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Abstract – This paper presents two actuation compensation 
methods for a snake-like robot implementing multi flexible 
backbones and actuation redundancy. This snake-like robot is 
designed for distal dexterity enhancement in MIS surgery of the 
throat. Actuation compensation is required to account for the 
flexibility of the actuation lines that connect this snake-like robot 
with its remote actuation units. The paper presents both a naive 
model-based compensation approach and a combined model-
based recursive linear-estimation approach that uses data 
gathered from external measurements of the snake-like unit 
configuration such as vision. The kinematic and static model of 
this multi-backbone snake-like unit is reviewed and a simplified 
redundancy resolution is implemented in the error compensation 
model. The results show that the performance of the snake-like 
unit is significantly improved when compensation is 
implemented. The combined model-based recursive linear 
estimation method showed 1  accuracy in path tracking. Finally, 
an updated Jacobian that accounts for the required 
compensation is presented. All the work done here strides the 
crucial step towards a successful clinical task such as suturing in 
the throat. 

Index Terms – Flexible stem, snake robots, surgical assistant, 
linear estimation, actuation redundancy. 

I. INTRODUCTION

Distal dexterity enhancement in Minimally Invasive 
Surgery (MIS) is a key enabler for complex tasks in confined 
spaces [1-3]. For this reason many works focused on various 
ways to overcome the dexterity constraints introduced by the 
“fulcrum effect” in MIS. These works included planar and 
spatial linkages [4, 5], parallel wrists [6, 7], serial articulated 
wrists [8-10], and more recently snake-like devices [4, 10-16] 
to allow surgeons to control the position and orientation of 
surgical tools. Distal dexterity improvement was investigated 
in robotic systems for laparoscopy [9, 17], arthroscopy [12], 
gastro-intestinal surgery [11, 16], neurosurgery [14], fetal 
surgery [13], and ENT surgery (e.g. [18], [19]). The actuation 
methods for these devices included wire actuation [9, 13, 14], 
SMA actuation [12], mechanical actuation through linkages 
[5], gear transmission [4], and our recent design which 
implements push-pull actuation by using flexible super-elastic 
members [3, 20, 21].  

 In many applications in MIS, the actuators are remotely 
located to provide MRI compatibility or because of space 
limitations. The classical use of wire-actuation and articulated 

wrists suffers from limited reliability of the wires, backlash 
and pre-tensioning problems. Inspired by the works of [22, 
23] using a single flexible backbone, a miniature 4.2 mm 
snake-like device for MIS of the throat and upper airways is 
developed, Fig 1. This snake-like unit overcomes some of the 
problems of wire actuated wrists by using multiple super-
elastic NiTi backbones for actuation and provides the 
structural rigidity required to faithfully manipulate a surgical 
tool in tele-manipulation.  

Fig 1. A detachable gripper and the 4.2mm two-section snake-like device 

While the introduction of flexible backbones eliminates 
significant backlash problems, promotes miniaturization and 
allows for actuation redundancy in push-pull mode, it also 
introduces modeling problems due to the flexibility and 
friction in the actuation lines. The actuation lines connecting 
the actuation unit and the snake-like unit may pass through a 
rigid tube (e.g. in our case [3]) or a flexible stem (e.g. [18]). 
Regardless, of the method used, it is necessary to compensate 
for extension in the actuation lines due to friction and to the 
actuation forces required to bend the flexible snake-like unit. 
This compensation is important for faithful control in master-
slave mode and also to provide a method to account for 
varying loads on the snake-like unit. 

Inverse kinematics compensation for flexible robots has 
been widely studied by [24-26]. Svinin [25] applied iterative 
process to find compensation of the deflection. Meggiolaro 
[24] used linear combinations of columns of the system 
identification Jacobian matrix to eliminate parameter 
redundancy for a precise compensation. Combining their ideas 
on the serial robots, we adopt a recursive estimation procedure 
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to update the system model to compensate for mechanical 
errors.

In section II, we present the structure, the kinematic and 
static modeling of the snake-like device, and we point out the 
sources of the error. In section III we propose a model-based 
compensation to account for the flexibility of the actuation 
lines. In section IV, the experimental results are presented, 
using a naive compensation scheme that does not account for 
backlash and any other mechanical errors in the actuation unit. 
In section V, we apply a combined model-based least-squares 
recursive linear estimation algorithm that relies on external 
measurements of the snake configuration (e.g. through vision) 
to improve the estimates of friction, load, and some parasitic 
backlash that may be present in the actuation lines, to finally 
achieve precise trajectory tracking. Section VI presents the 
experimental results that show significant improvement in 
trajectory tracking accuracy. 

