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Abstract: A dispersive model is developed for wave propagation in periodic heterogeneous media. The
model is based on the higher order mathematical homogenization theory with multiple spatial and temporal
scales. A fast spatial scale and a slow temporal scale are introduced to account for the rapid spatial fluctua-
tions as well as to capture the long-term behavior of the homogenized solution. By this approach the prob-
lem of secularity, which arises in the conventional multiple-scale higher order homogenization of wave
equations with oscillatory coefficients, is successfully resolved. A model initial/boundary value problem is
analytically solved and the results have been found to be in good agreement with a numerical solution of the
source problem in a heterogeneous medium.

1. Introduction

When a wavelength of a traveling signal in a heterogeneous medium is comparable to the
characteristic length of the microstructure, successive reflection and refraction of the
waves between the interfaces of the material lead to significant dispersion effect (see for
example [1][2][3]). This phenomenon cannot be predicted by the classical homogenization
theory and thus prompting a significant interest in the scientific community in attempt to
develop a dispersive effective medium theory.

The use of multiple-scale expansions as a systematic tool of averaging for problems
other than elastodynamics can be traced to Sanchez-Palencia [5], Benssousan, Lions and
Papanicoulau [6], as well as Bakhvalov and Panasenko [7]. The role of higher order terms
in the asymptotic expansion has been investigated in statics by Gambin and Kroner [8],
and Boutin [9]. In elastodynamics, Boutin and Auriault [10] demonstrated that the terms
of a higher order successively introduce effects of polarization, dispersion and attenuation.

There is a substantial number of articles utilizing multiple-scale homogenization tech-
niques for wave propagation problems in periodic media. Most often, a single-frequency
time dependence is assumed prior to the homogenization [11]. A notable exception is a
recent article of Fish and Chen [12], which investigated the initial/boundary value problem
with rapidly varying coefficients by employing the multiple-scale homogenization tech-
nique. They showed that while higher order terms are capable of capturing dispersion
effects, they introduce secular terms which grow unbounded with time. When the observa-
tion time is small, higher order terms introduce the necessary correction to the leading
order term capable of resolving the dispersion effect. However, as the time window
increases, the higher order terms become close to or larger than the leading order term
owing to the existence of secularity. In this case, the asymptotic expansion breaks down as
it ceases to be valid. To our knowledge, the present manuscript represents a first attempt to
resolve the problem of secularity within the framework of the multiple-scale analysis for
wave propagation in composites.




For dynamic problems, described by hyperbolic differential equations, there are at least
four scales involved: (1) the scale of the microstructure, (2) the scale of the macrostruc-
ture, (3) the shortest wavelength of the signal traveling in the media, and (4) the time scale
of observation. The dispersion phenomena become prominent when the time window is
large. Therefore, in order to properly model the dispersion effect, it is desirable to con-
struct uniformly valid asymptotic expansions.

The primary objective of the current manuscript is to study the problem of secularity
introduced by the higher order multiple-scale approximation of the initial/boundary value
problem in periodic heterogeneous media. We first consider fast spatial-temporal scales in
addition to the usual space-time coordinates. The resulting unit cell problem is shown to
be hyperbolic giving rise to fast time dependence of the solution in the unit cell domain,
while the resulting macroscopic equation is the same as in the classical multiple spatial
scale analysis and thus failing to resolve dispersion effects. The main contribution of the
present paper is given in Section 3.2, where we introduce both fast spatial scale aimed to
account for rapid spatial fluctuations of material properties and a slow temporal scale des-
ignated to capture the long-term behavior of the homogenized solution. The resulting mac-
roscopic equations of motion are solved analytically in Section 4 for an illustrative initial/
boundary value problem.

2. Problem Description

We consider wave propagation normal to the layers of a periodic elastic bilaminate with
Q as the characteristic length (see Figure 1). The governing elastodynamics problem is
stated as

p(x/&)uy —[E(x/€)u,], =0 )
with appropriate boundary conditions on the domain boundary and initial conditions
u(x 0) = f(x) . uy(x,0) = g(x) 2

whereu(x, t) represents the displacement fiplk/ €) B €) are the mass density
and elastic modulus, respectively;)., andg., denote differentiation with respect to

and time, respectively; arii<e «1 in (1) is used to express a rapid spatial variation of
material properties.

