (3.8).
Suppose that C(y) < oo for some v with v > s*. Then €'G°(t) = O(e- ") as
t — oo for any n with v > n > s*. This implies that €"G¢(t) must be integrable,
which by Lemma 3.2, implies that s* > n, which is a contradiction. Hence, we must
have C(v) = oo for al v > s*. The one value of ~ for which (3.8) need not hold
must be s*. O

Example 3.1. Lemma 3.2 implies that €*G*(t) is not integrable if v > s*, but that
does not imply that €*G(t) — oo ast — oco. To understand the need for regularity
condition (3.8), let

Got) = e 52, 2kl < ok
for k > 1, with G¢(t) = 1 for ¢t < 1. Then

limsupe® ‘Ge(t) = 1,

t—o0

but
liminf €7tG°(t) = 1.
t—o0
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The three classes of distributions can aso be identified by comparing the tail
behavior of the ccdf of the two-fold convolution with the tail behavior of the ccdf
itself. For this purpose, we assume the convolution asymptotic property

lim G5(1)/G() = (39)

for some constant v, 0 < v < oo, where G5(¢) is the ccdf of the two-fold convolution
of G withitsdlf. From an applied point of view, condition (3.9) isaregularity condition
that we should be very willing to assume. Theideaof characterizing the tail behavior of
the distribution G(t) via the convolution asymptotic property is due to Chistyakov [25]
and was further developed by Chover, Ney and Wainger [28,29]. Further discussion
appears in Athreya and Ney [20, section 1V.4] and Bingham, Goldie and Teugels [22,
appendix 4].

Assuming that the convolution asymptotic property (3.9) holds, the distributions
can be classified according to the constant v appearing in (3.9). This is intimately
related to our previous classification in (3.1) because it can be shown that necessarily

v = 29(—s"); (3.10)

see [20,28,29]. As a consequence, v > 2. Moreover, given (3.9), it can be shown that
the n-fold convolutions satisfy the related asymptotic relation

Jlim G7(1)/Ge(t) = ng(—s*)" L. (3.11)
The convolution asymptotic property (3.9) has been established in many specia
cases, but it remains somewhat elusive in general. We give some illustrative examples

and supporting results here.
We first give an example showing the need for the regularity condition (3.9).

Example 3.2. To see the need for condition (3.9), let {¢x: & > 1} be a sequence with
tpr1 > 2t for dl k. Let
Go(t) =e ¥ t-1 forty_1 <t <ty
for k > 1, with G¢(t) = 1 for t < to = 1. Then
S(te) = G(tr) (2 — G°(tr))
but, for any fixed m and al & suitably large,
G5ty + tm) = 2G°(t1)G(ty) — GE(tr)? = 2G(ts, + tm) G (tm) — Gty + tm)?,
so that

, 5(t)
limsup =222 > 2,
t—>ooch(t)

but
. GE()
|Itln Lrgf 0]

< 2G°(t) < 2.
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We next give an example covering many class-| distributions. To relate the result
about pdf’s to ccdf’s, we use the following basic lemma; see Erdélyi [37, p. 17].

Lemma 3.4. If f(t) ~ g(t) ast — oo, then
h du ~ h d — 0.
/t f(u) du /t gu)du ast — oo

Example 3.3. Consider two pdf’'s g;(¢) for ¢ = 1,2, with Laplace transforms g;(s).
Suppose that the rightmost singularity of g;(s) is an isolated ssimple pole at —s* for
each 7, s0 that

Iin’(\)s/g\i(s -8 =q (3.12)
S—>
and

lim e g(t) = o (3.13)

for 0 < a; < oo. Then the convolution pdf

t
(g1 92)() /0 ot — 9ol dy, £>0, (3.14)

has Laplace transform g1(s)g»(s) whose rightmost singularity is an isolated multiple
pole at —s*, so that

$2g1(s — s%)go(s — s*) — a1 @ s — 0 (3.15)
and
lim € g;(t) = . (3.16)
t—o00
If the two pdf’s ¢g1(¢) and go(t) coincide, then we obtain (3.9) with v = 2¢(—s*) = 0.
By induction on n, we aso obtain (3.11) with g(—s*) = oo.

We next establish (3.9) and (3.11) for the non-exponential asymptotics of primary
interest in the priority model. For this purpose, we apply the following lemma.

Lemma 3.5. If f(t) ~ 0(t) = at Pe " ast — oo, then

/OO flw)du ~0(t)/n ast — oo.
¢

Proof. Given Lemma 3.4 and the condition, it suffices to differentiate 6(¢) and observe
that —6'(t)n~1 ~ 0(t) as t — oo. O

Lemma 3.6. Let X; and X, be independent random variables with densities g;(t),
1 =1, 2, such that

git) ~ At Pe™™ ast — o (3.17)
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for constants n > 0, 5 > 1 and A; > 0. Then

Aady + Aod
P(Xy+ Xp > t) ~ 2T A2 g ooy (3.18)

where
d; = E€i = G;(—n) < oo. (3.19)

Proof. The expression for convolution yields
t
P P(X1 + Xo > t) = tPemGS(t) + / PEINGS(t — y) €V go(y) dy.  (3.20)
0

By the assumption and Lemma 3.2, the first term in (3.20) approaches Az/n, so we
focus on the second term of (3.20). We break up the integral in (3.20) into two pieces,
above and below (1 — )t for small positive . First

oo

A—e)t
| et 6i - permedy — 2 [ ety
0 n Jo
by the dominated convergence theorem and Lemma 3.2, since (¢/(t —))? < (1—¢)~#

for al ¢t and y < (1 —€)t. Second, we do a change of variables in the second integral
with z =t — y, writing

t
/ DGt — y)e ga(y) dy
A—e)t

et t ﬂ
- /O e"zGi(z)<§> (t — 2)2&2 go(t — 2) dz.

We now let t — oo and apply the dominated convergence theorem plus Lemma 3.2
again to obtain the limit

o e o 1 [ Ax(d1 — 1
ta [ emaioray = ao( Tasoly + 3 [T ende) = =D
0 n nJo n
with the last step following from integration by parts. Combining the pieces yields
(3.18). O

An important subclass of class 11 is the set of the ccdf’s with regularly varying
tails; i.e., where

Ge(t) ~t °L(t) ast — oo,

for ¢ > 1 and L(t) dowly varying; see Feller [38, p. 275] and Bingham, Goldie and
Teugels [22]. (An important special case is when L(t) is a constant.) Feller [38,
p. 278], establishes the following result which implies (3.9) with v = 1 and (3.11)
with g(—s*) = 1.
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Lemma 3.7. Let X1 and X, be independent random variables with ccdf’s G§(t) for
1 =1, 2, having regularly varying tails, i.e.,

G{(t) ~t CLi(t) ast— oo
for ¢ > 1 and L;(t) dowly varying. Then

P(X1+ X2 > t) ~t~¢(La(t) + La(t)) ast — oo.

We now show how to establish the convolution asymptotic properties for class Il
and Il distributions using operational principles for Laplace transforms. These opera-
tional principles can be rigoroudly justified in some cases, but remain to be in others;
see Van Der Pol and Bremmer [51, p. 139], Doetsch [34, p. 254 ] and [11, sections 3
and 5] for more discussion.

Heaviside Operational Principle. Suppose that a function ¢(¢) has Laplace transform
g(s) with rightmost singularity —s* and asymptotic expansion

g(s) ~ Z ap(s + s*)F +0(s) ass — —s*, (3.21)
k=0

where 67(5) is the transform (possibly a pseudofunction, see Doetsch [34, p. 61]) of a
function 4(t). Then g(t) ~ 0(t) ast — oo.

The idea is that since the terms a;(s + s*)¥ are analytic functions, they should
not contribute to the asymptotics in the time domain. This operationa principle is
established as Heaviside's theorem in the case that

0(s) ~ A(s + %) ass— —s* (3.22)
and
Ae—s*t

for some positive non-integer power ~, where I'(z) is the gamma function (Doetsch
[34, p. 254]). Note that (s + s*)” is then not an anaytic function. Then the series
only has positive coefficients a; for £ < . Then a condition in the theorem is that
g(s) have no other singularity besides —s* for Re(s) > —s* — ¢ for some ¢ > 0.
Doetsch [34] actually has a dightly stronger singularity condition; the form stated is
in Sutton [50]. The application to Pareto mixture of exponential (PME) distributions
in [11] illustrates an application beyond Heaviside's theorem with 67(5) in (3.22) in
Doetsch [34] and Sutton [50].

We can apply Heaviside's operationa principle to obtain a convolution operational
principle supporting (3.9) and (3.11).
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Convolution Operational Principle. For i = 1,2, let g;(t) be afunction with Laplace
transform g;(s) with rightmost singularity —s* (independent of ¢) and asymptotic ex-
pansion

Gi(s) ~ D _ainls + 57" +0i(s) @5 — —s", (324)

k=0

asin (3.21), where a;p # 0 for ¢ = 1,2. Let (g1 * ¢2)(t) be the convolution of g1(t)
and g»(t). Then

(91 % g2)(t) = /o t 91t — y)g2(y) dy ~ ai002(t) + axbi(t) ast—oo.  (3.25)
Supporting Argument. Note that the transform of (g1 * ¢2)(¢) is
91(8)g2(s) ~ i bio(s + 5*) + az082(s) + 0(01(s)) + azobi(s) +0(ba(s)) ass — —s°
k=0
for suitable constants b;, and apply the Heaviside operational principle.
Of course, if 61(t) dominates () or vice versa, then only one term appears in

the right of (3.25).

Example 3.4. To illustrate the Heaviside operational principle and the convolution
operational principle applied to establish the convolution asymptotic formulas (3.9)
and (3.11), consider the inverse Gaussian pdf

e t 1
9) =\ -z &P <_4_1_4_t>' t>0, (3.26)

with Laplace transform
g(s) = Veexp(—v1+4s/2), (3.27)

which has rightmost singularity —s* = —1/4 and g(—1/4) = \/e. From (3.26), we
directly obtain the asymptotic relation

9(t) ~ 0() = 1/ Fetg e /" ast— oo, (3.28)

so that in this case we can verify the results we get by operations on the transforms.
If we expand the exponential in (3.27) in a power series, then we obtain

9(s) = d +9(s), (3.29)

where

d=ve U= vy M e
n=1 '
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and
O(s) = —vev1+4s/2. (3.30)

The function 0(3) in (3.30) is the pseudofunctlon transform of 6(t) in (3.28) (see
Doetsch [34, p. 61]). (Note that 1/)(5) — 0(5) as s — —s*.) From Heaviside's
operational principle, we deduce that ¢(t) ~ 0(t) ast — oco. Moreover,

g(s)" = (d + J(s))n ~d" + nd"ilzz(s) ass— —s*=-1/4, (3.30)
so that we should have
gn(t) ~ nd"Lg(t) ast — oo, (3.32

where g, (t) is the n-fold convolution of g(t) with itself, just asin (5.13). In this case
we can also directly invert go(s) = g(s)? to obtain

g2(t) = 2v/eb(t)e V!, >0, (3.33)

which agrees with the asymptotic result (3.32). Indeed, in this case we can actually
apply Heaviside's theorem as in Doetsch [34] to prove that, not only does g(t) have
the asymptotic form (3.28), but it aso has an asymptotic expansion of the form

g(t) ~ (1) (1 + iaitZ) ast — oo (3.34)
i=1

for constants «;.

