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Indistinguishability of independent single photons
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The indistinguishability of independent single photons is presented by decomposing the single photon pulse
into the mixed state of different transform-limited pulses. The entanglement between single photons and outer
environment or other photons induces the distribution of the center frequencies of those transform-limited
pulses and makes photons distinguishable. Only the single photons with the same transform-limited form are
indistinguishable. In details, the indistinguishability of single photons from the solid-state quantum emitter and
spontaneous parametric down-conversion is examined with two-photon Hong-Ou-Mandel interferometer.
Moreover, experimental methods to enhance the indistinguishability are discussed, where the usage of spectral

filter is highlighted.
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I. INTRODUCTION

Linear optical quantum computation [1] is based on the
interference between different photons [2], in which the in-
distinguishability of photons is a fundamental and critical
requirement. Any distinguishability will reduce the visibility
of interference and the fidelity of quantum computation pro-
tocol [3]. It will also directly affect the other applications
with photon interference, such as quantum key distribution
[4] and high precision quantum phase measurement [5].
Moreover, photon indistinguishability is fundamental to
stimulated emission [6,7] and has been applied in quantum
cloning [8,9] and entanglement measure [10]. Based on the
spontaneous parametric down-conversion (SPDC), the indis-
tinguishability in the multiphoton interference has been in-
tensely examined recently in experiment [11-15] and theory
[16-19]. However, the kernel is the indistinguishability of
independent single photons. In SPDC, independent single
photons are heralded by detecting the twinning photons, with
several experiments focusing on their indistinguishability
and interference [20-22]. In the solid-state quantum emitters,
single photons have been remarkably examined [23-28],
where, in addition to photon statistics and quantum efficien-
cies, indistinguishability is another important character of the
single photon source [22,28].

Generally, the distinguishability of the single photons
comes from the entanglement with extrinsic system, such as
photons, phonons or outer environment. Theoretically, the
single photons can be described as the mixed state by tracing
out the entangling parts. In SPDC, the property of entangle-
ment can be achieved through the analysis of the phase-
matching condition [22,29]. However, it is more complicated
in the solid-state quantum emitters. Many kinds of physical
processes introduce the entanglement between the environ-
ment and the emitted single photons. For example, in the
single quantum dot, the interaction with phonon results in
short dephasing time and gives rises to a very broad spec-
trum of the photons [30]. This spectrum broadening will
make photons distinguishable. Since it is hard to measure all
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the physical information of each photon source, the direct
analysis of the photon state with interference is highly de-
sired.

In this paper, we will give a brief description of single
photons to show the indistinguishability. In the frequency
degree of freedom (DOF), the whole photon state is a mixed
state of transform-limited pulses with different center fre-
quencies. For two independent single photons, there is no
entanglement between them. The indistinguishability de-
scribes the nature of identicality of the transform-limited
pulses. To aid in the analysis, we regarded the bandwidth of
distribution of these center frequencies as the extrinsic width,
which comes form the entanglement between with extrinsic
system. The transformed limited pulse are pure state and its
width is the intrinsic width. For the same single photon
source, single photons have the same extrinsic width and the
same intrinsic width. The total spectrum bandwidth is the
combination of the intrinsic width and the extrinsic width.
Generally, when the extrinsic width is much larger than the
intrinsic width, the single photons are totally distinguishable.
Only when the extrinsic width is zero, the single photon
pulse is transform limited and indistinguishable. In either
Lorentzian or Gaussian distributions of the spectrum, the
photon indistinguishability is the ratio of intrinsic width to
total bandwidth. In experiment, the distinguishability can be
measured with Hong-Ou-Mandel (HOM) interferometer [2],
where the visibility shows the indistinguishability. In the
main section, we will examine the indistinguishability of
single photons from solid quantum emitters and SPDC after
a general description of the single photon state is given. In
the discussion section, experimental methods to enhance the
indistinguishability are presented, where the effect of spec-
tral filter is highlighted.

