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variation in the value of & seems to indicate that the
distribution is probably very close to a statistical one in
these solvents. For example, when methyl cyclohexane,
where the solute solubility is much less than in the
solvents given in Table I, is used as a solvent over the
same range of acceptor concentration deviations from
Eq. (1) and a significant increase in energy transfer
are readily observed. The latter observations are due to
a preferential segregation of the solutes upon glass
formation.

The second question is more difficult to answer.
However, the essentially constant value of « found
over a wide range of solvent molecular geometries
would again argue that orientations are not too im-
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portant. Also, since the proposed exchange mechanism
requires essentially contact between donor-acceptor
pairs the question of what distance we are discussing
becomes quite clear. If the distance dependence was
something like 1/R" then the questions would become
more serious. The uncertainities involved in inter-
preting the values of a because of the small values of R
involved have been discussed above.

In conclusion, it is felt that the general conclusions
stated in this paper are not affected by the use of glassy
media except perhaps in an exact evaluation of the
meaning of the transfer constant «. For the latter
purpose, it is no doubt true that single crystals would
be preferable.
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The effects of dipole-dipole resonance transfer on the population and decay of excited donor molecules
are discussed. The limitation of the previous treatments of this problem to flash excitation is demonstrated.
The present treatment is applicable to systems which have achieved a steady state or have been flashed.
Expressions are given for the donor quantum yields, the decay of excited donor molecules for flashed and
steady-state systems, and the steady-state population of excited donor molecules.

INTRODUCTION

HE effects of resonance transfer, by dipole-dipole

coupling between excited donor and unexcited ac-
ceptor molecules, on the luminescence decay of the
former, has been considered theoretically by several
investigators./® The expressions that have been ob-
tained independently by these workers are identical.
However, as will be shown in this paper, the expressions
in Refs. 1-3 are correct only for the special case of
flash excitation. The treatment and equations devel-
oped here, which include steady-state conditions, have
more general applicability.

LUMINESCENCE DECAY OF A SYSTEM INITIALLY
IN A STEADY STATE

The deactivation of an excited donor molecule can
be effected by resonance interactions with acceptor
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molecules as well as by processes that are independent
of acceptor molecules. However, as a result of the
resonance interactions, the probability of an excited
donor losing its electronic energy is dependent upon
the distribution of acceptors about it. Thus, excited
donor molecules which would have the same probability
of decay in the absence of acceptors now have different
decay probabilities if they have different acceptor
environments.

To emphasize this latter point, one can think of the
physical system that consists of Np unexcited donors
and V4 unexcited acceptors as being composed of donor
classes. For example, Class vy includes all donors that
have the same acceptor surroundings and therefore
have the same probability of decay when excited. By
the configuration v it is meant that all members of
Class v have an acceptor at positions Ry, Re, +++, Ry,,
where the positions of the acceptors refer to the donor
being considered. In the present treatment, it is as-
sumed that the numbers of excited donor and excited
acceptor molecules are much smaller than the respec-
tive numbers of unexcited donors and acceptors. In
addition, energy transfer and interactions between
donors areneglected.
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The rate equation for excited donors belonging to
Class v is

dny*/dt=ky(Ny—ny*) — (1) Iy *—kyny ¥, (N

where #,* is the number of excited donors at the time ¢
belonging to Class v; % is the collection of constants
which includes the donor absorption coefficient (as-
sumed to be the same for all donors) and the incident
light intensity; N, is the total number of donors that
belong to Class v; 7 is the excited donor lifetime in the
absence of acceptor molecules; R; is the distance be-
tween Acceptor 7 and a donor of Class v; Ry is the
critical transfer distance for which the probability of
nonresonance deactivation and resonance transfer is
equal for a donor-acceptor pair; and k., is the resonance
transfer rate constant for any excited donor belonging
to Class y. The resonance transfer rate constant can
be written for the case of weak dipole—dipole coupling
as 4,5

Na 6
b2 @
=l Ri

It should be noted that the orientation factor that
appears in the complete resonance transfer constant
for dipole—dipole coupling has been averaged out in
Eq. (2) assuming random orientations. It is generally
felt that the use of an averaged orientation factor in
the resonance transfer rate constant is legitimate only
if the Brownian molecular rotation is much faster than
resonance transfer. However, it is shown in Appendix A
that the use of an averaged orientation factor in the
transfer constant in these calculations does not depend
on molecular rotation for its justification., One finds
that the decay curves and therefore the quantum yields
are not affected if the angular part of the transfer
constant is not averaged out beforehand. The assump-
tion that the number of excited donors is much smaller
than the number of unexcited donors is equivalent to
the requirement that 1/7>>k;. The term kyn,* can be
neglected therefore in Eq. (1). If the number of un-
excited donors is not much greater than the number of
excited donors at any time, then the present treatment
can be modified suitably.

