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A chance encounter between members of a random repertoire and a molecular target
is characteristic of different biological systems, including the immune and olfactory
pathways as well as combinatorial libraries. In such systems, the affinity between the target
and members of the repertoire is distributed with a probability function describing the
propensity of obtaining a particular affinity value. We have previously proposed a
phenomenological receptor affinity distribution (RAD) formalism, which describes this
probability function based on simple statistical considerations. In the present analysis, we use
published data from diverse experimental systems, including phage display libraries,
immunoglobulins and enzymes, to test the RAD model and to compare it to other affinity
distribution formalisms. The RAD model is found to provide the best description for binding
data for over eight orders of magnitude on the affinity scale, and to account for a relationship
between repertoire size and the maximal obtainable affinity within different repertoires. This
approach points to a potential universality of the rules that govern affinity distributions in
biology.

r 2002 Elsevier Science Ltd. All rights reserved.
Introduction

The notion of probabilistic recognition between
randomly encountered molecules is central to
many biological phenomena. This is particularly
evident in biological repertoires, which have
evolved to contain enough molecular diversity so
as to bind any randomly encountered ligand
with a functionally sufficient affinity. The
immune repertoires, immunoglobulins and T-
cell receptors, provide the most well-known
examples for systems displaying probability-
based interactions. Other examples include the
multi drug resistance (MDR) proteins that
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underlie the cellular efflux of a large array of
compounds (Bolhuis et al., 1997); the olfactory
receptor repertoire, which recognizes multitudes
of odorants (Buck & Axel, 1991; Lancet, 1986;
Lancet & Ben-Arie, 1993); and biotransforma-
tion enzymes such as Cytochromes P450, which
provide examples of ‘‘probabilistic catalysis’’F
a phenomenon often based on chance interaction
between enzyme and substrate (Cupp & Tracy,
1998; Nebert & Gonzalez, 1990). Probabilistic
interactions are also at work in catalytic
antibodies, whereby members of the immune
repertoire are shown to selectively interact with
arbitrary transition-state analogs, and conse-
quently to catalyse diverse chemical reactions
(Janda et al., 1997; Schultz & Lerner, 1995).
r 2002 Elsevier Science Ltd. All rights reserved.
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Probability-based recognition is also at the
core of the field of combinatorial chemistry.
Here, ligand repertoires are used to find new
binders for specific molecular targets (Collins,
1997; Hoogenboom, 1997; Lohse & Szostak,
1994, 1996; Plunkett & Ellman, 1997; Scott &
Smith, 1990). In an antithesis of rational design, a
large pre-prepared random repertoire is screened
and often found to contain high-affinity ligands
for a pre-selected macromolecular targets.

A corollary of probabilistic recognition is the
concept of ‘‘affinity distribution’’, a formal
depiction of the statistics that govern the
interactions within ligand and receptor reper-
toires. Such a distribution constitutes a fre-
quency histogram for the affinities obtained
when a single target is tested against numerous
members within a repertoire. While the existence
of such an affinity distribution may hardly be
disputed (Burnet, 1963; Inman, 1978; Kauvar
et al., 1995; Lancet et al., 1994a; Levitan, 1997,
1998; Macken & Perelson, 1991; Mandecki et al.,
1995; Richards, 1975; Vant-Hull et al., 1998), its
particular functional shape has been explored
only to a limited extent.

An intriguing suggestion is that biological
recognition between receptors and ligands obeys
a simple, perhaps universal, statistical law
(Inman, 1978; Lancet et al., 1993, 1994a). In
other words, it is possible that a simple
mathematical model could describe the affinity
distribution for many different repertoire types,
including receptor multi-gene families and com-
binatorial ligands such as in phage display
libraries (Scott & Smith, 1990) or SELEX
(Tuerk, 1997).

A central question related to probabilistic
recognition is how large and complex should a
random repertoire be, so as to ensure, with high
probability, that at least one member will
manifest a desired affinity value towards a
target. This is equivalent to asking how many
ligands, on average, should one try randomly
before getting a ligand with an affinity value
higher than a pre-set threshold. We have
previously suggested that this can be answered
based on concrete knowledge of the mathema-
tical shape of the entire affinity distribution
CðKÞ for the repertoire in question. It was
argued that for any specified value of the desired
affinity Kn; the necessary repertoire size would
be roughly equal to 1=CðKnÞ (Lancet et al.,
1993).

