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Abstract

In [1] we present the first analysis of Join-the-Shorteseq@u(JSQ) routing in Web server farms,
with Processor-Sharing (PS) servers. Please see thatfpapetails about the JSQ routing policy
and its analysis, and for the relevant references. The tcellywork in [1] was backed up by many

simulation experiments, not all of which made it into the ga@his document is meant to serve
as an online supplement to [1], providing the full set of dation results and comparisons with
analytical results. We hope that these will be useful fostheho wish to extend our work on this

problem.
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1 Themoded

We will be concerned with JSQ/PS server farms, as depictédgare 1. We assume that jobs
arrive according to a Poisson Process with rateEach arrival is immediately dispatched by a
front-end router to one ok servers, via the Join-the-Shortest-Queue (JSQ) routifigyp&nder
JSQ, a job goes to the server with the fewest current numigebsf Ties are broken by flipping a
fair coin. Each server employs Processor-Sharing (PS)siing of its jobs. That is, when there
aren jobs at the server, each simultaneously recelyesh of the total server capacity. The size
of a job is defined as the time the job takes to run on a serveolation. We assume that job sizes
are sampled in an i.i.d. fashion from some distribution drerhean job size is denoted py'.
Further, we define the loagd, of the system by

Poisson arrivals JSQ
—_— .
(rate A) Dispatcher New job

(request)

O

Front—end servers
(Processor sharing)

Figure 1: Server farm with front-end dispatcher aRdidentical processor sharing back-end
servers.

Our performance metric throughout will bB[N] and E[N?], where N, is a random variable
denoting thenumber of jobs at the first queu@Vithout loss of generality, we pick the first queue
to concentrate on, since all queues are statistically iciint

We are also interested in understanding tae of arrivals into the first queuef the JSQ/PS

server farm. The SQA (Single-Queue-Approximation) analjeschnique introduced in [1] relies
strongly on a quantity called(n), which denotes theonditional arrival rate into the first queue,
given that there arex jobs at that queueSpecifically, we define:

An(t)

Aln) = lim
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whereA,,(t) is the number of arrivals during the time inter{f@l¢| findingn jobs in queue 1, while
T, (t) is the total time durind0, ¢] during which there are jobs in queue 1. In this paper we will
be making many detailed plots and tables concerning thetityarn ), as a function of.

We will consider several job size distributions throughd@glow we list a set of job size distribu-
tions all with mearg, but with a wide range of values of variance. These distiamstwill be used
often in our experiments, so we list them here:

Det er m ni sti c: point mass a2 (variance= 0)
Er | ang2: sum of two exponential random variables with mégnariance= 2)

Exponent i al : exponential distribution with meah(variance= 4)

A w0 NP

Bi nodal - 1: (mean= 2, variance= 9)

1 wp09
X = { 11 w.p. 0.1

5. Wi bul | - 1: Weibull with shape parameter 0.5 and scale parameter 1 (heavy-tailed,
mean= 2, variance= 20)

6. Wi bul | - 2: Weibull with shape parametet % and scale parameter % (heavy-tailed,
mean= 2, variance= 76)

7. Bi nodal - 2: (mean= 2, variance= 99)

1 w.p. 0.99
X = { 101 w.p. 0.01



2 Simulation Methodology

We simulate the queueing model shown in Figure 1 via a qugu@mulator which we wrote in
the C++ programming language.

Our first aim is to show that the first two moments of queue leragteach server are nearly
insensitive to the variability of the job size distributiomo demonstrate this claim, in Section 3,
we consider two values of loagd,= 0.5 (light load) andp = 0.9 (moderately heavy load) and a
range of K’ values includingk’ = 2,4, 8, and16, and of course a range of job size distributions.
For each load, each value &f, and each job size distribution, we run the simulatiortimes,
where each run consists &f x 10" departures1(0” departures per server, on average).

These same simulations are also used to study the neasitiggnof the conditional arrival rates,
the \(n). See Section 4.

In Section 5, we look at the problem of obtaining empiricaives for\(n) (n = 0, 1,2) under

an exponential job-size distribution. Obtaining accusteirical curve fits requires running our
simulator on a much wider range Afandp values than in previous experiments. Each run consists
of 2K x 107 departures, but due to the long simulation time, we only rgarfaruns pefK, p)
combination. This appears sufficient because the resulteeaiins are consistent.

Confidence intervals throughout are derived using the fafigwnethod. LetX;, X»,..., X,
denote the average queue length observed dutingns of the simulator. LeX denote the sample
mean:

m

X:%me (1)

=1

Note thatX is a random variable since each ®f is an i.i._d. random variable. To find tf&%
confidence interval foE[ V], we make the assumption th&tis distributed according to a normal
distribution with mearE[N] and variance?, wheres? is estimated by:

(Xm — (X))? (@)

—1

9 1
o= ———
m(m — 1)

=

Finally, the 95% confidence interval foE[N] under the assumptions stated above is given by
[X — 1.960, X + 1.960].



3 Near-Insensitivity of E[V] and E|N?| under general job size
distributions

We simulate theV//G /K /JSQ/PS model to measurg[N| andE[N?] for job-size distributions
listed in Section 1, wheré/ denotes the number of jobs at the first queue. Figures 2 andv sh
the empirical mean angb% confidence intervals for the first two moments/of for p = 0.5 and

p = 0.9 respectively. The numerical values are shown in Table 1.

