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A Monte Carlo procedure based on a discrete point representation of the path integral for the density matrix
is explored. It is found that the variance of the estimator used to evaluate the energy grows as the square root
of the number of discrete points used, and is therefore to be avoided in highly quantum mechanical systems,
where the number of discrete points must be large. A new energy estimator based on the virial theorem is
proposed and shown to be well behaved. The main points of the paper are illustrated, using the harmonic

oscillator as an example.

I. INTRODUCTION

There is considerable interest in devising Monte
Carlo algorithms1 to simulate quantum or mixed quan-
tum-classical systems. In this note, we focus on path
integral Monte Carlo. This method springs directly
from Feynman’s path integral formulation of the
canonical density matrix.? Morita® and later Barker*
used Monte Carlo methods to evaluate a discrete ap-
proximation to the full path integral for the density ma-
trix, The discretized path integral of a quantum par-
ticle in which there are N discrete points is isomorphic
to a classical polymer chain with a prescribed nearest
neighbor harmonic interaction potential. Monte Carlo
simulation of this “classical chain molecule” interacting
with a classical solvent allows one to simulate the “ap-
proximate” quantum particle in a classical solvent.

The larger the number of discrete points, that is, the
larger the ‘“classical polymer, ” the better will be the
discrete point approximation to the full path integral.

If the forces acting on the quantum particle do not vary
much over the DeBroglie wavelength, and/or if the den-
sity of quantum states is high enough that many quantum
states are excited at #T =81, the number of discrete
points required for an accurate determination of the
density matrix is small, Unfortunately, there are many
problems where this is not the case and a very large
polymer is required. This will be the case for solvated
electrons, or protonic motions, as well as for stiff
oscillatory coordinates. Path integral Monte Carlo may
then become impractical. Thus, efforts to devise algo-
rithms to reduce the number of discrete points are well
worth making, and recent progress in this area is wel-
come. »® However, there still remains a very impor-
tant problem. Once one has an algorithm for sampling
the configuration of the classical polymer and solvent it
is necessary to compute various averages. Thus, one
must have estimators for the various properties of in-
terest. For a given property, it is possible to devise
more than one estimator such that the Monte Carlo av-
erage is the same for each choice, but the variance may
be very different. Of course, one wants to choose that
estimator for which the variance is as small as possible
to minimize the error in the computation. A particu-
larly dramatic illustration of this is the energy esti-
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mator used by Barker.? It is easy to show that the
variance of this estimator, and therefore the relative
error in the determination of the energy, grows as VN,
where N is the number of discrete points. Thus, for
highly degenerate systems, the mean energy based on
this estimator will be very inaccurate. It behooves us
to find a better estimator for the energy—a problem we
address in this paper. It is very important to note that
estimators for other properties like the configurational
distribution functions may not have variances that grow
strongly with N.

In this paper, we show how the foregoing problem
arises in two exactly soluble systems. More impor-
tantly, we devise a different energy estimator for which
there are no such problems.

Il. THE ENERGY ESTIMATOR

The canonical density matrix in the position repre-
sentation

plry, vi; B) =y |e™ [7() (2.1)
can be used to compute ensemble averages

@ =e@* far [ar! ptrs, #1: B)ri [A] 70 (2.2)
where @(B) is the canonical partition function

Q(B) =fdr1 p(ry, 7y; B) (2.3)
and 8= (kT)!. Expressing ¢ as the product (e™#/")¥

and using the closure relation allows one to express p
and @ as

e =far-- f de rele™ ) (2.4)

N
plr, 71; B) Zfdrz . 'fdr,., I le™ ¥ v, (2.5
t=1
where in Eq. (2.4) 7y, =7 and in Eq. (2.5) vyq=7{.
The quantity
p(rt’ Vit ﬁ/N)E <Tt I e HY I 72+l>

is the density matrix at the temperature N7, or recip-
rocal temperature 8/N. The above equations are exact
for any integer value N.

