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Abstract—The paper presents an approach to safe controller with the design of the outer controller.
design for intelligent cruise control applications using differen- Theoretic work related to our safe controller design for
tial game theory. The design problem is formulated as a zero- hybrid systems can be found in [10], [11], [12]. The authors

sum differential game, where the objective of the lead vehicle is . . -
to provoke a collision and the objective of the following vehicle is 1" [11], [12] consider a two-vehicle (lead and follower

to prevent a collision from happening regardless of the motion ~Vehicles) merge maneuver with the following specifications.
of the leader. A control strategy is safe if it can guarantee Denote the inter-vehicle displacemeft:, the lead vehicle

that no collision will occur between vehicles. The approach is velocity v;, the follower vehicle velocityv, the relative
applicable to Adaptive Cruise Control (ACC) and Cooperative velocity Av = A and the maximum recommended velocity
ACC systems. . . L

for a vehicle to travel on the highway,.... The objective
is to design an efficient and comfortable control law that
decreases the initial relative displacemant(0) to a desired

Adaptive Cruise Control (ACC), an expansion of thenter-vehicle spacing\z;,;, subject to the safety constraint

conventional cruise control, is a driver assistance system B
designed to provide ameliorated efficiency, convenience and Vi Az(t) < 0= Av(t) > —v andy > 0 @)

safety. ACC distinguishes itself from cruise control in itSThe quantitys is the maximum tolerated impact velocity in
use of sensors that measure the headway distance angage of a collision. The following theorem, from [11], states
controller which adjusts the velocity and distance to thene existence of safe control laws and provides a class of
vehicle in front. When there is no “leader” vehicle presentyaximum braking safe control laws.

ACC defaults to conventional cruise control and reverts to Theorem 1:Suppose that the acceleration of each vehicle
the driver set speed. A variant of ACC is Cooperative ACGs pounded by—a,a] and that the maximum deceleration
(CACC), where the forward-looking sensor is complemented ;, is achieved and maintained at mastseconds after a
by a wireless communication link that provides hop-bymaximum braking command is issued. L€, s, X.ase and
hop, leader to follower updates of critical information. Suchy, . denote the set of all tripleX = (Az, Av,v;) with

a system can be designed to follow vehicles with highes, > ( that satisfy (1), (2) and (3) respectively:
accuracy and faster response than traditional ACC systems,

and should allow for freeway throughput capacity increasesAv > Ad — max{+/2aAz + v,2 + 02 + aAd? — v, v} (2)
ACC and CACC are areas of active research, and different T Ty _
methodologies for controller design can be found in [1], [2], Av =z max{y2aAz + v + 02 — v, v} 3)
[3], [4], [5], [6], [7], [8]. Recently, with the prospect of whereA = a + a. Then, provided tha¥ (¢) € X, y.:
increasing levels of automation and of a lesser role playetl There exists a control law that is safe for all times t¢.
by the human driver, safety guarantees become of paramoiet, Vs > ¢, X (s) € Xy/s.
importance, and ACC and CACC make safe controller desigh Any control law that applies maximum braking whenever
more practicable. X(t) & Xsaye is safe for all timess > ¢. Furthermore,

In this paper we are concerned with the design of safés > ¢, X(s) € Xpound-
control laws for ACC and CACC applications. Our approact. X fre C Xpounda C Xams-
proposes two nested controllers. The inner controller consistsObserve that the maximum braking safe control law natu-
of an ACC or CACC control law. The outer controllerrally defines a class of two-state hybrid automaton. In the
may override the operation of the inner controller to ensurklax Braking state Theorem 1 asserts that € Xyoung
safety. This approach provides safety guarantees as well @®vided that maximum braking is applied. In t@®ontrol
the flexibility to select any approach that does not violatstate we impose the invariait € X, ¢. and do not put any
the safety conditions. The safety conditions are propagateestrictions on the control law. The conditions of Theorem 1
through the vehicle dynamics to derive the conditions underre satisfied as soon as we deploy the transition Gamtrol
which the outer controller overrides the operation of the innégo Max Braking which is specified to occur as soon as
controller. In the remainder of the paper we will be concerned’ ¢ X,,r.. See also [10] where a three-state regulation