We observe thaE[N] for the distributions considered is withit¥o of E[N] for the exponential

job-size distribution, whep = 0.5, and within1.5%, whenp = 0.9. For E[N?], the effect of

variability is less tharr% for p = 0.5 and less thaf% for p = 0.9. We conclude that the first two
moments ofN seem to beaearly insensitiveo the variability of job-size distribution.

In addition, Table 2 shows the empirical estimate&g¥| under more values ok andp, for the
case of an exponential job-size distribution with méan
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Figure 2: 95% Confidence intervals for mean (left column) amtbad moment (right column)
of queue length of first queue in thel/G/K/JSQ/PS model withp = 0.5 for the job-size
distributions listed in Section 1, based on simulations.
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Figure 3: 95% Confidence intervals for mean (left column) amtbad moment (right column)
of queue length of first queue in thel/G/K/JSQ/PS model withp = 0.9 for the job-size
distributions listed in Section 1, based on simulations.
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p=05 p=0.9

E[N] | E[N?] | E[N] E[N?]
Determ ni stic || 0.7076| 1.2602| 4.8999| 46.9934
Erl ang2 0.7118| 1.2814| 4.9217| 47.3844
Exponent i al 0.7132| 1.2868| 4.9298| 47.4411
K=2 Bi nodal -1 0.7155| 1.2952| 4.9445| 47.6245
Wi bull -1 0.7160| 1.2992| 4.9495| 47.6847
Wi bul | -2 0.7174| 1.3053| 4.9640| 47.9490
Bi nodal - 2 0.7176| 1.3037| 4.9700| 47.9787
Det erm ni stic || 0.5755| 0.7366| 2.8842| 14.4559
Erl ang2 0.5782| 0.7462| 2.9105| 14.7045
Exponent i al 0.5791| 0.7491| 2.9168| 14.7409
K =4 Bi nodal -1 0.5805| 0.7536| 2.9315| 14.8479
Wi bull -1 0.5810| 0.7555| 2.9384| 14.9171
Wi bul | -2 0.5819| 0.7588| 2.9521| 15.0346
Bi nodal - 2 0.5816| 0.7572| 2.9487| 14.9995
Det erm ni stic || 0.5200| 0.5600| 1.8946| 5.4210
Erl ang2 0.5208| 0.5626| 1.9142| 5.5354
Exponent i al 0.5211| 0.5634| 1.9214| 5.5738
K =38 Bi nodal -1 0.5215| 0.5647| 1.9308| 5.6217
Wi bull -1 0.5217| 0.5653| 1.9384| 5.6689
Wi bul | -2 0.5220| 0.5663| 1.9490| 5.7277
Bi nodal - 2 0.5219| 0.5658| 1.9431| 5.6912
Det erm ni stic || 0.5026| 0.5077| 1.4018| 2.6529
Erl ang2 0.5027| 0.5080| 1.4154| 2.7082
Exponenti al 0.5027| 0.5081| 1.4200| 2.7264
K =16 Bi nodal -1 0.5027| 0.5082| 1.4263| 2.7506
Wi bull -1 0.5028| 0.5083| 1.4318| 2.7740
Wi bul | -2 0.5028| 0.5085| 1.4391| 2.8032
Bi nodal - 2 0.5027| 0.5083| 1.4337| 2.7798

Table 1: First two moments a¥ for K = 2,4, 8 and16 serversp = 0.5 and0.9 for the job-size
distributions listed in Section 1, based on simulations.



Table 2:E[N] for variousp and K under an exponential job-size distrib-

ution with meanl.

