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The production of axions in the early universe is studied. Axion models which break the U(1)pQ symmetry above 1012 
GeV are found to produce an unacceptably large axion energy density. 

The absence of  CP violation in the strong interac- 
tions can be explained naturally by incorporating the 
U(1)pQ symmetry of  Peccei and Quinn [1 ] into the 
standard model. A consequence of  this symmetry is 
the axion [2], a spin 0 boson of  mass 

m a ,~ m J J v ,  (1) 

where v is the magnitude of  the vacuum expectation 
value which breaks the U(1)pQ symmetry. An axion 
of mass (1) with v of  order the weak interaction scale 
has not been observed. However, it has been pointed 
out [3] that v may be much larger, for example of  
order the grand unification mass. The axion is then 
extremely light and weakly coupled and is essentially 
invisible to laboratory experiments. It has recently 
been noted [4] that most axion models have a spon- 
taneously broken Z(N) symmetry and that the result- 
ing discrete, degenerate vacua give rise to domain 
walls which are incompatible with standard cosmol- 
ogy. Several solutions to this problem have been pro- 
posed [4,5]. One approach is to adopt an inflationary 
cosmology [6]. This solves the domain wall problem 
provided that the reheating temperature, after the in- 
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flationary period, is not high enough to restore the 
U(1)pQ symmetry. 

In this letter, we derive a new constraint which 
standard cosmology imposes on axion models. We 
consider the production of  axions in the early uni- 
verse and find that axions are copiously produced 
when the temperature, T, gets of order A, where A is 
the QCD scale parameter. At this time, QCD instanton 
effects align the vacuum producing a coherent state of  
axions at rest. After they are produced, the axions de- 
couple. They have a large energy density which only 
goes down like T 3 since they are nonrelativistic. Thus, 
we expect a large energy density of  axions in the pres- 
ent universe. We find that unless v is less than 1012 
GeV, the present axion energy density will exceed the 
closure density of  the universe by a factor of  ten. 
This bound holds whether or not the vacuum of  the 
axion model is unique. It is also independent of  the 
history of  the universe before the temperature 
reaches about 100 GeV. 

To obtain our bound we must consider how the 
axion field behaves as the universe cools. At a high 
temperature of  order v, a scalar field develops an ex- 
pectation value 

(qb) = oe i0, (2) 

breaking the U(1)pQ symmetry. The axion field is 
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q~A -= 0O. Initially, the value of  0 in eq. (2) is chosen 
randomly, but after the quarks develop a mass at a 
temperature of  about 100 GeV, QCD instantons in- 
troduce a potential for the axion field with minima 
at values of 0 for which there is no CP violation. This 
is the Peccei-Quinn mechanism [1]. We will choose 
our phases so that the vacuum is described by 
0 = ~b A = 0. The initial value of  0 in eq. (2) is presum- 
ably some number of order one. Thus, initially ~b A is 
of  order v and as T approaches A the instanton in- 
duced potential will cause the axion field to oscillate, 

(PA ~ Ao cos mAt. (3) 

We will parameterize the amplitude of  these oscilla- 
tions by the dimensionless variable A. Initially, A = 0 
and is of  order one. The oscillating q~A field is equiva- 
lent to a coherent state of  axions at rest. Since we are 
dealing with large numbers of  axions in a coherent 
state we can use classical field theory as a good ap- 
proximation. The present value of A in eq. (3) must 
be extremely small if the axion energy density which 
is about m2v2A 2 ~ m2f2A 2 is to be compatible with 
cosmology. If  we require this energy density to be 
less than ten times the critical energy density of the 
universe we find that 

Apresen t ~ 10 -21 . (4) 

We will now compute the present value of  the am- 
plitude of  the axion field oscillations, A, to see if the 
bound of  eq. (4) is satisfied. If we ignore (for the mo- 
ment) axion interactions, the axion field is governed 
by the equation of  motion 

d2¢A/dt 2 + 3H(t)d¢A/dt + m2A(T)~A = 0, (5) 

where H(t) is the Hubble "constant" and mA(T ) is the 
temperature-dependent axion mass. We use the 
Hubble constant (H = 1/2t) and temperature-t ime 
relation (T = t -1/2) of  a spacially fiat, radiation-dom- 
inated cosmology. The axion mass, mA(T), can be de- 
termined from finite-temperature instanton calcula- 
tions [7]. For three quark flavors (which is the rele- 
vant number for the region of  interest) we find 

mA(T ) = 0.04 as3Qr2T2)(mumdmsA9)l/2o-lT -4. (6) 

Eq. (5) is the equation of  a damped harmonic oscilla- 
tor with time-dependent parameters. Until the age of  
the universe, t, is of  order 1/mA(t ) the axion field will 
not have had enough time to oscillate. At a time tl ,  

where t 1 = 1/mA(tl), when the temperature is T1, the 
axion field begins to oscillate. The drag term in eq. 
(5) will cause the amplitude o f  these oscillations to 
decrease like T 3/2. The time variation of  the axion 
mass also causes the oscillation amplitude to decrease. 
After the time tl ,  the relative change in the axion 
mass is slower than the oscillation frequency, that is 
(1/mA)dmA/dt < m A. This means that the mass varia- 
tion is adiabatic and the quantity mA(TM 2 will re- 
main a constant since it is an adiabatic invariant [8]. 
Thus, the amplitude is reduced by the square root of  
the ratio of  the axion mass at temperature T l to the 
final axion mass, m A of  eq. (1). Putting all this to- 
gether we find that at a temperature T (where T <  A) 