The goal is to establish an effective homogeneous model in which the local fluctuations
due to the heterogeneities do not appear explicitly and the response of the original hetero-
geneous material can be approximated by the response of the effective homogeneous
medium. This is facilitated by the method of multiple-scale asymptotic expansion.
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Figure 1: A bilaminate with periodic microstructure

3. Asymptotic Analysis with Multiple Spatial and Temporal Scales

Under the premise that the composite macro reference lengtih/ (211) A ( the mac-
roscopic wavelength) [10][17] is much larger than the unit cell dimenSlon , i.e.

Q/L = (wQ)/c = kQ «1, wherew, k and are the circular frequency, wave number
and phase velocity of the macroscopic wave, respectively, it is convenient to introduce a
microscopic spatial length variablesuch that

y = x/¢ 3)
In addition to the fast spatial variable, we will consider various time scales

m

E=c¢t 4

wheremis an integer. Since the response quantitiisdo depend oxy y = x/¢ ,t, and

¢ = ¢Mt, a two-scale asymptotic expansion is employed

U % 18) = Y Eu(NtE). oyt = Y Eoxytd)  ®
i=0 i=-1

The homogenization process consists of inserting the asymptotic expansions (5) into the
governing equation (1), identifying the terms with the equal power of , and then solving
the resulting problems.

Following the aforementioned procedure and replacing the spatial deri¢a)iye by
( )’X+a_1( )’y and the time derivativ¢ )., by ),t+sm( )z , we obtain a series of

equations in ascending powersf starting with
3.1 Fast Spatial-Temporal Scales

This case correspondsio= -1 . The two time scales are related by




& =t/¢ (6)

I
=

At O(s_z) , we get
p(y)uoynr]_[E(y)uoyy],y =0 (7)
from where it can be easily shown toigt  is independgnaoéin and thus

Ug = Uy(x 1) (8)

ForO(a_l) equation we get
POY)UL gy = [EM (U + Uy )], = O ©
Owing to linearity of the above equation, the solutionof  can be sought in the form

ul(X! y! t, rl) = Ul(X, t) + M(y’ n)uo,x (10)
Substituting (10) into (9) yields

PYIM i —[E(W(1+My)], =0 (11)

Consider the unit cell in Figure 1. The cell domain consists of subdomhs and

A(Z), occupied by materials tagged by superschifad2, respectively, such that
AD = [y| 0<y<aq], A® =[y| aq<y<Q] (12)

where0O<a <1 is the volume fraction of the unit cé&l; is the unit cell domain in the

stretched coordinate systggnsuch thatQ/Q = ¢ . Since material properties are piece-
wise constant over the unit cell, equation (11) can be written as

2 _ .
Mign=C My =0, (i =12 (13)

where
c; = JE/P1. C = JE/P, (14)
The boundary conditions for the unit cell problem described by (13) are:

(a) Periodicity: U,(y=0) = u;(y=9Q) 0,(y=0) = oy(y=9Q)
(b) Continuity: ~ [u;(y=0aQ)] =0, [og(y=aQ)] =0 (15)




where[ ] is the jump operator and
o, = E(y)(uix+ui+1’y), i =01 ..,n (16)
Substituting (10) into (15) gives
Mi(0.N) = Mp(@n), Ef{1+ My (0n)} = E,l+Mpy(@m)E @)

M;(aQ,n) = My(aQ,n), E1§1+M1’y(aQ,n)§: Ezﬁll+M2’y(aQ,r])|@ (18)
For simplicity, initial conditions are taken as
M;(y,0) = M;,(¥,0) =0, (j =1,2) (19)

We solve the unit cell problem defined by equations (13) and (17)-(19) using the method
of Laplace transform. Taking the Laplace transform of (13) with respagt to  and using
the initial conditions (19) yields

2
S?Mi(y, ) —¢ a" Mi(y,9 = 0. (j = 1,2) (20)
y

whereMij(y, s) is the Laplace transform Mj(y, n) . The general solution of (20) is

Ml(y, S) = Alcosh?/+ Azsinh‘Z—y, Mz(y, S) = Blcosh—y+ stmh >y (21)
1 1 Co

whereA; A, B; and, are constants to be determined by the boundary conditions. Tak-

ing the Laplace transform of the boundary conditions (17) and (18), and substituting (21)
into the transformed boundary conditions yields