[ 01 [ 02 | 03 [ 04 | 05 | 06 | 07 | 08 | 09 |
2 [[0.1018] 0.2132] 0.3434] 0.5044] 0.7156[ 1.0141] 1.4831] 2.3754] 4.9521
3 [[0.1003] 0.2045] 0.3196| 0.4545 0.6245] 0.8545 1.2015| 1.8361| 3.5955
4 | 0.1001] 0.2017] 0.3097 | 0.4321] 0.5808| 0.7762| 1.0626| 1.5692 | 2.9223
5 [/ 0.1000] 0.2007 | 0.3052] 0.4202| 0.5559| 0.7299| 0.9796| 1.4070| 2.5252
6 || 0.1000| 0.2003| 0.3030] 0.4133| 0.5404| 0.6998 | 0.9242 1.3011] 2.2578
7 [ 0.1000] 0.2001 | 0.3018] 0.4090 | 0.5298| 0.6789| 0.8843| 1.2251 | 2.0704
8 | 0.1000| 0.2001 0.3011] 0.4063 | 0.5226| 0.6633| 0.8549| 1.1678| 1.9249
9 [ 0.1000| 0.2000 0.3007 | 0.4044| 0.5173| 0.6516| 0.8320| 1.1226| 1.8124
10 [[ 0.1000 0.2000] 0.3005| 0.4031 [ 0.5132 0.6423] 0.8135] 1.0866| 1.7235
11 [[ 0.1000] 0.2001] 0.3003| 0.4021| 0.5101] 0.6351| 0.7988| 1.0571| 1.6507
12 || 0.1000 0.2000] 0.3001 | 0.4015] 0.5078 | 0.6292| 0.7865| 1.0320| 1.5886
13 || 0.1000| 0.2000| 0.3000| 0.4010| 0.5061 | 0.6244| 0.7760| 1.0111| 1.5384
14 || 0.1000 0.2000| 0.3000 | 0.4007 | 0.5048| 0.6205| 0.7672| 0.9925| 1.4936
15 || 0.1000| 0.2000| 0.3000| 0.4004| 0.5036| 0.6172| 0.7596| 0.9768| 1.4558
16 || 0.1000 0.2000| 0.3000 | 0.4003| 0.5028| 0.6146 | 0.7532| 0.9628 | 1.4210
17 |[ 0.1000| 0.2000| 0.3000| 0.4002| 0.5022| 0.6124] 0.7475] 0.9506| 1.3910
18 || 0.1000 0.2000| 0.3000 | 0.4001| 0.5017 | 0.6106 | 0.7426] 0.9396 | 1.3641
19 [[ 0.1000 0.2000] 0.3000| 0.4001 | 0.5014 | 0.6090 | 0.7384] 0.9299| 1.3401
20 || 0.1000] 0.2000] 0.3000] 0.4001| 0.5011 0.6077| 0.7347| 0.9209| 1.3182
22 |/ 0.1000 | 0.2000] 0.3000] 0.4000| 0.5007 | 0.6056 | 0.7285] 0.9057 | 1.2799
24 || 0.1000] 0.2000] 0.3000] 0.4000| 0.5004 | 0.6042| 0.7234] 0.8932| 1.2475
26 || 0.1000 | 0.2000] 0.3000| 0.4001| 0.5003| 0.6032 | 0.7194] 0.8824] 1.2201
28 || 0.1000 0.2000 0.3000] 0.4000| 0.5002| 0.6024 | 0.7163] 0.8734| 1.1970
30 || 0.1000 | 0.2000] 0.3000] 0.4000| 0.5001| 0.6018 0.7137| 0.8658] 1.1765
32 || 0.1000 | 0.2000 0.3000| 0.4000| 0.5001| 0.6014| 0.7115] 0.8591] 1.1575
34 || 0.1000 | 0.2000] 0.3000] 0.4000| 0.5000| 0.6010] 0.7099 0.8533] 1.1411
36 || 0.1000 | 0.2000 0.3000| 0.4000| 0.5001 | 0.6008 | 0.7083| 0.8483| 1.1264
38 || 0.1000 | 0.2000] 0.3000] 0.4000| 0.5000| 0.6006 | 0.7070] 0.8438] 1.1132
40 || 0.1000| 0.2000 | 0.3000 0.4000 0.5000| 0.6005| 0.7060| 0.8397 | 1.1011
44 || 0.1000| 0.2000 0.3000 | 0.4000 0.5000 | 0.6003| 0.7045| 0.8331] 1.0806
48 || 0.1000| 0.2000 0.3000 0.4000| 0.5000| 0.6001 | 0.7033] 0.8278] 1.0629
52 || 0.1000| 0.2000 0.3000 0.4000| 05000 0.6001| 0.7025| 0.8235] 1.0476
56 || 0.1000 | 0.2000] 0.3000] 0.4000| 0.5000| 0.6000| 0.7019] 0.8200| 1.0347
60 || 0.1000| 0.2000 0.3000 0.4000| 05000 0.6000 0.7014] 0.8171] 1.0235
64 || 0.1000 | 0.2000] 0.3000] 0.4000| 0.5000| 0.6000| 0.7011] 0.8147 1.0135
68 [ - : - : : - -~ [ 0.8126] 1.0047
2 - : - : : - -~ [0.8109[ 0.9969
76 [ - : - : : - - [ 0.8095[ 0.9898
80 [ - : - : : - -~ [0.8082[ 0.9837
84 || - : - : : - - [ 0.8072] 0.9780
88 [ - : - : : - -~ [ 0.8063[ 0.9727
92 [ - : - : : - - | 0.8055] 0.9682
% [ - : - : : - - [0.8048] 0.9638
00 - : - . : - -~ [ 0.8043] 0.9600
104 - : - : : - - [ 0.8038[ 0.9564
08 - : - : : - -~ [ 0.8034] 0.9532
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4 Near-Insensitivity of conditional arrival rates \(n) under gen-
eral job sizedistributions
Tables 3 and 4 show the empirical estimates of the first semedittonal arrival rates normalized

by the mean job size\(n)/n : n = 0,1,...,6) for p = 0.5 andp = 0.9, respectively, under a
range of job size distributions arid = 2, 4, 8 and16. We observe:

1. The conditional arrival rates(n) for n > 1 are appreciably smaller thax{0) and this drop
increases as the number of servers increases.