I. INTRODUCTION




layer controller is designed as a hybrid automaton and itS|, this model we consider that negative accelerations
safety properties are verified using game-theoretic methogdgn only result from braking, i.e., vehicles cannot move
Our approach also uses game-theoretic models. It is bagg@yward. Hence, the hybrid model (5) with speed-dependent
on the control framework for differential games describeggdes of operation.
in [9]: we use the “theorem of the alternative” to derive \ye are interested in the relative positiorand velocityv
the theoretic foundations of our design; and a constructigp poth vehicles defined as follows:
method for safe sets (also called stable bridges in this
framework) to construct safe sets for intelligent cruise control v(t) = vy (t) — va(t) (6)
applications. We use a simple dynamic model to illustrate the z(t) = z1(t) — z2(t)
approach. The advantage of this construction method is that it
can be used with more general non-linear models under mildThe corresponding dynamics are given by:
assumptions for cruise control applications, namely that the
“small-game condition” is satisfied [9]. This is usually the
case since the disturbance and the control terms are additive. L(t) = v1 —vg, z(0) = zo
d The paper is organized as follows. In sect_lon Il we lntro- We study the problem of synthesizing collision avoidance
uce the problem statement and the underlying assumptlor1§ate es f T )
gies fol/;. The setting is as follows:

In section Il we describe our approach. In section IV wa
draw some conclusions. « The controller of V; does not knowu,, the control

selection fromV;.
o V5 is capable of measuring its relative position and

O(t) = ug — ue, v(0) = vg @)

Il. PROBLEM STATEMENT

Consider two vehiclesl{ andV; respectively) moving on velocity with respect td/;.
a single-lane highway travels in front ofV; as depicted 14 formalize the specification for the collision avoidance
in Fig. 1. problem define the collision set as:

C = {(z,v1,v2) ER®: 2 <OA (v —v2) <O,
U1 2071}2 ZO}

This specification considers as safe the situation where
xs x both vehicles are in contact at zero relative speed.

ﬁ’ —_— ’—’ Definition 1 (Safe set)The safe setS is the set of all
) initial relative positionst and velocitiesy; andwv, such that
s¢ 77777777777777777777777777 »ﬁ there exists a controller fdr; ensuring that the collision set
Vehicle 2 Vehicle 1 C is never attained by the motions of both vehicles.

In order to model the fact that th& controller does
not know the current control setting,, we formulate this
problem as a zero-sum differential game: the objectiv&;of
is to provoke a collision; and the objective df is to prevent
it. Stated otherwise, the objective of th& controller is to
steer the state of the system to entérthe objective of the

The dynamics of both vehicles are as follows=(1, 2): V4 controller is to keep this state outside More formally,
consider the following cost functional:

Fig. 1. Problem setup: two vehicles run on a single-lane highway.

xz(t) = fi(twriaui)v (% S [uminiaumaxi] (4)
1 if z(-) intersectsC
where ¥(#(@0, v10, 20, U, V) = { 0 othérzlvise
o fi:Nx N2 xR — N%is a continuous function in all
of its arguments. where
* Umin, <0 @ndUnqs, > 0 represent, respectively, the . 17y andv(.) are control functions respectively fo%
maximum braking and acceleration capabilitieslpf and V.
With respect to the notation in Fig. 1 we redefing to o z(-) is the trajectory of the system starting at
designate the position of the rear point Bf (v, is the (20, v10,v20) Under control functiong/(-) and V' (-).

corresponding velocity)z» and v, designate the position The adversarial aspect of control is captured in an opti-

and velocity of the front point of/5. I o
We consider a simple model to illustrate our approachr.nlzatlon prob_Iem V\_/heréf(~) see_ks to minimizey andv'(-) .
: : seeks to maximize it. Now consider the following expression.
However, the approach is applicable to more general non-

linear models.