A Blcosh— + stth—Q

Co

Alcosh—+A2 mhﬁ = B;c oshSO(—Q+BZS|nhS2—Q
C1

2

E E AD E S—l+—B S|nh—+—B osh—D

1065 "¢, 20 " B G C20
Elg_l + EAlsmhsﬂ + EAzcoshsa—QD Eﬁl + — Blslnh% + —BzcoshSG—QD
B C C, C ) C2 O

(22)




Solving (22) for constantd, A, B; am}

, and substituting the result into (21)
yields
— _ EZEP]_(y! S) _ E2|:P2(y’ S)
Mi(y, §) = cl%t—E—lDSZF(S) . Ma(y,9) = ¢l -2 Tre (23)
where

D,(y, s) = sinh®,(cosh®d;— coshd,) + k(coshd, — J(sinhd; + sinh®,) (24)

D,(y, s) = (cosh¥; — J(sinhW;— sinhW,) + ksinhW,(cosh¥, — cosh¥,) (25)

_s(1-a)Q _ S(y-aQ) sy
Y, = saQ’ Y, = s(y—aQ), Y, = sS(Q-y) @)
Cq Cy Cy
2
F(s) = 21(—%00::}(59%(1 k)’ cosh(sp) (28)
0= %)_F(l—a)Q, B = aQ (1-a)Q 29)
Cq Co C1 Co
c.E E
K= 12 2P2 (30)
CoEy E.p;
Mj(y, n) can be obtained by taking the inverse Laplace transform of.3)
W+ ®) gn
My, n) = LTIMI(y, 9)] = 5 O T e 0512 @

(y—io)

In order to evaluate the above integrals, we first find the singular points of the integrands
Using the hyperbolic identity

cosh(2x) = Zsinhx)®+1 (32)
F(s) can be written as

F(s) = (1-K) %thBDZ (1+K) E&mhseDz = 4F,(S)F,(s)

(33)
where




F,(s) = sinAcos(pUA) + kcosAsin(uA), F,(s) = ksinAcos(UA) + cosAsin(pUA) (34)

1-a)c
) = isaQ "= ( )Cq (35)
2c, ac,

Therefore, the singular points of the integrands in (31) are the high-order pote @t
and the simple poles obtained frdm(s) = 0 dngs) = 0 (excludirg O ). The

rootsA,, and\,, n = 1,2 3 ... aresymmetrically located.

In order to evaluate the residues of the integrands=aD , we expand both numerators
and denominators of the integrands into Laurent series [18][19] and apply the binomial
theorem to the denominators assuming the valigeifery small. The residues are then

the coefficients of 1/s in the Laurent expansions. The residues of the integrands at
s = 0 are given as

e D, (y, 90 _ _(1-0)E(y-a0/2) a5)
0 s°F(s) G-o Ci[(1-a)E; + aEy]
e™'D,(y, 90 _ 9Ely-(1+a)0/2] -
0 $F(s) G- Cil(1-0)E;+aE)]
The residues at simple poles are evaluated as
0 [l 0 0
0e”'D;(y, 9) O 0 €Dy, [ .
EI.EZ—E . =%42 d E . (=12) (38)
1C1A 1y — _ <ICiAg,
EHS[S F(S)] = —— 0 S FZ(S)dSFl(S)lj————A
aQ aQ
[l 0 [l [l
0e™'D;(y, 9) O 0 e'Di(y.s) O .
EQZ—D . =E42 3 o =12 (39)
IC n — _ IC n
s FONR= 2 LIS (Fa(9) - o

In the above two equations, we have exploited the fachthat Agnd=1,2 3 ...]
are roots of,(s) = 0 andr,(s) = 0 , respectively.

Based on the theory of residues, the integrals in (31) can be evaluated as

”D ’
Mj(y.n) = c:l%l——Dz 2 SF((Z))S (i=12) (40)




which can be further expressed as

_ (1-a)(E;—Ey)(y-aQ/2)
M) = ——a"gE, vag,

%L Ezg |:W1()‘1n)coozcl)‘lnr|+W1()\2n)coozcl)‘2nr|} 1)

~ | Gi(Agn) T g0 G(a) T 44
_ (B —Eyly-(1+0)Q/2]
Maly.n) = (1-0)E,+aE,

G0 gn Gl 46
where

Wy(A) = sin(zm){mg{y A= aQ)}

aQ aQ

k[ cos(2pA) — ]]{sm 7\y+ smw} (43)

aQ aQ
W,(A) = [COS(ZA)—l]{sinZH)\(Q V) _ gipZHAyZaf) )
(1-a)Q (1-0)Q .