2. The conditional arrival rates are nearly insensitivéhtjob-size distribution.

AO0)/p [ M) /1 | A@2)/p [ AB) /i | MA) [ | AB) /1 | A6)/p | p"

Determ nistic || 0.6866 | 0.3392| 0.2574 | 0.2525| 0.2583 | 0.2626 | 0.2648
Erl ang2 0.6845 | 0.3407 | 0.2636 | 0.2524 | 0.2513 | 0.2521 | 0.2536
Exponenti al 0.6840 | 0.3412 | 0.2648 | 0.2523 | 0.2504 | 0.2495| 0.2500

K=2 Bi nodal - 1 0.6837 | 0.3416 | 0.2659 | 0.2524 | 0.2512 | 0.2522 | 0.2539 | 0.2500
Wi bul I -1 0.6832 | 0.3419 | 0.2670 | 0.2533 | 0.2506 | 0.2497 | 0.2499
Wi bul | -2 0.6828 | 0.3421 | 0.2681 | 0.2543 | 0.2516 | 0.2511 | 0.2525
Bi nodal - 2 0.6834 | 0.3419 | 0.2669 | 0.2535| 0.2525| 0.2547 | 0.2553
Deterministic || 0.8563| 0.1565| 0.0662 | 0.0648 | 0.0694 | 0.0724 | 0.0620
Erl ang2 0.8537 | 0.1593 | 0.0704 | 0.0638 | 0.0638 | 0.0643 | 0.0644
Exponenti al 0.8529 | 0.1602 | 0.0715| 0.0636 | 0.0627 | 0.0599 | 0.0468

K=4 Bi nodal -1 0.8523 | 0.1609 | 0.0731 | 0.0633 | 0.0639 | 0.0634 | 0.0507 | 0.0625
Wi bul | -1 0.8515| 0.1618 | 0.0740 | 0.0645 | 0.0624 | 0.0615| 0.0515
Wi bul I -2 0.8508 | 0.1625| 0.0755| 0.0651 | 0.0636 | 0.0630 | 0.0516
Bi nodal - 2 0.8517 | 0.1615| 0.0744 | 0.0643 | 0.0641 | 0.0625 | 0.0538
Determ nistic || 0.9598 | 0.0417 | 0.0041 | 0.0040 | 0.0045 | 0.0000 | 0.0000
Erl ang2 0.9585 | 0.0431| 0.0049 | 0.0036 | 0.0023 | 0.0000 | 0.0000
Exponenti al 0.9581 | 0.0435| 0.0050 | 0.0040 | 0.0020 | 0.0000 | 0.0000

K =28 Bi nodal -1 0.9577 | 0.0439 | 0.0054 | 0.0036 | 0.0009 | 0.0000 | 0.0000 | 0.0039
Wi bul | -1 0.9573 | 0.0444 | 0.0055 | 0.0042 | 0.0004 | 0.0000 | 0.0000
Wi bul | -2 0.9568 | 0.0449 | 0.0058 | 0.0043 | 0.0022 | 0.0000 | 0.0000
Bi nodal - 2 0.9574 | 0.0443 | 0.0058 | 0.0042 | 0.0045 | 0.0000 | 0.0000
Determ ni stic || 0.9948 | 0.0052 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Erl ang2 0.9946 | 0.0054 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Exponenti al 0.9946 | 0.0054 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

K =16 Bi nodal -1 0.9945 | 0.0055 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Wi bul I -1 0.9945 | 0.0056 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Wi bul I -2 0.9944 | 0.0056 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Bi nodal - 2 0.9944 | 0.0055 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

Table 3: First few conditional arrival rates normalized hg imean job size\(n)/u, for K =
2,4,8 and16 serversp = 0.5, for the job-size distributions listed in Section 1.
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AO0)/p [ AN /i | A2)/p [ AB) /i | X&)/ | AB)/p | A6)/p | p"

Deterministic || 1.4297| 0.9729 | 0.8334 | 0.8081 | 0.8074 | 0.8100 | 0.8122
Erl ang2 1.4214 | 0.9722| 0.8431| 0.8167 | 0.8116| 0.8108 | 0.8105
Exponenti al 1.4196 | 0.9727| 0.8452| 0.8175| 0.8117 | 0.8105| 0.8101

K =2 Bi nodal -1 1.4191 | 0.9728 | 0.8455| 0.8168 | 0.8103 | 0.8097 | 0.8099 | 0.8100
Wi bul I -1 1.4173 | 0.9743 | 0.8485| 0.8189 | 0.8118 | 0.8099 | 0.8094
Wi bul I -2 1.4164 | 0.9754 | 0.8501 | 0.8194 | 0.8120 | 0.8098 | 0.8091
Bi nodal - 2 1.4187 | 0.9734 | 0.8467 | 0.8175| 0.8107 | 0.8096 | 0.8099
Deterministic || 2.2374| 0.9864 | 0.6932 | 0.6578 | 0.6608 | 0.6650 | 0.6682
Erl ang2 2.2170 | 0.9939| 0.7070 | 0.6632| 0.6579 | 0.6573 | 0.6578
Exponenti al 2.2116 | 0.9955| 0.7104 | 0.6640| 0.6571 | 0.6561 | 0.6558

K=14 Bi nodal -1 2.2074 | 0.9954 | 0.7139| 0.6644 | 0.6573 | 0.6574 | 0.6590 | 0.6561
Wi bul | -1 2.2017 | 0.9991| 0.7173 | 0.6659 | 0.6565 | 0.6549 | 0.6545
Wi bul | -2 2.1972 | 1.0011| 0.7207 | 0.6670 | 0.6572 | 0.6548 | 0.6535
Bi nodal - 2 2.2029 | 0.9962 | 0.7173 | 0.6662 | 0.6577 | 0.6576 | 0.6591
Determ nistic || 3.4100 | 0.8849| 0.4720 | 0.4383 | 0.4423 | 0.4464 | 0.4487
Erl ang2 3.3753 | 0.8999 | 0.4807 | 0.4352 | 0.4320 | 0.4317 | 0.4318
Exponenti al 3.3630 | 0.9040 | 0.4842 | 0.4352 | 0.4312| 0.4311 | 0.4308