II. THE SNAKE-LIKE UNIT

 Figure 2 shows the Distal Dexterity Unit (DDU) 
composed from the snake-like unit is of Fig. 1 and a parallel 
manipulation unit. The snake-like unit provides the gross 
motion capabilities while the parallel manipulation unit 
provides high accuracy localized 3 DoF motion at the tip of 
the DDU. The snake-like unit has four super-elastic NiTi 
tubes as its backbones. One primary backbone is located at the 
center and is attached to all the disks of the snake-like unit. 
Three identical secondary backbones are equidistant from 
each other and from the primary backbone. The secondary 
backbones are only attached to the end disk and can slide in 
appropriately toleranced holes in the spacer disks and the base 
disk. Each secondary backbone is actuated in push-pull mode 
by an actuation unit through a 480 mm long DDU holder and 
a channel in the snake cone, Fig. 3. Two DOF motion of the 
snake-like unit is achieved through simultaneous actuation of 
the secondary backbones. Although we has proved this kind 
of novel structure is theoretically superior to the wire-driven 
snake-like robots in supporting miniaturization and 
eliminating backlash [21], it presents difficulties in modelling 
and control due to the flexibility of the actuation elements. 

The generalized solution for the inverse kinematics of 
hyper redundant robots was given by [27, 28]. In this case, the 
kinematics of continuous backbone snake-like robots was 
addressed by [3, 22, 23]. The nomenclature used in this paper 
is hereby summarized, Fig. 4. 

Three coordinates systems are defined: the Base Disk 
Coordinate System bbb zyx ˆ,ˆ,ˆ , the Snake Plane Coordinate 
System 111 z,y,x ˆˆˆ , and the End Disk Coordinate System 

eee zyx ˆ,ˆ,ˆ . The symbols used are defined as below: 

i  -  Index of the secondary backbones, 3,2,1i .
s  -  Arc-length parameter of the primary backbone 

iL, L  -  Length of the primary and the ith secondary backbone 
measured from the base disk to the end disk 

LLq ii  - Joint displacement of the ith secondary backbone 

Fig 2. The Distal Dexterity Unit (DDU) composed from a  
parallel manipulation unit and a snake-like unit. 

Fig 3. A schematic of the actuation unit and the snake-like unit.

Fig 4. Kinematic nomenclature used in this paper 

cd , LL  - Respective lengths of the backbones in the DDU 
holder and the actuation cone. 

r  -  Radius of the base, spacer and end disks 
)(s  -  Radius of curvature of the primary backbone 
)(s  -  The tilting angle of the primary backbone tangent in 
the snake plane. )( Ls  and )0(s  are written as 

L  and 0 , respectively. 

 -  Division angle of the secondary backbones, 3/2
-  Right-handed rotation angle of the snake plane in base 

disk coordinate system 

i  -  Defined as )1(ii

i  - Offset from primacy backbone to the projection of the ith

secondary backbone on the snake plane. 
yxJ  -  Jacobian matrix that xJy yx

ysyp EE ,  - Young’s modulus for the primary and secondary 
backbones.

1 gripper 
2 moving platform 
3 parallel stage wires 
4 gripper wire 
5 end disk 
6 spacer disk  
7 central backbone tube 
8 base disk 
9 DDU holder 
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sp II ,  - Cross-sectional moments of inertia for backbones 

A  - Cross-sectional area of the backbones. 
t

321 ,,  - Actuation forces on the secondary 
backbones

t
321

~,~,~~  -  Forces from the actuation unit 
 -  Friction coefficient between the backbones and the 

actuation cone, Fig. 3 

if  -  Friction force on ith secondary backbone, iiif
~

sf  - Equivalent static friction in the snake cone 
Additional numerical values of the snake-like unit parameters 
are listed in Table I.   

