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Humans and animals routinely infer relations between different items or events
and generalize these relations to novel combinations of items. This allows them to
respond appropriately to radically novel circumstances and is fundamental to advanced
cognition. However, how learning systems (including the brain) can implement the
necessary inductive biases has been unclear. We investigated transitive inference (TI), a
classic relational task paradigm in which subjects must learn a relation (4 > Band B >
C) and generalize it to new combinations of items (4 > C). Through mathematical
analysis, we found that a broad range of biologically relevant learning models (e.g.
gradient flow or ridge regression) perform TT successfully and recapitulate signature
behavioral patterns long observed in living subjects. First, we found that models with
item-wise additive representations automatically encode transitive relations. Second,
for more general representations, a single scalar “conjunctivity factor” determines
model behavior on TI and, further, the principle of norm minimization (a standard
statistical inductive bias) enables models with fixed, partly conjunctive representations
to generalize transitively. Finally, neural networks in the “rich regime,” which enables
representation learning and improves generalization on many tasks, unexpectedly show
poor generalization and anomalous behavior on TI. We find that such networks
implement a form of norm minimization (over hidden weights) that yields a local
encoding mechanism lacking transitivity. Our findings show how minimal statistical
learning principles give rise to a classical relational inductive bias (transitivity), explain
empirically observed behaviors, and establish a formal approach to understanding the
neural basis of relational abstraction.

relational learning | compositional generalization | transitive inference | relational representations

Humans and animals have a remarkable ability to generalize to circumstances that are
radically different from their prior experience. They are able to do so, in part, by learning
relationships between different events or items and extending these relationships to novel
combinations of components (1). Such relational generalization is important across a
broad range of domains: for example, subjects can reason about social relationships
between individuals they have never seen interact (2), take a novel route between familiar
locations (3), or apply familiar tools to novel problems (4). Accordingly, relational
cognition has been implicated in a variety of cognitive abilities, including social cognition
(5), spatial navigation (6), and logical and causal cognition (7).

It is unclear how living subjects, and learning systems more generally, can learn the
kinds of abstractions needed for relational generalization. To generalize from limited
experience, subjects (whether they are humans, animals, or learning models) need an
“inductive bias”: a disposition toward certain behaviors among the many that are
consistent with past experience (8). Much attention has been devoted to clarifying
suitable inductive biases on standard statistical tasks that require generalization to nearby
data points (“near transfer” or “in-distribution generalization”) (9, 10). An important
instance of such a “statistical inductive bias” is norm minimization, which selects the
model parameters with the smallest weight norm and is at the core of many successful
learning models (11-13). Both theoretical and practical insights suggest that such a
solution is likely to generalize well in distribution (14, 15). In contrast, our understanding
of how learning models perform relational tasks, which require generalization to radically
different circumstances (“far transfer” or “out-of-distribution generalization”), has been
much more limited (16, 17). Addressing this gap is essential to understanding how living
subjects perform these tasks.

To investigate this question, we studied transitive inference (TT; Fig. 14; 18-20), a
classical cognitive task that tests whether humans or animals can generalize transitively.
In this task, subjects are presented with pairs of items (Fig. 1B) and must pick the
“larger” item according to an implicit hierarchy (4 > B > > G, Fig. 14).
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Significance

The ability to infer how elements
are related is fundamental to our
cognition: when we encounter
new circumstances composed of
familiar elements, grasping
relationships helps us generalize.
An important instance is transitive
inference (TI): if we know that

A > Band B > C, we can infer that
A > C. However, it has been
unclear how the brain (and other
learning systems) implement
such relational generalizations.
Here, we investigated artificial
learning systems (such as neural
networks) that do not have
transitivity built in. Remarkably,
we found that they perform Tl
and show behaviors seen in
humans and animals. Our
findings explain how simple
learning models can implement
the kind of relational
generalization that is essential for
successful behavior.
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Importantly, subjects are not informed of this task structure (cf.
refs. 21 and 22) and, further, only receive feedback about the
correct response on adjacent pairs (AB, BC, ..., FG). Hence,
they must infer the underlying relation and use transitivity to
determine the correct response to nonadjacent pairs (B > E,
Fig. 1C).

