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Synopsis

A new method is proposed for determining chemical rate constants in dimerization
reactions of globular proteins. Light seattering from a solution of charged macromole-
cules in an applied electric field gives a series of bands whose widths can be used to de-
duce the reaction rate constants. This method should be applicable to other types of
reactions. First order reactions are also considered.

INTRODUCTION

In this note we explore the possibility of measuring chemical reaction
rates of association reactions of biologically significant molecules by laser
light scattering.

The Rayleigh spectrum, S(kw), of a dilute non-reactive solution of
charged macromolecules consists of a superposition of Lorentzian bands,!

k2D,

S(kw) = g! ; C,S,(k) {m} (1.1)
where C,, D,, and S,(k) are, respectively, the concentration, self diffusion
coefficient, and polarizability structure factor of macromolecular com-
ponent v. o is the frequency shift of the scattered light and & is the scatter-
ing vector

k = 2k, sin 6/2

where k, is the wave number of the incident light and 4 is the scattering
angle. In general it is difficult to determine the diffusion constants from
this complicated superposition.

When an applied electric field E is switched on, the macromolecules are
accelerated to different terminal velocities, V,, depending on their respec-
tive mobilities, u,,

V, = uE (1.2)
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The Rayleigh contribution from each charged component » will then be
Doppler-shifted by frequency

w,(k) = u,(k-E) (1.3)

Thus in an applied field, the Rayleigh spectrum of the solution then be-
comes?

1 kD,

R e i BT
If the difference in the Doppler shifts, {w,(k)}, is larger than the diffusion
widths it is possible to resolve the Lorentzians into separate components,
and it is thereby possible to measure concentrations, diffusion coefficients,
and mobilities of the macromolecular components of the mixture. This is
best accomplished at small scattering angles because the widths 42D,
diminish faster as a function of k£ than do the shifts w,(k).

So far we have been discussing non-reactive mixtures. The question
immediately arises as to what happens if some of the components can react
to form other of the components. It is intuitively clear that in this event
Eq. (1.3) should be modified to something like

k. + k2D, ]
[0 = w(B) ] + [ko + k2D, )*

where k, is the chemical rate at which molecules leave component » through
all possible chemical channels. Thus, on intuitive grounds we expect that
the separate components will be broadened by the reaction. If the rela-
tive Doppler shifts are still larger than the breadths it will be possible to
measure the rates k,.

Our purpose here is to compute the spectrum of a reaction in the presence
of an applied electric field and to explore whether ‘“electrophoretic light
scattering” could be useful for determination of reaction rates in biologi-
cally significant reactions. This method is different in prineiple from pre-
vious suggestions for using light scattering as a probe of reaction kinetics.?
It is analogous to the study of exchange rates* in NMR.

In the present note we limit ourselves for simplicity to dimerization
reactions, although it is not difficult to apply the same treatment to other
types of reactions.® We expect that the dimerization reactions of globular
proteins should lend themselves to this kind of study. The theory pre-
sented here gives us hope that several interesting classes of biological
reactions may one day be studied by this method.

Stk = 13 c,,sva()[ 15)

THEORY

In this section we consider the dimerization reaction
Rf

24, < A, 2.1)
kb

where k;’ and k3, are the dimerization and dissociation rate constants.
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Light is scattered because of thermal fluctuations which give rise to
fluctuations in the dielectric constant. In macromolecular solutions the
dielectric fluctuation de(r,t) at the point r and time ¢ is primarily due to the
concentration fluctuations 8¢ (r,t), dca(r,t) of monomer and dimer around
their respective equilibrium concentrations ¢,° and ¢,°, respectively so that

de(r,t) = (a%e) sa(r,t) + (:—:) dca(r,t) (2.2)

1/ ¢ 2

Actually, the heterodyne light-scattering spectrum is given by

S(kw) = ?—rRe j;m dt e S(k,1) 23

S(k,t) = Re (5¢*(k,0)5¢(k,1))

where de(k,?) is the spatial Fourier transform of ée(r,t), and k is the scatter-
ing vector defined previously.
Combining Egs. (2.2) and (2.3) shows that

Sht) = Re 3 awaFylled) @.4)
i,i=1

t,i=
where a; = (0¢/0c;)c; and
Fy(k,t) = (5C.(k,0)6C (k1)) (2.5)

In order to predict the spectrum S(k,w) it is necessary to derive equations
which describe the rate of change of the concentration fluctuations. It is
easy to derive such equations on the basis of mass conservation which
gives*

oC

St— + V.- J; = 2k,Cy — 2k:'Cy2

oC
EE + V-3, = k'Cy? — koC

(2.6)

where J; and J; are the fluxes of monomer and dimer, respectively, which
in the presence of an electric field are

J1 = #1ECI - DIVCI

(2.7
J2 = [thCz —_ DzVCz

where p1, us, D1, and D, are, respectively, electrical mobilities and diffusion
coefficients of components 1 and 2. In zero field J;, J; reduce to the usual
Fick’s Law result.