TABLE I 
NUMERICAL VALUES OF PARAMETERS

mmL 26 mmr 5.1 54yp ysE E E GPa

mmddd oosop 66.0 mmddd iisip 50.0
mmLd 480 mmLc 58

The inverse kinematics of the snake-like unit writes: 
)( 0Liii LqLL  (1) 

where )cos( ii r , 3,2,1i . For given iq , the snake 

configuration t
L , is given by: 

iiL q /0  (2) 

)sin,cos2(atan 112 qqq  (3) 
The instantaneous direct kinematics is given by: 

qJ q  (4) 
Because of the actuation redundancy, there would be only two 
independent variables among 1q , 2q  and 3q . If we pick 1q
and 2q , the Jacobian matrix qJ  is derived as: 
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Where xsxc xx sin,cos
As shown in Fig 6, when the snake-like unit is bent by the 
actuation unit, the forces exerted on the secondary backbones 
expand or compress the flexible backbones in the long DDU 
holder. The secondary backbones pass through channels in the 
snake cone, and the frictions in the channels generates 
additional axial extension/compression on the backbones. Due 
to actuation errors generated by this extension or compression, 
the actual configuration of the snake-like unit deviates from 
its desired configuration. The corrected inverse kinematics is 
now given by: 

),()( 0 LiLii LL  (6) 
To obtain rough knowledge about ,Li , we can 

substitute Eq (2) into Eq. (5)  and simplify qJ  to: 

sinsin

sinsin

22
1

22
2

12

LL r
q

r
q

r
s

r
s

qJ  (7) 

Fig 5. The snake-like unit assembled to its actuation unit (top). 
 Experimental setup used to calibrate the snake-like unit (bottom).

Fig 6. Stiffness compensation model for a snake with extensible backbones 
(top) and an ideal snake with non-extensible backbones (bottom).  

Since qJ q , from Eq (7), we can conclude: 

1) When L  is small, errors on  will dominate. However, 
this would harm less since when L  is small, position errors 
of the snake tip is also relatively small. 
2) Errors on L  will always increase when iq  increase, 

while iq  increases as the desired L  increases. 

3) Refer to Fig 6, when L  is relative large, iq  will always 

have the same sign with iq  and will be roughly proportional 

to iq . Hence, 
sin22

2112

Lr
qqqq

 can be very small even 

zero. This explains why under some configurations, errors on 
 are considerably diminished.  

 The significant flexibility of the secondary backbones 
also greatly influences the kinematics of the snake-like unit. 
The corrected instantaneous kinematics is given by: 
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qJ q
~~  (8) 

Where qJ~  is the corrected Jacobian presented in section VI. 

III. MODELS OF ACTUATION FORCE AND FRICTION

 As described in section II, there are two main sources of 
error in the actuation system. Two models are introduced here 
to calculate the extension/compression on the backbones.  
A. Virtual Work of the Snake-Like Unit 

Since the length of the snake-like unit (26mm) is much 
shorter than the length of the DDU holder (480mm), the 
extension or compression of the backbones within the range of 
the snake-like unit is negligible. The static model of the snake-
like unit given in Eq. (9) was ever addressed in detail by our 
previous word [21] where ew  is the wrench applied on the 

snake-like unit by its environment, xJ  is the instantaneous 

kinematics Jacobian such that Jx x , and x is the 6 1
pose vector defining the position and orientation of the snake-
like unit. xJ  and qJ  were also both given in [21].   

e
t
x

t
q wJEJ  (9) 

With the virtual work equations, an optimization process is 
introduced. The solution presented here is a simplified special 
case, with no external wrench on the tip of the snake.

EJ
2
1

t
q

t

s.t.

)(
2
1ZMin 2

3
2
2

2
1

 (10) 

For simplicity and real-time computability, the optimal 
distribution of load on the secondary backbones is derived as: 

E)J(JJ 1
q

t
qq  (11) 

B. Friction Model 
 The main source of friction is the actuation cone in Fig 3. 
The channel of this cone consists of two 41  circular sections 
with a curvature of 20 mm and a tangential straight portion. 
According to the model of flat belt brakes [29], the actuation 
force i  on the backbone and the actuation force i

~  from the 
actuation unit have the following relationship: 

2~ eii  (12) 

We next add to our model a friction component 2efs  that 
accounts for the contact forces between the backbones and the 
cone as the backbones are bent to the shape of the channels, 
Eq. (13). The efficacy of this model is shown in section VI. 

2)(~ ef sii , 41  (13) 
 A calibration experiment was designed to obtain 
equivalent static friction force sf  and friction coefficient 
by measuring the relationship between actuation force on the 
backbone i  and the actuation force i

~  from the actuation 
unit. The experiment setup is shown in Figs 7, 8. The 
backbone is inserted into the snake cone and clamped at both 

ends. Standard calibration weights are used as forces which 
act on one end of the backbone. A force scale is used to 
measure the actuation force. The experiment results are listed 
in Table II. Least square curve fitting results is: Nfs 959.1
and 1727.0 . The curve fitting results are shown in Fig 8. 