(2.6)

Using the canonical partition function to calculate the
mean energy
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8 InQ(g)

28 (2.7

(E)=-
gives

<E>=fd71"'fd7NP(riv ve s Vs B)GN(’VU ""7N) ’

(2.8)
where
N
P(yh'-'!yi)znp(rnrhﬁﬁ/N) (2-9)
t=
and
€71y ooy ry)
~ 2]
=—E——lnp('r,, Yeut3 B/N) . (2.10)
+=1 OB

All of this is still exact. Clearly, (r(,...,7y) can be
regarded as the configuration of a fictitious N particle
classical system, P(ry,...,7y; B) can be regarded as

a configurational distribution function, and €, can be re-
garded as the energy of the system in the particular
configuration—albeit a 8 (or temperature) dependent
quantity. €, consists of interactions between adjacently
indexed particles.

Suppose that p is known exactly; then Eq. (2.8) can
be used to determine the exact mean energy, since
there are no approximations. Given the exact p, it is
possible to evaluate (E) by a Monte Carlo procedure.
This is easily done by sampling configurations from
P(ry,...,7y; B) in precisely the way one does a classi-
cal Monte Carlo simulation; and for each configuration
sampled, €y(r(,...,7y) is evaluated. Summing these
values and dividing by the number M of configurations
sampled gives

M
1 .
(E)y= 1\712 eyld) =(ey) , (2.11)
isl
where the subscript N indicates the number of discrete
points taken in Eq. (2.8). For M large enough, we ex-
pect

(E)y=(E) (2.12)
for any N because no approximations have been made.
In general, there will be a distribution in the values of
€y (i) with a width given by the standard deviation oy,
where

M
=€) = 3725 1€h(0) — (€] (2.13)

and the standard deviation in the mean [Eq. (2.11)] is
ol=0%/M . (2.14)

Despite the fact that this algorithm uses the exact den-
sity matrix, it is shown later that cf,, = O(N) so that

ot =0(N/M) . (2.15)

Since {E)N is essentially independent of M, the relative
error using the energy estimator given by Eq. (2.10)

is O(N/M). This will be illustrated using the exact den-
sity matrix for the harmonic oscillator. These results
point out a shortcoming of using the above energy estimator

5151

[Eq. (2.10)], even in algorithms using the exact density
matrix.

It is important to note that the mean square fluctuation
in the energy (6E2) can also be evaluated from the exact
Q(p) of Eq. (2.4), as

8’ In Q(p)
2y = =hT? 2.1

(BE*) —b—ﬁz—— RT°Cy , ( 6)
where C, is the heat capacity. Substitution of Eq. (2.4)
into Eq. (2.16) gives an estimator for 6E® (which we de-
note 5E%). A MC calculation can be used to determine
((6E)?) (=(8E%)) and thereby Cy. It is important to note
that the estimator SE% is different from be€Z; that is

BEY# €4 — (e 2.17)

so that the divergence of ¢? with N does not lead to a
divergence of the heat capacity.

1il. THE PRIMITIVE ALGORITHM

In general, one does not know the exact form of the
density matrix. Recognizing that for large enough N,
B/N is very small, the short time approximation to the
density matrix in Eq. (2.6) is often adopted;

p(’ru rt«rl; B/N) = exp [" % V(Tt)]

X po(7y, 74415 B/N) €xp [— %V(rm)] , 3.1)
where V(r,) is the potential energy of classical particle
¢t and p, is the free particle density matrix. A substi-
tution of this into Eq. (2.9) gives the distribution func-
tion in this short time primitive algorithm

N
) 4 Nm )N/Z
Plry,...,7y B =@ H(m

N
X exp{— ﬁ‘}; [%%n_ﬁf(yt —r)+ IlV_ V(r),]} , (3.2)

where m is the mass of the quantum particle. This
looks like the distribution function of a classical cir-
cular chain molecule, consisting of N particles joined
by nearest neighbor harmonic bonds, with each particle
experiencing a potential field V(x). The partition func-
tion in this primitive algorithm is

N/2
QW, )= far -+ ar, 2%%)

~ N 1
xexp{—B‘g[ﬁ%ﬂr,—rm)Z + ;\]-V(r,)]} . (3.3

In this approximation the energy estimator [cf. Eq.
(2.10)] is

N N
E'N=_2—ﬁ-—aN+AN=§E_YNJ (3.4)
where
N
Ay = Nm 2(1’,—1’,4)2 , (3.5)
2m?F
L&
Ay= ]—V.Z V(rt) ’ (3.6)
tal
Yy=0y—=Ay . (3.7
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This is the estimator used by Barker? and more recently
by others. In Eq. (3.4), the quantity N/2B-a, =71, is
the estimator for the kinetic energy and X, is the esti-
mator for the potential energy.