Notably, humans (24) and a variety of animals [ranging
from monkeys (25) and rodents (26) to wasps (27) and fish
(28)] perform TIT successfully. Moreover, they show consis-
tent behavioral patterns (in their reaction time and accuracy,
Fig. 1D), which may be informative of the underlying neural
implementation (19, 20). First, subjects’” performance improves
with increasing separation in the hierarchy (“symbolic distance
effect,” e.g., 24, 29, 30). Second, subjects’ performance tends to
be better for trials involving more terminal (e.g., A and G) rather
than more intermediate (e.g., D and E) items (“terminal item
effect,” e.g., refs. 31 and 32). Third, some studies indicate better
performance on training trials (which have a symbolic distance
of 1) than on test trials with a symbolic distance of 2 (21, 33, 34,
Fig. 1E), alimited violation of the symbolic distance effect which
we here refer to as the memorization effect. Finally, subjects’
performance is often better for item pairs toward the beginning
of the hierarchy than item pairs toward the end (the “asymmetry
effect,” which we do not address but return to in the discussion)
(e.g., ref. 21).

Many simple learning models have been shown to perform T1.
However, the inductive biases that give rise to this ability are not
well understood. Various learning models associate a numerical
“rank” with each presented item and choose whichever item has a
higher rank (21, 23, 35). Such models are preconfigured to gen-
eralize transitively and leave unclear how transitive generalization
could arise from more basic learning principles. They also leave
unclear how the brain, which is not constrained in this way (36),
could implement T1I. Intriguingly, several studies have found that
generic neural networks can generalize transitively, suggesting
that statistical learning principles can sometimes give rise to a
suitable relational inductive bias (22, 37-39). However, TI in
neural networks has largely been studied through simulations,
rather than analytically (cf., ref. 40), raising the question of when
and how statistical learning models can implement TT.

Here we show, via both analytical approaches and simulations,
that a broad range of biologically relevant learning models
generalize transitively and recapitulate the symbolic distance,
terminal item, and memorization effect. We first consider models
with “additive” representations that represent the two presented
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Fig. 1. Transitive inference and behavioral patterns
observed in subjects performing this task. (A) Example
stimuli taken from ref. 23. An example generaliza-
tion (B > E) is highlighted. (B) In a given trial, the
subject is asked to choose between the two pre-
sented items. They are rewarded if the chosen item
is larger according to the underlying hierarchy. This
panel depicts a test trial where successful performance
would consist in picking the item on the right. (C)
Schematic of the training and test cases. (D) Example
accuracy on all training and test cases (in this case by
rhesus macaques). Terminal item, symbolic distance,
and asymmetry effect are apparent in the plot. In the
subsequent figures, we leave off the item pair labels
but use the same ordering. Symbolic distance (SD)
is the separation in the rank hierarchy. The data are
reproduced from ref. 23. (£) Symbolic distance effect
with and without a memorization effect (ME). Data
without ME reproduced from ref. 23 and data with
ME reproduced from ref. 21. Shaded regions in both
panels indicate mean + one SE.

items independently and show that they are constrained to im-
plementing a transitive relation. If models additionally represent
nonlinear conjunctions between items (as is important for many
other tasks) but use norm minimization to determine their
readout weights, they also generalize transitively. Remarkably,
the same learning principle that underpins many instances of
successful near transfer also enables this instance of successful far
transfer. We further show that, for T1, the effect of a particular
choice of internal representation can be characterized by a single
scalar “conjunctivity factor.” Finally, we consider models which
adapt their internal representation to a given task, an ability
thought critical to human and animal cognition. Surprisingly, we
find that this impairs performance on TT and leads to behavioral
patterns that deviate from those in living subjects. Notably, this
anomalous behavior is explained by a different form of norm
minimization, namely one over all weights in the network rather
than just the readout weights.