The steady-state concentration of excited donors
belonging to Class v is

ny*(0) =N/~ + by ). (3)

After the incident radiation is turned off (at time t=0),
the decay can be written as

1y () =0,%(0) exp[ —¢(r71+k,) ],

4Th. Férster, Ann. Physik 2, 55 (1948).

5 For a discussion of the various dipole—dipole coupling mech-
anisms see Th. Forster, “Excitation Transier” in Comparaiive
Effects of Radiation, edited by M. Burton, J. S. Kirby-Smith,
and J. L. Magee (John Wiley & Sons, Inc., New York, 1960),
pp. 300-319.

(4)
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where #,*(0) is the steady-state concentration given
in Eq. (3).
The number of unexcited donors N, is given by

N7=NDP1{d'Y}1 (5)

where P,{dvy} is the probability of a given donor
molecule having the acceptor environment vy, For a
dilute system of donors and acceptors, it is assumed
that the unexcited donors and unexcited acceptors are
distributed randomly. Therefore, the probability can
be written

74 JdR;

Pylan) =] T,

=1
where R, is the distance between Acceptor 4 and a donor
of Class v, and V is the volume of the container. When
Egs. (3) through (6) are combined, the number of
excited donor molecules at a time ¢ after the incident
radiation is turned off is

*(t)= .. [epL=t T 4 k) ] {4 4nRAR,
n (t) kl]VD‘/J:,A / (T_1+k7) paie % .

(6)

(7

If one now takes the time derivative of #*(#) and
expresses &, as given in Eq. (2), one obtains the slope
of the decay curve. This yields

dn*(t)
dt

= klATD

o e TR

where R, is the radius of the vessel. Férster® has evalu-
ated the integral appearing in Eq. (8) assuming that
(Ro/R.)8(¢/7)<<1. Since Ry is much less than R,, this
assumption is good for all times of interest. Equation
(8) then becomes

dn* (1) ( t) [ (Ro>6 t]%}NA

— — BN —N1=|=Z) = . 0
dt Vo exp T i R, 7 ®)
Since it has been assumed that (R/R,)%(¢/7)<<1, Eq.
(9) can be expressed as

dn*(f) ¢ R03< t)*]

=—k\ —=N -1 | 10)

t e EXP[ T VRA) |

Integrating Eq. (10) with respect to time gives
bl t Rif ¥\t
n* () = kN p / exp[———NA i (1r—> ]dt’. (11)
¢ T RA 7

If S=¢/7, ¢=(Na/2) R3/R2Vr, and x= St+gq, then
Eq. (11) can be expressed as

0

n*(f) =k1NDr/ Lexp(g?—a2) J2(x—q)dx. (12)

[(t/r)4+q]
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After carrying out the integration in Eq. (12), one
finds

n*(t) =k N Dr[exp[ —~£-— Zq(f)*]
— Virg exp(g?) { 1— erf[q-%— (;t)i}}], (13)

2 £
erf(x) :W/ exp(—3%) dy.
0

where

The steady-state concentration is directly obtained
from Eq. (13) by setting {=0. This gives

n*(0) =k Npr{l— Vrgexp(g®) [1— erf(g) ]}. (14)

LUMINESCENCE DECAY OF A SYSTEM WHICH
IS FLASHED

Consider now the damping of a system which was
excited by a flash that had a duration much smaller
than the lifetime of the excited state. Equation (4)
retains the same form for this case, but #,*(0) is now
the instantaneous population of excited donors in
Class v rather than the steady-state population. Hence

ny*(0) =N, (15)

where k' is a collection of constants that include the
donor absorption coefficient and the flash intensity.
The treatment used for the steady-state calculation
can be directly applied to the case of a flash. In place
of Eq. (7), one has

’*(t)"kl’ND//f /exp[—t( +k )]ij:‘hrdeR .
(16)

Except for the constants % and %, Eq. (15) is the
same as Eq. (8), which is the slope of the decay curve.
This is not surprising since the time derivative of Eq.
(7) removes that part of the steady-state expression
n,*(0) which is dependent on the distribution of ac-
ceptor molecules. Thus, both dn*/dt and #'*(f) are
independent of the acceptor molecules at ¢=0. Carrying
through the integration indicated in Eq. (16) one finds

that
LFat
n'*(8) =k'Np exp{———NA[ (20) -f] } (17)

DISCUSSION OF THE DECAY CURVES

The expression for the luminescence decay obtained
by the aforementioned investigators— is

v =mesf~-n [ ) s
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where #; is the number of excited donor molecules at
t=0, and the other symbols have been defined pre-
viously. This expression is identical with Eq. (17).
Hence, the result of these investigators is applicable
to a system which is flashed, but not to one which has
reached a steady state. The limits of applicability of
the calculations in Refs. 1-3 to a flashed system arise
from the assumed distribution of excited donors. In
their treatments, it is assumed that the excited donors
are distributed randomly with respect to the acceptors.
(In the present treatment, it is assumed that the un-
excited donors and acceptors are distributed randomly.)
However, the excited donors are not distributed ran-
domly in the steady state. In the steady state the
probability of finding an excited donor near an acceptor
molecule is less than the probability of finding an ex-
cited donor molecule with an acceptor molecule farther
away. Hence, the excited donor molecules are not dis-
tributed randomly in the steady state. However, in
the flashed system, the distribution of the excited
donors at {=0 is indeed a random one if the unexcited
donors are distributed randomly. The exciting flash is
of such short duration that there is not sufficient time
from the start of the pulse to its conclusion for the
excited donors to become nonrandomly distributed by
1=0.