In order to gain some insight into the behavior of
these different parts of the energy estimators, we now
study the case of the linear harmonic oscillator

Vix,) =3mwlal . (3.8)

The primitive algorithm partition function for given N
can be evaluated analytically®

fN/

QWN, B = 2 =QN,8,m,w), (3.9
where
f=1+4R*+4$R(4 +R)? (3.10)
and
R =Bliwy/N . (3.11)
The mean energy for N discrete points is
8lnQ (N, B)
<E>N= - 3B
3 InQ(N, b) 8f 3R
- ———af—z—— 5R 55 (3.12)
and the mean square fluctuation in the energy is
2’ InQ(N, B)
(6E2>N=kT2CV(N): 8 {3.13)
or
2 _ 'InQIN ﬁ)(_i*,f_)z(ifi :
(OF >”"‘_anTL— R a/a)
L 3@, B)(Bz )( R)
T 2L ¥ (3.14)

Substitution of Eq. (3.9) then gives explicit dependence
on N. These are exact results for the primitive algo-
rithm; and using them we can investigate how large N
must be before we get agreement with the exact quan-
tum mechanical oscillator (N— ).

It is of interest to investigate the distribution function
of the various parts of the energy estimator [cf. Egs.
(3.5)=(3.7)]. To this end we evaluate

Py(a)=(0la —ay)y , (3.15a)
Py(r) =0y =7y » (3.15b)
P3(JC) = (6(X - AN»N . (3. 150)

Laplace transforming these three functions with respect
to a, B, and A, respectively gives the corresponding
characterisgtic function

Pyls) =(e )y, (3.162)

Py(s) =(e™"")y , (3.16b)
and

Py(s) =(e™*), , (3.16¢)

where s is the Laplace transform, and {---), denotes

Herman, Bruskin, and Berne: Path integral Monte Carlo simulations

an average over the distribution function of the primi-
tive algorithm, i.e., for example,

Q(N,:n,wo (2Hh’ B> [dri fdrN
et (5 (5}

I we define a renormalized mass m' and frequency w;

ﬁz(s) =

(3.17a)

as
' B+s . ’r B—s
m :( 3 )m, wo_(——6+s>w0, (3.170)
then
D . B )N/ZQ(N;B’mI’w(l])
PQ(S)—(BJrs O B wy (3.18)

that is, the integral can be expressed in terms of the
partition function of an oscillator of mass m’ and fre-
quency wy in the primitive algorithm with N discrete
points. Equation (3.19) can be used to evaluate this;
however, now

R=Bhw!/N= B—%’ﬂ(g—:—z—) ) (3.19)
In like manner, we find
=y (B )”’ZQ(N, Bym', w)
Pi(S)_(ﬁ+S Q(N, B, m, wo) ’ (3-203)
with
1/2
m,:(ﬁgs)m; w3=<ﬁis) w (3.20D)
and
5 (v QN, B,m’, wg)
P =00 8, mewn) (8.21a)
where
172
m' =m wé:(ﬁgs) wg . (3.21b)

These characteristic functions enable us to determine
various moments in the primitive algorithm. For ex-
ample,

(rpy =~ (—-———1—8 Inp (S)>s.o , (3.222)

8s

8’ n P
ovh) = (———,1—125 (S)) : (3.220)
s-0
with equivalent formulas for the other distributions.
Substitution of Eq. (3.18) into this followed by some

lengthy algebra gives

(rp) = N ~(E)y (3.232)
E
(ovh) = -2%; +{0EY), - <—B>l . (3.23b)