COS —co (44)
(1- O()Q (1- O()Q

ksin(zx){ GHAQ—y) o 2UA(Y - uQ)

Gi(A) = Az[ksin)\cos(u)\) + cosA Sin(pA) [{ L[ kcosh cos(UA) —
SiNASIN(UA)] — [ksinA sin(pUA) — cosh cos(UA)] } (45)
G,(A) = )\z[sin)\cos(u)\)+kcos?\sin(u)\)]{u[—ksin)\sin(u)\) +

COSACOS(MA)] + [Kkcosh cOS(UA) — sinAsin(pA)]} (46)

From the solutions of (41) and (42) it can be observedMtigin) consists of two
parts. The first part is fast time independent whereas the second part is fast time depen-
dent.

Finally, forO(1) equation, we get:




p(y)(uoytt + 2u1,tr] + u2,r|r|) - [E(y)(uo‘x + u]_‘ y)]’X_[E(y)(u]_,x + U2, y)]’y =0 (47)

For af) -periodic functiog = g(x y t&) , we define an averaging operator

1
o= = jg(x y, t &)dy (48)
Q -

(@]

Applying theaveraging operator to (47) and making use of the solution,for , we arrive
at

T (Y) g + P(Y)Up 3= CE(Y)(1+ M )[llg 0 = O (49)

We assume that fast time average

|
lim :—LI u (% y, t n)dn (50)
T o O

exists and is finite. Following Francfort [14], we suppose that

lim sy (51)
s-0
exists and is finite, wheng is the Laplace transform, of  with respect to the fast time

Taking the Laplace transform of (49) with respectito  and performing the averaging in
the fast time, we get the macroscopic equation of moti@{ Bt

PoUg, 1t — EgUg, xx = 0 (52)
where
= pO= ap, + (1 E, = E15 53
Po = U= ap;+(1-a)p,, 0~ (I—a)E, + aE, (53)
We conclude that the macroscopic equation of motidy &} is non-dispersive. Pro-

ceeding with the derivation of the higher-order terms reveals that the fast time dependence

of the displacement field introduces secular tern@(a%) and higher.

3.2 Fast Spatial and Slow Temporal Scales

In this section we introduce a fast spatial scale to account for the rapid spatial fluctua-
tions of material properties and a slow temporal scale to capture the long-term behavior of

the homogenized solution. We set= 2 | i.e.

E=¢t=r1 (54)




At O(a_z) , we have
[E(y)ug,] , = O (55)

The general solution to the above equation is

Yoty 1
Ug = ay(x t, T)Iy Wdy+ a(x 1, 1) (56)

where a;(x t,T) anda,(x,t,T) are integration constants. Due to periodicityl,of

a,(x, t, 1) vanishes, implying that the leading-order displacement depends only on the
macroscale, i.e.

Ug = Ug(X 1, T) (57)

At the next ordeO(a_l) , the perturbation equation is
[E(Y)(Ug + Upy)], = O (58)
Due to linearity, the general solutionwf  becomes
Ur(% Y, £ 1) = Ug(X £, 1) + N(Y)ug (59)
Substituting (59) into (58) yields
[E(Y)(1+N)], = 0 (60)

Equation (60) together with the periodicity and continuity conditions of ognd  over
the unit cell domain as well as the normalization condifioy(x, y, t )= 0 define the
the unit cell boundary value problem from whig{y) can be uniquely determined

_ (1-a)(Ey;—Ey) aQ _ a(E-Ey) (1+a)Q
Ni(y) = (1—a)El+aEz[y‘7] N(y) = (1—0()E1+0(E2{ —T2 } (61)

It is interesting to note thhAlk(y) is the same as the fast time independent\déyt Q)
in the previous section.

AtO(so), the perturbation equation is
P(Y)Ug st —[E(Y) (Ug x + Uy )], —[E(Y)(ug x+ Uy )], = 0 (62)

Applying the averaging operator defined in (48) to the above equation and taking into
account periodicity oty; , we get the non-dispersive macroscopic equation of motion

10



which is identical to equation (52). In order to capture the dispersion effect, we proceed to
higher order terms.