Several attempts have been aimed at predict-
ing the functional shape of affinity distributions.
Among the first predicted affinity distributions
was the Sips distribution (Sips, 1948). Due to the
existence of an easy test for its appropriateness,
as it was often applied to describing the binding
of a hapten to heterogeneous polyclonal anti-
bodies, it remained highly attractive for many
years. Additional attempts were aimed at deriv-
ing numerical procedures for the computation of
the desired distribution from experimental bind-
ing curves (Bowman, 1963; Erwin, 1976; Bruni
et al., 1984) or attempting qualitative predic-
tions, based on intuitive combinatorics (Burnet,
1963).

More recently, an affinity distribution was
proposed, based on the assumption of five types
of non-covalent interactions (Inman, 1978). An
attempt at predicting the probability functions
and probability density functions for the high
affinity range ðlogK > 5Þ was described, based
on minimum cross-entropy procedure, resulting
in a bimodal distribution (Yee, 1991). In
modeling the immune system, Farmer et al.
assumed only three levels of affinity values with
arbitrary probabilities (Farmer et al., 1986) and
later an exponential decrease of probabilities, to
obtain an affinity value above a certain thresh-
old, was imposed (Detours et al., 1996). Several
other models assumed a continuous log-normal
distribution (Goldstein, 1975; Macken &
Perelson, 1991). Only two of these models have
been practically tested against experimental data
using a narrow range of affinities (Inman &
Barnett 1988; Yee, 1991).

This paper is concerned with a receptor
affinity distribution (RAD) model, based on
simplified assumptions on the statistics of non-
covalent molecular complementarity (Lancet
et al., 1994a, 1993). This model, based on a
binomial distribution, was tested using ligand
titrations for a heterogeneous immunoglobulin
mixture. The RAD formalism was subsequently
used in modeling the affinity values involved
in phage display procedure (Levitan, 1998) as
well as in the application of a theoretical
distribution for analysing the procedure of
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affinity fingerprinting (Kauvar et al., 1995). A
similar statistical approach has been indepen-
dently pursued in the analysis of idiotypic
networks in the immune system (Detours et al.,
1996; Farmer et al., 1986). An alternative
approach, based on extreme value theory, was
used to fit the high-affinity tail of a distribution
stemming from a low molecular weight ligand
screen (Young et al., 1997).

In the standard experimental approach of
molecular searches within random ligand reper-
toires, attention is usually directed to relatively
few binders that show the highest affinity
(Aujame et al., 1997; Burton, 1995; Griffiths &
Duncan, 1998; Hoogenboom, 1997; Scott &
Smith, 1990). Data on such high-affinity ligands
are, however, not sufficient to gain comprehen-
sive insight on questions related to a complete
affinity distribution, which requires knowledge
of the entire affinity value range.

We describe here, an analysis of data from the
few past studies that actually provided data on a
wide range of affinities for large groups of
randomly selected ligands towards targets such
as immunoglobulins (Inman & Barnett 1988;
Varga et al., 1991) and enzymes (Kauvar et al.,
1995). In addition, we include in the analysis
maximal affinity data published for combinator-
ial libraries. The analyses provide strong support
for the statistical approach embodied in the
RAD model, and lend credence to the notion
that this model may serve as a universal tool for
analysing molecular recognition in biological
repertoires.