Similarly, for the other distiributions,

J. Chem. Phys., Vol. 76, No. 10, 16 May 1982

Downloaded 30 Dec 2003 to 128.59.114.15. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



Herman, Bruskin, and Berne: Path integral Monte Carlo simulations

(g = é—VE —KE)y, (3. 23¢)
(bad) = 5%5 +3(0EY, - %%ﬂ , (3.234)
(AN>=:%<E>N ’ (3.236)
OAZ) = 3(EDy + L4E)y . (3.231)

4 B
These formulas illustrate several points.
(a) From Eq. (3.23a), it follows that
N
<E)N::§E _<YN>1

as required; that is, the average of the energy estimator
gives the exact mean energy expected in the N particle
primitive algorithm,

(b) From Eqgs. (3.23c) and (3.23e) we see that the
average of the kinetic energy part of the estimator

(Ty) =(N/2B - ay) = 5(E)y (3.24)
and the average of the potential energy estimator
M) =2(E)y (3.25)

satisfy the virial theorem for the N discrete point os~
cillator (see Appendix A).

(¢) It follows from Eq. (3.4) that (6¢%)=(6v%) and,
therefore, from Eq. (3.23b) that

(6€X) =N/28" +(OE%)y —(E)y/B .

Since, as we shall see, both (6E%) and (E), become in-
dependent of N as N- =, the mean square fluctuation in
the energy estimator as well as in the kinetic energy
(67%) grow as O(N).

(d) In marked contrast to (c), the mean square fluc-
tuation in the potential energy (6)\12,,) is not very sensitive
to N.

The precise dependence of these quantities on N for 87w,
=3 is given in Figs. 1 and 2. These figures illustrate
that large fluctuations are expected in the energy esti-
mator defined by Eqs. (2.10) and (3.1) with the conse~
quence that the mean energy cannot be determined accu-
rately in a primitive algorithm Monte Carlo run using
this energy estimator. The trouble arises from the
kinetic energy part of the energy estimator.

Clearly a differvent energy estimator is required. We
have observed that the potential energy fluctuations do
not depend strongly on N. This suggests that we seek
an energy estimator that is determined only by the po-
tential energy and its derivatives. In Appendix A, we
show that a good estimator is

N
1 AV (x )]
v 174 1 S 78
¥ Ng [ (x,) il 9x, :

(3.27)
This springs from the virial theorem applied to path
integrals.

For the linear harmonic oscillator this “virial” en-
ergy estimator is particularly simple,
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FIG. 1. This figure shows how the mean values of the various

terms inthe energy estimator in°K {c¢f. Eq. (3.4)] for the harmonic
oscillator (8 %w,=3) depend on the number of discrete points
used in the algorithm. The solid lines correspond to the ana-
lytical results presented in Egs. (3.23a)-(3.23¢). In par-
ticular, the solid line labeled (¢ ) is identical to the analytical
calculation of (E)y [cf. Eq. (3.12)]. Thesquares (0), circles
(0), triangles (4), and pluses (+) give these same quantities
using various Monte Carlo simulations all with the same num-
ber of configurations. The squares (0) and circles (0) corre-
spond to Monte Carlo runs using the primitive algorithm [cf.
Eq. (3.2)]. The squares (D) are based on the energy estimator
of Eq. (3.4) and the circles (0) are based on the virial esti~
mator, Eq. (3.27). The triangles and pluses correspond to
Monte Carlo runs using the exact density matrix for the har-
monic oscillator, [cf. Egs. (2.9) and (4,1)], The triangles (4)
correspond to the use of the energy estimator in Eq. (2,10),
while the pluses correspond to the use of the virial estimator.

