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A Proofs of Asymptotic Optimality for the Delay-Cost Formulation

In this appendix we provide the proofs of Theorems 3.3 and 3.4 in the paper. We start by proving that
asymptotic efficiency (see Definition 3.5) implies the stochastic boundedness and C-tightness of Qg(t) A

family {2*, A > 0} of processes in D?[0, T is said to be stochastically bounded if
lim limsup P{||z"||r > k} = 0.
k—oo N0

It is said to be tight if every subsequence with A\, — oo contains a convergent subsequence and C-tight if
the limit of each such subsequence is continuous. We refer the reader to §5 Pang et al. (2007) for a detailed

discussion of these concepts.

Lemma A.l. (stochastic boundedness and C-tightness) For any family {m*,\ > 0} € II, the corre-

sponding family {Qg(t), t > 0} is stochastically bounded and C-tight.

Proof: By equation (52) of [10], we can write
A A t A ~
X3(t) = X2(0) = Bt + > _ pj / [Ms)ds + MJ(t) +o(1) as X — oo, (A1)
JjeT 0

where Mé‘(t) is the square integrable Martingale defined prior to (52) in Gurvich and Whitt (2007b) for

each \. Consequently,

A~ t ~ ~
XA < 18t + /0 A(s)ds + [N (1))
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By the asymptotic efficiency assumption, |18 — [X3]~ ||z = 0 as A — oo, so that
A t A ~
1 X3(1)] < Iﬁt+u1/ X3 (s)lds + [MR(1)| +o(1) as A — co.
0

Since Mg(t) is C-tight - see the proof of Lemma 4.2 in Gurvich and Whitt (2007b)) - it is also stochastically
bounded. Hence we can apply Gronwall’s inequality to deduce that the family Xé(t) is stochastically

bounded.
To establish C-tightness, we use (A1) to write
A~ A~ t A ~ ~
XA(t) — XA(5) = Bt —5)+ 3 Mj/ P(h)ydh + NEA(H) — BIX(s) + 0(1) as A — oo
jeg §

and, consequently,
A A A tis A A ~ ~
| XS(1)-X3(s)] < Iﬁ!(t—S)ﬂu(t—S)||X§||T+u1/O | XS (5+h) —X&(s)|dh-+| Mg (1)~ M ()| +o(1).

C-tightness now follows from the stochastic boundedness of X (#) and the C-tightness of M(t) through

an application of Gronwall’s inequality, just as in the proof of Lemma 4.2 in Gurvich and Whitt (2007b).

We have thus proved that the family X g (t) is stochastically bounded and C-tight under the asymptotic

efficiency condition. To complete the proof, we apply the assumed asymptotic efficiency to deduce that
QX(t) — Q3 (s) = (XA — [XR(s)]T +0(1) as A — oo

Consequently, the C-tightness and stochastic boundedness of X J(t) imply these properties for Qg (t). n

We turn now to the statement of the state-space collapse result for WIR.

Theorem A.1. (state-space collapse under WIR with pool-dependent rates)

If (X20), 220)) = (X(0),2*(0)) in RI*T7 and Q3(0) = 0 for all \, then we have state-space

collapse:

Q1) ~ Q(pi (@) =0 in D as A—oo, Q€T (A2)

and

) - R(t); (ig(t)> =0 in D as A—oo, jEJT. (A3)



In addition, we have

aWp(t)—QMt)=0 in D as A—oo, i€l (Ad)

Proof: We outline the changes that should be made to the proof of Theorem 4.3 to accommodate the special
features of WIR. Theorem 4.3 itself is proved in §4.3 of Gurvich and Whitt (2007b), as a special case of

Theorem 3.1 there. We will be making frequent references to that section.

First, the definition of the stopping time o in equation (54) of Gurvich and Whitt (2007b) should be
changed to
o == inf{t > 0|B*(t) > 2B*0) vV 1} A 6*,

where

& =inf{t >0: max QM) — a;W,(t)] > €M},
i€ ’
with e* — 0 as A\ — oo sufficiently slow (to be precisely defined towards the end of the proof).