Statistical Model

The RAD model (Lancet et al., 1993, 1994a,
b) is a general statistical description for ligand
and receptor repertoires. The RAD model
assumes that each molecule, when binding to a
target, forms L ‘‘formal interactions’’, each
generating an equal free energy contribution
(a kcal mol�1) to the overall binding free energy.
The variable L is assumed to obey a simple
statistical law, which underlies the affinity
distribution. In one of the embodiments of the
RAD model, ligands and receptors are repre-
sented by random strings (with length B) over an
alphabet of size S; and L is computed based on a
string complementarity rule. The assessment of
binding potential through string representations
of molecular surfaces has been employed in
various previous reports (Farmer et al., 1986;
Lancet et al., 1993, 1994a). One particularly
prominent series of studies used string comple-
mentarity to model antigen–antibody binding in
the immune system (Detours et al., 1999, 2000;
Detours & Perelson, 1999, 2000; Perelson &
Weisbuch, 1997; Smith et al., 1999). In string
representation models, complementarity be-
tween two surfaces is defined by any number of
rules and the degree of complementarity can be
quantified and used as a measure of affinity
between the two molecules. Employing string
complementarity on RAD formalism (Lancet
et al., 1993) results in a binomial distribution
for L:

CðLÞ ¼
B!

L!ðB� LÞ!
pLð1� pÞðB�LÞ; ð1Þ

where B is the maximal possible number of
formal interactions (string length), and p is equal
to 1=S:

The total binding free energy is given by DG ¼
�aL; and therefore the affinity, i.e. the thermo-
dynamic equilibrium association constant K; is
given by

LogK ¼ aL=2:3RT ; ð2Þ

where R is the gas constant and T is the absolute
temperature. This formalism assumes additivity
in free energy of binding, an assumption which
is well supported by experimental results
(Horovitz, 1996; Horovitz & Rigbi, 1985). The
RAD formalism results in the prediction of a
specific functional shape for the entire affinity
distribution (Fig. 1).

Such string complementarity formalism
combined with the principle of additivity in
free energy of binding may be shown to be
readily applicable to simple molecular recogni-
tion systems such as the complementarity
between DNA strands. In this case, where a
string complementarity rule is rather natural, B
is the length of an oligonucleotide and p ¼ 1

4
(derived from S ¼ 4) is the probability of
Watson–Crick base pairing. The binomial
RAD model has, however, been suggested to



Fig. 1. A schematic representation of the notion of
affinity distribution. The probability function CðLÞ for a
given number of formal interactions L is plotted vs. L: The
value of L increases with the degree of ligand–receptor
complementarity, as shown on top. The curve shown is a
binomial distribution with p ¼ 0:1 and B ¼ 40; equivalent
to the Poisson distribution with l ¼ 4 (see text). The energy
of interaction for each of the ligands is the number of such
formal interactions L times an energy parameter a; yielding
the affinity scale shown on top (with a ¼ 0:8). It is seen that
above a certain threshold value of L ðL ¼ 3:5Þ; the
probability function CðLÞ decreases with increasing L:
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be also applicable to more general cases of
ligand–receptor interaction where string comple-
mentarity serves as a useful phenomenological
framework (Kauvar et al., 1995; Lancet et al.,
1993; Levitan, 1998).

In the present analysis, we explore the Poisson
approximation of the binomial distribution. This
is because it may be demonstrated that the
binomial RAD model is overdetermined, where-
by over a certain range, different B and p pairs
fit the data equally well, as long as their product
is unchanged (Lancet et al., 1993). A single
parameter Poisson-based model is also advanta-
geous, because it is ‘‘open ended’’, as it does
not set a maximum for the number of formal
interactions, thus allowing to conveniently mod-
el high affinity values. For the Poisson distribu-
tion, the probability for L formal interactions is
computed as

CðLÞ ¼
lL

L!
e�l; ð3Þ

where l is equal to the mean of L: Equations (2)
and (3) were used to derive the probability
function CðKÞ as

CðKÞ ¼
lRT=a ln K

ððRT=aÞ ln KÞ
e�l: ð4Þ

Since K is a continuous variable while L is a
discrete variable, values of RT ln K=a are sorted
into bins according to discrete values of L: A
numerical fit to experimental affinity data using
the probability function CðKÞ allows a descrip-
tion in terms of the model’s two free parameters,
l and a:

Methods

DATA ANALYSES

Three previously published data sets were
analysed and studied. The first data set (Varga
et al., 1991) was obtained by measuring the
degree of inhibition exhibited by 1949 different
water-soluble ligands at concentrations of 10,
1 mM and 1 mg ml�1 on the binding of water-
soluble mouse monoclonal anti-dinitrophenyl,
IgE (aDNP), to a stationary phase polysterene-
bound hapten, DNP-Gly. The percent inhibition
values were calculated from the uptake of
radiolabelled IgE with and without the inhibi-
tory ligands. For compounds with high inhibi-
tion, the molar concentration necessary for 50%
inhibition was determined as described (Varga
et al., 1991).