N
2
GX,Z NZ V(x,):ZAN ,

(3.28)
t=1
so that its mean square fluctuation is simply
vy2 2 2 <E>u
((6e})*) =4(0N%) =(BE%), + 5 (3.29)

where the last equality follows from Eq. (3.23f). Ob-
viously, since the quantities on the right-hand side do
not depend strongly on N for large N, this estimator is
well behaved (cf. Figs. 1 and 2). As shall be seen in
the next section, the virial estimator is generally to be
preferred.
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FIG, 2. This figure shows how the mean square flucutations in (°K)?
of the properties for the harmonic oscillator (8 %w,=3) indi-
cated in Fig. 1 depend on the number of discrete points used in
the algorithm. The solid lines correspond to the analytical re-
sults presented in Eqs. (3.23b), (3.23d), (3.23f), and (3.29).
The squares (0), circles (0), triangles (4), and pluses (+),
give these same quantities using the various Monte Carlo sim-
ulations all with the same numbers of configurations. These
symbols denote the same runs defined in the caption to Fig. 1.
This figure shows clearly that (2) (6E% .is a weak function of N,
(b) the energy estimator defined by Eq. (3.4) has a mean
square fluctuation that grows O(N) for large N, (c) the virial
energy estimator defined by Eq. (3.27) has a mean square
fluctuation that is a very weak function of N, and (d), the sim-
ulations agree very closely with the exact analytical theory for
the N point primitive algorithm for all values of N.

IV. MONTE CARLO SIMULATIONS

To explore the accuracy of the various energy esti-
mators discussed, and to study the convergence proper-
ties of path integral Monte Carlo, we first study the lin-
ear harmonic oscillator (LHO) of mass m and frequency
wy. The exact density matrix for the LHO is?

B) (_ﬂ_o__ v
p(x,,xm’ﬁ = 21rh’sinh(R)>

PP Y2, 2 _ .
Xexp( 2K sinh(R)) [(x} + x¢.)coShR —2x,x,y] , (4.1)

where R =piw,/N. Substitution of this into Eqs. (2.9)
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and (2. 10) leads to an explicit expression for the energy
estimator, and the distribution function P(x,...,x »)-
The standard Metropolis MC algorithm was used to gen-
erate M configurations, and M corresponding values of
€y for a LHO with 87iwy=3. It was found that conver-
gence was rather slow. Since Plx, ..., xy) is a multi-
variate Gaussian, one can transform to normal modes.
When this is done, each mode has a different force con-
stant and it is possible to adopt a step size appropriate
to that force constant; that is, a small step size is
chosen for modes of high force constant, whereas a
large step size is chosen for modes corresponding to
small force constants. This is done very systematical-
ly; but we shall not give the details here. Suffice it to
say that this led to much more rapid convergence. In
Fig. 1, the triangles (A) indicate the results [based on
the estimator ¢, of Eq. (2.10)], corresponding to this
exact algorithm for N=5, 10, and 20, All of these runs
were performed for M =2%10° so that the N dependence
could be tested. In addition, the pluses (+) indicate the
results [based on the virial estimator €} of Eq. (3.27)]
for N=5, 10, and 20 and for fixed M. The data show
very clearly that the mean energy is the same for both
estimators; however, the standard deviations ((6¢,)%)
and ((6€})%), shown in Fig. 2, are very different, with
((6¢,)?) increasing linearly with the N, while ((6€})?) is
basically insensitive to N. It is interesting that for
N<6, the error associated with the virial estimator €}
is greater than that corresponding to the estimator ¢,.
For large N, there is such a dramatic difference that

it would be foolhardy not to use €} instead of €,. From
Eq. (2.15), it is clear that if N is increased, so too
must the length of the run M be increased to maintain
the same accuracy. This has very important implica-
tions for algorithms based on the short time approxima-
tion [cf. Eq. (3.2)]. The foregoing conclusions are
based on an algorithm using the exact density matrix,
and consequently is an inherent defect of the energy esti-
mator based on Eq. (2.10).

Equation (3.22) gives analytical results for the LHO
using the primitive algorithm with N “classical parti-
cles.” In Figs. 1 and 2, these quantities are plotted as
a function of N for an oscillator with 87Zwy=3. Equation
(3.2) is used with V(x) =1/2mwix?, as the sampling
function in Monte Carlo simulation of the primitive
algorithm with N -5, 10, and 20. Each simulation gen-
erated M =2x10° The results of these simulations are
indicated in Figs. 1 and 2 by squares (D) for the esti-
mator €, [cf. Eq. (3.4)], and by circles (O) for the
virial estimator. Several features are worth noting:

(i) The results of the simulation agree with analyti-
cal results,

(ii) The mean energies computed from €, and €}
agree.