At first glance, TI appears to be a complex task involving
relational, rule-based cognition. Nevertheless, we can characterize
a broad range of learning models performing this task in exact
analytical terms, explaining how they give rise to the rich
behavioral patterns observed in living subjects. In doing so, our
investigation clarifies systematically how a learning principle that
has largely been considered in the context of near transfer, also
implements an important instance of far transfer and relational
abstraction.

Model Setup

We represent individual items as high-dimensional vectors. A trial
input is a concatenation of the two vectors X, ¥ corresponding
to the two presented items. We generally consider a learning
model f that represents this input as a numerical vector g(X, ¥)
(in the simplest case, this could be the input vector itself). The
model then computes a linear readout from that representation:
f(XY) =wog(XY). A positive model output (f (X, ¥) > 0)
corresponds to X > Y, whereas a negative output (£ (X, ¥) < 0)
corresponds to X < Y. We generally assume that w is learned
from the training trials, whereas g(X, ¥) remains fixed (for
example arising from the representation in a neural network
with random or prelearned weights). In the final two sections, we
investigate models that also learn g(X, Y).

Inputs where f(X, ¥) = 0 lie on the model’s decision
boundary. Accordingly, a higher magnitude of the margin
FXY)ifX > Y or —f(XY)if X < Y) corresponds to
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a larger distance from the decision boundary. We take this
to indicate better performance, corresponding to higher choice
accuracy and lower reaction time. This is a standard assumption
in decision-making models (22, 41). For example, in a drift
diffusion model (42), the output (X, ¥) determines the model’s
drift rate. A higher drift rate makes the model less susceptible to
noise (improving accuracy) and makes it cross its threshold faster
(improving reaction time) (43).

Results

An Additive Representation Yields Transitive Generalization.
To perform TI, or indeed any kind of relational inference, a
learning model’s representation of items X and Y, g(X Y),
should reflect the fact that X and Y are separate items. In the most
extreme case, this would amount to an additive representation,
where g(X;, Y) is a sum of two separate representations gj (X) and
2(Y):g(XY) =a(X)+ 2(Y). A simple instance of this is a
model architecture where nodes respond exclusively either to X
or Y (Fig. 24).

A change in one of the two items will leave half of the
additive representation unchanged (Fig. 2B), implementing
a kind of compositionality (44). A linear readout from an
additive representation, f(X,Y) = wo g(X Y), is a sum of
responses to each individual item, w o g1 (X) + w o g2(Y), and
therefore also additive. The consequences of this are especially
clear in the case of a model without a choice bias, i.e., if
fXX) =w o g(X)+w o gX) = 0 (5 Appendix,
section S1.A considers the biased case). In this case, we know
that —w o g1(X) = w o ©(X), and, as a result, the model’s
decision function can be expressed as

fXY)=wogn(X)—wog(Y).

This means that the model necessarily learns to assign a scalar rank
r(X) =wogi(X) = —wo g(X) to each item, and computes
its decision by comparing the two ranks (Fig. 2C):

fXY)=rX)—rY).

Note that (X, Y) > 0, i.e., the decision to choose the left item,
is equivalent to 7(X) > r(Y).

As shown in previous work (e.g., refs. 21, 23, and 31), learning
systems that are preconfigured to have such a ranking system yield
both transitive generalization and the symbolic distance effect.
This is because, to learn the training set, the model’s ranks must
be monotonically decreasing:

7(A) > r(B) > --- > r(G).

A B C

Input  Rep. Output
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Fig. 2. An additive representation yields transitive generalization and the
symbolic distance effect. (A) Schematic illustration of an additive represen-
tation (rep.). The first three orange nodes represent the first item (X), and
the latter three represent the second item (Y). (B) Replacing the second item
only results in changes to the highlighted half of the units. (C) The readout
weights of the model can be grouped into those pertaining to item X and those
pertaining to item Y. The model's output can be understood as assigning a
rank r(X) and r(Y) to each item and then computing r(X) —r(Y). (D) Example
of a model's rank assignment.