In the second data set (Inman & Barnett,
1988), 85 different small ligands were tested
against an IgG1 monoclonal antibody specific
for 2,4-dinitrophenyl hapten. For the evaluation
of binding constants, the author employed a
quantitative affinity chromatography procedure
(Inman, 1983), whereby the retention values of
the mobile phase antibody was measured with
and without addition of mobile phase ligands, and
used to calculate the 85 association constants.

The third data set (Kauvar et al., 1995)
consisted of a matrix of binding potencies of
eight enzymes to 122 random diverse ligands. The



PROBABILISTIC RECOGNITION IN BIOLOGICAL REPERTOIRES 331
ligand-binding potencies were quantified through
the concentrations required to inhibit 50% of the
enzyme activity (IC50), as measured by the
reduction of the formation rate of the product.

The percent inhibition values I from the radio-
immunoassay data (Varga et al., 1991) were
translated by us into affinity values K; using the
equation

ð100� IÞKH
100ð1þ KH Þ

¼
KH

1þ KH þ KAA
; ð5Þ

where H is the free molar concentration of the
ligand, approximated by the total ligand con-
centration, since the ligands (B0:9 mM; J.M.
Varga, Pers. Comm.) are at 10 000-fold excess
over the antibody [1:8� 10�10 M; computed
from the published data (Varga et al., 1991)].
A is the free molar concentration of the
inhibited ligand, and KA ¼ 6:5� 107 M�1 is its
affinity towards the antibody target (Eshhar
et al., 1980).

The ligand molar concentrations were esti-
mated from the published weight concentration
(1 g=l) using the average Mw ¼ 2937170 g mol�1

for the 87 compounds for which a molecular
mass was available. This was justified by our
analysis (not shown) indicating no detectable
correlation between Mw and percent inhibition
(correlation coefficient 0.023) and between Mw

and the affinity constant K (correlation coeffi-
cient 0.087).

NUMERICAL PROCEDURES

The ligand affinity data were transformed
numerically to cumulative distribution functions,
to eliminate a dependence on affinity bin size.
The residual minimization for curve fitting was
done using Gauss–Newton method implemented
in Matlab 4.2c (Matlab, 1994). An interpolation
procedure was employed to transform the true
independent variable L to the derived variable
LogK; based on eqn (2).

Results and Discussion

We have analysed three published data sets
containing screening results of large ligand
repertoires against single protein targets, in
which the affinity data for all ligands have been
reported. One additional point represents a
maximal affinity value from a limited screen of
a random collection of small ligands (Inman &
Barnett, 1988).

The data were plotted as distribution func-
tions vs. affinity (Fig. 2. See also Table 1). A
monotonically decreasing function typical of
cumulative distribution functions was obtained,
covering a range of relatively low affinity values
(LogK between 2 and 7). Two of the data sets
were individually examined for their correspon-
dence to three different models, the Poisson-
based RAD model, Inman’s multispecificity
model and a log-normal model. This resulted
in adequate numerical fits for both the log-
normal model and the RAD model, as well as
the multispecificity model with somewhat lower
RMS (Fig. 2). The fitted RAD model predicted a
value of l (the mean number of formal interac-
tions) between 9 and 12 (Fig. 2). The best-fit
energy parameter a obtained for the Poisson
RAD was found to be within a rather narrow
range of 0.2 to 0:4 kcal mol�1: The data for the
third system, which involved a much larger error
range, were not subjected to a parameter fit
procedure, but appeared to be in good agree-
ment with one of the other two datasets.