K =8 Bi nodal - 1 3.3516 | 0.9061 | 0.4895| 0.4362 | 0.4334 | 0.4349 | 0.4365| 0.4305
Wi bul | -1 3.3385 | 0.9117 | 0.4919 | 0.4368 | 0.4307 | 0.4295| 0.4294
Wi bul | -2 3.3257 | 0.9157 | 0.4967 | 0.4382 | 0.4302 | 0.4282 | 0.4279
Bi nodal - 2 3.3394 | 0.9086 | 0.4949 | 0.4387 | 0.4346 | 0.4363 | 0.4390
Deterministic || 49526 | 0.6407 | 0.2165| 0.1923 | 0.1947 | 0.1966 | 0.2004
Erl ang2 49027 | 0.6571| 0.2195| 0.1876 | 0.1862 | 0.1863 | 0.1846
Exponenti al 4.8823 | 0.6627 | 0.2215| 0.1870 | 0.1852 | 0.1861 | 0.1869

K =16 Bi nodal -1 4.8628 | 0.6679 | 0.2251 | 0.1881 | 0.1882 | 0.1899 | 0.1907 | 0.1853
Wi bul I -1 4.8379 | 0.6746 | 0.2272| 0.1878 | 0.1850 | 0.1846 | 0.1851
Wi bul I -2 4.8138 | 0.6813 | 0.2308 | 0.1885| 0.1850 | 0.1845| 0.1804
Bi nodal - 2 4.8409 | 0.6737 | 0.2292| 0.1890| 0.1895| 0.1897 | 0.1817

Table 4: First few conditional arrival rates normalized hg imean job size\(n)/u, for K =
2,4,8 and16 serversp = 0.9, for the job-size distributions listed in Section 1.
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5 Obtaining empirical curvesfor A(n)

The analysis in [1] hinges on being able to approxim€te) for all values ofn, in the case where
the job size distribution is exponential.

We claim in that paper that(n) is approximately constant when > 3. Specifically we claim
that:

An) ~ pp® foralln >3, (3)
for p < 0.95. Simulations of thelM/ /M /K /JSQ/FCFS model show this approximation to be
consistently withire% of the actual values (provided thais not too extreme, i.e., fdr.3 < p <
0.95). Some evidence for this was presented in [1]. Furtherastedolumn of Tables 3 and 4 show
thatp” is a very good approximation for(n)/u, n > 3, particularly when the job size distribution
is exponential.

The fact that\(n) is relatively constant for > 3 reduces the problem of approximating afh)
to determining jusi(0), A\(1), andA(2). The second of thesa(1) is derived analytically in [1].

The approximations foi(2) and A\(0) were obtained empirically using MATLAB's curve fitting
toolbox (version 1.1.5), which uses a trust-region mettowdifnonlinear least-squares fit.

Tables 5, 6 and 7 show(0), A(1) and \(2) respectively for many values of loadin the range
p = 0.1to p = 0.9 and number of server& from 2 to 148, under an exponential job size
distribution with meanl. We then use the data in these tables to find a functional d:ffmsen
approximation forA(0) andA(2).

For each value of loagh, we approximate\(2) as a function ofs” by a simple exponential function
of the form

A2) & p (up0)) (4)
Empirical fit yields the following functions af:
U, = c3p”® + cop” + cip+ co andv, = hp* 4+ cip+ ¢

wherec; = —0.29, ¢, = 0.8822, ¢; = —0.5349, andc, = 1.0112, while ¢, = —0.1864, ¢, =
1.195, andc; = —0.016.

For A(0), we use a function with two exponential terms, namely,
A0) ~ p (a, — bpcff — dpeff) 5)

wherec,, e, < 1. The constant,, in (5) is clearly the limit of% asK — oo. Lemma 5.1 gives

the value of this limit. From Table 5, one can see th@) converges for high< (depending on
p), in accordance with Lemma 5.1 below.

Lemmab.1

lim AO) _ p (6)



Proof: For any value op < 1, as the number of servers becomes large enough, any arillval w
find at least one server idle with high probability. Therefox(i) ~ 0 for i > 1. Equating the
expressions for time average arrival rates into any queue,

A(0) p
(L=pA0)=pp or —==-——.
I L—p
|
The remaining functions,, c,, d,, ande, are determined empirically fdr.3 < p < 0.95; we do
not have accurate enough simulations outside this rangefiidl functions are

—0.0263p? + 0.0054p + 0.1155
p? —1.939p + 0.9534
c, = —6.2973p" +14.3382p" — 12.3532p* + 6.2557p — 1.005
—226.1839p 4 342.3814p + 10.2851
p3 — 146.2751p% — 481.1256p + 599.9166
e, = 0.4462p° — 1.8317p* + 2.4376p — 0.0512
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Table 5: A\(0) for variousp and K under an exponential job size
distribution with meari.