0= {0 peite 50 =u ©) | A |
0 otherwise In general if we switch theinf and the sup in an

Zi(t) = v, z;(0) = x;, expression such as (8) we obtain different results. In the

V (o, v10,v20) = i%f Sl‘ip Y(x(x0,v10,v20, U, V))  (8)



terminology of differential games, the game is said to havthat this functional is not the same as the one mentioned

a value if the following condition is satisfied. previously):
i = 0 if x(-) intersectsM
lf[}fsgpﬂf(fo»vw,U207U»V)) v(z(to, w0, U, V)) = { . othe(erise
sup inf v(x(xq, v19, V20, U, V'
Vp o ’Y( (w0, v10, V20 )) Where
The game has a saddle point, if there exist strategiess U is a control function for the first player and is a
U*,V* such that: control function for the second player.
. . o y(z(to, z0,U,V)) = 0 means that the trajectory(-) of
Y(x(2o, v10, v20, U™, V)) < y(2(20, V10, 20, U™, V7)) the system departing frorfto, z9) under controls/(:)
< y(z(zo, v10, v20, U, V*)) and V() enters the target sét/ at time 4.

If the game has a value our design problem is as follows, UNder the hypotheses (H1-4) this game has a value.
Problem 1 (Design):Solve the following sub-problems: Moreover, the game has a saddle point, i.e., there exist

. . strategied/*, V* such that:
« Determine the value functiol. gies/*, V= su
« DetermineS from the O-level set of the value function Y(x(to, zo, U™, V)) < v(x(to, x0, U*, V™))
\% (|'.e. the set. of all points wher¥ (z, v10,v20) = 0). < y(z(to, 20, U, V*))
« Derive an optimal safe controller fdr.
We explain the problem setup in more detail in the The main result, the “theorem on an alternative” from [9],

following section. is stated next:

11l. A PPROACH Theorem 2 (Theorem on an alternativéjor any closed
Here, we are concerned with the computation of the safze?]?gf ?r?: f:)cI)I:)v?i?]y Iglstlsaelrt?c?rls;,tlizn\(/g)li(fp)l one and only
set. Generally, this is a difficult task. However, when the 9 ) . )
equations of motion are linear and separable in the controls® The value of the game is 0. AnfU*, V) is a saddle
there is a constructive procedure to determine this safe set Point (V' is any feedback strategy).

(see section 2.5 of [9]). We adapt this construction to our * The value of the game is 1.
problem. The optimal strategied(* and V*) are feedback strategies.

A. Background This is an important result. It states that we cannot obtain
improvements in the performance if we consider additional
information (other than the state information) in the optimal
strategy.
z= f(t,x,u,v),u € Pve€Q (9) The notion of u-stable bridge is a very important one in
. this setting. Informally, a u-stable bridg& is the set of all
where the following hypotheses hold points (to, o) such that there exists an optimal stratégy

H1) fis continuous in all variables ande 7' = (—o0,0].  that keeps the motions of the system departing ftemz,)
H2) For any bounded regio® in # x R, f satisfies the jnside W until M is reached.

Consider the motion of point € R described by the
following equation with two adversarial control inputs, v):

following Lipschitz condition: In this problem setup it is possible to derive a closed form
Hf(taxlvu’ U) - f(t’x%uav)n < )\(D)Hxl — J;QH for the u-stable brldge. First set:
for any (¢, z;) € D, (u,v) € P x Q filt, ) = Teaggéig [tz u,v) (10)
H3) For any (¢t,z,u,v) € T x ® x P x @ the following fo(t, ) := minmax f(,z, u, ) (12)
inequality, wheres is a constant, is valid: u€P veQ
ef(tz,u,0) < o1+ |?) Cor_15|de.r solutionsy; andws, to the following differential
equations:
H4) For any(t,z) € T xR ands € R the so-called “saddle o _
point condition in a small game” is valid: ufl(t) = filt, wi(®)), wy(9) =m (12)
w2 (t) = f2 (t, wo (t)), w2 (9) = M2 (13)

minmax sf (¢, z,u,v) = rgleag( glellg sf(t,z,u,v)

u€P veQ The u-stable bridge is the set:

Consider the seb/: W= {(te) ET x R:t € Toyr € [wr(£), wa(t)]}

M={(tz)eTxR:t=0,m <z <ma} where

The objective ofu is to control z, the motion of the
. ' ) T, = [, 0,7 = teT:we(t)>w(t
system, to entef/ at time @ or, equivalently, is to have (7, 6], 7 = sup{t € wa(t) > w ()}
x(0) € [m1, m2]. The objective ofv is exactly the opposite. ~ Remark 1: This construction has a simple and appealing
More formally, consider the following cost functional (notegeometric interpretation (see Fig. 2). Keep in mind that the



state evolves irft. Equations (12,13) describe the evolution The construction proceeds backwards in time integrating
(in reverse time) of the boundaries:(, m2) of the target the equations of motion using, as final condition, the bound-
set M when each vehicle (player) adopts the best possiligy of the collision set. If it is true that the state evolves
control strategy (given by the argmax and argmin in (10, 11)h ®2, it is also true that we have scalar control inputs for
Now, consider an initial staté, x) in the relative interior of both players as before. This is why we are able to relate
W (if the interior is empty this means that the initial statene evolution of the boundary in the velocity coordinates to
is at the boundary ofV’). Then, apply any control strategythe evolution of the corresponding boundary in the position
U until the state reaches the boundaniBf From this time coordinates. In our case, the maximization and minimization
onwards each player applies the control settings given by the(10), depend on the 2-state model of both vehicles. This
argmax and argmin in (10,11). Then, from the constructioasults in having both vehicles using maximum braking
of wy andwy; we conclude that the state slides along one ghpabilities (while there is a forward motion with nonzero
the boundaries oV (wy or wy) until it reachesn; or msy, velocity).
respectively, at timé. Let's just consider the case whefy,;,, > Umin,, SiNce
automated systems typically have much lower braking capa-
bilities, as the human driver is, nowadays, still considered

x responsible for the ultimate safety of the vehicle.
—\ "
Tig + vipt + —=Rig2 0<t <ty
w0 gp=g 0T v (15)
m, zif, t>tiy
0 W where
| 2

Vi0 () .

tir = — , Tif = Tio — , 1=1,2

if Umin; i ! 2umini

1) t1y < toy: The distance between the lead vehicle and
the follower is:

Fig. 2. Construction of Krasovskii u-stable bridge. x(t) = (t) _ xg(t)
Remark 2:A generalization of the method for the case z1(t) —w2(t), 0<t<ty
where the state evolves " is also described in [9]. In the = @y —wa(t), tip <t<ty  (16)

latter case, equations (10,11) are replaced by equations on

T1f — Xaf, t <toy
the norm of the state.

B. Optimal strategy SINCe —Umin, < —Umin, @Nd tiy < tof, vio(=

. " . . —tlfumml) < 1}20(: —tgfumm2). As shown in Flg 3@,
_ The optimal strategy/ fo_r the following car is expressed the minimum ofz is reached aty;:
in terms ofz(¢), as shown in [9].

IO x
apray Il #0
0 for [|z(t)]| = 0

C. Construction of the safe set

Here, we discuss the approach to soRmblem land
describe the construction of the u-stable bridge for this
differential game.

Depending on the relative braking capabilities of both
vehicles we will get different results for the safe set f
in (4) does not depend on time. We expect the safe set tt ° time(s) 0
depend only on the initial velocities){y, vo0) and relative
position z, of both vehicles.

Here, we adapt the construction method from the previod@- 3. Positions and the relative positions of both vehicles as they apply

. . - full brakes simultaneously
section. We have a two-state;, v) dynamic model. With
respect to the previous example, we are just interested in the
boundary of the safe set. Moreover, we have to consider theTherefore, the safe set is:
state constrainfz > 0) in the differential game formulation. ) )
This means that the vehicles are not allowed to collide before i (17)
coming to a stop. 2Wmin,  2Umin,

U%O U%O
t = — = O — —
U* () = (14) z(toy) = z1f — x2f = 2(0) (2umin1 Smin )

position of A

position of \A
— - — - position of V, — - — - position of V,

distance

distance

position/distance(m)
position/distance(m)

time(s)

(a) V1 stops first. (b) Vz stops first, and; < vs.