3.2.10(g) homogenization

Higher order correctiony, , can be determined f@(mo) perturbation equation (62).
Substituting (59) and(52) into (62), yields

[E(Y)(ug, y +Uyg x + NUp )], = EolP(Y)/ Po— 1] Ug, xx (63)
Linearity suggests that, may be sought in the form
Uy(X Y, £ T) = Uy(X, t,T) + N(Y)Uyp  + P(Y)Ug ¢« (64)
Substituting the above expression into (63) yields
[EM(N+P)], = Eolp(y)/po—1] (65)

The boundary conditions for the above equation are: periodicity and continuity of

ando, as well as the normalization conditicim,(x, y, t T)0= 0 . Here we only provide

general ideas. For detailed solution of the unit cell boundary value problem, we refer to
[12]. OnceP(y) is found, we can calculate

[pNO= 0, [E(N+P)0=0, [E(u,+U,,)0= EU; (66)
Consider the equilibrium equation©fe)
P(Y)Uy g = [E(Y) (uy x + Uz )] —[E(Y)(Uy x+ Uz )], = 0 (67)

Applying the averaging operator to the above equation, exploiting the periodiaiy of
and making use of (66), we arrive at

PoU1st—EoUy xx = 0 (68)
3.2.20(82) homogenization
Substituting (59), (64) and (68) in(e)  equilibrium equation (67) yields
[E(Y)(Ug g+ PUg yxx* NUyp 5+ Uz 01 = Eo(P(Y)/Po—1)Ug i *

[EoNP(Y)/Po—E(Y)(N+ P)Ug yux (69)

Due to linearity of the above equation, the general solutiog of is as follows

11



US(X! y! t1 T) = U3(X! t’ T) + N(y)Uz‘x + P(y)Ul‘ XX + Q(y)UO, XXX (70)
Substituting the above expression into (69) gives

[EM(P+ QI = EoNp(Y)/po—E(V)(N+Py) (71)

The above equation, together with the periodicity and continuity of ofand  over the
unit cell domain as well as the normalization conditian(x, y, t, T)00= 0 , fully deter-
minesQ(y) . AfterQ(y) is solved for, we can calculate

L 181010, ~p1)(Esp ~E,p)EQ°

e 12p,E,E, (72)
o oo (A1 OE,~E)la’p, —(1-0)°p, +Eppy
( Q,y) - 12p0 E (1 _ C() El +0a E2 - pOE (73)
Finally, consider the equilibrium equationcm(fsz)
PY)[Uz e + 2Ug 1 ] E(Y) (U, + U )] (AE(W)(Ug x Uy )], = O (74)

Applying the averaging operator to the above equation, taking into account the periodic-
ity of g5 and making use of (72) and (73) lead to

1
pOUZ,tt - EOUZ, XX S_ZEdUO, XXXX 2p0u0,tr (75)

where

_ [a(l- G)]Z(Elpl_ Ezpz)ZEoQ2
12p3[(1—0()E1 + GE2]2

(76)

E4 characterizes the effect of the microstructure on the macroscopic behavior. It is propor-
tional to the square of the dimension of the unitQell . Note that for a homogeneous mate-
rial,a = 0 ora = 1, and in the case of impedance ratie z,/z, (z = JEp) equal

to one,E; vanishes.

Remark 1in absence of slow time scale, the macroscopic equation of moﬁh{laze)t is

1
pOUZ,tt_EOUZ, XX a_zEduO,xxxx (77)

12



In Section 4 we will show that the solution of this equation introduces secular terms.

Remark 2:Alternatively, we could have considered slow time scaling witk 1 , e,
¢ = et = (. It can be shown that the homogenized equations of motion in this case are:

PoY1s—EoU1 xx = —2PoUg 1z (78)
1
pOUZ,tt - EOUZ, XX a_zEdUO,xxxx_ 2p0U1,tZ ~Polo 2 (79)

3.3 Summary of Macroscopic Equations

In this section we summarize various order macroscopic equations of motion which have
been derived in the previous section and prescribe initial and boundary conditions. Atten-
tion is restricted to slow time scaling witi=2.