PNAS 2024 Vol. 121 No. 28 e2314511121

As an example, if the model output has a margin of one for
all inputs composed of adjacent items, the rank must decrease
by one for each successive item (Fig. 2D). A monotonically
decreasing rank directly implies that nonadjacent items are
also ordered correctly and, consequently, that the model will
generalize transitively. Further, item pairs with larger symbolic
distance will have a larger difference in their ranks, giving rise to
a symbolic distance effect.

Critically, and in distinction to previous work, the above
model structure (additive representation) does not explicitly
preconfigure or assume a ranking system. Rather, the above
analysis shows that any learning model that implements an
additive input representation necessarily implements a ranking
system and thus encodes a transitive relation. Further, the above
analysis makes no assumptions about how the model learns. As
long as the model correctly classifies the training cases, it will
correctly classify all test cases, i.e., transitively generalize, and
show a symbolic distance effect.

A Single Scalar Fully Characterizes a Broad Range of Relational
Representations. The above analysis indicates that an additive
representation would enable the brain to perform TI. However,
neural representations are not thought to be fully additive (45).
Indeed, nonadditive representations (Fig. 34) are important for
learning relevant tasks across a broad range of domains and,
with some differences in implementation, are known under a
correspondingly broad range of names, including conjunctive
(46) or configural (47) representations, nonlinear features, and
representations with mixed selectivity (45). We next asked
whether and how nonadditive representations can support
transitive generalization.

To begin, consider the most extreme conjunctive case: a
one-hot representation in which each composition of items is
represented by a different hidden unit (Fig. 3B). In this case,
a change in one of the two items yields a completely different
representation. Such a model is able to memorize the training
cases, but cannot generalize transitively.

Many representations, whether in the brain or in other learning
systems, are neither fully conjunctive nor fully additive, but rather
lie in between these two extremes (45, 48). To characterize this
spectrum formally, we considered the representational similarity
between two trials (X, ¥) and (X', Y’), as measured by their
dot product, {g(X, Y),g(X’,Y")) (leaving the representations
2(X Y) fixed). We assumed that the representational similarity
between two trials only depends on whether these trials are
distinct (X, Y) and (X', Y")), overlapping ((X, ¥) and (X', ¥)
or (X, Y")), or identical ((X, ¥) and (X, ¥)) (Fig. 3C). We call
this the “exchangeability assumption.”

The exchangeability assumption captures the fact that model
behavior should not depend on the particular (i.e., arbitrary)
hierarchy in which the set of items is arranged (49). To promote
exchangeability, we assumed that all input items are equally
correlated with each other. In this case, most commonly used
nonlinear representations of that input satisfy exchangeability
as well. As a paradigmatic learning model, we considered a
neural network with a ReLU nonlinearity and random weights.
By determining the expected value of the representational
similarity analytically (S7 Appendix, section S1.C), we found
that the network’s hidden layer, in expectation, satisfies the
exchangeability assumption (Fig. 3C). This is because even

*A related paper (39) has come to our attention, in which the authors are concerned with
a linear item representation. This is a special case of the additive representations here.
Further, the authors derive an analytic solution for a specific learning algorithm, whereas
we demonstrate a transitive constraint for a broader class of models.

https://doi.org/10.1073/pnas.2314511121
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Fig. 3. Nonadditive representations of Tl cases. (A) A nonadditive rep-
resentation encodes nonlinear interactions between items. (B) A one-hot
representation represents each combination of items by a distinct node. (C)
Representational similarity (cross-correlation) between a subset of trials in a
ReLU network with 50,000 units. (D) Representational similarity between all
possible trials in networks with different numbers of hidden units, organized
according to the type of trials. (F) The conjunctivity factor characterizes a
given representation according to how similarly it represents overlapping
trials. Additive representations lie at one end of the spectrum, whereas one-
hot representations lie at the other end.

though the hidden layer computes a nonlinear transformation, it
partially inherits the input’s similarity structure (50). In network
simulations, the empirical representational similarity exhibits
some variance around the expected value due to the random
weight initialization. However, this variance vanishes as the
network’s hidden layer becomes wider (Fig. 3D).