II. DESCRIPTION AND INDISTINGUISHABILITY
OF SINGLE PHOTONS

We begin the description of single photons from the
transform-limited pulse, which is a pure quantum state,

|w)= f+°° dvg,(v)a’(v)|vac), (1)
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FIG. 1. (Color online) Illustration of total single photon pulse
(red dashed curve, width A;) composed of transform-limited pulses
(grey bold curves, width A,) with different center frequencies.
When Ag=A,, the single photon pulse is transform limited and
indistinguishable.

where a' (a) is the single photon creation (annihilation) op-
erator. |g,,(v)|? is the spectrum of the transform-limited pulse
with center frequency w and width A, (intrinsic width). We
will discuss the independent single photons from the same
source and assume the same Ag, since the interactions be-
tween the single photons and outer environment or other
photons are highly similar during the generation. Corre-
spondingly, the transform-limited pulse has the duration of
Ty =1/A,. Also, g,(v) satisfies the normalization condition
[*dvg,(v)|>=1. The indistinguishability of two indepen-
dent transform-limited photon pulse is Kj;"=[(w;]w)[.
Roughly, the two photons are totally distinguishable when
|w;—w,|> A, and indistinguishable for w;=w;.

Since the single photons may be entangled with the ex-
trinsic system, the center frequencies have the distribution
flo) [JZdof(w)=1] with width A, (extrinsic width). Then,
the whole state is written as ‘

p= J dof(w)|w)a]. 2)

The total spectrum S(v)=J*=dwf(w)|g,(v)|* is broadened to
Ag=A, because of the distribution f(w). However, the life-
time of the single photon pulse is the same with those
transform-limited pulses, that is 7,,=Tr. Figure 1 illustrates
that the total single photon pulse is composed of different
transform-limited pulses. Only when Ag=A,=1/T,, is satis-
fied, the single photon pulse becomes transform limited.

Formally, the indistinguishability of two independent
single photons can be described as

K=tr(p® p) =J f dwdof(w)f(w) oo, (3)

If and only if p is the pure state, K=1. That is with A;=0 and
Ag=A,, the single photon states are indistinguishable. On the
other hand, when A S>Ag, K— 0, the single photon states are
distinguishable. From this view, two photons may be distin-
guishable even when they have the same description. The
indistinguishability describes the nature of identicality of the
pure state. Equation (3) also describes the purity of the state
p. Generally, a mixed state comes from an entangled system.
In principle, distinguishable information of the state may be
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obtained by measuring the entangling part. Therefore, the
mixed state always has some distinguishability and the purity
of the state is a good scale to evaluate the indistinguishabil-
ity. Moreover, this definition of indistinguishability is highly
supported by the experiment. In experiment, the indistin-
guishable photons will present photon bunching effect and
the value of the indistinguishability has the simple relation-
ship with the interference visibility. Based on the single pho-
tons from solid-state quantum emitters and SPDC, we will
now give detailed discussions on their indistinguishability.

A. Indistinguishability of single photons from single solid
quantum emitter

Here we focus on the single photons from single quantum
dot. The single photon from two-level quantum dot sponta-
neous emission has the Lorentzian distribution,

1 V’F/Z
V/7_T (v—w)+il/2°

8u(V) = (4)
where I'/2 is the intrinsic width and describes the rate of
spontaneous emission [31]. Correspondingly, the lifetime is
T,=1/T. In addition to the intrinsic linewidth, the spectrum
broadening mainly comes from the dephasing process. Also,
the spectral diffusion of single quantum dot gives a much
more broader spectrum [32]. All these spectrum broadening
can be included in the distribution of f(w). For simplicity, we
only consider the spectral broadening from pure dephasing
which can also be described as the Lorentzian function,

_r r
flw) = m(w-w)+I"?

(5)

where w, is the center frequency of the distribution f(w). The
extrinsic width is I'’=1/T3, where T is the pure dephasing
time. The total state can be described with Eq. (2). The
whole spectrum is

1 I,
SW=——3—,
© W(v—wc)2+F%

(6)

where A§ =I',=1/T,=1"+T/2 is the total spectral width and
the superscript L in Aé denotes Lorentzian distribution. In
the time domain, we get 1/7,=1/2T,+1/T;. When I''=0,
I',=T'/2=1/2T),, the single photons are transform limited.

The indistinguishability of the two transform-limited
pulses centered at w; and w; is

2
TL _ I

i ((Di— (l)j)2+rz’

()

while the indistinguishability of the two single photons with
Eq. (3) is
r

K;=—. 8

T (8)

When I'"=0, K;=1 and the single photon are the transform
limited and indistinguishable.