A = [mA(T1)/mA] 1/2(T/T1)3/2, (7) 

assuming initially A = 0 = 1. T 1 and mA(T1) can be 
determined from eq. (6). We find that T 1 -~ 1 GeV 
(1011 GeV/v) 1/6 and 

Apresen t .~ 10 -21 (o/1012 GeV) 7/12. (8) 

For eq. (4) to be satisfied, we must therefore require 
that 

o < 1012 GeV. (9) 

This bound is relatively insensitive to the normaliza- 
tion and even to the power of  T used in the formula 
for mA(T ). Uncertainties about the value of  A and 
about the effects of  chiral symmetry breaking intro- 
duce at most a factor of  2 - 3  uncertainty in the 
bound. 

Up to now we have been ignoring axion couplings. 
The invisible axion, of  course, decouples at tempera- 
tures much below o. However, when the axion field is 
oscillating, we have a huge density of  axiom in a co- 
herent state and coherence can enhance the effects of  
axion interactions. Axion couplings to fermions do 
not lead to coherent effects and so are irrelevant. 
Likewise, axion couplings to gravitons are too weak. 
However, axion self-couplings and photon couplings 
are of  interest. 

Since the coherent state axions are non-relativistic, 
their energy density goes down like T 3 as indicated 
by eq. (7). However, if through self-couplings these 
axions could become relativistic, their energy density 
would start going down like T 4 and the present value 
of A would be much smaller than the result (8). To 
see if significant amounts of  energy can be transferred 
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from the initial zero momentum mode to non-zero 
momentum modes let us consider the effect of  a self- 
coupling term k~b4/4! and write the axion field as 

(PA = Av cos mAt + 5Ak(t ) exp(ik-x). (10) 

Then, for small 6Ak, the non-zero momentum mode 
is governed by the equation (ignoring for the moment 
the Hubble term) 

2 1 d26Ak/dt 2 + (k 2 + m A + ~kA2v2cos2mAt)6Ak = 0. (11) 

This is the Mathieu equation and it has the following 
properties [9]. There are bands o f k  values for which 
eq. (11) is unstable and 6A k grows exponentially. The 
most rapidly growing modes occur for a band of  
width 

Ak ~ (m h/4X/3)( ~ XA 2v2/m2 ) 2, (12) 

which grow at a rate 

P ~ ~ mA(kXA2o2/m2)2. (13) 

A given unstable mode will grow as long as it lies in 
the band of  instability, but eventually it will be red- 
shifted out of  this band. The time it takes to be red- 
shifted out of  the unstable band is 

r ~ Ak/Hm A. (14) 

For the axion field 2~ ~ m2/v  2, so, 

r r  ~ (1/64x/~)(~A 2)4 (mA/H)" (I 5) 

For o/> 1012, we find that Pz is always much less 
than one so no appreciable growth takes place in the 
non-zero momentum modes. Thus, axion self-coup- 
lings have no effect on the bound of  eq. (9). 

The axion lifetime for decays into two photons is 
longer than the age of  the universe for an invisible 
axion. However, for our coherent state of  axions, 
stimulated emission can lead to an enhancement of  
this decay mode. The axion photon system can be 
evaluated exactly like the non-zero momentum 
modes considered above. In this'case, the oscillating 
axion field couples two polarization modes of  the 
electromagnetic field and the system acts like a 
parametric amplifier [10]. However, the axion decay 
into photons is blocked until the temperature reaches 
about 1 MeV because the plasma frequency 
[(47re2/me)ne] 1/2 is greater than the axion mass. Af- 
ter this, the axion density is too low for significant 
coherent effects to occur. Thus, our bound is also un- 

effected by photon couplings of  the axion. 
In conclusion, axion models which break the 

U(1)pQ symmetry above 1012 GeV result in a present 
energy density of  non-relativistic axions more than 
ten times greater than the critical energy density. In 
the introduction, we suggested that the domain wall 
problem could be avoided in an inflationary cosmol- 
ogy provided that Treheat < o. However, our bound 
would then require that Treheat "( 1012 GeV. Since 
the baryon asymmetry must be generated after the 
inflationary period, it may be difficult to have infla- 
tion take place at such a low temperature. 

Astrophysical arguments [ 11 ] place a lower bound 
on v of  roughly 109 GeV ,1. Thus, invisible axion 
models with o between about 109 GeV and 1012 GeV 
are still acceptable. For such models, axions are a ma- 
jor component of  the present energy density of the 
universe. (For example, i fo  ~ 1.4 × 1011 GeV axions 
would give the universe a critical energy density.) 
The presence of  these axions would clearly have pro- 
found implications for astrophysics and cosmology. 

Work similar to ours has been carried out by 
J. Preskill, M. Wise and F. Wilczek. We thank 
J. Preskill, M. Wise and S. Coleman for helpful dis- 
cussions. This work was done at SLAC and by P.S. 
also at the Aspen Center for Physics. We thank both 
institutions. 

Note added. We have recently learned that M. Dine 
and W. Fischler have also studied this problem. 

This is the value from ref. [11]. Fukugita et al. [12] find 
a lower bound of 4 × 107 GeV. 
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