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This Supplementary Information is organized as follows. In Sec. I, we present the procedures for the derivation of the effective
Hamiltonian in detail. In Sec. II, we consider the laser driving and derive the effective driving strength. In Sec. III, we discuss
the effect of anharmonicity by considering the emitter as an anharmonic oscillator. Based on the derived effective parameters, the
parameter ranges for reaching effective strong coupling are presented in Sec. IV. In Sec. V, we calculate the system eigenvalues
for the first and second excited states by diagonalizing the non-Hermitian Hamiltonian. In Sec. VI, we study the emitter’s
spectrum under weak excitation. The discussion on the mode density shaping is presented in Sec. VII.
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I. DERIVATION OF THE EFFECTIVE HAMILTONIAN

The original Hamiltonian of emitter-(cavity 1)-(cavity 2) coupling system is given by

H= wlaJ{al + wgagaQ + %weaz +glalo_ + a,o4) + J(aJ{a2 + agal). (1)
Here a; and aj (¢ = 1, 2) are the bosonic annihilation and creation operators of the ¢-th cavity modes satisfying the commutation
relations [ai,a;} = 0i;; 0— = [g)(e|, o+ = |e)(g| and o, = |e)(e| — |g)(g| are the Pauli operators of the two-level dipole
quantum emitter, where |g) and |e) are the corresponding ground and excited states, respectively; wq, wo and w, are the resonance
frequencies of mode a1, mode ag and the emitter; g and .J denotes the coupling strengths between the emitter and mode a1, and
between mode a; and mode ao, respectively. Here g and J are assumed to be real numbers by absorbing the phases into the

operators. With the unitary transformation U = exp[—iwe(a;a1 + aga2 + £0,)t], the system Hamiltonian is given by

1
H — U'HU — we(ala, + aja, + §0z)
= AlaJ{al + A2a£a2 + g(aJ{U, +a,04) + J(a]{a2 + agal), (2)

where A1 = w; — we and Ag = ws — w, denote the detunings.



Starting from Eq. (2), the quantum Langevin equations are given by

dl = (—ZAl — %)al — ZgO'_ — iJaQ - \/aain,lv (33)
d2 = (—ZAQ — %)ag - Z.Jazl — VR2Qin,2, (3b)
6_ = —go_ +1g0,a1 — \/YOin,—, (3c)

where 11, k2 and «y represent the decay rates of mode @i, as and the emitter; aiy 1, @in2 and oj, — are the noise operators
associated with these dissipations. These equations can be formally integrated as

a1(t) = a1(0) exp(—iAt — %t) + exp(—iAgt — %t)

t
X / [—igo_(7) —iJaz(T) — \/K1Gin,1 (7)) exp(iA1 T + %T)dT, (4a)
0

t
az(t) = az(0) exp(—idat — 1) + exp(—idat — 1) / [—iJa1(r) = \/Ratin (7)) exp(ifor + SoT)dT,  (4b)
0

o_(t) =0_(0) exp(—%t) + exp(—%t)/o [igo,(T)a1(T) — \/YCin,— (T)] exp(%r)dT, (4¢)

We consider the case of (|A1],x1) > (g,J), i. e., mode a; is highly dissipative. Then the dynamics of mode ay and the
emitter is only slightly affected by mode a;. From Eqs. (4b) and (4c) we obtain the approximated expressions

az(t) = a5(0) exp(=ifgt — 1) + Ains (1), (5)
o_(t) ~ o_(0) exp(—%t) + S (1), (5b)
where Ajy, 2(¢) and X, _ (t) denote the noise terms. By plugging Egs. (5a) and (5b) into Eq. (4a) we obtain

ar(t) ~ a1 (0) exp(—iAt — %t) + exp(—iAt — %t)

t
X / [—igo_(0) eXp(—gT) —iJag(0) exp(—iAoT — %7’)] exp(iA1T + %T)dT + Ain 1 (2)
0