Experimentally, the HOM interferometer is usually used

to measure the indistinguishability of two single photons, as
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FIG. 2. (Color online)(a) Illustration of two-photon Hong-Ou-
Mandel interference. 7 is the interval between arrival time of the
two input photons. (b) Two-photon Hong-Ou-Mandel interference
visibility with different ratios (7) of external width to intrinsical
width. n=,=21"/I" for Lorentzian distribution and #=7g
=0yl o, for Gaussian distribution. The visibility approaches 1/7
when 7 is much larger than 1.

shown in Fig. 2(a). Two single photons are injected into the
two input ports of a 50/50 beamsplitter separately. The two-
photon coalescence probability C,p of output ports A and B
is null when two photons are indistinguishable and arrive at
the beamsplitter simultaneously. Any distinguishability will
induce nonzero two photon coalescence probability and re-
duce the interference visibility. In order to obtain the coales-
cence probability C,z(7) with the interval 7 between the ar-
rival times of two photons, we first calculate probability of
two photons exiting in the same output port Cy4(7), which
shows photon bunching when the two photons are indistin-
guishable [16,33]. Therefore,

NGE %(E(_)(I)E(_)(t+ DED(1 + NEW (1))

= —f J dwdwf(w)f(w)) dt(w|< |E( (nED)

X(t+ 7E® (1 + T)E(+)(t)|w»)|w»

= f f dodayf(w)f(w) f dif{w [ EO(EW (1)

X |w How; |E( 1+ DEW(1 + 7| + (@ |E ()EW
X(t+ Do) ED(t + DEP(1)] w))]

= {1+ K, ©)

where E®)(1)=*“dwa(w)e™'/\27 is the detection opera-
tor. The coefficient 1/8 comes from photon loss of the beam-
splitter (1/4) for two photons and the normalization coeffi-
cient of two permutations of two photons detecting by two
detectors (1/2). In the practical experiment, the detection
duration is much larger than the photon pulse lifetime and
the integral time is extended to (-, +). In the above equa-
tion, K(7) is the indistinguishability of two photons with time

interval 7,
=ff dwdwf(w)f(w)f dt

XK EDOED 1 + 1) ). (10)

For the Lorentzian distribution, the indistinguishability is
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r
Ki(n)= e, (11)
2

and the two-photon probability is

r
Caa(7) = (1 + 2—F2e-F71) (12)
The excess probability of K(7) is the signature of the photon
indistinguishability. It is the result of photon bunching from
the permutation symmetry of bosonic particles [18,19].
Because of the symmetry of the beamsplitter, the prob-
ability of two photons together in the output port B is the
same with Cy4(7). Therefore, the two-photon coincidence
probability C,5(7) based on the energy conservation law is

Cap(7) =1 =2C44(7) =[1 - K(7)]/2 (13)
1 I —FTI)
—2<1 21ﬁze . (14)

C,5(7) shows the typical HOM dip with the 1/e width of
pulse lifetime, 1/I'=T), as shown in the experimental report
[28]. The visibility shows the indistinguishability of Kj,
which is illustrated in Fig. 2(b) with different ratios of ex-
trinsic width to intrinsic width, 7= Af/ Ag. For Lorentzian
distribution, 7=#;=2I""/T". When extrinsic width is much
larger than the intrinsic width, 7, > 1, the indistinguishability
is approaching to 1/ ;.

B. Indistinguishability of single photons from SPDC

In the SPDC, the distinguishability of single photons is
induced by the entanglement between the twinning photon.
In order to obtain the information of the heralded single pho-
ton, the entangling parts need to be traced out in theory.
From SPDC, the two-photon state can be written as [29,34]

dwsdwP(ws, wz)aE(ws)a}(wz)lvad >

(15)

where ®(wy,w;)=P(wg+w)H(wg,w;) is the two-photon
wave function, which contains the information of the pump
beam spectrum P(wg+ w;) and the phase-matching condition
H(wg,w;) in the nonlinear crystal. We assume the pump
beam is transform limited and the spectrum |P(wg+w))|? is
Gaussian distribution with width o,. By making the detec-
tion of the idle photon (I) with a single frequency of (;, the
signal photon (S) has the transform-limited single photon
state from Eq. (15),

|S>Qz:j deP(ws+Q,)H(wS,Q,)aE(wSﬂvaC). (16)

