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A simple analytical model describing tip-surface interactions in an electrostatic force microscopy (EFM)
experiment is proposed. Tip-surface capacitance is modeled as a sum of capacitances of cone, sphere, and
plate with the substrate. Individual tips are calibrated according to this model by the choice of tip radius.
Differences in EFM signal amplitude between probes are explained by differences in the sphere radii. Three
tips with different sphere radii were used to detect EFM force gradients on an array of samples of dispersed
Au nanoparticles with diameters ranging from 6 to 18 nm. The spatial distribution of the electric field created
by an Au nanoparticle polarized by the inhomogeneous field of the tip is calculated analytically. The particle
diameter and tip-surface separation dependence of the measured force gradient due to metal sphere polarization
is compared to that predicted by the model. A statistically significantz-offset factor is introduced into the
model to correct for the curvature mismatch between the model system and the actual tip.

Introduction

Since the invention of scanning tunneling and atomic force
microscopies,1,2 various adaptations of the scanning probe
technique have revolutionized the study of surfaces. Scanning
probe methods allow the simultaneous mapping and correlation
of surface topography and other physical properties. Electrostatic
force microscopy (EFM),3-9 measures the long-range electro-
static interactions between a sample and a conducting probe
when a voltage is applied between them. This methodology,
with slight variations, has been applied to electric field distribu-
tions in devices,10-12 electrostatics of self-assembled monolayers
on surfaces,13 studies of surface potential variations in oxide
bicrystals,14,15 static and dynamic properties of ferroelectric
materials,16-21 charge measurements in single nanostructures,22-24

as well as observation of charge storage and leakage in various
materials.25-27

Although some quantitative measurements of surface charges
have been reported,7,13,22,24-29 most applications of EFM have
focused on the mapping of surface potential, which does not
require a quantitative understanding of the tip-surface capaci-
tance. However, surface potential does not uniquely determine
the charge and polarizability distribution in the sample. To
determine the distribution of static charges and polarizability,
one must characterize the capacitive interactions between the
surface and the probe. Because the EFM probe is in reality an
irregular pyramid with a small rounded tip, there is no simple
analytical solution. Hence, an approximate model must be used.
A number of theoretical works exploring both analytical and
numerical methods have addressed these issues, proposing
different simplified geometries for the AFM probe, such as cone,
sphere, parallel-plate, hyperboloid, as well as their various
combinations.30-37

Herein we develop the apparatus and modeling methodology
to enable rigorous quantitative EFM interpretation of surface

polarizability and charge. We explore practical issues that
control reproducibility and calibration. We employ a simple,
one parameter, analytical tip-surface interaction model for the
empty tip-surface capacitor system that gives good agreement
with experimental data over a large range of tip-surface
separations. We propose a quantitative method for interpretation
of polarizability images for spherical particle samples. We use
Au nanoparticles to test the model and derive a curvature
correction term necessary for the model to capture the relevant
parameter dependences.

EFM Theory

In Figure 1a, a conductive AFM probe is electrically
connected to a conductive substrate, creating a capacitor. Spatial
variations in the surface charge and dielectric properties create
a contrast in the electrostatic forces experienced by the probe.
The forces can be separated into two parts: Coulombic forces
due to static charges and multipoles and capacitive forces due
to surface potential and dielectric screening. Because of the
principle of superposition, we can separate the forces due to
the sample from the forces between the plates of the empty
capacitor. We can write the force due to the sample as the
product of the total electric field due to the sample and the
charge on the tip

HereEz is thez-component of the electric field that is due only
to the charges and/or multipoles on the surface. The force
between the plates of the empty capacitor is given by

whereV is the voltage applied between the surface and the probe
and dC/dz is the derivative of the empty probe-substrate
capacitance with respect toz, the separation of the probe apex
from the conductive plane of the substrate. If a potential of the
form V ) VDC + VAC sin(ωt) is applied between the tip and the
substrate, andæ is their contact potential difference, then the
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total voltage drop between the probe and the surface isVtot )
æ + Vdc + Vac sin(ωt) and

Qtip is the sum of the charge on the capacitorCVtot plus the
image chargesQim induced by the static charge distribution on
the surface.Ez has two components,Ez

S, due to static charges
and multipoles, and|Ez

d| sin ωt, due to oscillating polarization
induced in the sample by the AC field. Thus,Ez ) Ez

S + |Ez
d|

sin ωt. |Ez
d| ) f(ε,{g})VAC, where f is determined by the

dielectric constantε and the geometric parameters{g} of the
system.