Under the exchangeability assumption, we found that for
learning models that only modify their readout weights, a single
scalar, which we call the conjunctivity factor & € [0, 1], fully
determines their TT task behavior, i.e., all models that have
representations with the same a exhibit the same behavior on
TI (81 Appendix, section S1.B). The conjunctivity factor is given

by

Ko — K4
=1-2—) K=gXY)gXY))
a T k= X Y)gX ) 0

K, = (g(X Y),g(X Y)), = (g(X Y),g(X, Y")).

Here «;, k,, and k; are the similarity between identical,
overlapping, and distinct pairs, respectively. Notably, we can
extend the definition of the conjunctivity factor to nonexchange-
able representations by taking the average over all identical,
overlapping, or distinct pairs.

For an additive representation, half the units share their
activation between different overlapping pairs. As a result, the
similarity between overlapping pairs is halfway between that of
distinctand that of identical pairs, corresponding to @ = 0. At the
other extreme, @ = 1 indicates that overlapping pairs are encoded
in the model with equal similarity to each other as completely
distinct pairs (as is the case for a one-hot representation).
Consequently, @ systematically characterizes the spectrum from
fully additive to fully conjunctive representations (Fig. 3E).

In most commonly used representations, overlapping trials
are more similar to each other than distinct trials and therefore
have an intermediate value for a (“partly conjunctive” represen-
tations). This is because the input space represents overlapping
trials as more similar than distinct trials and, as noted above,
the hidden layer partly inherits the input’s similarity structure.
Through analytical computation, we found that a random ReLU
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network with one hidden layer, for example, has @ =~ 0.15
(SI Appendix, Eq. S28; Fig. 3 C and D).

Importantly, the network giving rise to the representation
could have an arbitrary number of layers; all we need to know is
the conjunctivity factor of the network’s final layer (see also S7
Appendix, section S1.C).

For TT, the conjunctivity factor raises two questions. First, how
does a@ > 0 affect TI behavior? Second, if the learning model’s
internal representation is modifiable rather than fixed, how does
this affect the conjunctivity factor and subsequent TI behavior?

Norm Minimization and Partly Conjunctive Representations
Yield Transitive Generalization. Unlike an additive represen-
tation, a representation with @ > 0 is not constrained to
implementing a transitive relation. To understand how models
with partly conjunctive representations perform on TI, we need
to consider additional constraints. In particular, we analyzed
models in which the learning of readout weights implements
norm minimization (Fig. 44), a paradigmatic statistical inductive
bias (Fig. 4B). Under the exchangeability assumption, we were
able to characterize model behavior on TT through exact analytical
solutions. As noted above, to perform this analysis, we do not
need to know the particular representation implemented, only
its conjunctivity factor a.

On the training cases, the minimal norm model necessarily
assigns a margin of %1, as dictated by the desired output. On the
test cases, however, our analysis revealed an intriguing emergent
behavior: the model’s response to item pair (4, j) invariably reflects
a ranking system:

f(ij) = ri(@) = rj(a),
sinh((“3+ — /)A(a))
sinh( ”'51 Ma)) — smh(%l/l( ) (2]

1
l1—a)’

where 7 is the total number of items (see SI Appendix, sec-
tion S1.D.3 for the derivation of this result). This is remarkable
as the model architecture is not constrained or preconfigured
to implement a ranking system. Rather, the behavior is a
consequence of the principle of norm minimization, operating
on a partly conjunctive representation. Importantly, as implied
by its ranking system, the model generalizes transitively (as long
as @ < 1), and exhibits a symbolic distance effect.