2) tiy > tay: The relative position of two vehicles is: 150 30

E T N (1.42, 24.32) speed orV,
1 T e T T *l42,2432
:U(t) = xl(t) — X2 (t) § 100 //,’/: . position of V; g 20\)1:"< N speed of V,
L 50[ - — . — . position of V, g 142, 15.16)
xl(t) — $2(t), 0 S t< t2f E /\L distance ? :’-,_10 I T
g ol == | BN
= Sai(t) —wap, top <t<tiy (18) . v L N
l'lf . :E2f; t S tlf 0 2 4(ime($)6 8 10 0 2 4time(s)6 8 10
(i) w10 < w20 As shown in Fig. 3¢), the minimum ofz is (a) Positions and distance. (b) Speeds.
_ _ 2 — State Space
o(— V10 — V20 ) = 2(0) — (vio — v20) 2 5
uminl - uming 2(um1n1 - umin2) é [/\\
0
Thus, the safe set should be: = \(21,0)
o ~
2 @ -5 S
(v1 —v2) 2 S _
<z 19 @ ~ (0, -9.16)
2(umin1 - uming) o ( ) g -10 N
k) |
. . S
(i) V10 > vy In this case, the_fqllower would have enough € B 0 0 o 10 20
time to stop before a collision. Relative position(x, ~x,)(m)
In a sum, the characterization of the safe set: (c) State-Space View.
2 2
S = {(z,v1,v2) € RY : (( i Y% <z)A Fig. 4. Positions, the relative positions and speeds of both vehicles after
2Umm1 2umin2 two players apply full brakes at the same time while the safe set boundary
(Ul _ 112)2 is reached.

(tiy < t2y)) V (( <z)A

Q(Uminl - urning)
(v1 <wv2) A (tiy > tay))} (20) _ .
requires the knowledge of the braking capabilities of the front
D. Safe controller vehicle. A conservative design would take the maximum over
This derivation also gives conditions for synthesizing dhe set of all possible braking capabilities of the vehicles
safe controller for vehiclds. When (z,v1,v2) € int(S) in the road. If the braking capabilities of the front vehicle
use any controli(t designates the relative interior). Whenwere known in real-time (i.e., sensed and communicated) this
(z,v1,v9) reaches the boundary 6f setus = w.,n,. NOte  would lead to a less conservative design, and to adaptation
that this control law prevents the trajectories of the systeo the road and environmental conditions.
for crossing the boundary df. Remark 4:The structure of the safe controller allows for
As an illustration, consider the following example withanother controller to contrdl, while it is safe to do so i.e.,
two vehicles in a single lane highway, with initial positionswhile the relative velocities and positions are insileThis
1o = 35, wy = 20, and initial velocitiesv;y, = 18, makes it possible to have a nested control structure where
vyo = 30. We consider all units to be metric, that is,the inner controller implements an ACC or CACC control
both vehicles are 15 meters apart initially, with the leaddaw and the outer controller is the safe controller, which
going roughly 65km/hr and the follower going roughlyoverrides the operation of the former when the state reaches
108km/hr. The lead vehicle has a deceleration capabilihe boundary of the safe set.
of —2m/s?, corresponding to the capabilities of a vehicle
under automated braking control. The follower vehicle has a IV. CONCLUSIONS
braking capacity of-4m/s?, which corresponds to a typical
braking ability for a human driver. Fig. 4 shows the positions We consider the design of safe control laws for intelligent
and velocities of both vehicles for this set of initial conditionscruise control applications. The problem is one of collision
and maximum braking conditions. Obviously, this is a casavoidance, and is phrased as a zero-sum differential game
where the system is not safe due to the short initial spacinghere the lead vehicle tries to provoke a collision while the
and great mismatch in initial speed between the two vehicleigllowing vehicle tries to avoid it.
despite the added braking capacity for the following vehicle. The approach provides the structure of controllers and a
A collision will occur 1.42 seconds after the lead vehicle hitglosed-form solution for the safe set. We used simple dynam-
maximum brakes. ics in this paper to illustrate the approach. This approach can
Fig. 4(c) shows a state space view of the design, usingccommodate systems with complete non-linear dynamics
spacing as the abscissa and derivative of spacing as e long as they are affine in the controls and more general
ordinate. Among other things, this diagram indicates thaypes of specifications of safe sets. Other types of uncertainty
if vehicle 2 had detected the lead vehicle at least 36 me&an be considered, namely parametric uncertainty, etc.. In
ters ahead (instead dbm), the collision could have been more general cases it may not be possible to find a closed-
avoided despite the speed and acceleration differences. form safe set, where we may need to resort to numerical
Remark 3:The implementation of this approach does notechniques to integrate the ordinary differential equations
require communications between the vehicles. However, ({12, 13).
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