) K1 —igo_(0)exp(—2t) iJaa(0)exp(—ilat — 22¢)
= a1(0) exp(—iAit — —1t) + 2 2 24 A2, 6
1(0) exp(—iA; 5 ) iy + B (B = Ag) T o (1) (6)
where the noise term is denoted by A;, 1(¢). By using Egs. (5a) and (5b) again, and with the condition |A;| > |As], k1 >
(k2,7) we obtain
ig iJ ,

. K1
ay (t) >~ ay (O) exp(—ZAlt — 7t) — mJ, (t) — md&(t) + Aln,l(t)7 (7)
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where Af (t) describes the modified noise term. Since r; is large, the term containing exp(—#x1t/2) in Eq. (7) is a fast
decaying term and thus can be neglected. Therefore a4 (t) now can be expressed using a2 (t) and o (t). Plugging the expression

back to Egs. (3b) and (3c) we finally obtain

2
o = [ — B200) ~ 2T 0, igettegs AL, ) (50)
2
6o = (108 = T 0 iBe go 0 — W, (1), (8b)
where Aj, ,(t) and X'y, _(t) denote the modified noise terms and we have defined the parameters
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which holds for |[A;] > k1. Here « and 3 are real numbers and the phases 03 = arg(—J/A;) can be absorbed into the
operators. In the above derivation we have used the relation 0,0 = ([e)(e| — |g)(g|) |g)(e] = —o_. From Egs. (8a) and (8b)
we obtain the effective system Hamiltonian

1
Heg = (Ao — B2Ay) abay, — §O‘2A102 + Bglabo_ +ay0y), (10)

and we can define the following effective parameters

et = B9, (11a)
W et = wa — B2A1, Weeff = we — °A, (11b)
Az,cff = Ay — ﬁgAh Ac,cﬁ' = —CV2A1, (11¢)
Aci = Waeff — Weet = Ao + (a® — 5%) Ay, (11d)
Kot = K2 + B2K1, Yot =7 + 0K (1le)

II. EFFECTIVE LASER DRIVING

Consider the laser driving of the cavity modes or the emitter, which can be described by the driving Hamiltonian
Hq= Qo + Eal + Eyal + Hee., (12)

where (2 and E; 5 correspond to the direct driving strengths of the emitter and modes a; 2, and we have assumed resonant
driving. With the total Hamiltonian H + Hg, the quantum Langevin equations are given by

ay = (—iA, — %)al —igo_ —iJag — iE| — \/KiGin,1, (132)
g = (—ilg — %)aQ —iJay —iEs — \/K2aip 2, (13b)
o_ = —%J_ —+ igazal —+ ’iQO’Z — ﬁain,—a (13C)

Perform the same procedure as the previous section and we obtain

2 . .
ag = [—i(Ay — BA1) — %ﬁm]az —iBe% go_ —i(Ey+ B Ey) — Al o(), (14a)
2 . .
o = (02D — Ty o 86 g0 as + i(Q + ad®e Ey)a, — S (1). (14b)
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In the above derivation, it requires that the dynamics of the emitter is much slower than mode a; with the time scale
~ 1/4/A?% + k2 /4. Thus the pumping limit of the emitter is given by

Q <\/A? + K7 /4~ |Aq]. (15)

Under this condition, the effective driving Hamiltonian reads

Hyef = Qoo s + Eaeral + Hee., (16)

with the effective driving strength
Enent = By + B By, (17a)
Qe = Q + e Fy, (17b)

where €% and e?= are phase factors with 05 = arg(—.J/A;) and 6, = arg(—g/A1). Therefore, the driving of mode a; will
effectively drive both mode a- and the emitter after the elimination of mode a.



III. EFFECT OF SLIGHT ANHARMONICITY

Consider a slightly anharmonic oscillator, in which the higher energy levels should be taken into account. The anharmonic
oscillator can be described using the Hamiltonian Ho%® = wcbfb+A(b + bT)2, where ) is the anharmonicity parameter. In the

an
frame rotating at the frequency w,, the system Hamiltonian is given by

H,, = Alaial + AQCL;G? + Ab+bN2+g(alb+ a,b’) + J(a]ia2 + a%al).