Then, the hydrodynamic model equations, (77)-(86) of Gurvich and Whitt (2007b), are augmented by

the additional equation

Whi(t) = Qi(t)/as.

The proof of state-space collapse now follows identically the proof of Theorem 4.3 with the exception
of Lemma 4.6 in Gurvich and Whitt (2007b), which should be slightly changed to take care of the new
definition of the stopping time o*. Specifically, we add the following argument to the proof of Lemma 4.6:
First, we claim that, since state-space collapse holds on [0, 7] and since Q,(0) = 0 by assumption, the
C-tightness of the sequence Q*(- AT*) = (Q} (- AT?), ..., Q}(- AT?)) follows from that of Q3 (), which
was proved in Lemma A.1. Indeed, by state-space collapse Q) (t A T?) ~ Q{(t A T)p; (Q%(t A T)‘)>
with p;(-) being a locally Holder continuous function. Consequently, the tightness of Q% (t) implies that of
Q).

Now let W (¢) be the virtual waiting time of class-i at time ¢ in the A system and W (£) = VAW (¢).
Note that TV (¢) is not necessarily equal to Wﬁ\ ;(t) as the latter refers to the cumulative waiting time of the

customer at the head of the line. Having the C-tightness of Q;\( A T?), we can apply the corollary in



Puhalskii [1] to establish the joint convergence

<W,Wf‘(t/\T)‘);i c I) = <Qi<t)7Qi(t)/CLi;i c I) in D! as A — oo,

a;

where W;(t) = Q;(t)/as; see e.g. Lemma A.2 of Puhalskii and Reiman (2000). The convergence of T ()
implies that the family {W(¢)} is also stochastically bounded.
Since, by definition,

Wi i(t) = Wit — Wpi(t)), (AS)

we have that W,;\ ,(t) is itself stochastically bounded and the unscaled process W}, (t) satisfies
Wii(t AT*) = 0in D as A — oc.

We can then apply the Random-Time-Change Theorem to equation (AS5) to have the joint convergence

(Wa Wﬁ\z<t NTY)i e I)) = (Qi(t) ; Qi(t)) in D* as A\ — oo,

a; a; a;

By Theorem 11.4.8 in Whitt (2002) and the continuity of the limit, we then have
max Q) — Vil = 0inRas A — oo,
i€ ’

so that

P {maIx 10 — aiW, |l pa > e)‘} —0as A — oo
1€ ’

as long as {€} is such that ¢} — 0 sufficiently slowly. Consequently, we have that 5 — co. The rest of
the proof follows Lemma 4.6 in Gurvich and Whitt (2007b), allowing us to conclude that o* — oco. Hence

the adaptation of the proof of Theorem 4.3 for WIR is complete. |

It remains to relate the proof of Theorem 3.3 to that of Theorem 3.1. That is accomplished in the
following proposition, which states that both cost criteria share essentially the same lower bound. For the

following, we say that a family {b*} is o} (1) if b* = 0 as A — oc.



Proposition A.1. If {7*} € II° is a sequence of admissible policies, then
T N
Bz [0 (@7 ©) de+ob(1) as A oc,
0
where C?(-) := Cy(-/a;) forall i € .

Proof: The proof builds on the proof of Proposition 6 in Van Meighem (1995). Since there are some
differences, we give a detailed proof. Since the family Qg (t) is C-tight by Lemma A.1, we can choose a
convergent subsequence {ng (t), k € N} with A\, — oo whose limit is continuous. We will show that the
result of the Proposition holds for every convergent subsequence and consequently for the whole sequence.
For simplicity of presentation, we assume that {\*} is the whole family; the reader should remember that

the proof applies to the subsequence.