4. Long tail or not

Focusing on the two service-time distributions in the priority model, we obtain
nine cases in which the service-time distributions each can be class I, Il or Il as
described in section 3. In five of these cases, the low-priority waiting-time distribution
isclass Il1; in the other four it isclass | or class I1. We will show that if either service-
time distribution is class 11, then so is the low-priority waiting-time distribution. We
will also show that if both service-time distributions are class | or Il, then so is the
low-priority waiting-time distribution.

We first determine when the high-priority busy-period distribution is class I11.

Theorem 4.1. The high-priority busy-period transform by(s) has O as its rightmost
singularity if and only if the high-priority service-time transform gi(s) has O as its
rightmost singularity.

Proof. First, since a busy period is at least as long as one service time, we have
Bi(t) > G4(¢) for dl ¢, so that we can apply Lemma 3.1 to deduce that the rightmost
singularities are ordered: if the rightmost singularity of gi(s) is O, then so is the
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rightmost singularity of 31(5). On the other hand, if the rightmost singularity of g1(s)
is less than 0, then g1(s) is andytic in a neighborhood of 0. If g1(s) is analytic in a
neighborhood of 0, then we can apply the implicit function theorem, e.g., Hille [43,
p. 269]. The Kendall functional equation (2.4) is known to have a unique solution,
e.g., see[5]. We can expand g(s) in a power series and obtain a power series for /b\l(s)
from the Kendall functional equation (2.4) by reversion of power series, as in Cox
and Smith [31, p. 147], which implies that 31(5) is analytic in a neighborhood of 0 as
well. O

We now turn to the low priority waiting-time distribution.

Theorem 4.2. The low-priority waiting-time transform w,(s) has 0 as its rightmost
singularity if and only if at least one of the service-time transforms gi1(s) and g»(s)
has 0 as its rightmost singularity.

Proof. First we bound W35 (t) below by
W3(t) 2 p1Gis(t) + p2Go(t), >0, (4.1)

so that we can apply Lemma 3.1 to conclude that the rightmost singularity of w,(s) is
at least as large as the rightmost singularities of g1.(s) and g».(s). By Lemma 3.2, the
rightmost singularities of g;(s) and g;.(s) coincide for each i. Hence, if either gi(s)
or g»(s) has 0 as its rightmost singularity, then so does w»(s).

We can write (4.1) because the steady-state low-priority waiting time exceeds the
steady-state workload of the two classes. The steady-state workload in turn exceeds
the remaining service time of the customer in service, if any. With probability 1— p the
server isidle, with probability p; the server is serving a class-i customer. Conditional
on serving a class: customer, the remaining service time is distributed as G, (t).
Hence we have (4.1) as clamed. R

On the other hand, if @(s) is analytic in a neighborhood of O, thetj S0 is by(s) by
Theorem 4.1. Then aso is h§’(s) and z1(s) by (2.6) and (2.8). For 7 {(s), we can
rewrite (2.6) as

1 — p)h §(s)

bre(s) = — 2207
' 1— pth§(s)

4.2

Since the rightmost singularity of by(s) is inherited by b1.(s), by Lemma 3.2, the
rightmost singularity of hgl)(s) must also be less than 0. (Note that the dominator in
(4.2) can only have aroot for s < 0.) By (2.8),

P1
1-m

- 4 o(s) ass—0. (4.3)
1-p

21(8) =5+ p1(1 = ba(s)) = 5 + p1(buas + 0(s)) = s + s+ 0o(s)
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Hence, if g»(s) is anaytic in a neighborhood of O, so is g2.(s) by Lemma 3.2 and
92¢(21(8)). Consequently, if g1(s) and g»(s) are both analytic at s = 0, then so is f(s)
in (2.15). Since 1 — pf(s) can only have a zero for s < 0, w»(s) in (2.14) is analytic
at s = 0 too. 0

5. The main theorem

We now establish asymptotics for the low-priority waiting-time ccdf W3(t). Be-
cause of Theorem 2.1, we can draw on previous theory in the time domain, just as
Pakes [47] did to treat non-exponential asymptotics for the GI/G/1 FIFO model; see
Athreya and Ney [20], Chover, Ney and Wainger [28,29] and Abate et a. [11,12]. We
aso give dternative transform arguments, which are remarkably simple, but which
either require extra conditions or which remain to be fully justified.

As a technical regularity condition needed for treating the cases with non-
exponential tails, we will assume that the cdf F(t) in (2.16) has the convolution
asymptotic property

F5(t)/F°(t) - v ast— oo (5.2)

for some constant v, 2 < v < oo, where F3(t) is the ccdf of the two-fold convolution
of F'(t) with itsdf, asin (3.9). Lemma 3.6 implies that (5.1) holds in the principal case
of non-exponential asymptotics considered here leading to (1.2). Lemma 3.7 treats the
special case of aregularly varying tail, leading to (5.1) with v = 2.
We will also assume that
Fe(t —b)
Fe(t)

for each real b. It follows that (b)) = €%, where —s* is the rightmost singularity
of the Laplace transform f(s). When (5.1) holds with v = 2, (5.2) aso holds with
Y(b) = 1; see Athreya and Ney [20, p. 148, Lemma 3].

It turns out the asymptotics is determined by the low-priority waiting-time root
equation

— () ast—oo (5.2)

O (53)
p

aroot of (5.3) is a zero of the denominator of the low-priority waiting-time transform
wo(s) in (2.14). Clearly, any root of eq. (5.3) is a singularity of wy(s). Moreover,
since f(s) is monotone in real s where it is analytic, eg. (5.3) has a most one root to
the right of the rightmost singularity of f(s).

Theorem 5.1. Let —s* be the rightmost singularity of f(s) in (2.15).

(@ If eg. (5.3) has a negative rea root —n with n < s*, then
Wit) ~ae™ ast — oo, (5.9
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where
1-p
o= —": (5.5)
—pnf'(=n)
(b) If (5.1) and (5.2) hold and f(—s*) < p~1, so that (5.3) has no root in (—s*, ),
then
(1-p)
Wity ~ —2 P ety ast — oo (5.6)
- pf(s)?
for Fin (2.16).

Proof. (@ We give both a probabilistic proof and a transform proof of (5.4). The
transform proof requires an extra technical condition, but the proof is very simple. The
probabilistic proof is arenewal-theory argument, asin Feller 38, p. 411], supplemented
by a derivation of direct Riemann integrability (a technical condition). In particular,

by (2.17),

o0 t
W) =1=p+p3 (=" [ Fuslt =) dFG)

n=1
t
=1—p+p/0 Walt — y)dE(y),

so that W5(t) satisfies the defective renewal equation

t
WS() = pFe(t) + p /O WS(t — ) dF(y). (5.7)

Multiplying (5.7) through by €7, we see that €7 W5(t) satisfies the proper renewal
equation

t
eW5(t) = €"pFe(t) + p / ISt — y) € dF (y), (5.8)
0

provided that € p dF'(y) corresponds to a proper probability distribution, i.e., provided
that

1= / e dF(y) = pf(—n), (59
0

which is the stated condition. Assuming that € F¢(z) is directly Riemann integrable
(dRi), which we verify below, we can apply the key renewa theorem (Feller [38,
p. 363] or Asmussen [18, p. 118]) to deduce that

Jo €V F(y)dy

—fooo e dE(y) (5.10)

lim e"W5(t) =
t—o0
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Using integration by parts in the numerator and denominator of (5.10), we see that
the numerator is n~(f(—n) — 1) = (1 — p)/pn and the denominator is —f'(—n) =
(—f'(=mn — (n/p))/n?, which implies (5.5).

Finally, we need to verify that € F<(t) is dRi for the application of the renewal
theorem. We can apply condition (iv) of Asmussen [18, p. 119]. Since f(s) isanaytic
for Re(s) > —s*, EntaX < o for X distributed as F' and some ¢ > 0. Hence,
E[entaX: X > ] - 0ast — oo, but E[eTX: X > ¢] > entell Fe(t), which
implies that el Fe(t) — 0 ast — oo. Hence, there is a constant C' such that
giFe(t) < Cet for al t > 0. Since €' F<(t) is aso continuous and bounded, it is
dRi by (iv) in [18, p. 119].

Now we give the transform proof of (5.4). For this, we need an extra technical
regularity condition, which seems no serious imposition for practical purposes. We
assume that

eWS(t) — d(c) ast — oo (5.11)

for al positive ¢, where d(c) is some constant depending on ¢ with 0 < d(c) < oc.
(Clearly for al but at most one choice of ¢ we must have d(c) = 0 or c©.) Given that
(5.11) holds,

sﬁg(s —¢)—d() ass—0 (5.12)

for each positive ¢ by the fina value theorem for Laplace transforms. As a specid
case of (5.12), we have

sW5(s—mn) —a as—0

for the n satisfying (5.9) and some «, 0 < o < oo. However, by L'Hospital’s rule,

(- aa(s —m) _  spL—fls )
§ =1 (s =m(L = pf(s —n))

for o in (5.5). Since n < s*, f(s) is analytic at —n, so that the derivative f/(—n) is
finite. With transforms, in a specific application we could verify condition (5.11) by
examining the singularities of w»(s) and showing that the rightmost singularity is an
isolated pole.

(b) Again we give both probabilistic and transform arguments. In both cases, the
limit (5.6) follows by aterm-by-term limit in (2.17), with

sWi(s —m) = s

Fo(t) ~ nf(—s*)""YF°(t) ast — oo (5.13)

by (5.1), just as in (3.11). The supporting technii:al details for the case s* = 0 are
given in Athreya and Ney [20, section 1V.4]; then f(—s*) = 1in (5.6) and the constant
becomes p/(1— p). The supporting technical details for the case —s* < 0 are given in
Chover, Ney and Wainger [28,29]. Conditions (5.1) and (5.2) are assumptions there.
The term-by-term limit is justified in these sources.
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We now turn to the transform proof of part (b). Since the root eg. (5.3) has no
root to the right of —s*, the rightmost singularity of w,(s) is the rightmost singularity
of f(s), whichis —s*. Thus, the desired limiting behavior of both F“(t) and W5(t) as
t — 00 isdeteani ned by the limiting behavior of f(s) and wy(s) ass | —s*. Moreover,
we must have f(—s*) < oo, sothat —s* isabranch point singularity. Hence, we arein
the domain of Heaviside's operational principle. Indeed, the convolution operational
principle in section 3 implies (5.13) by induction on n. However, both the convolution
operational principle and the term-by-term limit in (2.17) remain to be justified with
the transform argument. O

Remark 5.1. Note that the root eg. (5.3) hasAa solution —n for al p if and only if f(s)
is class I, while it never has a solution if f(s) and @(s) are class Ill. There are two
regions when f(s) is of class Il. In section 7 we will show that f(s) is typicaly of
class I1.

6. The heavy-traffic limit

We now discuss the heavy-traffic limit for the steady-state low-priority waiting-
time distribution obtained by letting p — 1, which we do by letting po — 1 — p1
with pp fixed. It lends extra support to the exponential asymptotics in Theorem 5.1(a).
We omit the dependence on p, in our notation. Our limit here complements previous
heavy-traffic limits for the stochastic processes in this model; see Harrison [42] and
Whitt [53].