[ 01 [ 02 | 03 | 04 | 05 [ 06 | 07 | 08 | 09 |
2 ][ 0.1092] 0.2342] 0.3726] 0.5229] 0.6841] 0.8555| 1.0371] 1.2296] 1.4324
3 |[0.1107] 0.2444] 0.4018] 0.5827] 0.7877| 1.0170| 1.2713| 15520 1.8583
4 || 0.1110] 0.2479] 0.4149] 0.6152] 0.8519 1.1283] 1.4476| 1.8126] 2.2255
5 || 0.1111] 0.2491[ 0.4212] 0.6339| 0.8937| 1.2081| 15842 2.0298| 2.5538
6 | 0.1111] 0.2496| 0.4244| 0.6449] 0.9219 1.2668| 1.6936| 2.2160| 2.8494
7 || 0.1111] 0.2498] 0.4262| 0.6518| 0.9411| 1.3119] 1.7829] 2.3776| 3.1214
8 || 0.1111] 0.2499] 0.4271] 0.6565| 0.9556| 1.3466| 1.8568| 2.5200] 3.3719
9 || 0.1111] 0.2499] 0.4276] 0.6596| 0.9662| 1.3745| 1.9184| 2.6448| 3.6059
10 [ 0.1111] 0.2500] 0.4281] 0.6618] 0.9740| 1.3959| 1.9705| 2.7553| 3.8238
11 [ 0.1111] 0.2500] 0.4283] 0.6633| 0.9800| 1.4142| 2.0157| 2.8554| 4.0267
12 [ 0.1111] 0.2500] 0.4284] 0.6645| 0.9847| 1.4287| 2.0534 2.9444 4.2201
13 [[0.1111] 0.2500] 0.4284] 0.6652| 0.9883| 1.4404| 2.0858 3.0238| 4.4008
14 [[0.1111] 0.2500] 0.4285] 0.6656 0.9911| 1.4500] 2.1129] 3.0957| 4.5734
15 [[0.1111] 0.2500] 0.4286] 0.6659] 0.9930| 1.4577| 2.1375| 3.1610| 4.7346
16 | 0.1111] 0.2500] 0.4286] 0.6662| 0.9944 | 1.4642| 2.1587 3.2197| 4.8881
17 || 0.1111] 0.2500] 0.4285] 0.6663| 0.9955| 1.4698| 2.1766| 3.2740 5.0330
18 || 0.1111] 0.2500| 0.4285| 0.6664| 0.9966 | 1.4743| 2.1925| 3.3217| 5.1714
19 [[0.1111] 0.2500] 0.4286] 0.6665] 0.9974] 1.4780| 2.2068 3.3668| 5.3031
20 || 0.1111] 0.2500] 0.4285] 0.6665| 0.9979| 1.4810| 2.2194| 3.4062 | 5.4252
22 [ 0.1111] 0.2500] 0.4286| 0.6666| 0.9987| 1.4857| 2.2406| 3.4775| 5.6600
24 [ 0.1111] 0.2500| 0.4286| 0.6666| 0.9991 1.4894| 2.2561| 3.5390 5.8715
26 || 0.1111] 0.2500| 0.4286| 0.6668| 0.9996 1.4922| 2.2685| 3.5895| 6.0596
28 [ 0.1111] 0.2500 0.4285] 0.6666| 0.9997 | 1.4942| 2.2798| 3.6335] 6.2384
30 [ 0.1111] 0.2500] 0.4285] 0.6666| 0.9998| 1.4955| 2.2882| 3.6727| 6.4010
32 || 0.1111] 0.2500] 0.4286] 0.6667 | 0.9998| 1.4966 | 2.2953 | 3.7056| 6.5464
34 || 0.1111] 0.2500] 0.4286] 0.6667| 1.0000| 1.4974| 2.3020| 3.7341| 6.6833
36 || 0.1111] 0.2500| 0.4286| 0.6666| 1.0001| 1.4980| 2.3060| 3.7602| 6.8078
38 [ 0.1111] 0.2500] 0.4286| 0.6667| 0.9999| 1.4983] 2.3091| 3.7830] 6.9242
40 || 0.1111] 0.2500] 0.4286] 0.6666| 1.0000| 1.4989] 2.3132] 3.8013] 7.0295
44 || 0.1111] 0.2500] 0.4286] 0.6667| 0.9999| 1.4993| 2.3188| 3.8346 7.2248
48 || 0.1111] 0.2500] 0.4286] 0.6667 | 1.0000| 1.4994] 2.3226] 3.8611| 7.3897
52 || 0.1111] 0.2500| 0.4286| 0.6666| 1.0000| 1.4997| 2.3253] 3.8830] 7.5331
56 || 0.1111] 0.2500| 0.4286| 0.6666| 1.0000| 1.4996| 2.3275| 3.9006| 7.6578
60 || 0.1111] 0.2500] 0.4286] 0.6666| 1.0001| 1.4998| 2.3286| 3.9147| 7.7720
64 || 0.1111] 0.2500| 0.4286] 0.6667 | 1.0000| 1.5000] 2.3298| 3.9266 7.8694
68 | - : - : - : - [3.9370] 7.9576
2 - : : - - - - [ 3.9451] 8.0335
A : . . . . - [3.9530] 8.1013
80 || - . : . : . - [3.9581] 8.1677
84 | - : : : : : - [ 3.9632] 8.2250
88 || - : : : : : - [3.9685] 8.2732
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92

3.9725

8.3203

96

3.9756

8.3620

100

3.9786

8.3990

104

3.9810

8.4374

108

3.9839

8.4725

112

3.9849

8.5004

116

3.9869

8.5266

120

3.9884

8.5503

124

3.9896

8.5788

128

3.9912

8.5984

132

3.9914

8.6180

136

3.9928

8.6392

140

3.9936

8.6563

144

3.9947

8.6743

148

3.9950

8.6901
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Table 6: A(1) for variousp and K under an exponential job size
distribution with meari.