The data and the computed curves were then
replotted double logarithmically, and extended
to a higher affinity range [Fig. 2(b), (d), and (f )].
In order to examine the validity of the model in
this realm, one would ideally need to examine
the entire affinity distributions within large
combinatorial repertoires with 107–109 ligands,
that might manifest affinities up to the nano-
molar range (Collins, 1997; Hoogenboom, 1997;
Lorsch & Szostak, 1994; Plunkett & Ellman,
1997). However, most of the screening results of
such libraries published so far, report only one
or very few maximal affinity ligands. The use of
such data is still possible, based on an extreme
value formalism, with two approximations:
(a) assuming that the probability of the highest
affinity ligand in a repertoire is equal to the
inverse repertoire size (Lancet et al., 1994a); and
(b) assuming that in the high affinity range,
where the distribution curve descends relatively
steeply, cumulative probabilities may be
adequately approximated by the standard prob-
ability values provided in the library data.



Table 1
The values obtained by the numerical fits of the models to the

different datasets as shown in Fig. 2n

a v RMS

(Multispecificity)
Varga 8:80E� 02 1:30Eþ 02 3:50E� 02
Inman 2:00E� 01 4:40Eþ 01 4:70E� 03
Vargaþ high 6:50E� 02 1:60Eþ 02 9:30E� 01
Inmanþ high 3:80E� 02 1:60Eþ 02 1:60Eþ 00

m s RMS

(Lognormal)
Varga 3:40Eþ 00 1:20Eþ 00 2:40E� 03
Inman 2:60Eþ 00 7:50E� 01 1:30E� 03
Vargaþ high 3:40Eþ 00 5:80E� 01 6:30E� 01
Inmanþ high 1:80Eþ 00 1:10Eþ 00 4:20E� 01

l a RMS

(Poisson)
Varga 1:10Eþ 01 4:20E� 01 1:50E� 03
Inman 1:00Eþ 01 3:60E� 01
Vargaþ high 3:70Eþ 01 1:40E� 01 1:30Eþ 00
Inmanþ high 9:20Eþ 00 3:40E� 01 1:20E� 01

nFor each model the table lists the values obtained for its two free parameters
and the corresponding value of RMS (root mean square of residuals). The free
parameters used for the multispecificity model are the number of van der Waals
interactions, v; and their corresponding free energy contribution, a: The free
parameters for log-normal model are the mean, m; and S.D., s: The free
parameters underlying the Poisson RAD are l and a accounting for the number
of formal interactions and mean interaction energy, respectively.
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A set of such published maximal affinity
values from combinatorial ligand screens (Bar-
rett et al., 1992; Clackson et al., 1991; Cwirla
et al., 1990; Griffiths et al., 1993; Hoogenboom,
1997; Inman & Barnett, 1988; Kramer et al.,
1995; Martin et al., 1996; Osbourn et al., 1996;
Parsons et al., 1996; Schier et al., 1995; Valadon
et al., 1996) has been plotted (Fig. 2). These data
constitute phage display measurements, mainly
from peptide and antibody libraries, but also a
minibodies library (Martin et al., 1994).n

The high affinity data points show a roughly
linear double logarithmic relationship, with a
slope in the range of �1:2 to �2 [Fig. 2(b), (d),
(f)] thus providing a rationalization for the
previously observed linear double logarithmic
behavior (Bradbury, 1997; Hoogenboom, 1997).
nThe term minibody was given by the authors to des-
cribe a small polypeptide fragment with a pre-determined
structure or a novel function.
It is seen that through the Poisson-based RAD
or similar distributions one can adequately
represent all experimental data covering the
range of both low affinity and high affinity data.

Non-covalent interactions between ligands
and receptors have been extensively analysed
in terms of the relevant molecular forces. The
contributions of various elementary interactions
to the binding may be computed by force field
calculations, and docking programs may be used
to predict the configuration within specific
ligand–receptor pairwise complexes (Kuntz
et al., 1982). Such analyses, which depend on
detailed knowledge of specific molecular struc-
tures, are suitable for studies of specific binding
partners. Yet, when studying receptor and ligand
repertoires, such a detailed approach may be less
relevant, and it may become highly significant to
pursue the statistical behavior of the entire
ensemble of binders. This may provide an insight
to the general laws that govern non-covalent
binding in biological systems.