We can write the total force on the tip as

There are three types of force terms: a static term, a term whose

amplitude oscillates at the frequency of the applied voltage,ω,
and a term whose amplitude oscillates at twice that frequency,
2ω. We can write the amplitudes of the force components atω
and2ω as

and

The force component at2ω is a function only ofC(z) and sample
polarizability, whereas the one atω is more complicated. With
no sample, i.e., for an empty tip surface capacitor, the equations
simplify to and

The apparatus detects the shift in the AFM probe resonance
frequency due to force gradients.38 Because the AFM probe is
effectively a harmonic oscillator in a force field, its resonant
frequency,ν′, is given by

whereκ is the cantilever force constant andν is the natural
resonance frequency. When the force gradients are small (in
this case on the order of 10-3 N/m), we can approximateν′ by
the first two terms of the Taylor expansion in∂F/∂z and write
the absolute value of the frequency shift as

In an EFM experiment, a tapping mode topography of the
sample (Figure 1b) is recorded on the first pass of a given line
with no voltage applied. This is a normal AFM image. On the
second pass, the probe is lifted a set amount,zlift (Figure 1a)
above the surface and scanned at a constant height while voltage
is applied. Using two lock-in amplifiers we record∆ν(ω) and
∆ν(2ω) and relate these to the electrostatic and capacitive
interactions by writing down the derivatives of the forces in
(5) and (6) and substituting them into (10).

With no sample present on the surface we can use much
simpler equations (7 and 8) to describe the forces and to
determineæ by simply varyingVdc to eliminate the signal atω.
However, when a sample is present, we need to obtainC(z)
and its derivatives to computeEz from eq 10. Individual tips
must be characterized, as d2C/dz2 varies typically by factors of
2-3 from one tip to the next (Figure 3). Thus, we first measure
the z dependence of d2C/dz2 for the bare substrate using the
data from the2ω channel and eqs 8 and 10. Then, theC(z)
model described below is fit to these data. A characterized tip
is then used to record∆ν(ω) and∆ν(2ω) images of the sample
on the same substrate. Finally, a model expression forEz

s and

Figure 1. a. EFM experimental setup. The bottom portion of the
flowchart shows that the tapping mode topographic data is acquired
on the first pass of a given line (main scan). The top of the chart
represents the second scan of a given line (interleave scan), where the
cantilever is lifted a set distance above the surface and scanned at
constant height from the substrate while being dithered both mechani-
cally and electrically. The frequency shift of the probe is detected by
the phase-lock loop and fed into two external lock-in amplifiers, where
the signals at frequenciesω and2ω are isolated and fed back to the
Nanoscope IIIa controller, where the image is created. b. A typical
image of topography,∆ν(ω) and∆ν(2ω), of Au nanocrystals produced
by the setup shown in a.
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|Ez
d| is written down and the model parameters are determined

using the tip geometry defined byC(z).