Theorem 6.1. Assume that g12 < 0o and g2 < oo. If po — 1 — p1 then

W5(t/wo) — €f, t>0, (6.1)
for wy in (2.18).
Proof. We use Laplace transforms, exploiting the continuity theorem; Feller [38,
p. 431]. We show that wp(s/w21) — (1+5)~1 as p — 1. Rewrite the transform (2.14)

as
1

1+ p— f(s)/(L—p)

Wa(s) =
Then we show that

ﬁ(l —f—p)s) = 8(/}1(&}3_/2@11) + (922/2921)>-

This follows from (2.6) and (2.8), since h{Y) = g12/2(1 — p1) by [6, Theorem 6(a)],
b = 1/(1 - p),

ﬁgl)((l —p)s) =1-(1— P)Shgll) +0((1 - p)z)’
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2((1— p)s) = (L + prbu)(1 — p)s + O((1 — p)?),

Goe (2((1 = p)s)) = 1= gaea(d + p1ba1)(L — p)s + O((1 — p)?)
as p2 — 1— p1. U

The approximation suggested by Theorem 6.1 is
Ws(t) ~ pe?t/va >0, (6.2)

for wp1 in (2.18). In (6.2) we have refined the heavy-traffic approximation obtained
directly from (6.1) by accounting for the known probability of emptiness of 1 — p.
However, unlike FIFO, the heavy-traffic approximation (6.2) is not exact for the usua
exponential special cases. (We will give exact results for exponential service times
later.)

Remark 6.1. We note that the heavy-traffic approximation can be extended to very
genera single-server queues with non-Poisson arrivals. The key observation is that
the low-priority steady-state virtual waiting time satisfies the first representation in
Theorem 2.1. In heavy traffic, the actua waiting time will be close to the virtua
waiting time. In heavy traffic, the total workload of both classes will tend to be large.
When the initial level of work, say x, is very large, then the high-priority first passage
time to O is approximately x/(1 — p1) by the law of large numbers. (For the M/G/1
model this is aways the expected value; see [6, Theorem 7].) Hence, in heavy traffic,
we have the approximation

W) ~ V(L - po)a), (63)

where V is the steady-state workload cdf for both classes. Thus, standard heavy-
traffic approximations for V' (ignoring the priority structure) translate into heavy-traffic
approximations for W,. Theorem 6.1 and approximation (6.2) can be regarded as
specia cases of this argument.

Remark 6.2. By (6.2), p/w21 is a natural candidate to serve as an initial guess for
the asymptotic parameter n in the Newton—Raphson method for finding a root of the
equation 1 — pf(s) = 0in (5.3).

Asin[7] and [12, section 3], we can develop a heavy-traffic expansion in powers
of 1— p for the asymptotic parameters  and « in the exponential asymptotics in (5.4)
by doing a Taylor series expansion of f(s). We thus abtain the following result by a
minor modification of the proof of Theorem 6.1.

Theorem 6.2. Assume that the condition of Theorem 5.1(a) holds. Then, as p, —
1—pa,

D=zt () @y 1 64
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for wyp in (2.18) and
a=1+0((1—p)) asp— L (6.5)

Theorems 6.1 and 6.2 imply that the two iterated limits involving po — 1 — p1
and t — oo agree.

7. The busy-period asymptotics equation

Further detail about the asymptotics for W5(t) in Theorem 5.1 primarily depends
upon asymptotics for the high-priority first-passage-time and busy-period distributions.
We draw upon asymptotic results established by saddle point methods by Cox and
Smith [31]. We restate their result in the form of an asymptotic expansion and give
additional details about the proof. (An asymptotic expansion is defined in (1.5) and
(1.6).)

Note that the reciprocal of the asymptotic decay rate for the busy period is the
relaxation time for the total workload process; see Cohen [30, section 111.7.3]. We let
71 represent this relaxation time.

Theorem 7.1 (Cox and Smith [31]). If there is a negative real root —(; of the busy-
period asymptotics equation

i) = 1, (7.1)
P1

@

where —(; is to the right of al singularities of gi(s), then f 0>(t) and b1(t) have

x
asymptotic expansions

FO@) ~ 2 € praq (1)~ 2et/m (1 +) 5iti> st oo (1.2
i=1

for dl x > 0 and

bat) ~ an (rt3) Pt/ (1 +3° ml) ast — oo, (7.3)
=1
where
Tt = p1+ G — paga(—Go), (7.4)
a1 = [20395(-c] 4, (7.5)

0G; is a congtant for each 7 with

3

5 , .. 39(—¢)
B = —aip; éafﬂfgl (—¢1)? — 1T : (7.6)
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Proof. The asymptotic expansions (7.2) and (7.3) are obtained in the same way from

integral representations, so we only discuss (7.3). Note that 7.3 is obtained formally
from (7.2) by integrating with respect to G, i.e.,

ba(t) = /O D) d6a (@), @.7)

using condition (7.1). Cox and Smith [31] established a contour integral representation
for b1(t), namely

a-+ioco
bi(t) = _ / 1) ds, (7.8)
2rpati Jo i
where
$1(s) = s — p1 + p1g1(s). (7.9

(We do not elaborate on the derivation of (7.8) because it is explained fully in [31]
and reviewed in [13].) The contour in (7.8) is a vertica line with Re(s) = a such
that g1(s) has no singularities on or to the right of it. To establish (7.3), we apply
Laplace’'s method or the saddle point method as in Olver [46, pp. 80, 121-127]. We
elaborate on this point, because it is not explained in [31]. Since the service-time
transform ga(s) is generic, it is not possible to exploit specific structure beyond the
fact that it is a probability transform, defined as in (2.1). Assuming that (7.1) holds,
we see that ¢(—¢) < 0, ¢/(—¢) = 0 and ¢7(—¢) > 0, so that for large ¢ the integral
in (7.8) is dominated by its behavior in the neighborhood of —(. Since —( is to the
right of all singularities of g1(s) and thus of ¢1(s), we can change the contour without
changing the value of the integral. It is convenient to replace the contour by three
pieces. two vertical lines —( — ¢ —wi and —¢ + ¢ + wi for w > 0 and the closed
interval [—( —¢, —( +¢] for suitably small positive e (proceeding continuoudly starting
from —( — e — ic0). It turns out that we can neglect the integral over the two vertical
lines, because

9] — RO ¢ for(Rets), (7.10)

for ¢1(s) in (7.9). To establish the inequality in (7.10), let s = o + iw and note that
Re(¢1(s)) =0 —p+p / e 7% cos(wz) dG1(x)
0

<o—p+ p/o e 77dG(x) = qbl(Re(s)). (7.11)

Hence, for this problem, the saddle point problem in the complex plane reduces to
Laplace’'s method on the red line, as discussed in Olver [46, pp. 80-86]. Then
(7.3) follows from taking a Taylor series expansion of ¢1(s), i.e., ¢1(s) =~ ¢1(—() +
P (=) (s + ¢)?/2 for red s; see [18, p. 80] for details. See [46, pp. 86 and 127] for
the asymptotic expansion. O
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Corollary 7.1. Under the conditions of Theorem 7.1, the rightmost singularity of 31(3)
; -1
is —7; -~ and

bi( =Y =14 o0 G- = 5=,

so that b1(t) is aclass Il distribution.

Remark 7.1. Note that a root —(; exists for the busy-period equation (7.1) whenever
the service-time cdf G4(t) is class I. When G1(¢) class Il, a root —(; for (7.1) ex-
ists if and only if —g%(—s7) > 1/p1, where g’ (—s]) is the right derivative at the
singularity —sj.

We combine Theorem 7.1 and Lemmas 3.4 and 3.5 to obtain the following corol-
lary. (This corollary is not stated correctly in [31]. Recall that we have assumed that

gu=1)
Corollary 7.2. Under the assumptions of Theorem 7.1,
Bi(t) ~ mbi(t) ast — ¢ (7.12)

and

B (1) ~ (1 — p)m1BS(t) ~ (1 — p1)r2bi(t) ast — oo. (7.13)

For the non-exponential asymptotics in (5.6), we need to determine the asymptot-
ics for the ccdf F(t) in (2.16). However, we have aready determined the asymptotics
for the component H(()l)c(t) in our previous treatment of M /G /1 LIFO waiting times,
assuming that the busy-period root eqg. (7.1) has the zero, which is by essentially the
same argument as in Theorem 7.1. By (37) of [12] or by (2.7) and Theorem 3.1 of

[10],
WP(t) ~ (a1/m1C?) (nt3) e @t — 0o (7.14)

and, by Lemma 3.5,
H(t) ~ (0/cB) (rt3) e t/m ast — . (7.15)

Since H{Y“(t) is related to the probability of emptiness by (2.5), (7.15) also follows
from asymptotic results for the probability of emptinessin the G1/G/1 queuein Cohen
[30, p. 609].

More generdly, we can relate the asymptotics of Hél)c(t) to the asymptotics of
B¢(t), by the same reasoning used in Theorem 5.1(b).
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Theorem 7.2. Let —s* be the rightmost singularity of & {M(s). If 1— p1h §(s) has no
real root in (—s*,0) and if H{P“(t) satisfies (5.1) and (5.2), then

1-m (e
BS(t) ~ a HYM) ast — oo. (7.16)
(L ph P52 °
If in addition s* = O, then
HO () ~ (1 — p1)BL() ast — o (7.17)
Proof. Note that we can rewrite (2.6) as
- (1= p0)h§(s) o (1) ot
bie(s) = ——=ay— = (L= p1) D pLhy (s)", (7.18)
1— p1h §(s) Z;

so that we have a minor modification of the geometric random sum representation and
we can apply the argument in Theorem 5.1(b). O

We now characterize the rightmost singularity of Egl)(s) and f(s) under the as-
sumption of Theorem 7.1 and determine when the exponential asymptotics holds. In
our statement we use the inverse function of z1(s) for negative rea s, denoted by
27 }(s), which can be expressed as

2 1(s) = s — pr+ p1ga(s). (7.19)
By (2.4), 27 *(21(s)) = s for any complex s; see (29) and (30) of [6].

Theorem 7.3. Assume the condition of Theorem 7.1.

(8 Then —7; % is the rightmost singularity of h{)(s),
~ _ 1 _
WP (=) = H(l — ()Y (7.20)

and 1 — p1h{(s) has no root in (—7; 2, 0).

(b) Let —s5 and —s* be the rightmost singularities of g»(s) and f(s), respectively.
Then

Tfl, (1< 85,
s =19 —z7H(—s5) >0, (1>s5>0, (7.21)
0, 53 =0.
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(c) If in addition s3 > 0, then the root eq. (5.3) has a negative real zero —n with
n < s*, S0 that the exponential asymptotics in (5.4) holds for al p > p5, where

~1
92171 %

—_— S5 > Cl,

g2(—C1) -1 2 .
peton T S<Gadfp-s)=co, (122

1— prh (e X5

plAO (Zl*( 32)), 5; < Cl and /9\2(_53) < 0.
gZe(_Sz)

Proof. (a) By (7.15), HP°(t) ~ (1/m¢®)B5(t) ast — oo, so that —7; * is the
rightmost singularity of ﬁgl)(s), just like of 31(3). Moreover, 1 — plﬁo(s) must not
have a zero in the interval or else 316(8) would have exponential asymptotics, by
virtue of (7.18), using the reasoning of Theorem 5.1. By (7.16),

1
12
which implies (7.20). By (7.20), p1h{)(—7—1) < 1. Since A’(s) is monotone, we
have a second direct derivation showing that plhgl)(s) — 1 has no root in the interval

(- ()R

(—77 1, 0).
(b) By (2.4), (2.8) and (7.19),
bi( =Y =14 p7 G- Y (7.23)
and
a(-mh=-a (7.24)

from which we obtain (7.21). R
(c) First suppose that s3 > (1, so that the rightmost singularity of f(s) is —7; L
To find the boundary point p3 in (7.22) we solve for p3 in the equation

1- plhgl)( - 7‘1_1) — p3g2e (21(— 7'1_1)) =0. (7.25)
Combining (7.24), (7.25) and (7.25) yields the first case of (7.22).
Since gz (z1(—s)) isincreasing inreal s, if s3 < (1, then the rightmost singularity
of f(s)is 2y *(—s3). Thenthe equation 1—pf(s) = Owill havearoot —n withn < 7;*
for &l p, provided that go.(—s3) = oo, which occursif go(—s5) = oo. If ga(—s3) < oo,
then g2.(—s*) < oo and the boundary for the existence of the root 7 is the equation

1= phG? (21 (= 53)) = p3Gc (— 3) =0,
which yields the third case of (7.22). O
Remark 7.2. Note that exponential asymptotics holds for al p> (i.e., p5 = 0) when

s3 < (1 and ga(—s3) = oo. However, if g2(s) has no singularities (as with a finite
mixture of atoms), then p3 is never O.
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We now establish the non-exponential asymptotics in Theorem 6.1(b) in the main
case. The next three results are used in our proof of Theorem 7.4 below.