The quantum Langevin equations are given by
a1 = (=il — %)al —igb—iJas — \/K1Gin 1,
ag = (—ilAq — %)ag —iJa; — /K2in,2,
b= —2iA(b+bt) — %b — iga1—/Tbin.
From Eq. (19¢), by neglecting the effect of highly dissipative mode a;, we obtain
b(t) ~ b(0) exp(—%t) — 2iA[b(0) + bT(O)]texp(—%t) + Bin(t),

where B, denotes the noise term. By performing the same procedure as the first section, we obtain

ig iJ 2Ag
ai(t) =~ —mb(t) - maz(t) + (A, + )2

[b(t) + 0T ()] + Al

(18)

(19a)
(19b)

(19¢)

(20)

2n

Note that the third term originates from the anharmonicity of the oscillator. This term can be neglected under the condition

A<\ AT+ K24~ |Ay].

In this case the quantum Langevin equations after eliminating mode a; are obtained as

Ko + B2k

ay = [—i(Ag — B2A) — 5

Jaz — B gb — Af, (1),
v+ a’ky

b= —2i\(b+b') + (ia*A, — 5

)b — zﬂewﬁga2 — B'iu(t).

Then the effective Hamiltonian is given by

Hanert = (Ao — B2A1) aba, — ®Arbto+ A(b +b1)? + Bg(adb + abl).

IV. PARAMETER RANGES

Based on the effective parameters, to obtain effective strong coupling, it requires gefr > (Keft, Veft ), yielding

Bg > k2 + Bk,
aJ >+ o’k

Then we obtain

9= Vg% =4k <nJ < g+ /g? — 4Kk,
J =V J?—dr1y <ng < J++J?— 4k,

where

2,‘61 N 2:‘61
~ |A1|

2
2 Ry
AT+

(22)

(23a)

(23b)

(24)

(25a)
(25b)

(26a)
(26b)

27



Thus the necessary conditions for effective strong coupling read
92 > 4K ko, (28a)
J? > 4k17. (28b)
From Eq. (26b) we further obtain
g P+ ARy
2ng

Then the parameter range for J is determined by Eqs. (26a) and (29). To ensure that the effective strong coupling can be
achieved for large ranges of J, it requires

(29)

2.2 4 2_4
nge+ Hl’Y<g+\/9 111/’»2’ 30)

2ng 7
which yields
P <2-42) 1o 1o gm0 31)
g g
Then the lower bound for |A1| is approximately given by
‘A1| > K. (32)
The upper bound for |A;| can be obtained by considering Sg > k2 and a.J > - from Eq. (25), which gives
Jg J
A < (22,59, (33)
R 7Y
V. SYSTEM EIGENVALUES
To obtain the system eigenvalues, we consider the non-Hermitian Hamiltonian
KR KR .
Hpontt = (A1 — z%)a{al + (Ag — z%)agaQ — z%|e><e| + g(aia_ +a,04) + J(aJ{a2 + a%al). (34)

For the first excited state, the uncoupled bases are |g)|1)1]0)2, |g}|0)1|1)2 and |€)|0)1|0)2. Under these bases, the matrix form
of the Hamiltonian in the first-excited-state subspace is given by

Ay —if J g
J T Aa—ifz 0 . (35)
g 0 —i3

7O

nonH

Then the eigenvalues of H I(nl)le can be calculated straightforwardly, but the analytical expressions are tedious and not presented

here. From the effective non-Hermitian Hamiltonian

K .
Heff,nonH = (A2,eff - Z%ﬁr)a;@ + (Ae,eff - Z’Y;H )|e> <e| + geff(a;U— + CL20'+), (36)

with the uncoupled bases |g)|1)2 and |e)|0)2, we obtain the matrix form of the effective Hamiltonian in the first-excited-state
subspace as

(1) _ [ Doer — i7" Geft
Hcf‘f,nonH - ( ¢ Goft 2 Ae,eff C_ Z% . (37)

The eigenvalues of H @)

off,nonHl I€ given by

1 Keff + Ve 1 . Reff — Ye
BY) = Aot 5 (Bn — B0 £ (A - ST g

2 2
= —a2A1+%[A2 + (a2 _ 52) Al_i@ +7+ (25 +a )m]
= ;\/[Az + (02— p2) A -2 20T (252 —OR, 4 gpege (38)