Experimental Section

Images at room temperature under nitrogen atmosphere were
obtained with a Digital Instruments (Santa. Barbara, CA)
Nanoscope IIIa Multimode AFM with Extender module. Pt-Ir
coated EFM tips (Nanosensors EFM-20) from Molecular
Imaging (Phoenix, AZ) were used in all experiments. Their
resonance frequency was around 65 kHz and spring constants
were measured to be around 1.2 N/m. Each line was scanned
twice: the first pass consisted of a usual tapping mode scan
without applying voltage between the surface and the tip; on
the second pass, an external bias was applied to the probe as it
was scanned at a constant height above the surface while being
dithered mechanically at its resonant frequency. The frequency
shift stream from the phase-lock loop was fed into two lock-in
amplifiers where theω and2ω components of the signal were
isolated and fed back into the imaging software. Typically,ω
was set to 400 Hz,Vac was set to 3 V, the lock-in time-constant,
τ, was set to 3 ms, and the scan rate was set to 0.75 Hz. During
imaging, theVdc was set to zero out the contact potential between
the substrate and the probe. Typical values for topographic
feedback set-point were 0.35-0.4 V, and photodiode sensitivity
was on average 18 nm/V.

Aqueous citrate stabilized Au nanoparticles were spin-coated
onto degenerately doped p- type silicon substrates with a 2 nm
thermal oxide layer so that the particle density was on average

one particle in 100 nm2. Mathematical modeling was done using
Mathematica 4.0 (Wolfram Research, Champaign, IL), and
statistical analysis was performed using SAS 8.2 (SAS Institute,
Inc., Cary, NC).

Results and Discussion

A. Instrument Design. The value of the AC voltage
frequency,ω, is important. On one hand, we want to makeω
much smaller than the mechanical resonanceν in order to
minimize the cross-talk between the electrical and mechanical
signals and provide for appropriate time averaging i.e.

so that

On the other hand, we want to makeω large in order to
minimize the noise in lock-in detection and increase the number
of integration cycles over the AC voltage per pixel of the image.

To compare∆ν(ω) and∆ν(2ω) and to correctly evaluateC(z),
we measured the responsivity of the frequency shift detection
circuit, R(ω), such that

The plot ofR(ω) versussignal frequencyω is shown in Figure
2. The DI frequency shift detection circuit has a 1500 Hz low
pass filter that attenuates the higher frequencies. Because the
capacitance data appears in the 2ω channel, it is necessary to
have theω smaller than half of the low pass filter cutoff
frequency when both charge and capacitance information are
of interest. For a line scan at 0.75 Hz/256 pixels,ω was set
between 400 and 500 Hz.

B. Individual Probe Calibration. The spring constantκ was
measured for 15 different EFM probes using the thermal noise
spectrum calibration method39 to have an average value of 1.2
N/m with a standard deviation of∼15%. Experimentally
obtained d2C/dz2 versuszcurves for three different EFM probes
(Figure 3) show significant variability. Here,z is defined by
the lift height plus the tip oscillation amplitude when in
topography scan mode, plus the effective height of the dielec-
tric40 (z ) A + zlift + h/ε, Figure 1a). We can see that there is
significant variability in d2C/dz2 at small tip-surface separations
that must be related to tip geometry.

The EFM probe is an irregular pyramid.41 The probe was
modeled as a cone with a sphere at one end and attached to a
cantilever plate at the other end, as illustrated in Figure 4a.
Because all of the probe components are at the same voltage,
Ctot is given

In this equation, different terms dominate at differentz.
The capacitance between a sphere and a plane is given by

Figure 2. Normalized response function of the frequency shift detection
circuit. The curve is acquired by feeding a sine wave that is frequency-
modulated by a range of frequencies,ω, to the system. The recorded
values are the normalized amplitudes of the output of the frequency
shift detection circuit of the microscope.

Figure 3. d2C/dz2 vs z curves for three different probes demonstrate
probe-to-probe variability of signal amplitudes.

1
τ∫t)0
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F(z + A sin 2πνt) dt ≈ F(zeq)
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where

andF is the tip radius.42 For the range of radii involved in these
experiments, the series converges in fewer than twenty terms.
A uniform line charge approximation forCconeis used.15,30The
charge distribution on the cone is approximated by a semi-
infinite uniform line-charge, with charge densityλ, and the
potential is given by

wherer is the radial distance from the cone’s axis,z1 ) z(1 +
tan2θ)1/2, and θ is the cone angle of the probe. Some of the
geometric parameters are illustrated in Figure 4b. Here,λ is
given by

where

For z , L, whereL is the length of the cone, and for small
cone anglesθ the capacitive force on the cone can be written
as

