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Abstract We present a detailed analysis of the influence of
the group velocity (GV) on the dynamics of optical pulses
upon their propagation in one-dimensional photonic crys-
tal waveguides (PhCW). The theoretical model used in our
analysis incorporates the linear optical properties of the
PhCW (GV dispersion and optical losses), free-carrier (FC)
effects (FC dispersion and FC-induced optical losses) and
nonlinear optical effects (Kerr nonlinearity and two-photon
absorption). Our analysis shows that, unlike the case of uni-
form waveguides, the GV of the pulse, dispersion coeffi-
cients, and the waveguide nonlinear coefficient are periodic
functions with respect to the propagation distance. We also
demonstrate that linear and nonlinear effects depend on the
group velocity, vg , as v−1

g and v−2
g , respectively.

1 Introduction

Silicon photonics represents an emerging fast growing area
of research, which is envisioned to revolutionize on-chip and
chip-to-chip optical communications systems by develop-
ing silicon-based photonic devices manufactured using the
well-established CMOS technology [1–3]. There are several
unique properties of silicon that make it an ideal integra-
tion medium for functional photonic devices. For example,
by using waveguides with a silicon core (nSi = 3.45) and
a low-index cladding (n = 1 for air and nSiO2 = 1.45 for
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silica) one can achieve a very tight optical field confine-
ment and, consequently, enhanced optical power flux. The
second key optical property of silicon is an extremely large
third-order susceptibility—about 3–4 orders of magnitude
larger than that of silica. This large optical nonlinearity, in
connection with the strong optical field confinement, leads
to further enhancement of the effective optical nonlinearity
of silicon-based photonic devices. This enhancement results
in achieving strong nonlinear optical effects at low optical
power [4], as well as very compact nonlinear optical devices
[5–7]. In addition, for subwavelength waveguides both the
linear dispersion coefficients [8, 9], as well as the nonlinear
effective coefficient of the waveguide [3], depend chiefly on
the geometry of the photonic structure.

One very promising approach to further decrease the size
of silicon-based photonic systems is to employ nanostruc-
tured devices based on photonic crystals (PhCs). Thus, sub-
wavelength patterning increases the device parameter space
and therefore it provides an efficient approach to tailor and
optimize the device functionality. For example, by sim-
ply tuning the geometrical parameters of PhC waveguides
(PhCWs) one can achieve an optical guiding regime in
which the group velocity (GV) of the propagating modes
of the waveguide is as small as 10−4c [10]. In this slow-
light regime nonlinear optical effects, such as Raman inter-
action [11], third-harmonic generation [12, 13], and super-
prism effects [14], are dramatically enhanced and therefore
the footprint of active devices can be reduced significantly.
It is expected that, in addition, these enhanced nonlinear op-
tical effects would strongly affect the dynamics of optical
pulses propagating in subwavelength silicon waveguides. In
this connection, in this paper we study the influence of the
GV on the temporal and spectral characteristics of optical
pulses propagating in PhCWs made of silicon.
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Fig. 1 (a) Projected band structure of a Si PhC slab waveguide with
h = 0.6a and r = 0.22a. Solid and dashed curves correspond to the
fundamental and second mode, respectively. Dark grey and light grey
regions correspond to leaky modes and slab guiding modes, respec-

tively. (b) Dependence of neff, ng , and β2 on the normalized frequency,
calculated for a = 412 nm. (c) Isosurface plots of the field intensity
of a mode with ω̃ = 0.267 (top panel) and a slow-light mode with
ω̃ = 0.245 (bottom panel)

2 Dispersion properties of the photonic crystal
waveguide

To begin with, we consider a PhC slab waveguide with thick-
ness h, made of silicon, perforated by a hexagonal lattice of
holes; the lattice constant and hole radius are a and r , re-
spectively. A one-dimensional (1D) waveguide is then ob-
tained by filling one of the rows of holes, which is assumed
to be oriented along the �K crystal symmetry axis [see
Fig. 1(a)]. The coordinate system is chosen such that the
line defect is oriented along the z-axis whereas the y-axis is
perpendicular to the plane of the PhC slab. Then, the spa-
tial distribution of the index of refraction is described by the
function n(r), where n(r) = 1 and n(r) = nSi ≡ n for the
regions of the holes and outside the slab, and for the silicon
regions, respectively.