For the second excited state, the uncoupled bases are |g)|2)1|0)2, |g}|1)1]|1)2, |€}|1)1|0)2, |g}|0)1]|2)2 and |e)|0)1]1)2, and the
Hamiltonian in this subspace is given by

2A — ik V2J V29 0 0
\/§J Al + AQ — ’L% 0 \/QJ g
2)
HnonH = \/ig 0 A1 - iﬁl;’y 0 J . (39)
0 V2J 0 20y — iky 0
0 g J 0 Ay — itz ty

The corresponding effective Hamiltonian is given by

) ( 203 o — Ko V2gest ) ’ (40)

eff, nonH — \/ﬁgeﬂ“ A2,eff + Ae,eff _ Z‘Hef‘f-;r’yeff

with the uncoupled bases |g)|2)2 and |e)|1)s. The eigenvalues of H, e(fzf)nonH are given by

1 3K + 1 Feff —
E(f) = 2Ae,eff+§(3Aeff - ZW) = 2\/(Aeff - Zw)Q + 892

Bty (35 4 %)
2

1
= —20[2A1+§[3A2 +3 (042 — 62) Al

_Z.HQ—V‘F(BQ—O&

2 RLATIY (41)

s 1180+ @2 - )4

VI. WEAK EXCITATION SPECTRUM

Under weak excitation, the emitter is predominantly in the ground state. Thus o, can be substituted for its average value of
—1, and the quantum Langevin equations (3a)-(3c) becomes linear. In the frequency domain, the equations are given by

Ciwd () = (—iA; — %)&1(w) — g6 (w) — 1T (W) —/FTdin1 (W), (42a)
—iwdg(w) = (—iAQ — %)&Q(W) — ZJC~l1 (w)—\/@&in,g(w), (42b)
—iwE_ (W) = — L& (w) — igay (W) — T, (w). (42¢)

Then a1 (w), G2(w) and &_ (w) can be solved, and the emitter’s spectrum can be obtained as S(w) = [ 74 (w)o— (w')dw'.
In the effective picture, the equations are

Reff

—iwag(w) = (—ileg — 5 ) (w) = ig 50— (W) —\/Reft iy o(w), (43a)
—iwo_(w) = —ry;ff G- (w) — igerG2(W) — Vet 01y, (W), (43b)

and the emitter’s effective spectrum can be obtained with 6_ (w) solved from these two equations.

VII. MODE DENSITY SHAPING

In the viewpoint of mode density shaping, we can consider the cavity modes a1 and a9 as a whole, which form a supermode.
Now we calculate the shaped mode density of the supermode. The Hamiltonian of the coupled cavity system is given by

H.., = wlaJ{al + w2a£a2 + J(aJ{a2 + agal). (44)
The quantum Langevin equations are given by
. . K .
a1 = (—iw — ?1)111 —iJaz — \/K1Gin 1, (452)

dg = (—iwg — %)ag — iJCLl — \/Hzaimg. (45b)



Normalized spectrum

(0—0 )/,

FIG. S1: Normalized spectrum of the coupled cavity system for k2 /rk1 = 1072, J/k1 =0.2and A12/k1 = 2.

In the frequency domain, the equations are given by

—iwd (w) = (—iwy — %)dl(w) — i Jn(w)— /R 1 (W), (462)
—iwan(w) = (—iwy — %)az(w) — i J iy (w)—/Fadin 2 (). (46b)

Then we obtain

W — Wy — 2 10Gin, +iJ\/Kolin
i) = ( 2 — F)V/E1lin (w)+i /Ko 22( ) 47
(iw — dwy — ) (iw — dws — 22 )+J

The spectrum of the coupled cavity supermode is given by Scay(w) = [ @ al "Ydw'. In Fig. S1 we plot the normalized
spectrum for ko /k1 = 1072, J/k1 = 0.2 and Ajo/k1 = 2. It show that the spectrum has Fano-type lineshape. Near the Fano
lineshape region the mode density is the combined effect of the two cavity modes.