[ 01 [ 02 | 03 | 04 | 05 [ 06 | 07 | 08 | 09 |
2 ][ 0.0177] 0.0646] 0.1356] 0.2279] 0.3396] 0.4702] 0.6190] 0.7865] 0.9717
3 || 0.0035] 0.0227] 0.0646| 0.1326| 0.2302| 0.3605| 0.5276| 0.7363| 0.9894
4 || 0.0007] 0.0086] 0.0326] 0.0806| 0.1597| 0.2785| 0.4473| 0.6787| 0.9865
5 || 0.0002] 0.0034| 0.0175[ 0.0510] 0.1137| 0.2179] 0.3801] 0.6219] 0.9730
6 | 0.0000] 0.0015] 0.0099| 0.0336] 0.0830| 0.1725] 0.3245] 0.5688| 0.9526
7 |/ 0.0000] 0.0007| 0.0058| 0.0227| 0.0616| 0.1381] 0.2771] 0.5193] 0.9273
8 || 0.0000] 0.0004| 0.0036] 0.0156| 0.0462| 0.1112] 0.2377| 0.4732] 0.8984
9 [ 0.0000] 0.0002| 0.0022| 0.0108| 0.0350| 0.0902| 0.2047| 0.4313] 0.8679
10 [ 0.0000| 0.0001] 0.0013] 0.0074] 0.0266 0.0737| 0.1768] 0.3931[ 0.8371
11 [[0.0000| 0.0000| 0.0008| 0.0051 0.0203] 0.0606 0.1536| 0.3591| 0.8053
12 [ 0,0000| 0.0000| 0.0005| 0.0035] 0.0156 0.0500] 0.1340| 0.3279] 0.7744
13 [ 0.0000] 0.0000| 0.0003| 0.0024] 0.0120] 0.0415] 0.1172] 0.3006| 0.7446
14 [ 0,0000] 0.0000| 0.0001| 0.0016] 0.0093] 0.0346] 0.1031] 0.2753| 0.7160
15 [ 0,0000] 0.0000| 0.0001] 0.0011 0.0071] 0.0291] 0.0911[ 0.2532| 0.6875
16 |[ 0,0000| 0.0000| 0.0000| 0.0008| 0.0056 0.0245] 0.0806 0.2331| 0.6600
17 [ 0.0000| 0.0000| 0.0000| 0.0005] 0.0043] 0.0207| 0.0717| 0.2151[ 0.6340
18 [ 0.0000| 0.0000| 0.0000| 0.0004 0.0034] 0.0176] 0.0640| 0.1990 0.6088
19 [ 0.0000| 0.0000] 0.0000| 0.0003] 0.0027 0.0150| 0.0573| 0.1843| 0.5844
20 [ 0.0000] 0.0000| 0.0000| 0.0002| 0.0021] 0.0128] 0.0515] 0.1710] 0.5616
22 [ 0.0000] 0.0000| 0.0000| 0.0001| 0.0013| 0.0094] 0.0419] 0.1482[ 0.5189
24 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0008]| 0.0070| 0.0343] 0.1293] 0.4797
26 | 0.0000] 0.0000| 0.0000| 0.0000| 0.0005] 0.0052| 0.0283] 0.1135[ 0.4442
28 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0003| 0.0040| 0.0236] 0.1001[ 0.4127
30 [ 0.0000] 0.0000| 0.0000| 0.0000] 0.0002| 0.0030] 0.0197| 0.0889] 0.3839
32 | 0.0000] 0.0000| 0.0000| 0.0000| 0.0001 0.0023] 0.0166] 0.0793] 0.3571
34 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0001| 0.0017] 0.0141] 0.0711[ 0.3332
36 || 0.0000| 0.0000| 0.0000| 0.0000| 0.0001| 0.0013] 0.0119] 0.0639] 0.3112
38 || 0.0000] 0.0000| 0.0000| 0.0000| 0.0000 0.0010] 0.0101] 0.0576] 0.2915
40 || 0.0000] 0.0000] 0.0000| 0.0000| 0.0000| 0.0008| 0.0086] 0.0522| 0.2735
44 ]| 0.0000] 0.0000] 0.0000| 0.0000| 0.0000| 0.0005| 0.0064] 0.0431| 0.2423
48 || 0.0000] 0.0000] 0.0000| 0.0000| 0.0000| 0.0003| 0.0047] 0.0359 | 0.2158
52 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0002] 0.0035] 0.0302| 0.1931
56 || 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0001| 0.0027| 0.0255 0.1741
60 || 0.0000| 0.0000| 0.0000| 0.0000| 0.0000 0.0001] 0.0020] 0.0217[ 0.1578
64 | 0.0000| 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0015] 0.0186] 0.1436
68 | - : - : - : -~ [0.0160] 0.1312
2 - : : - - - - [ 0.0138] 0.1204
A : . . . . - [0.0120] 0.1106
80 || - . : . : . - [0.0104] 0.1023
84 | - : : : : : - [0.0091] 0.0948
88 || - : : : : : - [0.0079] 0.0878
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92

0.0069

0.0819

96

0.0061

0.0763

100

0.0054

0.0713

104

0.0047

0.0668

108

0.0042

0.0628

112

0.0037

0.0590

116

0.0033

0.0554

120

0.0029

0.0523

124

0.0026

0.0494

128

0.0023

0.0467

132

0.0020

0.0441

136

0.0018

0.0418

140

0.0016

0.0396

144

0.0014

0.0376

148

0.0013

0.0357
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Table 7: A(2) for variousp and K under an exponential job size
distribution with meari.