Under the normal phase-matching condition for thin nonlin-
ear crystal, the bandwidth of H(wg,{);) is much larger than
the pump width [35,36]. Therefore, the H(wg,())) is slowly
varying function and can be taken outside of the integral. In
this case, the transform-limited single photon pulse has the
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same shape and width of the pump beam, which can be de-
2
scribed with g,,(v)=e~ =47/ {2702,

Since the actual detection of the idle photon is the sum of
the above detections of different frequency (),, the center
frequency of the transform-limited single photon pulse has
the distribution of f(w). Without loss of generality, we as-

A Y
sume that f(w):e‘(“’“"v)z/z‘rf / \e’2770?» [35,36]. Therefore, the
heralded single photon can be formally described in Eq. (2)
with intrinsic width o, and extrinsic width 0. The total spec-

g
trum is also Gaussian distribution with the width

a':\"o'§+0'j%. (17)

Moreover, the indistinguishability of two photons with inter-
val 7 is calculated,

Ko(n) = ‘—(’Tﬁe-fzoﬁ . (18)

The two-photon coalescence probability C4gz(7) for the HOM
interference is

Cup(7) = %(1 - i'g_%-%) (19)

with the visibility of K;(0)=0,/0, which is also shown in
Fig. 2(b) with different ratios of 7;=0y/o,. Moreover, the
indistinguishability approaches to 1/ 7, with large extrinsic
width. If the two-photon wave function can be factorized,
ie., P(wg, w)=P(ws)P(w);), the single photon is transform
limited [22,29,34]. In this case, a;=0 and the single photons
are indistinguishable.

From the results of HOM interference, Eq. (14) and Eq.
(19), the width of indistinguishability, or the two-photon
fourth-order coherence, only depends on the intrinsic width,
or the lifetime of the transform-limited pulse. However, the
total single photon spectral width determines the width of the
single photon second-order coherence time.

III. DISCUSSION

A. Definition and the experimental enhancement
of indistinguishability

From the single photon state, the indistinguishability is
described in Eq. (3), which is the purity of the state if the
single photons are generated in the same source. For the
single photons from the different source, the indistinguish-
ability has the description of K;=tr(p;®p;). At the same
time, from the multimode theory, the indistinguishability is
described as £/ A, where £ (A) is the excess (accidental)
two-photon probability [16]. In Refs. [18,19], the indistin-
guishability is derived from the coefficients of Schmidt de-
composition. All of these definitions are equivalent.

It needs to be emphasized that the extrinsic spectral width
comes from the entanglement with extrinsic system. Only
this extrinsic spectral width will bring the distinguishability.
In the above discussion, we assumed that all other DOFs of
the single photon have the same states and no entanglement
with the frequency DOF. Actually, the entanglement between
the frequency DOF and other inner DOF of the same photon
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may induce the mixed spectrum description. However, for
the same entanglement, the mixed spectrum will not induce
the distinguishability when all the DOFs are included, since
the entangled state can be described as a linear superposition
form for the single photon in a higher dimensional space.

Practically, in order to enhance the indistinguishability,
different methods are needed to narrow the extrinsic spectral
width or broaden the intrinsic spectral width. For the quan-
tum emitters, low temperature is needed to reduce the inter-
action with phonons. In this case, the dephasing time is ex-
tended [37] and the extrinsic spectral broadening is
controlled. Moreover, the interaction with optical cavity
mode will decrease the lifetime of the spontaneous emission
through Purcell effect [38]. Therefore, the intrinsic width is
broadened and the indistinguishability is enhanced [28]. In
SPDC, particular design on the phase-matching condition
helps to generate indistinguishable single photons [22,29].
However, the usage of spectral filter is the most feasible
method to enhance the indistinguishability, especially in the
experiment on SPDC.