Similarly

The parallel plate capacitor defined by the probe cantilever and
the substrate, with parameters shown in Figure 4a as provided
by the manufacturer,41 also contributes to the total signal. Figure
5 a and b show the relative contributions of the three components
to the force gradient for two different probes. The cone angle
used for the cone-plane contribution is 12°, which is the angle
of the largest cone inscribed in the pyramid. d2Ctot/dz2, with F
as the only parameter, is fitted to the data. For the tip in Figure
5a, the best fit is achieved with a radius of 26 nm, whereas for
the tip in Figure 5b, the radius of 15 nm gives the best result.

From these plots, we can see that at small tip-surface
separations the sphere contribution to the capacitive force is
dominant, whereas at larger separations, the cone is responsible
for a greater fraction of the total signal.

When d2C/dz2 data is fit by the d2Csphere/dz2 or d2Ccone/dz2

models alone, such thatF is the only fitting parameter for the
sphere model (Figure 5c) and theθ is the only fitting parameter
for the cone model (Figure 5d), the fits obtained are significantly
worse. From this, we conclude that in the tip-surface separation
regime of our experiments (between 25 and 50 nm) both
interactions are important and should be included in the charge
calculations.

An approximate, independent, measurement of the tip radius
can be made from tip-sample convolution in topographic
imaging. The height measurement is not affected by this
convolution, whereas the diameter as measured at the base of
the particle will bed ) (16ractualF)1/2. As measured from images
of nanoparticles, tips #1 and #2, for which d2C/dz2 data is shown
in Figure 5, have radii of∼25 and∼16 nm, respectively. This
is in agreement with the radii deduced from fitting the sphere-
cone tip model to the EFM data.

C. Capacitive Interactions with Single Gold Nanoparticles.
Though the model describes the tip-flat substrate capacitor well,
we need to test whether it quantitatively describes capacitive
interactions with curved nanometer sized samples. Citrate
passivated gold nanoparticles are used as a test system because
they have a known metallic dielectric constant and are available
in a large range of diameters. The capacitive forces are recorded
for individual particles as a function of tip radius,F, particle
diameter,d, and tip-surface separation,z, and compared to those
predicted by the model. In this experimentd ranged from 6 to
18 nm as determined by AFM,z from 22 to 50 nm, andF from
15 to 26 nm.

The oscillating polarization induced in the particle is not a
simple dipole because the tip-substrate field is not uniform
over the volume of the particle. Figure 6a shows a plot of the
radial dependence of tip-substrate electric fieldsEx and Ez′
through the middle of a particle (z′ ) d/2). Figure 6b shows
the z′ dependence ofEz′ along the central axis of the system
(the x component of the field is zero along this axis) and the
hypothetical uniform field, assuming parallel plate geometry
with plate separation equal toz that would occur at the same

Figure 4. a. Tip geometry used to model the tip-surface capacitance.
All size parameters are provided by the manufacturer. b. An illustration
of the charge distribution in the tip as described by the line and point
charge models indicating the relevant geometric parameters.
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Figure 5. a,b. Fitting of theCsphere+ Ccone + Cparallel-plate model of
tip-surface interactions to d2C/dz2 data for two different probes. The
dotted lines show experimental data. Solid lines labeled 2-4, respec-
tively, are d2Csphere/dz2, d2Ccone/dz2, and d2Cparallel-plate/dz2 contributions
to the model. Solid line 1 is the sum of all three components. c. Best
fit of d2Csphere/dz2 to the data obtained for Tip #2, withF ) 21 nm. d.
Best fit of d2Ccone/dz2 with the cone angle as the fitting parameter, with
θ ) 30°.
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VAC (parameters illustrated in Figure 6d). Figure 6c shows that
at these fields (<106 V/cm) the polarization induced in the Au
particles on the surface is linear inVAC as previously assumed.