Lemma 7.1. Under the conditions of Theorem 7.1,
< (1-p)G

Proof. Since g1(—s) is strictly convex in s,

91(—¢1) — g(0)
G1
Since g(0) = 1, combining this with (7.4) completes the proof. O

Our next lemma establishes a regularity property about F:E(lj)c(t) for large . We

can apply the law of large numbers to show that the first passage timeis likely to occur
near time z /(1 — py) for large z. We use a large deviations argument to establish an
exponential bound refinement.

Lemma 7.2. Under the conditions of Theorem 7.1, for all positive ¢,

1 —(1— —e)tl(e
4 ((lchl)(lfs)t,O(t) < e (A=) -y 5 (7.26)
and
1 _(1—
FS opolt) < @ @@y 5 g (7.27)
where
U(e) = sup{se — z1(s)} — (1 ase]0 (7.28)
S
for z1(s) in (2.8), so that for al positive e sufficiently small
FE a0l = 0(FLJ°(®) = o(e™/™) ast — oo (7.29)
and
1 —LU/ T
F((ﬁm)(m)t,o(t) =0(e’™) ast — . (7.30)

Proof. Recal that Féi’,o(t) is the n-fold convolution of F:f())(t) for al positive = and
positive integers n, that the mean of Fa(j))(t) isx/(1—p1) (e.9., see[6, Theorem 7]), and
that the Laplace transform of fi%)(t) isgivenin (2.7). Hence, we can apply Chernoff’s
bound, e.g., Shwartz and Weiss [48, eq. (1.6a), p. 14], to obtain (7.26) and (7.27). By
(29) and (30) of [6] and (7.23) and (7.24), we see that the root of zj(—s) = 0 is (1,
which implies that ¢(c) — (1 ase | 0. We apply Lemma 7.1 to obtain (7.29) and
(7.30). O

We now obtain control of the asymptotics of the second term of F“(¢) in (2.16)
under regularity conditions.
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Lemma 7.3. Under the conditions of Theorem 7.1, if G isany cdf on the nonnegative
real line such that

G(ct) =o(e7/™) ast— oo (7.31)
for ¢ <1 — py, then
(o)
/O FO() dG(a) ~ —5(~ ) Fio(t)
~—g(~C)prmoa(ntd) e ast o0, (7.32)

Proof. By Fatou's lemma, (7.2) and Lemma 3.5,

liminf £15"(r) " / FO(1)dG(z) > / r€dG() = —§'(—C1). (739
o 0 0

Thus it suffices to establish an upper bound for the limsup. For this purpose, we break
up the integral into three parts, as

0o N 0o NVet
/ - / + / + / (7.3
0 0 Nvct N

letting ¢ = (1 — p1)(1 — ¢) for small positive e. We bound F“(t) above by 1 in the
second integral in (7.34) and we apply Lemma 7.2 to show that the third integral in
(7.34) is negligible. In particular, for the third integral, F§°(t) < F%(t) for al «

and [V dG(z) < 1. Thus,
limsup F&°(t)~* / FO(t) dG ()
t—00 0

G(et) | Fap®
Fio“()  Fio“(®)

N
< / €% dG(x) + limsup
0

t—o0

< x €7 dG(z).
/ (@) -

Theorem 7.4. If the conditions of Theorem 7.1 hold and if s5 > (1, where —s3 isthe
rightmost singularity of the low-priority service-time transform g(s), then

-2 ~r 0
Fe(t) ~ (Plcl pP2pP17T19 ze( Cl)) o (7rt3) 71/264/71 ast — oo (7.35)
p1+ p2

and, if P2 < p; for p; = g21/7'1(§2(—<’1) — 1) asin (7.22), then

(1= p)pa7E[l — pari&agh(—C) ey — (p2/p3)] are™/™

aSt— oo
— (p2/p3)1? 13

(7.36)

W3 (t) ~

for ¢y in (7.1), 7, in (7.4) and oy in (7.5).
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Proof. By Theorem 7.3(b), the rightmost singularity of f(s) is—71, ! The asymptot-
ics for Hél)c(t) isgiven in (7.15). The asymptotics for the second term of F' in (2.16)
is given by Lemma 7.3. Since s5 > (1, by assumption, and (1 — p1)¢1 > rl‘l, by
Lemma 7.1, condition (7.31) holds for G = Ga.. Since gz.(s) = (1 — g2(s))/g215,

1 — g2(—C1) — €19 5(—¢1)
9213 '

Finally, we apply Theorem 5.1(b), (7.20) and (7.22) to obtain (7.36). In this case we can
directly verify conditions (5.1) and (5.2); condition (5.1) follows from Lemma 3.6. O

_§/2€(_C1) =

(7.37)

Remark 7.3. Note that the asymptotic decay rate 7, Lin (7.36) does not depend on p
provided that po < p5.

Remark 7.4. Note that the asymptotic constant in (7.36) explodes as p2 T ps.

We have just noted that the non-exponential asymptote in (7.36) becomes useless
as po 1 p5, because the asymptotic constant explodes. Our next result shows that the
exponential asymptote in (5.4) also becomes useless as p, | p5. We need the following
lemmain our proof of Theorem 7.5 below.

Lemma 7.4. If the conditions of Theorem 7.1 hold, then 3’1(—71‘1) = —o0.

Proof. By Kendall’s eguation (2.4),
bi(s) = §1(21()) (1 — pabi(s). (7:39)

Since i(—T{l) = —¢rand §4(~C1) = —p1 %, eq. (7.38) approaches —piby(—m ) =
1— pibi(—m 1) ass | —r; . However, z = o is the only solution to the equation
r=xz+ 1 O

Theorem 7.5. Assume that the conditions of Theorem 7.1 hold with s5 > (1, so that
—r; s the rightmost singularity of f(s) asin (7.21). If p2 | p5, then o — 0 for
in (5.5).

Proof. Aspz | p3, n | 71 Hence, by (5.5), it suffices to show that f'(—7; ) =
—o0, Where al derivatives at —7, ! are understood to be right derivatives. First, by
Lemma 7.4, b (— 1) = —occ. Then, since

~ 1 S
hO) == -
0 (%) pr  prz(s)
we have
d~ -1 S —~
— W) = — + 1— p1b4(s)).
ds © (s) p121(s) PlZl(S)z( pib3(s))
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Since z1(—7; 1) = =G and bl (=75 %) = —o0, A Y (=75 1) = —oo, which implies that
f’(—Tl_l) = —00. O

We conclude this section by treating the third case in Theorem 7.3 in which
53 < (1, ga(—53) < 0o and pp < p3.

Theorem 7.6. Assume that the condition of Theorem 7.1 holds, but that —¢; < —s3,
where —s3 is the rightmost singularity of g»(s) and go.(—s3) < oo, so that

G2e(8) ~ Goe (—53) + Oae(s) a5 — —s3, (7.39)
then
- 1- 1 — p)p20
Wo(s) ~ P P ( p)é)zH(S) as s — —s5 (7.40)
Ao — p20(s) Ao Aj
for
0(s) = b2 (21 (27 1(—53))), (7.41)

Ao=1—pth P (XD (=s3)) — p2gee (—53) = Goc(—53) (p3 — p2), (7.42)
z{l(s) in (7.19) and p3 in (7.22). If, in addition,
O2e(s) ~ A(s+s3)" ass— —s} (7.43)

for some positive non-integer v and gz.(s) has no singularities other than —s5 with
Re(s) > —s5 — e for some € > 0, then

c (1 B p)PZ c < t )
W5(@) ~ G t — oo. 7.44
O ) B U

If, in addition —s5 = O, then

WS(t) ~ 1”_2p 5.(A—p)t) ast — oo (7.45)

Proof. Expand ga.(21(s)) around 27 *(—s3). Then

G2 (21(8)) ~ G2 (—53) + O(s) ass— —sb
and
1—pf(s) ~ Ao — pof(s) ass — —s}

for 5(5) in (7.41) and Ag in (7.42), from which we obtain (7.40). Under the extra
conditions on 6.(s) in (7.43) and on the singularities of g,.(s), we can apply Heavi-
side’s theorem (Doetsch [34, p. 254] and Sutton [50]) to obtain the asymptotic relation



206 J. Abate, W. Whitt / M /G /1 low-priority waiting-time

for the dengity in the time domain, which implies (7.44) by Lemma 3.4. Findly, for
(7.45), note that 2;*(0) = 0 and

-1 1
40) = 1 pb(0) = 1—p1<1_p1> S

Also note that Ag =1 — p for Ag in (7.42) when —s5 = 0. a

Remark 7.5. By the Heaviside operational principle in section 3, we conclude (7.44)
and (7.45) without imposing the condition (7.43), but this step remains to be justified.

8. Asymptotic expansions from Kendall’s functional equation

In Theorem 7.1 we obtained an asymptotic expansion for the high-priority busy-
period pdf b1(¢) by using saddle point methods with an integral representation. This
enabled us to obtain the asymptote for the low-priority waiting-time ccdf W3(t), but
this required rather difficult arguments in the time domain, such as Lemma 7.2. In
this section we show that asymptotics for W3 (t) can be developed more easily starting
from an asymptotic expansion for the high—priAority busy-period transform 31(5).

We obtain our asymptotic expansion for b1(s) ferm Kendal’s functional equation
(2.4). If we assume that the rightmost singularity of b1(s) is a branch point singularity
a s = —77 * and that by(s) no other singularities for Re(s) > —7; * — ¢ for some
positivels, and if we also assume that 31(5) has an asymptotic expansion in powers of
(s+7 ) ie,

/b\l(s) ~ Zak (5 + 7_1—1)% as s — —Tfl, (8.1
k=0
where v;, < ;41 for al k, then we can apply Theorem 7.1 and Heaviside's theorem in

Doetsch [34, p. 254] and Sutton [50] to conclude that b;(s) must have an asymptotic
expansion in haf powers, i.e.,

gl(s) ~ Zak (5 + Tfl)k/z as s — —Tfl, (8.2
k=0

when the busy-period root equation (7.1) has aroot to the right of all singularities to the
high-priority service-time transform g;(s). The termsin (8.1) with non-integer powers
must have counterparts in the time-domain expansion in Theorem 7.1. As indicated
in Doetsch [34], the terms agy,(s + 7, 1% in (8.1) and (8.2) with whole integer powers
are anaytic functions and thus do not contribute to the asymptotic expansion in the
time domain. Since the terms with integer powers in (8.2) have no counterpart in the
time domain, evidently it is not possible to obtain the transform asymptotic expansion
(8.2) directly from the time-domain asymptotic expansion established in Theorem 7.1,
but that is an unresolved point.
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We now directly establish the asynptotic expansion in half powersin (8.2). Thus,
we obtain an asymptotic expansion for b1(s) and an alternative proof of Theorem 7.1.