B. Effect of spectral filter

In experiment, the narrow spectral filter is widely used to
enhance the indistinguishability and interference visibility.
Theoretically, the detection operator after the spectral filter
can be described as

1 e )
EW() = ,——f doF(w)a(w)e™, (20)
\/’277 —©

where |F(w)|? is the spectral transmissivity of the filter. Here
we assume the Gaussian distribution of |F(w)[?
2, 2 . .
= (=020 centered same at w, with width o7p.
With the spectral filter, the spectrum of the single photons
is also Gaussian distribution and its width narrows to
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FIG. 3. (Color online) Indistinguishability with different widths
of filters. (a) Two photons coalescence probability C,z(7) of the
HOM interference without filter (red dashed curve) and with filters
(green solid curve for R=0.5 and blue dotted curve for R=0.1).
Here we set ;=3 for all three cases. The two curves with filters
are normalized to the maximal probability of 1/2 for total distin-
guishable cases (7> o'é). (b) The red solid and the green dashed
curves show the indistinguishability for 7s=3 and 7;=10 with
Gaussian filters, respectively. The red solid (77;,=3) and green open
(7,=10) circles are for the corresponding results of Lorentzian fil-
ter on Lorentzian spectrum distribution. In this case, R=2I"x/T’,
where ' is the Lorenzian filter width.
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At the same time, the filter narrows the intrinsic width,

o= %80—% (22)

Using Eq. (18), the indistinguishability is
K. = t/rg\' oL+ (/)']20 + ok ’ 23)

o o]

for 7=0.
More rigorously, the effect of the spectral filter extended
from Eq. (10) is described as

Kg= f J dordawf(w)f(w) J dt

XK EDNED (D]l C?

= f f dwdof(w)f(w)

X

f doF (v)g,,(DF (g, (v

2
/ (24

= ; (25)
\/0'§ + (r%\/oé + (rjzc

where C is the probability to detect the single photon after
the filter

C= J - dof(w) - d{wED(EP (1)|w)  (26)

-0 -0

Of

= (27)
\U§+ O'j%+ or

Certainly there is photon loss for C <1 when using the filter
to enhance the indistinguishability.

Figure 3 shows the effect on the indistinguishability with
different ratios of spectral filter width to intrinsic width, R
=0/ 0, In Fig. 3(a), the width of HOM dip is broadened to
1/0;,, since the intrinsic width is narrowed by the spectral
filter in Eq. (22). Figure 3(b) shows the indistinguishability
with 75=3 (red solid) and 7;=10 (green dashed). In com-
parison, the results of the Lorentzian filter on Lorentzian
spectrum distribution are also shown in Fig. 3(b) with red
solid (7;=3) and green open (7, =10) circles. These results
are numerically calculated with Eq. (24) and Eq. (26).
Clearly, the indistinguishability is approaching to 1 when the
filter width is closing to 0. For > 1, the value of the indis-
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tinguishability shows the same result as in Fig. 2(b), where
the extrinsic width is replaced by the filter width.

In SPDC, for the pump pulse duration of 110 fs (full
width at half-maximum), the indistinguishability with a full
width at half-maximum 3 nm filter is about 0.94 for =3
[36]. It is little higher than the experimental results in [5,14]
because there may be entanglement in other degrees of free-
dom between the twin photons besides the frequency en-
tanglement [18]. Here, we used the condition that the single
photon intrinsic width o, is the same with the pump beam

g
width for thin nonlinear crystal.

C. Independent photons from many quantum emitters

In some cases, there is more than one independent photon
from many quantum emitters. The total state is

N
ov=11p. (28)
i=1

where p,=(C|vac)vac|+ [TZdof ()| w)w|) is for the inde-
pendent single photon with C=1-[*"dwf,(w). Considering
the photon loss in the practical experiment and quantum ef-
ficiency of the quantum emitters, [ dwf;(w) < 1. Moreover,
fi(w) may have different center wavelengths. For example,
there is size distribution of quantum dots. In this case, the
total spectrum will include the broadening from size distri-
bution. Therefore, the spectrum is very broad and the pho-
tons will be distinguishable even at the low temperature.

IV. CONCLUSION

The description of the single photons state in the spectrum
domain is presented to discuss the indistinguishability. The
ratio of extrinsic spectrum width to intrinsic width governs
the indistinguishability. Single photons are indistinguishable
only when they have the same transform-limited forms,
while they are highly distinguishable when the extrinsic
spectrum width is much larger than the intrinsic width. Fun-
damentally, the indistinguishability of independent photons
shows the sameness of part which can be described with pure
state and only the indistinguishable parts can interfere each
other. In experiment, the indistinguishability shows excess
probability of two-photon coincident detection in Hanbury-
Brown-Twiss interferometer [33] or less probability in HOM
interferometer. Moreover, the indistinguishability can be ex-
perimentally enhanced with the narrow spectral filter or by
controlling the generation condition.
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