To model the field felt by the tip, due to the AC polarization
of the particle, we used the expression for the potential due to
a polarized dielectric sphere43 (20) in the field of an external
point chargeq located a distances from the sphere center

Here the origin is defined by the center of the sphere so thatr
) z - d/2 - h/εh. For a Au particle, the dielectric constantε is
set to infinity. In this expression,Pn(cosφ) is thenth Legendre
polynomial andφ, the angle vectorr makes with thez axis, is
set to 0. Similarly, we use expression (21) to describe the

potential due to the sphere polarized by a line chargeλ

The Au particle is polarized by the point charge in the center
of the sphere on the tip,Qsphere, the line charge in the cone,λ,
and their respective oppositely charged images in the metal
substrate,Qsphere

im andλim, so thatætot(r) ) æQsphere(s1) + æQsphere
im

(s2) + æλ(-s3) + æλim(-s4). Here,si’s are the distances of the
respective charges from the center of the particle and are
functions ofz, d, F, andh:

The total force on the sphere and cone at2ω due the dielectric
particle is then given by

where the first two terms are forces of the oscillating particle
field on the sphere and the cone of the probe respectively,
whereas the last two terms are due to the image of the particle
in the metallic substrate. There are two types of interactions
not being accounted for in (23). One is the interaction of the
polarized sphere with its own image set in the tip, which is
expected to be very small, on the order of 1% of the total. The
other, is the interaction potential of the sphere with its own
image, which should cause no more than 5% error inætot(r).

Figure 7 showsz dependence of the predicted and observed
force signals for three probes having different radii. The dots
and lines of the same color represent the experimentally obtained
and model predicted values respectively for a given range of
particle diameters. The model predictions are plotted for the
average diameter in the given range. Figure 7a,c, and e show
dF2ω(z)/dz, for F2ω(z) given by (23). This model, with no
adjustable parameters, predicts the absolute magnitude of the
force signal and is off by at most a factor of 2 when d< F/2.
Figure 7a,d, and f incorporate a curvature correctionzoff

(discussed below) and show plots of dF2ω(z - zoff)/dz.
The model, based uponC(z) for a flat substrate, does well in

predicting the force due to polarizable Au particles. There are
several trends in the residuals between the data and prediction.
There is a large dependence on the relative sizes ofd and F.
The model undervalues the force from large particles more at
higherz’s and it undervalues the force from small particles more
at lowerz’s, whereas the extent of the error is largely governed
by the value ofF. For instance, looking at Figure 7a, we can
see that whend is between 11 and 15 nm and theF is 15 nm
the model is correct at low values ofz < 35 nm, whereas in
this z range it undervalues the small particles withd’s between
6 and 10 nm. From Figure 7e, we can see that the model is

Figure 6. a. Lateral distribution of thez′ and x components of the
electric field due to the EFM probe over the volume of a particle. All
the parameters are as described in d. b. Axial distribution of thez′
component of the electric field due to the tip over the volume of the
particle. c. Normalized surface electric fields due to AC particle
polarization versusVAC, showing a linear relationship between the two.
d. Schematic of a particle inside a tip-plane capacitor showing the
dependent and independent parameters of parts a and b. The calculations
were done usingd ) 15 nm,F ) 15 nm, andz ) 25 nm. With other
parameter values the magnitudes of the fields change but the overall
shape remains the same.
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correct ford between 14 and 18 nm forz> 40 nm, and it greatly
underpredicts the force for 8 to 11 nm particles at smallz’s.
From above, it is evident that it is a nonlinear relationship
between the three parameters,z, d, and F that define the
geometry of the system, that determines when the model is
accurate and when it is not.