To carry out one step of the proof of Theorem 8.1 below and to understand how
Theorems 7.1 and 8.1 are related, we need to know how Heaviside's theorg“n converts
asymptotics for transforms into asymptotics in the time domain. Let £~1(f(s)) denote
the inverse of the transform f(s). Then

5*1(\/s+¢1—1) ~ _N_%l ast — oo (8.3)

and

3 e—t/ 1
~ 7 T
see Doetsch [34, p. 254]. In particular, note the sign change in (8.3).

LH(s+7HY ast — oo; (8.4)

Theorem 8.1. If the busy-period equation —p1g7(s) = 1in (7.1) has aroot —¢; with
—s; < —(1, where —s} is the rightmost singularity of gi(s), then the half-power
asymptotic expansion (8.2) is valid and the first four coefficients in (8.2) are

ao = g1(—¢1), (8.5)
a1 = 2 —20, (8.6)

2035 2(-)

1 4
o2 =+ G0, ®7)

and
_ 5 5

as = —(628’“) [zi(f‘)(—cl) - éa%p%zi(f)(—cl)z] (88)

for a in (7.5).

Proof. Given Theorem 7.1, we anticipate that the transform 31(5) should have asymp-
totic expansion (8.2). To justify the asymptotic expansion, we expand the transforms
in power series in the region where they are analytic, and then let the expansion point
approach the singularity. For ¢ > 0, perform the change of variables s = —7; Letu?
for Re(u) > 0. By (2.8) and (7.4), the Kendall functional equation (2.4) becomes

31(_7'1_l +e+ uz) =§1(21(—7‘1_1 +e+ uz))
Gi(-m e+ uP+pr—prba(—m e+ u?)) (8.9)
?]\1(5 + u? — p]_/l;l(—T]_ +e+ uz) + plgl(—Tfl) — Cl)
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Since 31(5) is analytic at —Tfl + ¢ and gi(s) is analytic at —(;, we can expand the
functions in power series about —7; 14 ¢ and —(y, respectively, obtaining

oo ~(k)
by(— e+ u?) ZBk(E)U = Z g1 ( Cl)(s( L)k, (8.10)
where
8(e,u) = Bo(e) — p1Bu(e)u + (1 — paBa(e))u® = Y p1Bj(e)e, (8.11)
j=3

By (e) are unknown coefficients depending upon ¢ and

Bo(e) = & — paBo(e) + prba (—71 1), (8.12)

Since by(s) — by(—m; ) as s | —75

Bo(e) = bi(—mY) and Bo(e) -0 ase — 0.

We now match coefficients of «* in (8.10) for each k successively starting with
k = 0. Considering «°, we first obtain

g&’“’( Wk~ ~
Bo(e) = gi(— c)+Z L Bo(e)f = g1(—C+ Bo(e)).  (8.13)

Since g1(s) is analytic at —(3, it is continuous. Sincg Eo(s) — 0ase — 0 wesee
that Bo(e) — g1(—(1) as e — 0. This implies that bl(—r{l) = q1(—¢(1), which is
consistent with (7.4), (7.23) and (7.24).

Moreover, from (8.13), we see that By(¢) is the solution to the equation

r = g1(A — p17) (8.14)

for A=—-Q+e+ plbl(—Tl_l). Differentiating with respect to z in (8.14), we see
that we must have

1+ p1G P (—¢1+ Bole)) = 0 (8.15)

for al e, consistent with the assumed eq. (7.1), which isthe case ¢ = 0.
Next, considering the coefficients of ! in (8.10), we obtain

1 gg@( QW (k7 et
Bi(e) = g87(~C1) (—p1Ba(e)) +Z < 1)30(5) (—=p1Bi(e)). (8.16)

By (8.15) for ¢ = 0, —p15{!(—¢1) = 1, 0 that (8.16) reduces to

0= 3" 59 DByt (~pBa(e)
k=2



J. Abate, W, Whitt / M /G/1 low-priority waiting-time 209

=30 (=¢1+ Bo(e)) — 3P(—¢) (—pBule)). (8.17)
By (8.15), using ¢ and 0,
(¢ + Bo(©) —3{(~¢) =0 foradle

Hence eg. (8.17) places no constraint upon Bi(e).
Next, considering the coefficients of 2 in (8.10), we obtain

Ba©) =3P (~) (1 - piB2e)) +3P(-a )p1 1(8) + Bo()3 P(— 1) (1 — p1Bae))
(k) "
+ Z g1 oy ( ) K )Bo(é‘)kl(l — p1Ba(e))

" (’;) Bole)* 2( - pu(e)” 619

Applying (8.15) again, we see that (8.17) is equivalent to

I+ P cl)”%B—;@z + [ (¢t Bo(e) — 3P~ (1~ p1Bafe)
+ [P (~¢1+ Bo(e)) — 3P(~-)] (3 B1(e)?)
G0 + 52 A
+[¢2 (= G+ Bole)) - a&%—co] P3Bu(e). (8.19)
Since g(lz)( (1 + Bo(e)) — g(l)( (1) ase — 0, (8.19) implies that
P 2

Bi()* — By(0)* = af = (8.20)

P92 2

asec— 0.

Considering the coefficient of «* in (8.10), we see that two applications of (8.15)
eliminates the variable By(¢) and we can solve for Bj_1(e) recursively. Given that
Bj(e) — Bj(Q)ase — Oforadl j <k-2and Bo(s) — 0, we obtain By_1(¢) —
Bk 1(0) by mductlon on k. O

Remark 8.1. Using (8.3) and (8.4), we can see that the coefficients a1 and az in
(8.5) and (8.8) are consistent with the two calculated coefficients in Theorem 7.1. In
Theorem 7.1 there is no counterpart of a, in (8.7) though.

We now can apply the asymptotic expansion for 31(3) in (8.2) to obtain asymp-
totic expansions for the other quantities of interest by using elementary operations on
asymptotic expansions; e.g., see Olver [46, p. 19]. We now treamﬁ(l)(s) the Laplace-
Stieltjes transform of H{Y(t), which is related to the emptiness probability P3(t)
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via (2.5). The corresponding asymptotic expansion for P&?(t) extends the previous
asymptotic result (the first term) in Cohen [30, section 111.7.3].

Theorem 8.2. Under the assumptions of Theorem 8.1,

o0

ﬁgl)(s) ~ ch (s + T{l)k/z as s — —T{l, (8.21)
k=0
where
o — i(l_i) o= (8.22)
p1 C1m1 T1C1
1
2 = ——(m(f — ddpd — (1 — p1a2)) (8.23)
p171G3
and
3= v (alpl + 2a1G1(1 — praz) + (E(as + aym)) (8.24)
1
for a1, ao and az in Theorem 8.1.
Proof. By (2.6), we can write
1—?)\1(5) 1 s 1 Tfl—a

P (s) =

= ==+ : (8.25)
s+p1—pibi(s) P prals)  pr prza(o)

where o = s + Tfl and z1(c) = —(1+ 6(o) for 6 = 6(0,0) in (8.11). Hence, we can

expand and match coefficients of */2 as in Theorem 8.1. O

Theorem 8.3. If, in addition to the assumptions of Theorem 8.1, —s3 < (1, where
—s3 is the rightmost singularity of gx(s), then

oo

9(212)( Cl)ék _1\k/2 1
G2¢ (21(5)) Z ~Sd(s )Y ass— -l (8.26)

where § = §(0, 0) is given in (8.11), 0 = s + 7, * and

)
do = g2¢(—C1), dl = ——, (8.27)
V2035 2(—¢)
dy = + (d1p2)* A(3)( ) (8.28)

p1 12
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and

_ (d1p1)®

da 28

90-) - o O, @29

Combining Theorems 8.2 and 8.3, we obtain an asymptotic expansion for 1 —
pf(s), the denominator of wo(s) in (2.14).

Theorem 8.4. Under the conditions of Theorem 8.3,

o0
1-pf(s) =1—p1h gl)(s)—ng?ze (zl(s)) ~ ek (s—i—Tl_l)k/z ass — —7‘1_1, (8.30)
k=0
where the first two coefficients are
1 «
€0 = E [1 - (PZ/Pz)] (8.31)
and
2c .
er = T (1 pomic3gh.(— (D) (8.32)
Tlcl
for
1
* 92171
=== 8.33
P2 g2(—¢1) -1 (8:33)

Now we obtain asymptotic expansions for w»(s) and corresponding asymptotic
expansions for the pdf wo(t). There are three cases, depending on whether p, is greater
than, equal to or less than p3 for p5 in (8.33).

Theorem 8.5. Assume that the busy-period equation (7.1) has aroot —(; with —s] <
—(1 and —s5 < —(1, where —s; isthe rightmost singularity of g;(s). Assume that Zl(s)
has no singularities besides —7; ! with Re(s) > —7; 1 —e. Letn, o, a1 = —a1/2,
eo and e; be asin (5.3), (5.5), and (7.5), (8.31) and (8.32), respectively.

(@ If p2 > p5 for p5 in (8.33), then

o0
~ arm —1\k/2 -1
wa(s) — P ~ kz_ovk (s +7 ) ass— -1 (8.34)
for constants v, and, in particular,
1- —(1-
vo = "mdmzl—¥@, (8.35)
s0 that
Ao e t/n

wo(t) — ane ™ ~ (l + O(l/t)) ast — oo (8.36)

V3
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and
_ Ajagr et
Ws(t) —ae™ ~ =—==" (14 0(1/t)) ast— oo, 8.3
where
L—per (11— p)prma(l— p2m1lFg5.(—C0))
A = = € . 8.38
' o [L— (o) )12 (6.3
(b) If p2 = p3, then ¢p = 0 and
wo(s) ~ Z U (8 + Tl_l)k/z as s — —7‘1_1 (8.39)
k=—
and, in particular,
~ 1-p -1
wz(s) ~ ﬁ as s — —Tl y (840)
e1\/8+ 174
S0 that
eft/Tl
wo(t) ~ Az N (1 + O(l/t)) ast — oo (8.41)
and
e*t/Tl
W5(t) ~ Apry N (1+0(1/t)) ast— oo, (8.42)
where
1- 1— p)r(?
A= =P _ ( f’) 1261/ . (8.43)
e1 201 p1(1 — p571C79 5.(—C1))
(©) If p2 < p5, then
[o/¢]
wa(s) ~ ka (5 + T{l)k/z ass— —Tfl, (8.44)
k=0

where vg and v1 are given in (8.35), so that

Aion e—t/Tl

Vrt3

wo(t) ~ (1+0(1/t)) ast— oo (8.45)

and

— (1+0(1/t)) ast— oo, (8.46)

where A; isin (8.38).
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Proof. The assumption on the singularities allows us to apply Heaviside's theorem
(Doetsch [34, p. 254] and Sutton [50]) to obtain asymptotic expansions in the time
domain from the transform asyrgptotic expansions. We apply Theorem 8.4 to get an
asymptotic expansion for 1 — pf(s). For part (a), we write

. 1-p an (1—p) — nao(s)
wo(s) = —— = + — , (8.47)
TR nts 1-pfs)
where
1—pf(s)
o) = 1, (8.49)

After we subtract the pole at —, the rightmost singularity is at —7; 1. We can then
exploit the asymptotic expansion for 1 — pf(s) a s = —Tfl. Using algebra, we see
that (8.47) implies (8.34), where vg and vy are given by (8.35). We use the fact that

>
p(-mhy=1PCm) e (8.49)
n—7 n—7

For (b), since ep = O, the first term in 1 — pf(s) is (s + 7 )2, which makes
(s + 77 1)~Y/? the first term in @(s). By Lemma 3.5, we must multiply the asymptotic
constant by 71 when going from the pdf w»(t) to the ccdf W5(t). 0

Remark 8.2. The constant A1 in (8.38) is consistent with the asymptotic constant for
the ccdf W5(t) in (7.36).