QUANTUM YIELDS

Although the decay curves for a system that was in
a steady state differ from those of a system that was
flashed, the quantum yields are the same for both cases,
as shown in Appendix B. The relative donor quantum
yield is

/m=1— Vrgexp(¢*) [1— erf(q) ], (19)

where 5 is the donor quantum yield in the presence of
acceptors and 7 is the donor quantum yield in the
absence of acceptors. This result for the relative donor
quantum yield is identical with the expressions obtained
by Forster,® Galanin,® and Kurskii and Selivanenko.!
The predicted quantum yields are in excellent agree-.
ment with the experimental results.?

APPENDIX A

In this section, »*(#) will be calculated by use of
the complete expression for the resonance transfer rate
constant which includes the orientation term. The bulk
of this paper employs an expression for k, in which
the orientation term has already been averaged. This
averaged orientation factor is included in R and is
equal to 2/3. The resonance transfer rate constant

including angles can be written as
=7 (R/R)* 3| @ P, (A1)

where

| ® |2 = | sinfp sinfa cosa—2 cosfp cosfa |2, (A2)

Downloaded 05 Sep 2007 to 128.59.114.79. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



LUMINESCENCE DECAY

where Op, 04, and ¢a are the angles that the donor and
acceptor dipoles, respectively, make with R, the dis-
tance between the donor and acceptor.

The probability of a given donor molecule having
the acceptor environment y must now include the
relative orientation of the donor and acceptors, which
is

N4 sinfpdfp R2 sind.dRd0:d;

dyl= A3
P 'y{ 'Y} g 2 v ( )
Equation (8) can be written as
dn*/dt=—=kNp exp(—i/7)
Ry px 2 p2x tRo L]
UV eI
0 YoY0"0 T\R; ’
XSiIlHDdGD RZ sin0,~dR.-d0,~d¢,~}NA (A4:)
2 |4
Let
Ry pm rx ror tR
ro=["[[ [ en| -1Z) #12¢]
()= e o]
XSinHDdGD R,z sinoidRidB,-d¢; ) (AS)
2 v
Integrating over R; gives
T rv P2 0 do
I(t)=— f/ Sin0odo ..
Ro\%3 d
(per) o

[Equation (A6) was obtained assuming that £
(Ro/R,)5(t/7)<1.]

1 R\®3 ¢
I(t)—l—g;{ ( 0) }/f/['1>151n01)d0p sinf,d0,d¢;.

(A7)

The integral on the right side is the average value of
| ® |, that is,

(@ = (BN}

1 T rr pOn 3
=<—~ / f / | ® |2 sinfpdfp Sin04d01d¢i) . (A8)
&/ 00

This yields

(| ®|)n=(2/3) (A9)

655
Combining Eqs. (AS5) and (A9) yields
I(#) =1—[m(Ro/Ry)"(¢/7) ] (A10)
Equation (A4) can be written as
dn* 4 Ro\¢¢
—=—hkN —)i1- All
dt fulo eXp( r){ [ (R.,> ‘r] } (ALD

The result for dn*/di given in Eq. (A11) is identical

with Eq. (9) where the orientation term in the transfer

rate constant had already been averaged over angles.

Similarly, the orientation term for the case of the

flashed system does not alter the expression for »'*(¢)
given in Eq. (17).

APPENDIX B

For the steady-state case, the donor quantum yield is

?7=ke’ﬂ*(0)/k1ND. (Bl)

Substituting #*(0) from Eq. (14) into Eq. (B1) gives

n=ker{l— Vrgexp(¢)[1—erf(9)]},  (B2)

where %, is the rate constant for donor emission. The
donor quantum yield in the absence of acceptors is

No=— keklNDT/klND = kgT- (B3)
Combining Egs. (B2) and (B3), one obtains
1/m=1—Vrgexp(¢)[1—erf(g)].  (B4)

For the case of a system that is flashed, the donor
quantum yield is

=2 / "Wt di / B/ No.
0

Integrating Eq. (13) after substituting for #'*(f)
given in Eq. (17) allows
_koky'Nor{1— Vrg exp(¢®)[1— erf(g) T}
kllND )

In the absence of acceptors, the donor quantum yield
for the case of a flash is

(B5)

(B6)

no="keki' Nor/k’Np = k.r. (B7)
One therefore obtains
n/m=1—Vegexp(@[1—erf(@] (B8

The quantum yields are thus the same for the steady
state and the flashed cases.
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