Because of the lack of symmetry in the real probe geometry,
we cannot analytically describe the curvature of the tip in order
to accurately describe the interactions between the centers of
charge-mass of the analyte and the probe. Therefore, a statistical
approach was used to determine which curvature defining factors
are most significant in accounting for the error. In a data set of
500 measurements at specificF, z, andd, discrepancies can be

eliminated by adding an appropriate offset value to the variable
z, the tip-surface separation. We obtained a five term model
for the offset by putting all linear and two-term interactions of
the three variables that define the geometry of the system,z, F,
and d, into a linear stepwise regression procedure. The most
statistically significant terms, which together explained the
mismatch with anR2 of 0.68, were shown to bez, F, d, zF, and
d/F. The final expression for thezoffset is

wherez, F, andd are expressed in nanometers. Each of the terms

Figure 7. a,c,e Comparison of thez dependence for the observed and predicted dF2ω(F,z,d)/dz for three values ofF: 15, 19, and 26 nm and for a
range of particle diameters shown in the figure insets. b,d,f. Comparison of thez dependence of the curvature corrected model, dF2ω(F,z - zoff,d)/dz,
and the observed dF2ω(F,z,d)/dz for the same diameter ranges and tip radii as in a, c, and e. The dots and solid lines of the same color show the data
and model prediction for the indicated diameter range. The model is plotted for averaged in the range.

Figure 8. a. Comparison of thed dependence of the predicted an observed dF2ω(F,z,d)/dz for three values ofF at a fixedz. b. Comparison of the
d dependence of the curvature-corrected model dF2ω(F,z - zoff,d)/dz and observed dF2ω(F,z,d)/dz for three values ofF at a fixedz. The dots and
solid lines of the same color show the data and model prediction for the same tip radius.

zoff ) 1.02F - 1.32d + 0.707z - 0.02Fz + 12.28
d
F

- 19.43
(24)
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in the model is statistically significant at a>99.99% level. The
solid lines in Figures 7b,d,f are plots of dF2ω(z - zoff)/dzversus
z and are in good agreement with the data, correcting all the
systematic discrepancies observed in the uncorrected model. For
the typical values ofF, z, and d of 18, 30, and 10 nm,
respectively, the offset value is∼3 nm. The average offset value
for all data presented here is∼2.81 nm.

The diameter dependence of the corrected and uncorrected
models can also be compared by plotting the dF2ω(z)/dz and
dF2ω(z- zoff)/dzversus the particle diameter at fixedz for three
different probes (Figure 8). The major discrepancies in diameter
dependence also disappear in the corrected model. From the
large change in curvature of line 1 from Figure 7a to Figure
7b, corresponding to a very large tip radius of 26 nm, the extent
of the effect of the tip radius on the predicted signal strength
can be seen.

Conclusion

The significant tip-to-tip variability in d2C/dz2 curves is
explained by variability in the EFM probes’ geometric param-
eters. To describe the capacitive interactions between the tip
and the surface, a conducting AFM probe is modeled as a cone
with a small sphere at the end. Each probe is described by a
single fitting parameter, the radius of the sphere. This model is
tested on a well characterized sample of gold nanoparticles with
a large range of sizes. When a sample of large curvature is
introduced into the capacitor, a mismatch between the measured
and predicted force gradients was present. This mismatch was
shown to be strongly dependent on the relative curvature of
the sample and probe. Statistical analysis was used to derive a
curvature-offset term that accurately described the whole dataset.
Because of the goodness of fit for the empty capacitor model,
we believe that no curvature-offset is necessary for describing
thin-film samples.

Because of the relatively high sensitivity of the instrument,
electrostatic profiles of very small objects that are proposed for
use in nanotechnology can be measured. The average measured
noise on the Si substrate with thermal oxide under ambient
conditions is∆ν/ν ≈ 2.5× 10-5. This noise puts a lower bound
on the dimension of a spherical object that we can study. This
noise level corresponds to a measurement of an induced
multipole from a single 2.5 nm metallic sphere or from a 3.5
nm dielectric sphere (ε ) 2), with a tip of radius of 18 nm at
a tip surface separation of 14 nm. Although at 10 nm tip surface
separation, we can see individual dielectric spheres as small as
2 nm. At lower temperatures and/or flatter substrates, the
minimum size should be smaller. A well calibrated EFM
instrument should prove to be a valuable tool for extracting
information about the electrostatic behavior of nanostructured
materials.
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