Remark 8.3. By Theorem 7.5, a — 0 as po | p5 where « is the first asymptotic
constant in (8.36). On the other hand, by (8.38), ec — 0 and A; — oo as pp | p5.
Hence, even the two-term approximation based on (8.36) cannot be good when p» is
close to p3.

9. Long-tail distributions

In this section we obtain results for the case in which one of the service-time
cdf’s G1(t) or Go(t) has along tail (class I11). (Theorem 7.6 aready includes a result
for the case in which G2(t) is class I, but G1(t) is not.)

We are able to combine Theorem 7.2 with aresult by De Meyer and Teugels [32]
to obtain the asymptotics for Hél)c(t) when the service-time distribution has a long
tail. They treat the special case in which G(t) has aregularly varying tail, i.e., when

1(t) ~t°L(t) ast — oo, (9.1)

where ¢ > 1 and L(t) isaslowly varying function; see Feller [38, p. 275] and Bingham,
Goldie and Teugels [22]. (An important specia case is when L(t) is a constant.) We
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will apply this result in section 12 to determine the asymptotics for F(t), and thus
W5(t), when the two classes have a common long-tail service-time distribution.

Theorem 9.1 (De Meyer and Teugels [32]). If (9.1) holds, then
Bit)~ (11— pl)*lGi((l —p)t) ~(1— p1) T UHTCL(t) ast — oo 9.2
De Meyer and Teugels only state the final simple asymptotic form in (9.2), but in
some cases the equivalent intermediate form can serve as a much better approximation.
(The advantage of a well chosen equivalent asymptotic form is illustrated by the as-
ymptotic normal approximation in [8, Theorem 2].) We can combine Theorems 7.2(b)

and 9.1 and Lemma 3.4 to obtain the following result. This result was aso obtained
in a different way by Asmussen and Teugels [19]; see [8, eg. (39)].

Theorem 9.2. If (9.1) holds for ¢ > 1, thenast — oo

HY (1) ~ (1 — pr)BL(E) ~ (1 — p1)? /too B5(u) du

~ / “(u) du = G5, (1 — pa)t) 93)
(I=pa)t
_ —(c—1)t—(c-1)
~ (1= py) :tl L) ast — oo. (9.9
C —_

Proof. As indicated, we can combine Theorems 7.2(b) and 9.1 and Lemma 3.4 to
obtain the first two lines. To obtain the fina relation, apply Theorem 1 on p. 281 and
(8.6) on p. 276 of Feller [38]. O

In fact, it appears that Theorems 9.1 and 9.2 can be extended to a much more
generd class of long-tail distributions. We call the following result a conjecture be-
cause it relies on the Heaviside operationa principle in section 3, which remain to be
fully justified. Indeed, a variant of this reasoning is used by De Meyer and Teugels
[32] to establish Theorem 9.1.

Conjecture 9.1. Suppose that, the Laplace transform g1(s) has 0 as its rightmost sin-
gularity and can be represented in the form (3.21). Then

bi(t) ~ g1((1 — po)t), (9.5)
Bi(t) ~ (1 — p1) ' GE((1 — pa)t) (9.6)

and
HE(t) ~ G (1= po)t) ast — oo, (9.7)

Supporting Argument. By the Heaviside's operational principle,Agl(t) ~ 0(t) as
t — oo. By (4.3), z1(s) ~ s/(1 — p1) as s — 0. By Theorem 4.1, b1(s) has O as its



J. Abate, W, Whitt / M /G/1 low-priority waiting-time 215

rightmost singularity. We assume that 31(3) can also be represented in the form (3.21).
We now apply the Kendall functional equation (2.4). Given

o
g(z)~1—2z+ Z aiz(s)" + ag(z) as z(s) — 0,
i=2
we can write

?)\1(5) = fq\(zl(s)) ~1-— (s +p— pi)\l(s)) + Z a;izi(s)' + é\g (2(5)) as s — 0,

=2
o that
L= ()~ L= p—s+ 3 am(s) +0,(:(9)
=2
oo L s
Nl_p_s+22aizi(s)z +99<rp> ass—0
and
i 7 s
bl(s) ~ Zalzl(s) (1 p) ass — 0.

Given that z;(s) ~ s/(1 — p1) as s — 0, > 2, a;2i(s)" should be asymptotically
negligible as s — 0. Hence, we should have
S

91)(8) ~ i«9 (1 P

Hence, with (9.8), the Heaviside operat| onal principle implies (9.5). Then (9.6) follows
from Lemma 3.4. Finally (9.7) follows from Lemma 3.4 and (7.17).

We are able to treat the case in which the low-priority service-time cdf Ga(t)
is long-tail in the sense of (9.1). We make the assumption directly in terms of the
associated equilibrium-excess cedf G5, (¢). The following complements (7.45) in The-
orem 7.6.

) ass — 0. (9.8

Theorem 9.3. Suppose that the assumption of Theorem 7.1 holds and

Se(t) ~t °L(t) ast— oo (9.9
for ¢ > 1 and a dowly varying function L(t). Then
p2L(t)

P2
Fe@t) ~ 2265, (1 — po)t) ~ =222 ast — oo 9.10
()~ 2265, po)t) ~ 2 (9.10)
and
c p2 c sz(t)
W5(t) ~ 1-p)t) ~ ——"—F— ast— 911
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Proof. By (2.16), it suffices to show that

/O - FQ(t) dGoe(z) — G5. (1 — p1)t) ast — oo, (9.12)

because the first term in F(t) involving Hél)c(t) is clearly asymptotically negligible.
The proof is a modification of the proof of Lemma 7.3. We establish an upper bound
for the limsup and a lower bound for the liminf. For each, we divide the integral into
three pieces as in (7.34). We use the fact that L(ct)/L(t) — 1 for any positive ¢ for a
dowly varying function L(t). For the upper (lower) bound, welet ¢ = (1 — p)(1 — €)
(c = (1 - p)(@A+ e)) for smal positive ¢ and apply (7.26) and (7.27). First, by
Lemma7.2,

Iimsqu%e((l—pl)t)l/o Fa(j))c(t) dGoe(x) < limsup

t—o0 t—o00

1
DR

{ 2.((L — p1)(1 — €)t) }
2((1 = p1)t)

Second, by Lemma 7.2 again,

liminf G5, ((1 p1)t) / = FO%() dGae () > limint { G5((1 — p1)(L + &)i) }
Sa A min

5.((1 — p1)t)

1

(L 4e)e
Since ¢ is arbitrary, we obtain (9.12). To obtain (9.11), we apply Theorem 5.1(b).
Condition (5.1) in this case implied by Lemma 3.7. O

We now discuss the case in which the high-priority cdf G1(t) is long-tail. We
dready have a result for Hél)c(t) for the special case of regularly varying G(t), asin
(9.1), in Theorem 9.2 and the more general Conjecture 9.1. We now want to consider
the second term of F'(t) and more genera cdf’s GG,. However, we do not yet have
a proper proof for the formulas below. This conjecture is consistent with established
results in section 12 for the case in which both classes have a common long-tail
service-time distribution.

Conjecture 9.2. Assume that the rightmost singularity of g;(s) is 0 and F:E(lj)c(t) sat-
isfies (5.1) and (5.2) for al x > 0 (with v = 2, the long tail case). Then

c x
Fio“() ~ 3 _[);1 G5((L—pa)t) &St — o, (9.13)
for al positive z,
1
Bi(t) ~ 1o P Gi((l — pl)t) ast — oo, (9.14)
— Pl
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P1
Fe(t) ~ G1.((L— p)t
() p1+ po le (( Pl) )

P2 g22p1G5((1 — p1)t)  n
Tt | 2m—p) G5 ((1— p1)t) (9.15)

~ i p (@ —po)t) + plizpz 5. ((L—po)t) ast— oo (9.16)

and

WE(t) ~ 1’fp 2. (- po)t) +1p%pG§e((1—p1)t) st oo (9.17)

for F'in (2.16).

Supporting Arguments. Since Frgi)vo(t) is the n-fold convolution of Fa(j))(t) for al
positive x and all positive integers n, and since (5.1) holds for F:E(lj)c(t) with v = 2,

FO) ~ 2FQ(t) ast — oo (9.18)
for al x; see (3.11). Next note that

FQ°(t) = pre ( / 0 dcl(:c)> +0(e2) ase—0, (9.19)
0
where

0o N 0o
/O F°(t) dGy(z) =/O FOt) dGa () + /N FO(t) dGy ().

The argument of Theorems 7.4 and 16.1 suggest that

o
| P06 ~ Gl - o)
for N suitably large. On the other hand,
N
/O FOU) dGa(z) ~ ¢V F(t) ast — oo,

where g — g1; = 1as N — co. Now divide through (9.19) by ¢ and note that, by
(9.18),

e Q) ~ FQ(t) ast — oo foreache >0,
so that we should have

FQ(t) ~ pFG°(®) + ;G5 ((L— pa)t) ast — oo
and, thus,

FRe(t) ~ 1f—1mGi((1 —p)t) ast— oo, (9.20)
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Combining (9.18) and (9.20) yields (9.13). Turning to (9.14), recal that

ﬁmzfzﬁ%mm@
0
By the argument above,
B{(t) ~ FQ(t) + G5 (1 — p)t)  ast — oo,

which gives (9.14). Finally, for (9.15), we treat the two pieces in (2.16). For H(gl)c(t),
we apply Conjecture 9.1. For the second piece, we repeat the argument above, obtain-
ing

/ Fg(;:ld)c(t) dGae() ~ gZel—pl Gi((l — pl)t) + G5, ((1 — pl)t) ast — oo.
0

1-p1
It seems that in this long tail case we should have
{(t) = 0(GL.(t)) ast — oc; (9.21)

e.g., thisis clearly true under (9.1). That makes (9.15) asymptotically equivalent to
(9.16). Indeed, (9.21) is needed to make (9.18) consistent with the special case in
which both classes have the same long-tail service-time distribution in section 13.

Remark 9.1. Of course one service-time ccdf may dominate the other in (9.16), in
which case only one of the two terms in (9.16) and (9.17) will appear.

10. Sojourn times

With the nonpreemptive priority discipline, the low-priority sojourn time is the
low-priority waiting time plus the low-priority service time, which has transform g»(s).
With the preemptive-resume discipline, the low-priority sojourn time is the low-priority
waiting time plus the low-priority completion time, which has transform ¢(s) in (2.11).
Thus, the exponential asymptotic result for the low-priority waiting time in section 5
extends quite directly to the low-priority sojourn time, as indicated for the FIFO
discipline in [14].