The macroscopic equations of motion are:

O(1) : PoUps—EqUg,, = O (52)
2\ . 1
O(e") pOUZ,tt_EOUZ, XX a_zEduO,xxxx_ 2pOuO,tr (75)

We consider the following problem: a domain composed of an array of bilaminates with
fixed boundary ak = 0 and free boundaryxat | subjected to the initial disturbance
f(x) inthe displacement field. The following initial-boundary conditions are considered:

ICs: Up(%,0,0) = f(X), Up(x0,0) =g(x) =0 (80)
BCs: ug(0,t,1) =0, ug,(l,t,T) =0 (81)

The calculation of the fieldU,(x,t, 1) is performed by solving equation of motion
(68). The initial and boundary conditions appliedetd, (x, t, T) must be such that the

global field uy(x, t, T) + €U, (X, t, 1) meets macroscopic initial conditions and conditions
imposed on the boundatr.e.

Ug(%, 0,0) +eU, (%, 0,0) = f(X), Ug(X 0,0)+eU;,(x0,0) =9g(x) =0
Up(0, 1, T) +eU (0,1, 1) = 0, ugu(lit, 1) +eUy, (I, t,1) =0

Considering (80) and (81) the initial and boundary conditionsWig(x, t, T) are

13



ICs: €U(x 0,0) = 0, €U;,(x0,0) =0

BEE, (0,1, 1) = 0, eUy,(l,t,1) =0

Similarly, the macroscopic fieldzuz(x, t, 1) is determined from the equation of motion
(75), with the initial and boundary conditions ﬁ)zruz(x, t, 1) constructed so that the glo-

bal field, uy(x, t, T) + U (X, t, T) +€2U2(X, t, T) , should satisfy macroscopic initial and
boundary conditions.

With this in mind, we obtain the initial and boundary conditions for different order equa-
tions of motion

ICs: Up(x, 0,0) = f(X) , Ug(x0,0) = g(x) =0
Ui(x,0,0) =0, U;(x0,0 =0 (i =1,2) (82)
BCs: Ui(0,t,1) =0, U, (Iit,1) =0 (i =012 (83)

From the above equations of motion and initial/boundary conditions, we can observe
that

U,(x, t,1)=0 (84)
4. Solution of Macroscopic Equations
4.1 Without Slow Time Scaling

First we show that in absence of slow time scaling, the response of the second order
eqguation contains secular terms. We begin with the zero-order equation of motion (52) and
employ separation of variables to solve for this initial/boundary value problem. Let

Ug(X, 1) = X(X)T(t) (85)
Substituting the above equation into (52) and dividing by the product yields

T _ 2X”__2
T—Cx—q (86)

whereq is the separation constant and

c = /By Py (87)

The resulting differential equations and corresponding solutions are:

14



T +q2T = 0, T(t) = Asin(qgt) + Bcog(qt) (88)

2

X' +LX =0, X(¥) = Ksch + DcosXX qu (89)
C

whereA, B, K andD are constants of integration. Substituting the above solutions into the

boundary conditions (83) gives

D =0, Kcos%I

0 (90)
The second condition in the above equation gives
= (2n—1)T2i|°, n=123..) 91)

Due to linearity of the differential equation, the total solution to the problem is the sum
of individual solutions. Hence, we may write

w

X
Ug(X t) = Z sinq%[Ansin(qnt) +B,,cos(q,t)] (92)
n=1

The coefficientsA,, an@®,, can be determined by the initial conditions. Substituting
(92) into the initial conditions (82) gives

w

(2n— 1)T[X (2n—-1)mc . (2n—1)TIX _
f(x) = z B, sin*———+— i z A, 5] sin i =0 (93)

n=1 n=1

Multiplying both sides of the above equationsdiy(2m— 1)1x/ (21)dx and integrat-

ing in space betweexn= 0 amd=1 ,yields
_ (2n— 1)T[x
A, =0, J'f(x)sn 5 (94)
Substituting (94) into (92) gives the final expressionufi, t)
_ (2n— 1)nct (2n 1) Tix
Ug(X, 1) z B, cos 5] 5] (95)

n=1

Next, we proceed to solve for the second order macroscopic equation. Taking the fourth
derivative ofuy(x, t) with respect toand substituting the result into (77) gives

15



Upy—CUp = z B, EH”D cos(qnt)smﬂqn 0 (96)