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pr
ob

ab
ili

ty
10− 2

10− 4

10− 6

10− 8

10− 10

10− 12

10− 14

100

pr
ob

ab
ili

ty

10− 2

10− 4

10− 6

10− 8

10− 10

10− 12

10− 14

100

pr
ob

ab
ili

ty

10− 2

10− 4

10− 6

10− 8

10− 10

10− 12

10− 14

100

pr
ob

ab
ili

ty

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pr
ob

ab
ili

ty

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pr
ob

ab
ili

ty

0 101 3 92

Log K 

0 2 86 10 12
Log K 

4

0 2 86 10 12

Log K 

4 4 6 7 85

0 101 3 92

Log K 

4 6 7 85

0 2 86 10 12
Log K 

4 0 101 3 92

Log K 

4 6 7 85

(a) (b)

(c) (d)

(e) (f )

Fig. 2. Best fits of the cumulative distribution functions derived from Inmans model of multispecificity (a, b), the log-
normal model (c, d), and the Poisson RAD (e, f). The cumulative distribution of the replotted data represents the probability
of an affinity equal or higher than the specified logK: Three reanalysed datasets are shown, as published by Inman and
Barnett (1988) (%), Varga et al. (1991) ($) and Kauvar (Kauvar et al., 1995) (J). For each model, the parameter fitting
was performed separately with the Varga data (FF) set and the Inman data set (FF). In the fitting of the Varga data set,
only data points with logðKÞ > 3:7 were used, and for the Inman data set, a cutoff of LogðKÞ > 2 was utilized (a,c,e). The
Kauvar data set was not independently analysed by parameter fit because of the coarse affinity scale and large variance in the
original data. The resulting parameters obtained through the least-squares analysis are given in Table 1 along with their
corresponding RMS (root mean square) values. Also shown is a computed curve based on a log-linear model (2a, b) (� � � � � �),
with a slope of �1 (Mandecki et al., 1995). To verify the validity of the suggested models in the high-affinity realm, the
models were fitted to the two low affinity data sets, each combined with the high affinity data (b,d,f). These results were
plotted as double logarithmic plots. The maximal affinity data is for peptides (&) and antibody (J) phage display libraries
as well as minibody libraries (B). These are plotted against inverse theoretical library size as an approximation for the
probability of the maximal affinity. The unidirectional error bars indicate an average suggested correction of half-order of
magnitude for the true size of the ligand repertoire due to a decrease in phage viability caused by the displayed fragments
(Hoogenboom, 1997). The parameter values for the three models are presented in Table 1.
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The most crucial aspect of such a statistical
view of biological recognition rests in the notion
of affinity distributionsFthe relative pre-pon-
derance of target affinity values within a ligand
repertoire (Kauvar et al., 1995; Lancet et al.,
1994a; Levitan, 1997; Richards et al., 1975). An
important notion pursued in the present paper is
that certain biological affinity distributions may
manifest continuity. Accordingly, we conjec-
tured that individual measurements for several
hundred randomly chosen ligands (low affinity
domain), and data on ‘‘winning’’ ligands in
combinatorial libraries (high affinity domain),
may be described by the same mathematical
function. We therefore analysed such seemingly
disparate measurements and attempted to fit
them concomitantly to specific forms of affinity
distributions.

The Poisson-based RAD model, whose sim-
plicity is deemed advantageous, is depicted here
as a limiting case of the previously proposed
binomial distribution RAD model. The values of
the l parameter obtained in all the analyses were
in the range of 8–16, suggesting that in a
distribution of affinities for randomly selected
ligands the typical value of the number of formal
interactions is about a dozen. This agrees well
with an analysis based on protein data bank
structures for ligand–receptor pairs (M. Levitt,
Pers. Comm.). When 26 different pairs of
structures for ligand–protein complexes with
ligands up to B300 Da were analysed, the
average number of contacts ð42 (A

2
in area)

was 12.
In the computer fits for the Poisson model,

each of the formal interactions was found to be
associated with a free energy change of around
�1=3 kcal mol�1; as indicated by the best-fit
value for the parameter a: Such a value is well
within the range of energies (B0:5 RT ) typical of
individual non-covalent contacts, e.g. hydrogen
bonds or van der Waals interactions (Chaires,
1997; Klebe & Bohm, 1997; Levitt, 1974).