(iii) (6€?) increases linearly with N, whereas ((6€")%)
is insensitive to N.

(iv) There is excellent agreement between the exact

algorithm and the short time algorithm for all N con-
sidered.

For convenience, the analytical values of the mean en-
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ergy (E), and the mean square fluctuation of the energy
(6E2) corresponding to the primitive algorithm are also
given in Figs. 1 and 2. Those results go to the exact
values expected for a LHO in the limit N- «~, but de-
viate from these for small N. For this oscillator
(BAw,=3), Nz 8 is required to get good agreement with
the exact quantum oscillator. Nevertheless, the results
of the MC algorithm for given N should be compared
with the exact results for that N and not with the N— =
results. If BZw, is very large, then the primitive algo-
rithm will only agree with the exact quantum oscillator
(N—- =), if N is very large. Thus, it is sometimes
necessary to use very large N in a primitive algorithm.

In Sec. II, we showed that the standard deviation in
the mean for the energy estimator ¢, of Eq. (2.10) is
given by Eq. (2.15).

ol=0(N/M) , (2.15)

where N is the number of discrete points and M is the
total number of independent configurations generated in
the MC run. This should be compared with the standard
deviation o,v corresponding to the virial energy estima-
tor. Since ((Gs‘;)z) is only a very weak function of N for
large N, it follows that

2
2 W€D (L)
oy [v; OM .

Clearly then for given N, the same accuracy is achieved
for the virial estimator in M, configurations (moves)

as for the energy estimator of Eq. (3.4) in M moves
where

My = AN—4 .
Thus, when N is large, as it must be in the simulation
of highly degenerate systems, M, <M and the virial
estimator is greatly to be preferred. Since the time re-
quired for an algorithm is of O(NM), to achieve com-~
parable accuracy the virial energy estimator requires a
time of order O(nN), compared to that using the usual
energy estimator which requires a time O(nNz), where
n is the number of moves per particle (n=M/N).

Although the analysis presented here pertains to the
harmonic oscillator, we believe that the conclusions
are more far reaching. The derivation in the Appendix
is general and the virial energy estimator is a perfectly
legitimate estimator in all applications. In a recent
simulation’ of an electron in liquid helium, argon, etc.,
where N =750, we have compared the two estimators
and find the virial estimator to be far superior.
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APPENDIX A

Let us consider the average quantity in the primitive
algorithm
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fdx("' de(Exg 1% )e'ﬂ”x

N
Z 2l 9x, Al)
Xt P > s (
t=1 * fdxi oo dy e VN
where [cf. Eqs. (3.5) and (3.6)]
Upy=0ay+Xy . (A2)

Since x,(8U,/0x,) e™®’¥ = ~ 8™x,(8/8x,) e®’¥; an integra-
tion by parts gives

YUy, <
- Ngt A3
<,Z: e 8x,> E 3x,> P (43)
or
-4
<Ex' ax,> <Zx‘ >=NB ' (a4)
Now @, is a homogeneous function of {x, ..., xy} of de-

gree 2, so that Euler’s theorem gives 3, x,(8a,/9x,)
=2ay, and Eq. (A4) can be expressed as

(B o) = (o 2Lt

where we have substituted the definition of 1, [ef. Eq.

(3.6)].

The left-hand side of Eq. (A5) is the mean kinetic en-
ergy in the primitive algorithm. Since

N
EE—G~+AN> .

Substitution of Eq. (A5) into Eq, (A6) gives

(€x) ZCV:ZA:: [V(x,) +3x, %ﬁ]> )

Thus, another perfectly good energy estimator is
1 ?
5;; = —Z [V(Xg) +%xg L(x"l] .
N 9x,

In some applications it is necessary to determine the
mean kinetic energy (r,) in the primitive algorithm; a
good estimator for this is thus

N
vzl_];_ xaV(x)
N 2N!=1 ax

(A5)

(€x) = (48)

(A7)

(A8)

T (A9)

Both €} and 7} have finite variances as opposed to ¢,
and 7, =(N/28 - a,).
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