Equation (96) can be solved by using either the method of separation of variables or
Laplace transform. We employ the latter. Taking the Laplace transform of (96) with
respect to timeg, and making use of the initial conditions (82) yields

SUZ(X S) — CU2 XX = —z Bglng ZS Smg:lgm (97)
e%po 4 +ah

Whereaz(x, S) is the Laplace transformf(x, t) . The general solution of (97) is

X
Uz(x, 9) = b, cosh— +b, smh— +— Z B gl”% > > 25”%9%5 (98)

3 Po (s +qp)

whereb, andb, are constants. Substituting the above equation into the boundary condi-
tions (83), gives

Inserting the above equation into (98) and taking the inverse Laplace transform to the
resulting equation yields the solution fos(x, t)

w

at
Uy(x, t) = 3 Bnqnsm(qnt)smﬂn 0 (100)
2¢° poc
It can be readily observed that the solutiotgfx, t) is linear in time and will grow

unbounded as the time approaches infinity. Obviously, this does not reflect the physics of
the problem. Hence, the solution is only valid when the time window is very small. In an
attempt to construct an uniformly valid solution, we will consider a slow time scale in the
next section.

4.2 Dispersive Solution

We consider the solution of the macroscopic equations of motion (52) and (75). Assume
the following separation of variables fog(x, t, T)

Ug(X, £, T) = Y(X)O(t, 1) (101)

Substituting (101) into (52) and dividing by the produc yields
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16 _2Y 2
96—2 =c' = (102)

wherep is a separation constant. The resulting differential equations and corresponding
solutions are

99,0 =0, O@1) = S()sin(pt) + R(t)cos(pt) (103)
ot
2 X X
vr+ly =0, vy = hlsin%- + hzcos% (104)
C

whereh; andh, are integration constant§(t)  am{t) are undetermined functions.
Substituting the above solutions into the boundary conditions (83) gives

h, =0, hyco

ofc

=0 (105)
The second condition in the above equation leads to
= (2n—1)g—|c, (h=123..) (106)

Due to linearity of the differential equation, the total solution can be written as the sum
of individual solutions, i.e.

Ug(X t, T) = Z Sinp%X[Sn(T)Sin(pnt)+ R,(t)cos(p,t)] (107)
n=1

Inserting the above solution into the second order macroscopic equation of motion (75)
gives

2 _ P, P Eq (Pof |
Upt=ClUpp = Y E”sm% g%%% S,(1) + 2cR,, (1) |sin(p,t) +
0

n=1

{E
2
€p

The forcing terms in (108) will typically generate secular terms. In order to eliminate
secular terms the forcing terms are set to zero, i.e.

H%

o

D R,(T)—2cS (r)}cos(pnt)} (108)
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E 3 E 3
ST s @+ 2erm =0, SLETRM-2e8,m) =0 o9
£200 £°po

Let

w, = 9 Pl _ (110)
"2ep 16p,cl’

3
Eq [&]D?* _ [(2n-1)m]"Ey4
ODcD

Then (109) can be written as
e2Rn(1) + 0. S,(T) = 0,  €Sn(T)—w R (T) = 0 (111)

Differentiating the first equation in (111) and inserting the second equation into the
resulting equation lead to

a4R”n(r)+wﬁRn(r) =0 (112)

Likewise, differentiating the second equation in (111) and inserting the first equation
into the resulting equation yields

'S’ (1) +w’S,(1) = 0 (113)

Solutions of (112) and (113) are
2 : 2 2
R,(t/€") = d;sin(w,1/€") +d,coq(w,T1/€")

S\(t/ 82) = dzsin(w,1/ 82) +d,co8(w,1/ 82) (114)

whered, ,d, ,d; andl, are constants of integration. The above solutions must satisfy
(111). Inserting (114) into (111) gives

d =-d,, d,=4d, (115)
Substituting (114) and (115) into (107) and utilizing initial conditions gives
d, =0, d,=B, (116)

and thus the dispersive solution up to the second order, denoted bg(g, asr/ez) , s
given as

2, _ w . pnx T [l
Ug(x, t, T/€7) = z anmTcosBun;—pntD (117)
n=1
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For function evaluation we insert= t/¢>  which yields

(2]