[ 01 [ 02 | 03 | 04 | 05 [ 06 | 07 | 08 | 09 |
2 [ 0.0104] 0.0423] 0.0962] 0.1705] 0.2640] 0.3767] 0.5086] 0.6612] 0.8348
3 || 0.0011] 0.0098] 0.0332] 0.0767| 0.1447| 0.2416] 0.3735] 0.5472] 0.7692
4 || 0.0003] 0.0030] 0.0136] 0.0375] 0.0820] 0.1571] 0.2754] 0.4526] 0.7070
5 || 0.0001] 0.0014] 0.0058] 0.0179| 0.0454] 0.1002| 0.2010] 0.3714] 0.6455
6 | 0.0000] 0.0005| 0.0021[ 0.0079| 0.0241] 0.0629] 0.1449] 0.3031] 0.5885
7 |/ 0.0000] 0.0001| 0.0006| 0.0033] 0.0124| 0.0388] 0.1037| 0.2469| 0.5345
8 || 0.0000] 0.0000] 0.0002] 0.0013| 0.0063| 0.0239| 0.0746] 0.2010| 0.4849
9 [ 0.0000] 0.0000 0.0001| 0.0004| 0.0032| 0.0146] 0.0536 0.1632] 0.4394
10 |[ 0.0000] 0.0000| 0.0000] 0.0002| 0.0015] 0.0092| 0.0383] 0.1333] 0.3991
11 [ 0.0000| 0.0000| 0.0000| 0.0001| 0.0008 | 0.0055| 0.0273] 0.1083| 0.3618
12 [ 0,0000] 0.0000] 0.0000| 0.0000] 0.0004 0.0035] 0.0199 0.0884| 0.3278
13 [ 0,0000] 0.0000| 0.0000| 0.0000 0.0002] 0.0021[ 0.0142] 0.0720] 0.2979
14 [ 0,0000| 0.0000| 0.0000| 0.0000 0.0001 | 0.0013] 0.0102] 0.0588| 0.2700
15 [ 0,0000] 0.0000| 0.0000| 0.0000] 0.0001 | 0.0008] 0.0072] 0.0477| 0.2456
16 |[ 0,0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0005] 0.0052] 0.0390| 0.2226
17 [ 0.0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0003| 0.0037 0.0318] 0.2019
18 || 0.0000| 0.0000] 0.0000| 0.0000] 0.0000| 0.0002| 0.0027 | 0.0258| 0.1834
19 [ 0.0000| 0.0000] 0.0000| 0.0000] 0.0000] 0.0001| 0.0019 0.0210] 0.1671
20 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0001] 0.0014] 0.0172] 0.1515
22 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0007| 0.0115[ 0.1248
24 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0003] 0.0075 0.1026
26 | 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0002| 0.0050| 0.0850
28 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0001 | 0.0033] 0.0704
30 [ 0.0000] 0.0000| 0.0000| 0.0000] 0.0000] 0.0000] 0.0000 0.0022[ 0.0582
32 | 0.0000] 0.0000| 0.0000| 0.0000] 0.0000| 0.0000] 0.0000 0.0014| 0.0477
34 [ 0.0000] 0.0000| 0.0000 0.0000| 0.0000| 0.0000 0.0000| 0.0010] 0.0394
36 || 0.0000| 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0000| 0.0006| 0.0327
38 || 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0000 0.0004| 0.0269
40 || 0.0000] 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0003| 0.0222
44 ]| 0.0000] 0.0000] 0.0000| 0.0000| 0.0000| 0.0000| 0.0000| 0.0001| 0.0153
48 || 0.0000] 0.0000| 0.0000 0.0000| 0.0000| 0.0000] 0.0000] 0.0000] 0.0104
52 [ 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0000 0.0000| 0.0070
56 || 0.0000] 0.0000| 0.0000| 0.0000| 0.0000] 0.0000] 0.0000 0.0000| 0.0047
60 || 0.0000| 0.0000| 0.0000| 0.0000| 0.0000| 0.0000] 0.0000 0.0000| 0.0033
64 | 0.0000] 0.0000| 0.0000| 0.0000] 0.0000| 0.0000] 0.0000 0.0000| 0.0022
68 | - : - : - : - [0.0000] 0.0015
2 - : - - - : - [0.0000] 0.0010
A : . . . . - [ 0.0000] 0.0007
80 || - . : . : . - [ 0.0000] 0.0005
84 | - : : : : : - [0.0000] 0.0003
88 || - : : : : : - [0.0000] 0.0002
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6 Conclusion

This short paper provides simulation results 6%/ PS server farms. We study the first and
second moments of queue length and the conditional araw@siinto the first queue, under a wide
range of loads, number of servers, and job size distribstion
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