Fig 7. A typical channel in the Snake Cone 

Fig 8. Experiment and Curve Fitting for Friction Calibration 

TABLE II 
FRICTION CALIBRATION EXPERIMENT RESULTS

i  [g] i
~  [g] i  [g] i

~  [g] 

0 ± 1 255 ± 25 100 ± 1 420 ± 25 
200 ± 1 525 ± 25 300 ± 1 630 ± 25 
400 ± 1 750 ± 25 500 ± 1 850 ± 25 
700 ± 1 1150 ± 25 1000 ± 1 1500 ± 25 
1500 ± 1 2150 ± 25 1800 ± 1 2600 ± 25 

The error limits of the parameter fitting are obtained from Eq 
(13) by differentiation: 

013501
2
1~

~
1

2
1

0200~2

.d
f

)d(dμ

N.ddedf

i
is

i
i

ii
μ

s
 (14) 

Therefore Nfs 020.096.1  and 014.017.0 .

IV. CLOSED FORM NAIVE COMPENSATION

With all the theoretical derivations, we naively introduce the 
compensation equation (please also refer to Fig 6): 
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qq~  (15) 
The stiffness matrices of the backbone sections in the DDU 
holder and in the snake cone are dK  and cK , respectively.

KK cd
~11  (16) 

cys

cys

cys

dys

dys

dys

LAE
LAE

LAE

LAE
LAE

LAE

cd KK ,  (17) 

Item Kc
~1  in Eq. (16) is actually an approximation, 

accounting for the integral of varying compression due to 
varying force along the backbone in the snake cone. 
 The experimental result with this scheme implemented is 
shown in Fig 10. The result shows that the bending error has a 
non-linearity when the desired bending angle is small. When 
the desired bending angle increases, the bending error shows 
some linearity again. This phenomenon suggests that the 
system has some backlash somewhere, which dominates when 
the desired bending angle is small. And we are missing certain 
proportional aspect (e.g. friction between the backbones and 
the spacer disks) of the real prototype, which will dominate 
when the desired bending angle increases. 
 An easy measurement supports our postulate. In Fig 5, a 
dial indicator is inserted into the actuation unit to measure the 
real displacement of the actuation unit. The measurement 
shows a 0.15-0.20 mm backlash in the actuation unit. We next 
present a recursive compensation scheme. 

V. COMPENSATION BASED ON RECURSIVE ESTIMATION

 We chose a recursive linear estimation approach [30] to 
improve our actuation compensation and to support real-time 
computing. We assume that the configuration of the snake-
like unit t

L , can be measured by external means (e.g. 
robot vision). We account for backlash in the actuation unit 
and friction in the snake-like unit by introducing two new 
parameters  and t,, . The scalar  is a scaling 
factor for the snake actuation forces . It accounts for friction 
and deviation of the real snake-like unit from an ideal snake-
like unit due to the fact that the spacer disks have a finite 
thickness that affects the bending of the snake (due to stress 
concentrations). The vector  accounts for backlash in the 
actuation unit. We assume uniform backlash in all identical 
actuators. The compensation is now given by: 

fKKKK scdcd )(e~ 12111  (18) 

Where t
sss ,f,ffsf . Since  and sf   are given by our 

experiments in section III, we will estimate  and . The 
initial estimation is calculated according to the first two 
measurements of . The observed required compensation, 

qq~ , is found by reading q~  from the encoders of the 
actuation unit; while q  is calculated from the inverse 
kinematics using Eq. (1), and the measured configuration 

t
L , . As new measurements of are obtained (at this 

time, through external measurements, the recursively 
estimated control parameters are updated manually. We plan 
to update these measurements automatically through computer 
vision.), the estimate t]ˆ,ˆ[x̂  is updated using: 

1
k

t
kk

1t
1kk1k

t
1kk1k

k1k1k1kk1k

HHP

HPHIHPS

)xH(zSxx ˆˆˆ

 (19) 

where kH  and kz  are respectively the kth measurement 
matrix and the kth measurement of , Eq. (19). 

t
kkk ]ˆ,ˆ[x̂  is the current estimated vector. In Eq.20 

k  is calculated based on the redundancy resolution of Eq. 
(11). The variance of the estimation error is given by Eq. (21) 
where t1t HH)(HK  and VV  is the variance of the 
measurement noise. In our calculations we use the 
conservative measurement noise standard deviation 1
and variance of IVV