2
- 2n-1 E -
(2n-1mx | [(2n-1)T"Ey 1}(Zn 1)thtg w18

Ug(x 1) =y Bysini——; 8p002I2 5 0

n=1
5. Numerical Results

To assess the accuracy of the proposed model, we construct a reference solution by uti-
lizing a very fine finite element mesh and employ an explicit time integration scheme. We
consider the following initial disturbance in the displacement field:

f(%) = foaglx—(%=8)]"Tx= (% + )] { 1= H[x~ (%, + 8)]} [1 = H(xy =3~ x)]
wherea, = 1/3° andH(x) is the Heaviside step functifn; x,, and are the magni-
tude, the location of the maximum value and the half width of the initial pulse. Several

pulses withf, = 1m and different half pulse width, , are plotted in Figure 2.

o=0Em

og

{ak:] IJ/
{

o4

oz

|:.

o 05

Indhal pilse iz (m)

\

w [mi

Figure 2: The initial disturbance in displacement with different half pulse widths

It can be seen that this pulse is similar in shape to the Gaussian distribution function. Sub-
stituting the initial disturbancé(x) into (94) and integrating it analytically, yields
Xt 0
By = 5 [ foaglx— (%~ 8] Tx~ (X + )] *sin 21D
Xg—0

49152°%, 4 2
= — -{[1680" - 180(( n - 1)m3l)* +
o [(2n—-1)T11]

(2n-1)™X, . (2n-1)1d
21 o g
(2n-1)1X, e(2n—1)n65

3 .
840( 2n— 1)1l "] sin 5] COS 5] -

((2n—1)18)*] sin +[201((2n-1)T)° -
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We choose material propertiesfas = 120 GPa, E, = 6 GPa,p; = 8000 Kg/n?,

p, = 3000 Kg/n?, and volume fractiom = 0.5 . The dimension of the macro-domain
and that of the unit cell are setlas 40 mandQ = 0.2 m, respectively. The homoge-
nized material properties are calculatedEgs= 11.43 GPa, p, = 5500 Kg/nf3 and

Eq = 1.76% 1d N.In this caseF,/E, = 20 and the ratio of the impedances of the two

material constituents is = 7.30 . The initial pulse is centered at the midpoint of the

domain, i.ex, = 20 m, with the magnitude, = 1.0 m.
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Figure 3: Displacements at= 30m  for the normalized pulse wad#Q = 14

Figures 3-5 show the evolution of displacements at 30 mfor different values of pulse
width: d = 1.4 m, d = 0.8 mand d = 0.6 m. The corresponding ratios betwetre

pulse width and the unit cell dimensid)/Q , are: 14, 8 and 6, respectively. In each of
the Figures 3-5, there are three plots denoted as (a)-(c), which correspond to the numeri-
cally exact solution of the original heterogeneous problem, the analytical nondispersive

solution uy(x, t) obtained by the classical homogenization theory and the analytical dis-
persive solutiorugy(x, t) .
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Figure 4: Displacements at= 30m  for the normalized pulse vdd#Q = 8

The dispersion phenomenon can be clearly seen from Figures 3-5. In the low frequency
case, depicted in Figure 3, the pulse almost maintains its initial shape except for some
small wiggles at the wavefront. In this case, the zero-order homogenization theory pro-
vides a reasonable approximation to the response of the heterogeneous media. However,
when the pulse width of the initial disturbance is comparable to the dimension of the unit
cell and the observation time is large, which are the cases shown in Figures 4 and 5, the
wave becomes strongly dispersive and the zero-order homogenization errs badly. It can be
also seen that our dispersive model is in good agreement with the reference solution of the
heterogeneous media.

6. Concluding Remarks

Mathematical homogenization theory with multiple spatial and temporal scales have
been investigated. This work is motivated by our recent study [12] which suggested that in
absence of multiple time scaling, higher order mathematical homogenization method gives
rise to secular terms which grow unbounded with time. In the present manuscript we have
demonstrated that multiple scale analysis based on fast spatial and temporal scales gives

21



rise to nondispersiv®(1) model. On the other hand, the combination of fast spatial and
slow temporal scales successfully captures dispersion effects.

In our future work we will focus on the following three issues: (i) developing an uni-
formly valid mathematical model, (ii) generalization to the multidimensional case, and (ii)
a finite element implementation.
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Figure 5: Displacements at= 30m  for the normalized pulse wRBHQ = 6
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