Let S5(¢) be the low-priority sojourn-time ccdf.

Theorem 10.1. Assume that the condition of Theorem 7.1 holds and p, > p5 for p5
in (7.22), so that the exponential asymptotics in (5.4) holds for W5(t).
(&) With the nonpreemptive discipline,

S3(t) ~ Ga(—mW3(t) ast — oo. (10.1)
(b) With the preemptive-resume discipline,

S5(t) ~ c(—m)W3(t) ast — oo, (10.2)
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where
A—=n) = g2(—n — (1 + 1) > ga(—n). (10.3)

Proof. We apply Theorem 1 of [14]. By Theorem 7.3(b) and Lemma 15.1,

n<s <t t<(< s (10.4)

For (a), we use < s3; for (b) we use < 77 %, because 7, is the rightmost

singularity of ¢(s) in (2.11). By (7.23), we have (10.3). O

We now consider the non-exponential asymptotics as in Theorem 7.5. For this
purpose, we apply Lemma 3.6. We use Lemma 3.6 in part (b) below because both
the waiting-time and the completion-time transforms have —7; ! as their rightmost
singularities.

Theorem 10.2. Suppose that the conditions of Theorem 7.5 hold with po> < p3, SO
that the non-exponential asymptotics for W5(t) in (7.36) holds.

() With the nonpreemptive discipline,

S5(t) ~ Go(—1 H)W5(t) ast — cc. (10.5)
(b) With the preemptive-resume discipline,
S5(t) ~ (—1 HYWs(t) + o (—1; 1) C(t) ast — oo, (10.6)
where the completion-time ccdf satisfies
C(t) ~ —g2(—C)pamiba(t) ast — oo. (10.7)

Proof. Expressing S5(t) as a convolution, we have

—1 t —1 t 3/2 —1

192 155 (1) = /O (t —y)* 2 CIWE(E ) <g) e VdGa(y). (10.8)
For each y,
n b o\3/2 n
(t —y)¥2et WS — y) (t—> — A= lim 32e TWs(1).
—y s
Hence, for part (a) we can apply Fatou's lemma to obtain
imint /%67 5500 > [ A€ doat) = A5(-ri).

We bound the limsup above by dividing the integral in (10.8) in two parts, over the
intervals (0, (1 — €)t) and ((1 — t,t). We obtain

1 A—e)t t
limsupt3/2e™ tS5(t) < / + /
0 A—e)t

t—o00
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0 1 t -1
< / A€ VdG(y) + / %2 ' W5(0) dGa(y)
0 (1—e)t
<AG(—r ) +limsupt¥2e 1G5 (1 - o)) < Ag (-7,
t—oo

because we can choose ¢ so that 7, < (1 — €)s5.
(b) For part (b) we apply Lemma 3.6. We apply Lemma 7.3 with (2.11) to obtain
(10.7). O

We conclude this section by conjecturing the results when (1 is a long-tail cdf.

Conjecture 10.1. Suppose that the rightmost singularity of gi(s) is 0.
(8) With the nonpreemptive discipline,

S5(t) ~ W5(t) + G5(t) ast — oo. (10.9
(b) With the preemptive-resume discipline,
S5(t) ~ W5(t) + C(1), (10.10)
where
C(t) ~ 192_1’;11 G5 (1= po)t) + G5((L— po)t) ast — oo. (10.12)

Supporting Argument. Apply the convolution operational principle in section 3. The
case of regularly varying tailsis covered by Lemma3.7. Second, for (10.11), we apply
Conjectures 9.1 and 9.2.

11. Exponential high-priority service times

In this section we begin considering specia cases for the low-priority waiting-
time distribution. Here we consider the case in which the high-priority service-time
distribution is exponential, denoted by M /M, G/1. This case is easier to anayze,
because the Kendall functional equation for the busy-period transform (2.4) becomes
a quadratic equation, yielding the explicit solution

Eﬁﬁj%@@—VdW—%o (11.1)
for
o(s) =1+ p1+s. (11.2)

Moreover, for the M /M /1 mode, ﬁg)(s) = 31(5); see [1, Corollary 4.2.3].
Thus, in this case the transform f(s) in (2.15) becomes

N S P2
Fls) = L) + L2 (). (113)
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Table 1
Values of p; as a function of the low-priority service-time cdf
G» and its mean g2 for the case with p1 = 4/9.

G> gn =2 g =02
r/2 0 0.30

M 0.11 0.31

D 0.23 0.32

Hence, the transform w»(s) in (2.20) becomes explicit, no longer involving the Kendall
functional equation.
When (71 is exponential,

it (v’ 114
by(— ") =1/ypr (11.5)

and
—a(-mhH=Ga=1-p1, (11.6)

so that, when s3 > (1 = 1— /p1,
1-yp (1= mox

= = — . 11.
2T Tt ) G114 40
For p2 < p3,
W5(t) ~ o/mb(t) ast — oo, (11.8)
where the asymptotics for b1(¢) is given in (7.3) and
* 1 _ >k _
) _ o= p)(p3p1 + pa(/P1 — p1)) (11.9)

(1 — /P1)*(p5 — p2)?

Remark 11.1. Note that the asymptotics for W5 (t) when p2 < p5 depends strongly on
the high-priority busy-period pdf b1(¢), but not at all upon the low-priority service-time
cdf G,. Note that the asymptotic constant o’ in (11.9) depends upon G only through
p2 and pj.

Remark 11.2. Roughly speaking, for any G, the exponential asymptotics takes over
when g21 > 2¢11 and p2 > p1/2, which is the natural (good) operating regime for a
two-priority system. This observation is supported by the following example. Consider
three gamma distributions for G: '(1/2), I'(1) = M and ' (o0) = D. Table 1 displays
values of p; as afunction of the type of cdf G2 and its mean g1 in the case p; = 4/9.

We now consider the further special case in which the service-time distributions of
both classes are exponential, denoted by M /M;j, M>/1. Let the means for classes 1
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and 2 be 1 and ¢ 1, respectively, with 0 < ¢ < oo; i.e., the service-time Laplace
transforms are

G = and gas) = (11.10)

1+s qg+s

Theorem 11.1. For the M /Mj, M,/1 priority model, the Laplace transform of the
low-priority steady-state waiting time before beginning service is

_ /(5 /2)2 — _
q/Z\/a2 4oy +o0(1—q/2) —r

where

r=p1+p2—(¢—DA-p2) (11.12)
and o = o(s) isin (11.2).

Proof. For the M/M/1 model, 1 §"(s) = bi(s), so that formula (2.14) becomes

Wols) = Il Sl - . (11.13)
1 — p1ba(s) — p2q/(q + 21(s))
Since z1(s) = El(s)*l — 1for M/M/1 by (2.4), (11.13) is equivaent to
o — D)1 _
Bals) = (} p1— p2)(ba(s) " + q 1) (11.14)
bi(s)~t —r — (¢ — L)p1ba(s)
for r in (11.12). Findly, (11.14) implies (11.11) because of (11.1) and
bi(s) ™t = 3(0 + /02— 4py) (11.15)
for o in (11.2). O

Since the transform wy(s) is available explicitly (in terms of ¢ in (11.2)), it can
be directly inverted. We now identify the parameters for the exponential asymptotics
explicitly.

Theorem 11.2. Inthe M /M1, M>/1 modd, if po» > p3, where
1- .
pz{( o LR LB
0

ifg<1-/p1
then the exponential asymptotics in (5.4) holds with

n=1+p;— h <% <1 + Sgn(r)\/l +4pi(g — 1)/7~2> - 1) (11.16)
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and

o =pi=p2) (0(—771)2 —4p1+ (0(=m) + 20g — DIVo(-m)? — 4p1>
n qo (=) + 2 — @)/o(—=m)? — 4p1

for r in (11.12) and o(s) in (11.2).

(11.17)

Proof. If po > p3, the denominator of (11.11) has s = —n in (11.16) as the rightmost
negative zero. Then L'Hospita'’s rule yields

sw(s — 1) — A(=n)/B'(-n), (1118)
where w(s) = A(s)/B(s) for A and B in (11.11). From (11.11) and (11.18), we obtain
(11.17). O

We conclude this section by considering some further special cases.
@ Ifg—0,thenr — 1+p;andn ~ gasq — 0. Recal that p5 = Ofor ¢ < 1—/p1.

(b) If ¢ = 1, then the two service-time distributions coincide, r = p1 + p2, p5 =
VP1—p1andn = [p2/(p1+p2)] — p2, Which agrees with the special case considered
in section 13.

(© If ¢ =2 then p5 = (1— p1)/2 and n = 1+ p1 — /(1 + p1)? — 4p2(1 — p1 — p2).

(d) If g — oo, thenr ~ —q(1—p2) @ q — 00, p3 — 1 — \/p1 and n — pz — p1p2/
(1 — p2), which agrees with the special case considered in section 14.

12. One common general distribution

In this section we consider the special case in which G is the service-time cdf
of both classes, as occurs whenever the service-time distribution is not related to the
priority structure. Let the common mean be g1 = 1. Then p1 and p, represent the
two arrival rates. Note that the two arrival rates need not coincide, however, so that
we can have any values of p1 and p,, provided that p = p1 + p2 < L.

Theorem 12.1. Inthe M /G/1 priority model with common service-time distributions
having mean g11 = 1,

1-p

_— (12.2)
1-—ph gl) (s)

wo(s) =

for h§)(s) in (2.6).

Proof. The general formula in (2.14) ssimplifies because

s+ p1 — z1(s) = p1g1(21(s)) = p1g2(21(s))
by (31) of [6]. 0
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Theorem 12.2. Assume that the condition of Theorem 7.1 holds for the common
service-time cdf G1 and let

# P1
= . 12.2
P2 Gm—1 (12.2)

(@ If p2 > p3, then
Wo(t) ~ ae™™ ast— oo,
where 7 is the minimum positive real root of the equation
phe(—5) = 1 (12.3)
and
@ %' (12.4)
(b) If p2 < p3, then
Wﬁﬂwa—g;ZZHmem”paﬁ?%;gﬁwFHQW)
P PIL+ (p2/p3)I? aret/m
) e Ne

for p3 in (12.2) and for 71, a1 and ¢y asin Theorem 7.1.

ast — oo (12.5)

Proof. Because of the structure of (12.1), Theorem 5.1 can be applied, with ﬁg)(s)
playing the role of the transform f(s). The asymptotic behavior of H(()l)c(t) was given
in (7.15). The value of 7 P(—77%) is given in (7.20), yielding 1 — p1h (=772 =
(Gr)™ O

Remark 12.1. As noted in section 2, the low-priority steady-state waiting time co-
incides with the first passage time to O for the high priority aone (ignoring future
low-priority arrivals) starting from the steady-state workload for both classes. Thus,
when the two classes have the same service-time distribution, the low-priority steady-
state waiting time is the same as the transient waiting time with the FIFO discipline
when the arrival rate is shifted to A1 after the system has been in steady state with
arrival rate A1 + .