2 , although our measurements have 
about 0.5° repeatability. The standard deviation of the 
measurement noise is equivalent to 0.0294mm on . The 
results of the estimation after 10 measurements are shown in 
table III and given in Eq. (22).

t
s

t
k

t
s

t
1

k

f

f
z

2

2

e

e
,

1

1e

μ2

2

t
kc

t
kd

t
1c

t
1d

k

KeK

KK
H  (20) 

t
VKKV  (21) 

0019.0220.1ˆ , mm0005.01778.0ˆ  (22) 
As a generalization of this approach, if we obtain , sf  and 

 from experiments characterizing the snake, we can estimate 
the total bending angle , which would be very useful for 
applications implementing a flexible actuation stem in 
minimally invasive surgery.  In this case the recursive linear 
estimation will be updated to include fading memory to 
account for variations of the friction in the flexible actuation 
stem as it changes its geometry [30].  
 Given the estimated parameters, the final compensation is 
given in Eq. (23) and  is given by Eq. (18). 

qq~  (23) 
The updated instantaneous kinematics of the snake-like unit 
with compensation has a different Jacobian qJ~  that is 
derived here. For ideal snake with no extensions in its 
actuation lines the kinematics is given in Eq. (24). By 
calculating the time derivative of the required compensation in 
Eq. (25) we find the updated instantaneous kinematics 
Jacobian according to Eq. (26). The detailed expression for 

( )  remains to be defined in a separate future study. 

)q(JqJ qq
~  (24) 
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( )KeK 1
c

2μ1
d  (25) 

q
1

qqq
1

q JJIJqJJI ~~  (26) 

VI. SIMULATION AND EXPERIMENTS RESULTS

 We conducted both simulations and real bending 
experiments to validate our models. Figure 9 shows the data 
of secondary backbone 1 only, since all backbones are subject 
to the same compensation procedure. Sample experimental 
results are shown in Fig 10 and Fig 11. The bending angle is 
measured according to the thin grids on the graph paper in the 
picture we took. Although the data presented in Figs. 10, 11 is 
for 0  and 30L , equally good results were obtained 

for different values of  and L . Fig 12 shows the bending 
snake-like unit in several measured configurations. 

The experimental data shown in Fig 10 shows that the 
naive estimation failed to achieve our goal accuracy of 1 .
After implementing the combined model-based linear 
estimation, we achieved the desired accuracy. The results of 
the recursive estimation process are listed in Table III.

The capability of precisely tracking trajectory is a crucial 
step towards the successful suturing in a very confined space. 

TABLE III 
RECURSIVE ESTIMATION

No. ˆ ˆ  (mm)
1 1.5240 0.1194
2 1.6564 0.1085
3 1.5666 0.1191
4 1.4359 0.1394
5 1.2689 0.1723
6 1.2453 0.1777
7 1.2480 0.1770
8 1.2209 0.1853
9 1.2198 0.1778

10 1.2210 0.1765

Fig 9. Compensated Length of Backbone 1 over the whole workspace 

Fig 10. Results of bending experiments for =0° and varying 

Fig 11. Results of bending experiments for =30° and varying 

Fig 12. Photographs of the Bending Snake 

VII. CONCLUSION

The paper presented a snake-like unit that implements 
super-elastic backbones as elements of actuation. This design, 
although has significant advantages in supporting 
miniaturization and reducing backlash, suffers from modeling 
and control difficulties due to the flexibility of the actuation 
lines.  The paper presented the static model of this snake-like 
unit and compared two alternative methods of actuation 
compensation. The effectiveness of these compensation 
methods was evaluated in simulations and experiments on our 
current prototype. The errors in path tracking were 
significantly reduced by the naive model-based compensation 
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presented in this paper. However, since the results failed to 
provide the desired accuracy of about 1 , we implemented a 
combined model-based linear estimation method to account 
for inaccuracies in the snake-like unit and backlash in the 
actuation unit. This method relies on online measurements of 
the configuration of the snake-like unit to update its Jacobian. 
The results of this approach achieved the desired accuracy of  
1  in bending angle of the snake-like unit. Finally, we 
presented an updated Jacobian that accounts for the flexibility 
in the actuation lines. We also showed how to use the 
compensation model of this paper to compensate for varying 
friction in robots that use flexible actuation stems.  
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