Denote the limit by QE (t). Together with the Functional Strong Law of Large Numbers (FSLLN), we

have the joint convergence

A A
(Al)\(t)’ T AI(t)an(t)> = (Glt, s 7aft7QZ(t)) in DI+1 as A — 00. (A6)

Since the space D with the J; topology is separable (see §11.5 of Whitt (2002)), we can use the Skorohod
representation Theorem, Theorem 3.2.2 in Whitt (2002), to construct all the processes on an alternative
probability space (Q, F, ]5) such that the convergence holds for almost every w € Q. We henceforth fix such

a realization w. We consider the sequence {tx, k > 0} of stopping times defined recursively as follows:
ter = min{T,inf{t, <t <T:[Qs(t) - Qu(te)| = 1},

where to = 0. Fix w € . Note that since Qx;(¢) is continuous on the compact interval [0, T] we have that
there exists 0 > 0 such that

inf(tpy1 —tg) > 0. (A7)

By Jensen’s inequality,

BENT) = Yier aig La i ™ ClOVA(5)dA} ()

tg

> Tier S [ A () — ANG)] % G ([AN(tes1) — AN@)] 7" 140 W (5)d 42 (s)

)



Since (A6) holds almost surely on Q and by our choice of the realization w, we have that
[Af\(tlﬁ_l) — Af\(tk)]/)\ = ai(tk+1 — tk) + OA(l) as \— oo,

where the approximation is uniform on [0, 7']. Thus,

tet1

W}(s)dAQ(s))] .
(A8)

T) > ZZ { the1 — tr) +0™(1)] x C; <[/\(tk+1 —te+oM1)] !

i€l k tr

We now use Proposition 4 of Van Mieghem (1995), which - with the appropriate modification to our setting

- states the following: Fix 0 < a < b < T, then

1 b A 1 b,
_— . AMs) — —— A
)\l(b _ a) /a WZ (S)d (3 (S) b —a /a QZ (S)ds — 0’ as )\ — oo’

with the convergence holding almost surely. The proof of this result is identical to the proof in Van Mieghem

(1995), so it is omitted. Using (A7) and recalling that a; := A; /A, we have

A IR A N A 1 B
Pt =t 7 [N — s [ @)~ 0wsr -

Plugging this back into (A8), we then have

1 tht1

, >ZZ[ et — ) + M1 x C; (M Q?(S)d(S)JrOA(l))]- (A9)

i€l k

Since Q) t) < Q3(t) and Q3(t) is bounded by its continuity on [0, T, we have that Q?(¢) is bounded. The

continuity of C;, then implies that (A9) can be written as

TN T) >ZZ[tk+1—tk ><C< /t:kHQ;\(s)d(s))]—i—oA(l) as A — oo,

i€l k

The C-tightness of Qg\:(t) now implies that

1 R a * (A
Ci <( 5 Q?(S)d(S)) > Cj (qz- (Qg@k))) +0M(1) + O(e), (A10)

a;(tp+1 — ti)

where Cf := Cj(-/a;) and {¢;(z), ¢ € Z} is the optimal solution for (11) with the cost functions C{"



replacing C;. Finally, O(e) — 0 as € — 0. To establish (A10), note that

e / Q) 2 (s / ).

where G;(s) is a solution to

t
minimize ), ; C ( tk+1 — Jlee @ (s ) ’
s.t. > ier 4 Ms) = Q2(3)7 s € [tg, tit],
@ (s) >0,i €I, s € [ty, tpy]-

However, the C-tightness of Qg(t) and the definition of the stopping times ¢; implies that, for all A large

A(s) — Qg(tk)] < 2eforall s € [tg, tx+1] so that (A10) follows from the continuity of C;.

Consequently,
2 T) = 303 [(ten — 1) x €2 (67(Q3(0))) | +0X(1) + O(e).
i€l k

Since € was arbitrary we may invoke the definition of the Rieman integral to obtain the result for almost

every w € Q. Translating this back into the original probability space yields the claimed statement. |

Proof of Theorem 3.4: Using Proposition A.1 and the state-space collapse result in Theorem A.1, the
proof now follows exactly as the proof of Theorem 3.1 with the exception of the 0}\(1) term - whose treat-

ment is trivial - and the replacement of II; by II°. |
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