Only small concentration fluctuations §C,, 6C; around the equilibrium
concentrations C;° and C;° are expected to occur.® The very smallness of
these fluctuations enables us to linearize Eq. (2.6). 6Ci(k,t), 6C:(k,t), the

* The concentration and fluxes are functions of position r and time ¢.
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spatial Fourier transforms of 8Ci(r,t) and 8C.(r,t), satisfy the linearized
equations

o] o ~ N
> 8Cy = 1 (k)oC, + 2kdCy — 2k:6C, — k2D16C,
5 (2.8)
gt 502 = ’th(k)aéz + k;5(71 - kbaég - kzl)zﬁéz
where ks = 2C,°%’; is the linearized dimerization rate constant, and
wy(k) = p;(k-E) (2.9)

is the Doppler shift of component j. In deriving these equations we have
assumed that the applied field is homogeneous. There are some interesting
effects due to inhomogeneous fields which will not be exploited here.

Eq. (2.8) can be solved by Laplace transformation to give

(8 + )\2)601(10)0) + 2]{)1,662(]9,0)
A(s)

(s + M)8C:(k,0) + k:5Cy(k,0)
A(s)

651(";;8) =
(2.10)
662(]0,8) =

where the tilde indicates a Laplace transform with respeet to time, s is the
Laplace variable, Ay = 2k: + k2Dy — 4wy, and Ao =k, + k2D; — ws and

A(s) = (s 4+ M)(s + N\) — 2kiks (2.11)

In dilute polymer solutions we can make use of the approximation*
Fi(k,0) = Fu(k,0) = 0, in which case

Fulks) = (sCE0)) EF ; ?
Falks) = (8Cs(k,0)]7 A()
" (2.12)
Pulk,s) = (3Ca(k,0)|° 3—(-8—)
Pu) = (aCueo)y 2

where F';;(k,s) is the Laplace transform of F;(k,t).

* The ensuing analysis can be carried out without this approximation for example:

( + Ae)
Fu(k,s) = (|8C1(k,0)]» Ao + (601 (k,0)C2(k,0)) m

but the results are less transparent. Nevertheless our conclusions are still valid.
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Suppose the electric field was in the opposite direction. Then the only
change that would occur would be the replacement of w;(k) by —w;(k) in
Eq. (2.12). Let us denote by F,, ‘P (k,s) the functions calculated above
and by F ;™ (k,s) the functions with the reversed field. From Egs. (2.3),
(2.4), and (2.12) it then follows that

2

S(he) = 7 1Re Y. aw{Fy (ks = i) + Fy ks = iw)}  (2.13)

t,5=1

The explicit form of the spectrum, S(kw), is given in the appendix.

In the simple case that the splitting |w: — wi] is large compared with the
relaxation rates y; = k2Dy + ki, v2 = k2Ds + ks, or that k¢ << k2D, and
ky < k2D,, the spectrum simplifies considerably to the ‘‘slow exchange”
limit ‘

™ Y1 Y1
2 Stha) = 4 | (0 — w1)2 4+ 71? + (@ + w)? 4+ M2
[ Ye Y 7
A
A T e T et e+ el
- 1 @14
LB (0 + 1) _ (@ — @)
! | (@ + w)2+ M (0 — o)+ 1l
[ (@ + w) (-~ w) ]
B _
+ | (@ + w2)? + ¥22 (0 — o)+ ¥t

where

Ay = a’fu + (v2 — )G
Ay = ¥ — (v2 — M)Garae
By = —(ws — w)Gaas

By = (we — wp)Gaas

G = (kifu + 2kofor)/[(v2a — 71)? + (w2 — @1)?]

and where f;; = (6C*(k)oC;(k)).

From Eq. (2.14) we see that in the absence of reaction (ks = &k, = 0), the
spectrum reduces to Lorentzians centered on =+w; and =*+w; with diffusion
widths. When reactions are present the pair of Lorentzians at w; and ws are
slightly shifted towards each other and become slightly skewed (due to
terms multiplied by B; and B,). It is interesting to note that in these
eventualities the rate constants k¢ and ki, separately contribute to the
widths v, and v;, and can thereby be separately determined, along with the
coefficients Dy and D,. This could be accomplished by determining v, and
72 as a function of k2 (or equivalently sin? §/2). The slopes of v, and +:
versus k2 give the diffusion constants D; and D, whereas the intercept gives
the corresponding rate constants (k: for v, and ki, for v,).
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In the opposite extreme when the reaction rates are much larger than
either the splitting or the diffusion widths, the spectrum consists mainly
of a single line at the average frequency with a width determined by an
average diffusion coefficient. This is the fast “exchange limit” (see
Appendix III).