We next discuss the M /M, M/1 special case in which both classes have a
common exponentia distribution. In this case, hgl)(s) = b1(s), so that

1-p 4, rQ- p)bi(s)

_— = = , 12.6
RO B (129

wWo(s) =
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where 31(5) isgiven in (11.1) and can be reexpressed as

bi(s) = 2—21 (1 p+s—/(t+8)n+9)) (12.7)
for
=1 -ym)® ad = (1+ ;)2 (12.8)

In this case, egs. (12.6) and (12.7) can be inverted analytically by using contour
integrals, as in Duffy [36, chapter 3], yielding

(L—p)s(t) +ane ™ +y(t) if pp> p5 = \/p1— p1,
t) = : < 12.9
w2(l) {(1 — )8(0) + y(t) it p2 < o, (129)
where
PP = (p2—ps+/P)? = p1
o= = , (12.120)
p2 p2
6(t) is the delta function corresponding to a unit point mass at the origin,
_ 1 _ p 71 e—xt 1
vt = - /Tll = 77\/(gc — Y (1 — x) d, (12.12)
n=p2L—p)/p (1212
and

gas

1
i) = 5 . e\ /(2 — 7Y (n - 2)de

e—t/Tl 4./p1 o
~Go [ e uavm = (1213)

For (12.13), see [3, section 3].

The integrals in (12.11) and (12.13) have asymptotic expansions that can be
determined by using Watson's lemma, e.g., see Olver [46, p. 71]. It follows from
(12.11) and (12.13) that

p1(1 — p)ba(t)

v~ )

ast — oo (12.14)

and

p(r™t —n) = (03 — p2)?

provided that p, # p5 Watson's lemma enables us to determine an asymptotic expan-
sion for the waiting-time pdf of the form

_ —t/T1
2(t)wplp(l p) € (

ax a
(05— 2P 27 et ) i (219
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for p, < p5 asindicated in (1.4). The first three terms for the busy period are given
in (4.1) of [2]. Thistime domain analysis supports section 8.

Note that the root equation 1 — pgl(s) = 0 in the denominator of (12.6) has no
root for po < p5 = \/p1 — p1, but y(t) in (12.1) is valid for al po. At pp = p3, n =
T, l—a- \/,0_1)2, so that y(t) has a different structure, namely

-1
Tr—T

1_ oGl _
oy = T L / et [T g, (12.16)
oy

and therefore a different asymptotic expansion, consistent with Theorem 8.5(b).
We conclude this section by stating a result for long-tail distributions.

Theorem 12.3. If the common service-time ccdf G(t) has a regularly varying tail as
in (9.1), then

WS(t) ~ ﬁGie((l —p1)t) ast— oo (12.17)

Proof. Combine Theorems 5.1(b) and 9.2. Condition (5.1) holds by Lemma 3.7.
Condition (5.2) follows easily too. O

Asin Conjectures 9.1 and 9.2, we conjecture that (12.17) holds for more general
long-tail distributions (when 0 is the rightmost singularity of gi(s)).

Remark 12.2. It isinstructive to compare (12.17) with the corresponding result for the
FIFO discipline, see [11] or Pakes [47], which is

If GS(t) ~t7¢ ast — oo, then (12.17) is equivaent to
P

WO ~ i it S oo (12.19)
whereas (12.18) is equivaent to
WE ro(t) ~ a—/))%tc—l ast — oo (12.20)
e,
W5(t) ~ ﬁWFIFO(t) ast — oo. (12.21)

13. Fluid inputs

Washburn [52] considered the interesting case in which the low-priority service
times are deterministic but very small. In particular, he considered the limiting case
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as go1 — 0 and Ao — 00 with P2 = )\2921 held fixed. Since §2(8) ~1- 9218 + 0(921)
as gn — 0,

/\zgz (Zl(S)) — )\2 — —pzzl(s) as go1 — 0 (13.1)
and
Ba(s) > — ) a5 gm0 (13.2)
wa(s = g1 .
1—~h E)l)(s)

for v = p1/(1 — p2), so that this case has the same general form as anayzed in
section 12 (with v in (13.2) replacing p in (12.1)).

Now suppose instead that the high-priority service times are deterministic but
very small, i.e., suppose that g11 — 0 and A1 — oo where p1 = A1g11 is held fixed.
Then, from (2.4), we see that

bi(s) =1 asgi— 0 (13.3)

corresponding to B1(t) — 1 for al ¢ > O; i.e., the high-priority busy periods become
negligible. R
In this situation 1 {(s) — 1 and Zi(s) — s, o that (2.14) holds with

0 P1 P2
f(s) = + G2e(5), (13.49)
pr+p2  p1+p2

which in turn is equivalent to

1—p2/(L—p1)
1 - (p2/(1 = p1))gze(s)
Formula (13.5) is the M/G/1 FIFO Pollaczek—Khintchine formula for the steady-
state workload when the traffic intensity is inflated by (1 — p1)~* to account for the
unavailability of the server.
Finally, if both classes had fluid inputs, there would be no steady-state workload.

wWa(s) = (13.5)

14. Numerical examples

In this section we consider three numerical examples. Our first numerical example
has two classes with a common exponentia service-time distribution having mean 1.
The only parameters are the two arrival rates p; and p». This example is a special case
of both sections 11 and 12, so al results there apply. In this example the boundary
between exponential and non-exponential asymptotics is p5 = \/p1 — p1. We let p; =
0.5 and consider two cases. po = 0.3 and p» = 0.1. Inthefirst case p, > p5 = 0.2071,
in the second case p2 < ps.

In the first case we have exponential asymptotics as in (1.1) and (5.4) with
n=(1-p)p2/pand a = (p> — p1)/p2, 0 that =1 = 13.33 and o = 0.4667. The
exponential asymptote is compared to exact values of W5 (t) obtained by numerical
transform inversion in table 2.
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Table 2
A comparison of the exponential asymptotein case 1 of the M /M, M/1
example with p, = 0.3 to exact values obtained by numerical transform

inversion.

time Wi (t) ae
107° 0.8000 0.47

1 0.6780 0.43

5 0.4330 0.32

10 0.2742 0.22

20 0.1195 0.104

40 0.02492 0.0232

80 0.001187 0.001157
120 0.00005824 0.00005759
160 0.000002883 0.000002867

The approximation is not as good as in the FIFO examples in [12], but it is quite
good, giving reasonable accuracy by the 90th percentile. We can understand why the
exponential asymptote is not as good an approximation as in most FIFO examples by
looking at the singularities of w,(s). Therightmost singularity is of course n = 0.0750.
The next singularity of w»(s) is the rightmost singularity of f(s), which is determined
by the busy-period distribution. It is ;! = (1 — \/p)? = 0.0858. The fact that 7, * is
close to n explains why the exponential approximation is not better; i.e.,

A 7t/T1
WS(t) ~ ae ™ + % ast — oo (14.1)
T

by (8.37).
In the second case we have the non-exponential asymptotics

AlalTl e—t/Tl

Vrt3

asin (1.2), (8.46) and (11.8) with 7, = (1 — /p1) 2 = 11.65685, 71(? = 1, al‘l =
207 and A1 = p1p(1 — p)/(p — p2)? = 10.460376, s0 that Ajri01 = 102.53477.
(The asymptotic constant in (14.2) is consistent with (7.36) and (12.5).) The non-
exponential asymptote in (14.2) is compared to exact values obtained by numerical
transform inversion in table 3. As in previous FIFO examples, the non-exponential
asymptote is a much worse approximation. As explained previously, this is due to the
dower rate of convergence in (1.4). Even for every small tail probabilities, it might
well be judged necessary to rely on the numerica inversion in this case. Reasonable
approximations for Wy(t) in the region of primary interest can also be obtained by
fitting a hyperexponential (H», mixture of two exponentials) by matching the first three
moments, as was done for the M /M /1 busy period in [3].

W5(t) ~ ast — oo, (14.2)
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Table 3
A comparison of the non-exponential asymptotein case 2 of the M /M, M/1
example with p, = 0.1 to exact values obtained by numerical transform

inversion.

time W3 (t) asymptote (14.2)
107° 0.6000

1 0.4323

5 0.1897

10 0.08814 0.78

20 0.02415 0.12

40 0.002516 0.0074

60 0.0003119 0.00072

80 0.00004208 0.000085
100 0.00000598 0.000011

Our second example focuses on the boundary case in which p; = p5. Again let
both service times be exponential with mean 1, but now let p; = 4/9 and pp = p5 =
VP1—p1=2/9. Inthiscase p=2/3, 1 = (1 — \/p1) > =9 and

~ 1-p -1
wWa(s) ¥~ ————= a5 — —T; , (14.3)
2pa1y/s + 7'1_1
so that
—t/11 —t/9
WS(t) ~ po/ 4t — 1)713H — (2.44949. . .)eﬁ ast—oo.  (144)

We compare the boundary non-exponential asymptote in (14.4) to exact values obtained
by numerical transform inversion in table 4. From table 4, we see that the quality of
the approximation is much better than in table 3.

Our third example has two classes with a common long-tail distribution having
mean 1. For this example we use a Pareto mixture of exponentials (PME) distribution,
as in [11], with density, ccdf and transform

16 3 o2 o\
= — — — PR R B /2
n)= (1 (143 +F + 55 )o¥?), (145)
cn_ 16/, 395\ a2
0 = 54 (1 <1+ ot )e , (14.6)
o 45> 8
Gu(s) = / el =1 s+ " — oslog(L 4 3/2).  (147)
0

The moments of G are g11 = 1, g12 = 8/3 and g1, = oo for n > 3. Both classes
have the same service time cdf G4, but they can have different arriva rates.
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Table 4
A comparison of the non-exponential asymptote in the boundary case of the
second M /M, M /1 example having p1 = 4/9 and p, = 2/9 to exact values
obtained by numerica transform inversion.

time W5(t) asymptote (14.4)
10°° 0.6667

1 0.5039

5 0.2358 0.35

10 0.1104 0.14

20 0.02849 0.033

30 0.008000 0.0090

40 0.002338 0.0027

50 0.0006995 0.00076

60 0.0002126 0.0002271

80 0.00002025 0.00002131
100 0.000001981 0.000002065

Table 5
A comparison of the power-tail asymptote for W5 (¢) in the long-tail example
to exact values obtained by numerical transform inversion.

time exact asymptote (14.8)
1073 0.6000

1 0.4171

10 0.04574 0.016

20 0.009022 0.0041

40 0.001473 0.0010

60 0.0005656 0.00045

80 0.0002988 0.00026
100 0.0001848 0.00016
200 0.00004342 0.000041
400 0.00001056 0.0000103
800 0.000002605 0.00000257
1600 0.0000006470 0.000000643

The PME distribution has a regularly varying tail as in (9.1). Hence, we can
apply Theorem 12.3 to conclude that

o0

WE(E) ~ 1% G°(u) du ~ < P ast— oo  (14.8)

8

1- p> (L — p)t)?
As t gets large, the exponential term e3!/2 in (14.5) and (14.6) becomes negligible,
so nothing is lost here in replacing G¢(t) by its asymptote 16/9t3, which is what we
have done in (14.8).

As a specific example, we let the arrival rates be p; = 0.5 and p, = 0.1. In
this case the mean of the low-priority waiting time is wp; = 4. The asymptote in
(14.8) is compared with exact values obtained by numericaly inverting the Laplace

(1-p1)
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transform W5(s) = (1 — @a(s))/s for @a(s) in (12.1) and A {(s) in (2.6) in table 5.
From table 5, we see that the asymptote is not very accurate by the 99th percentile
(about ¢ = 20), but the asymptote does much better than in table 3 further out in the
tail. Since the class |11 (long-tail) distributions do not have the exponentia term, the
probabilities are non-negligible for larger values of ¢. Note that the largest values of
t in tables 3 and 5 are 100 and 1600, respectively. This phenomenon seems to make
the class |1l asymptotes more useful than the class Il asymptotes.
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