In the past, only a few attempts have been
made to analyse low affinity data for ligand
collections. In one case, a multi-parameter
binome-related model of binding multispecificity
(Inman, 1978) was used to examine a subset of
the hapten binding data (Inman & Barnett, 1988;
Varga et al., 1991) which are fully reanalysed
here. Inman’s formalism, similar to our own,
modeled the binding process as a set of local
weak Van der Waals interactions (with interac-
tion energy a) occurring between the binding
surfaces. The number of successful interactions,
v; was sampled from a binome distribution and
was linearly related to the total binding strength.
But in addition, the formalism also described the
possibility that a single higher energy interac-
tion, such as hydrogen bonding or salt bridges,
may occur. While this multispecificity model
fitted well the low affinity data [Fig. 2(a)], it is
found here to strongly deviate from the data in
the high-affinity part of the experimental dis-
tribution [Fig. 2(b)]. Other models which have
been proposed include a log-normal (Goldstein,
1975; Macken & Perelson, 1991; Vant-Hull et al.,
1998) and a log-linear (Mandecki et al., 1995)
distribution. Parameters for both have been
originally selected based on simple assumptions
regarding the prevalence of maximal affinity
ligands. The log-normal distribution with the
originally published fitted parameters (Vant-
Hull et al., 1998) does not adequately explain
the experimental data (not shown). However, we
demonstrate here that a free parameter fit for the
log-normal distribution results is a match to the
experimental data that is as effective as that for
the Poisson distribution. While the latter dis-
tribution has an advantage of providing insight
into the multiplicity of elementary interactions
and their energetics, using a log-normal distribu-
tion may be equally useful in some cases (Segre’
et al., 2001).

An important result of the present affinity
distribution analysis is an extrapolation of the
fitted curves from the low affinity to the high-
affinity domain. Thus, based on the parameter
fitted to data derived from relatively small ligand
libraries (100–2000 members), which statistically
attain affinities in the range of 10 mM to 1 mM;
it is possible to derive information pertinent to
the much higher affinities encountered within
larger libraries. The probability and affinity
range within which the combinatorial library
data reside is found to fit adequately the
extrapolated Poisson-based RAD curves as well
as the log-normal curves fitted to the low affinity
data. The curves corresponding to some of the
other models also pass through this area, but
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predict a slope considerably different from the
experimental value of about �2 in the high
affinity range (Bradbury, 1997; Hoogenboom,
1997).

The affinity ranges spanned by the combina-
torial libraries of particular sizes is rather broad.
This is probably the result of the fact that the
panning selection procedures have a consider-
able stochastic component in it (Levitan, 1998).
Furthermore, it has been argued that the
panning procedure is limited in its ability to get
the highest affinity in certain situations (Balass
et al., 1996) and that the quoted size for many
libraries constitutes an overestimate, relative
to the effective number of expressed ligands
(Hoogenboom, 1997). The latter effects would
result in an under-estimate of the probability
values. If corrected [as indicated by the unidirec-
tional error bars, Fig. 2(b), (d), and (f)] it could
bring more points into the range of the extra-
polated low affinity curves.

Based on its ability to describe affinity
patterns over a wide affinity range, more than
eight orders of magnitude, the RAD model can
serve as a conceptual framework for analysing
molecular recognition in biological repertoires.
In the future, it could be used to analyse immune
phenomena such as self vs. non-self recognition
(Mouthon et al., 1996; Nobrega et al., 1993),
human olfactory threshold variability (Lancet
et al., 1993, 1994a), and sensitivity to drugs
based on changes in the Cytochromes P450
repertoire. A detailed knowledge of the statistics
of affinity distributions can, in parallel, lead to a
better understanding of molecular selection and
in vitro evolution process such as combinatorial
library panning and SELEX (Levitan, 1997, 1998;
Mandecki et al., 1995; Vant-Hull et al., 1998)
and high throughput screens for pharmaceutical
drugs (Kauvar et al., 1995; Young et al., 1997).
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