COMPUTATIONS

As a theoretical model, the dimerization of a globular protein in an
electrophoresis cell is chosen. Proteins tend to dimerize in (water) solu-
tions with different rate constants depending on pH conditions. The pH
conditions are rather critical since they affect the extent of ionization of
each species in water (i.e., the mobilities). [Proteins have acidic and basic
groups which will dissociate in water depending on the pH conditions. ]

We chose for our reaction model the following conditions. The reaction
takes place in water (viscosity = 0.01 poise) at 283°K. The (reaction)
electrophoresis cell is subject to an external electric field (£ = 500 volts/
cm). The reacting monomer is a globular protein of molecular weight
25,000. The corresponding ‘“‘sphere” radius is a = 20 A. The monomer
effective charge® is ¢ = 5. The monomer’s concentration in the solution
at equilibrium is 10~% mole/liter. The light source for light scattering is
an Ar¥ laser, and its wavelength is about 5000 A. The detector is placed
at a scattering angle § = 3°.

The light scattering spectrum (Eq. (2.13)) was calculated for several
different rate constants (of different pH’s) assuming that the dimerization
rate is diffusion limited. The results of these calculations are shown in
Figure 1. It isfound that the reaction mode should be readily discernable.
It should be possible to determine from the spectrum the dimerization and
dissociation rate constants of globular proteins. It is our hope in the near
future to perform a measurement of dimerization rates using electrophoretic
light scattering.

APPENDIX 1
Equation (2.13) can be written as
1
Skw) = — [8M(kw) + SO (k,w)] (Al)
m
where the quantities
8N (k,w) = Re X aioiF M (k,s = iw)
" (A2)
SO (k,w)=Re Y, aa;Fi;{ (ks = iw)
i
have the explicit forms
N®(k,w)
(€5] = A3
8@ (kw) D@ () (A3)

* Although the effective charge is not always known we assume that it is ¢ = 5.
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Fig. 1. The computed electrophoresis spectrum for the dimerization of a typical
globular protein for different values of the rate constants. The parameters in this
computation are (T = 283°K, » = 0.01 poise, £ = 500 V/em, ¢ = 5, = 20 K, Keq =
104, ; = 3° A = 5000 A.

where
N& (ko) = aafuly: + il F w)]
+ ar’faln + i F )] (A4)
+ aaalksfu + 2kofxl
and

DB (kyw) == [v1v2a — 2ksks — (0 F w1)(w F w2)]
+ ilvelo F 1) + (rilw F ws)]

The quantities in these expressions have been defined in the text.

(A5)
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APPENDIX II

ky
A= 4,
kp

In this case Eq. (2.10) becomes
(s + M)bei(k,0) + Kydea(k,0)

oey(k,s) = 2G) (B1)
_ (s 4+ M¥ak,0) + ksdei(k,0)
sea(k,s) = s (B2)

where \; = k; + k®Dy — dw; and Az = ks + k2D; — tw, and
A(s) = (s + A)(s + Ne) — ksks
Egs. (A2) and (A3) are still valid, but now

NE(kw) = a¥fuly: + 1@ F w2)] + as?fe[m + il F w))
+ awwelksfu + kofe] (B3)

and

D(k,w) = [y1ve — krko — (0 F wn)lw F )] + ilno + @) + vl + w2)]  (B4)

APPENDIX IH
FAST EXCHANGE LIMIT

In the limit that ks, k; > k2D, k2D, w,, w2 the spectrum consists of a sharp band cen-
tered at an average frequency

& == xaw2 + x1901
with a width k2D where D is an average diffusion coefficient
D= yuD: + x:D
and of a broad band at the frequency
Aw = & — (@1 + w2)
with a width A== (2k; 4+ k) + k2AD where
AD = D — (D, + D,)
In these expressions
xa = ko/2k; + ks; xe= 2k;/2%k; + ks

can be interpreted as the fraction of time spent by a molecule in monomeric and dimeric
states, respectively.
In the fast exchange limit the spectrum is approximately given by

k2D kD

@—or + WD T ol + [k’D']’}
(2k; + ky — k2AD)
[w — Aw)? + [2k; + ks — k2AD]?
(2k; + ks — k%aD) }

[@ + Aw]? + [2k; + ko — k*AD]?

5 Sthe) = 4 {

+ B

-+
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where

A = xin’fu + %ﬁz {xefu + dxufu} + xe0n¥far
and

B = xon’fu + al_;z {xafu + dxifu} + x00%

The second band is much broader than the first. The spectrum should therefore re-
duce to a single narrow band at an average Doppler frequency & with an average diffu-
sion width k2D.

One of us (B. J. B.) did part of this work while on a John Simon Guggenheim Founda-
tion fellowship at the University of Tel Aviv and would like to express his appreciation
to Prof. Joshua Jortner for making the facilities readily available to him.
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