We have determined the photonic band structure of the
1D PhC waveguide by using a numerical method based on
the plane wave expansion algorithm. We have considered
a PhCW with h = 0.6a and r = 0.22a, and used a super-
cell with size of 6

√
3a × 4a × a along the x-, y-, and z-

axis, respectively. The size of the computational step along
the x, y, and z directions was a

√
3/40, a/20, and a/20,

respectively. The results of our numerical simulations, pre-
sented in Fig. 1(a), show that the PhCW has two (TE-like)
guiding modes located in the full frequency band gap of the
PhC slab waveguide. Since the index of refraction n(r) of
the 1D PhCW is periodic along the z-axis, the Bloch theo-
rem implies that the mode propagation constant, β , which is
oriented along the z-axis, is restricted to the first Brillouin
zone, β ∈ [−π/a,π/a]. Note also that the dispersion curves
shown in Fig. 1(a) are given in dimensionless units, namely,
ω̃ = ωa

2πc
for the normalized frequency and k̃ = βa

2π
for the

normalized wave vector.
One important property of the guiding modes of the

PhCW, which is illustrated in Fig. 1(c), is that the mode
field profile is strongly dependent on the frequency, There-
fore, one expects that the mode propagation constant varies

strongly with the frequency. The dependence β = β(ω) ≡
neffω

c
, where neff is the effective index of the mode, allows us

to determine a set of dispersion coefficients that characterize
the optical pulse dispersion in the waveguide. Specifically,
β1 ≡ ∂β

∂ω
= 1

vg
defines the GV of the optical pulse, whereas

β2 ≡ ∂2β

∂ω2 describes the pulse GV dispersion (GVD). The
frequency dependence of these dispersion coefficients, cal-
culated for the fundamental mode, is presented in Fig. 1(b).
Among other things, this figure shows that near the edge of
the first Brillouin zone the group index ng = c/vg has large
absolute value, one immediate consequence being that β2

becomes very large in this slow-light regime.

3 Mathematical model

The theoretical model that describes the pulse propagation
in 1D PhCWs, which has been derived in Ref. [15], consists
of an equation that governs the evolution of the optical field,

i

[
∂A

∂z
+ δ(z)

vg

∂A

∂t

]
− β2δ(z)

2

∂2A

∂t2

= −ωδnFC

nvg

κ(z)A − i
cαFC

2nvg

κ(z)A − γ (z)|A|2A, (1)

coupled with a standard rate equation, which describes the
FC dynamics,

∂N(z, t)

∂t
= −N(z, t)

τc

+ 3�′′(z)
4ε0�a2v2

gAnl(z)
|A(z, t)|4. (2)

In these equations, A(z, t) is the field amplitude (measured
in

√
W), N(z, t) is the FC density, τc is the FC relaxation

time, δnFC and αFC are the FC-induced change in the index
of refraction and the FC loss coefficient, respectively, and
are proportional to the FC density N , Anl is the effective
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Fig. 2 The group-velocity shift δ, the mode overlap parameter κ , and waveguide nonlinear coefficient γ vs. distance z, calculated for the fast- and
slow-light modes presented in Fig. 1(c). Dashed and solid curves correspond to the fast- and slow-light modes, respectively

Fig. 3 (a) The temporal and spectral pulse profiles calculated for sev-
eral values of power P . For a better illustration, the pulse profiles are
displaced vertically by a constant shift. The pulse GV vg = c/4.125,
which corresponds to ω̃ = 0.267. The PhCW has h = 0.6a and r =

0.22a, with a = 421 nm. The pulse width T0 = 2 ps, β2 = 10 ps2/m,
and the propagation distance z = 1000a. (b) The same as in (a), but for
a slow-light mode with vg = c/35, ω̃ = 0.245, and β2 = 104 ps2/m.
The dashed curves correspond to the input pulse

area of the mode, and

γ (z) = 3ω�(z)

4ε0a2v2
g

(3)

is the nonlinear coefficient of the waveguide. Furthermore,
the averaged third-order susceptibility, �, the GV shift, δ,
and the mode overlap coefficient, κ , are given by the follow-
ing expressions:

�(z) = a4
∫

e∗ · χ̂ (3)
...eee∗ dS∫

Vcell
n2(r)|e|2 dV

;

δ(z) = a
∫ [μ0|h|2 + n2(r)|e|2]dS∫

Vcell
[μ0|h|2 + n2(r)|e|2]dV

;

κ(z) = an2
∫
Snl

|e|2 dS∫
Vcell

n2(r)|e|2 dV
, (4)

where χ̂ (3) is the third-order susceptibility of bulk silicon
and e(r) and h(r) are the electric and magnetic field of the
waveguide mode, respectively. It should be noted that, as
shown in Fig. 2, and unlike the case of uniform waveguides,
these physical quantities are periodic functions of the dis-
tance z. Figure 2 also shows that this dependence on z is

much stronger in the case of the slow-light mode as com-
pared to the case of the fast-light mode, which emphasizes
the strong frequency dispersion of these PhCWs.

4 Influence of group velocity on pulse dynamics

One important conclusion illustrated by the (1) and (2) is
that the GV of the optical pulse would have a strong in-
fluence on the pulse dynamics, especially at large peak
power, P . To be more specific, the linear terms in the (1)
are inverse proportional to vg , which implies that the FC-
induced losses are inverse proportional to vg , whereas the
nonlinear terms in the (1) and (2) are inverse proportional
to v2

g . In other words, when compared to the fast-light
regime, in the slow-light regime the nonlinear optical ef-
fects are enhanced significantly more than the linear ones.
This dependence, however, becomes more complicated as
the power increases, since in this case the generated FCs in-
crease the linear and nonlinear absorption via the FC absorp-
tion and two-photon absorption (TPA), respectively. Thus,
as can be seen from the (2), the amount of FCs generated
via TPA is inverse proportional to v2

g , and therefore the FC-

induced losses become inverse proportional to v3
g .
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In order to illustrate this strong dependence of the pulse
dynamics on the GV, we present in Fig. 3 the temporal
and spectral profiles of a pulse that propagates in a silicon
PhCW, both in the fast-light and the slow-light regimes. In
these numerical simulations the spatial integration step was
a/20 and the relaxation time τc = 0.5 ns. In both cases the
pulse temporal width T0 = 2 ps and the propagation distance
z = 1000a are the same. Among other things, this figure
shows that in the fast-light regime the temporal profile of
the pulse remains almost unchanged during the propagation,
except for a small decrease in amplitude due to the FC losses
and TPA. On the other hand, it can be seen that at large op-
tical power the spectrum of the pulse becomes asymmetric
and splits in two separate pulses, the latter feature being the
signature of the self-phase modulation effect. By contrast,
in the slow-light regime both the temporal profiles of the
pulse, as well as the pulse spectra, are modified dramatically
during the pulse propagation in the waveguide. Specifically,
because in this case β2 is three orders of magnitude larger
than in the fast-light regime, the temporal width of the pulse
broadens significantly. Moreover, even at moderate optical
power the pulse decay is much stronger in this case, which
means that the optical losses due to the generation of FCs
and TPA are larger. Note also that in the slow-light regime
the spectrum of the pulse develops a series of oscillations,
which again is a signature of the phase modulation induced
by the FC dispersion and the Kerr effect. Indeed, the non-
linear coefficient γ of the slow-light mode is about two or-
ders of magnitude larger than in the case of the fast mode,
and therefore in this case one expects that the pulse is much
more strongly influenced by the increased amount of gener-
ated FCs and the enhanced nonlinear optical effects.

5 Conclusion

In conclusion, we have presented a detailed analysis of the
influence of the GV on the pulse propagation in 1D PhCWs
made of silicon. In particular, we have included in our analy-
sis linear optical effects induced by the waveguide disper-
sion and nonlinear optical effects due to the (Kerr) nonlin-
earity of silicon, and studied their influence on the pulse
propagation. We have applied the general theoretical for-
malism to two particular cases, namely, the propagation of
optical pulses in a single mode PhCW in the slow-light and
fast-light regimes. One important conclusion of this theoret-
ical analysis is that due to a complex interplay between ef-
fects induced by the generation of FCs and nonlinear optical

effects, the pulse dynamics in the slow-light and fast-light
regimes show markedly different physical characteristics.
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