For an intuition as to why a ranking system emerges,
consider a particular class of representations having one-hot
representations of the first and second item individually as well
as their conjunction (Fig. 4C). This representation will have a
conjunctivity factor of a if the item-wise units are weighted by

l—a . . . . .
5% and the conjunctive units are weighted by /. Changes in

with 7;(a) =

and A(a) := arccosh (

the item-wise unit weights correspond to changes in the model’s
rank, as they generalize to overlapping trials. In contrast, changes
in the conjunctive unit weights correspond to memorization,
as they have no effect on overlapping trials. In principle, the
model could learn the training set through changes in the con-
junctive unit weights alone. However, because more distributed
weights tend to have a smaller norm, norm minimization causes
the model to learn the training trials by changing both the
conjunctive unit weights (resulting in memorization) and the
item-wise unit weights (resulting in transitive generalization).
Thus, partial conjunctivity is necessary for the existence of an
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Fig. 4. Weanalyze the behavior of models having readout weights trained with norm minimization. (A) Schematic illustration of the setup. (B) Norm minimization
implements a useful inductive bias for generalization to nearby data points. On categorization tasks, it determines the hyperplane separating the two categories
with the maximal margin. (C) Intuitively, a partly conjunctive representation is given by an item-wise representation of X and Y concatenated with a fully
conjunctive representation of X and Y. The readout from the item-wise representations computes a rank for each item that transfers to overlapping pairs.
The readout from the fully conjunctive representation memorizes a response to a given pair and does not transfer to overlapping pairs. Because norm
minimization encourages distributed weights, it finds a solution that partly uses the item-wise representation and hence computes a rank. This leads to
transitive generalization. (D and E) The emergent rank representation at the end of training (Eq. 2) for (D) seven items and different values for «; and (E) a = 0.1
and different numbers of items. (F) For seven items and different values for a, the corresponding margin for all trials. Item pairs are arranged by their position

in the hierarchy, as in Fig. 1E.

item-wise population and norm minimization ascertains that this
population is implicated in the learning process.

Beyond transitive generalization, the principle of norm min-
imization gives rise to several empirically observed behavioral
patterns. The hyperbolic sine making up the rank expression
compresses more intermediate items more strongly than more
terminal items (Fig. 4D), thus giving rise to a terminal item
effect (Fig. 4F). This effect becomes stronger for higher values of
a. A higher @ also compresses the ranking more strongly overall,
leading to lower margins on the test set. As a approaches one
(the fully conjunctive case), the ranking becomes entirely flat
and therefore no longer supports transitive generalization.

The form of the ranking also depends on the total number
of items. Specifically, intermediate items are compressed more
strongly when there are more items in total, an effect that is
moreover dependent on . For @ = 0, the ranking grows linearly
with the number of items, whereas at higher values of a, the
ranking’s overall range (between the first and last item) is nearly
invariant to the number of items (Fig. 4F).

Finally, when a > 0, the model assigns a larger margin to
the training cases than specified by the ranking. Intuitively, this
is because the conjunctive unit weights contribute to model
behavior on the training cases but do not transfer to the test cases.
Since a higher @ compresses the ranks further, it leads to a higher
discrepancy between training and test behavior. At a sufficiently
high a, the margin of the training cases is larger than that of
the test cases with a small symbolic distance (Fig. 4F), giving
rise to a memorization effect. While Ciranka et al. (21) explained
this effect by fitting an explicit memorization parameter, our
analysis reveals that it is an emergent consequence of having
a nonlinear representation with sufficiently high conjunctivity
factor. Notably, the fact that the memorization effect only arises
in a subset of models (i.e., those with relatively conjunctive
representations) may explain why it is only occasionally observed
in living subjects. In contrast, the symbolic distance and
terminal item effect arise across the full spectrum of relational
representations (except the fully conjunctive case) and indeed are
also observed more consistently in living subjects.

The above analytical solutions depend on the exchangeability
assumption. In practice, the trials might be represented in a
manner that violates this assumption. Indeed, we already saw
that though randomly sampled features satisfy exchangeability in
expectation, a model with insufficiently many of those features
will have a nonexchangeable representation due to finite samples
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(Fig. 3D). In simulations (S/ Appendix, section S2.B), we
found that a slight violation of exchangeability (e.g., resulting
from a representation with many random features) does not
change model behavior substantially. For larger violations (e.g.,
resulting from a representation with fewer random features),
model behavior deviates from our theoretical account, but is
still well approximated by it. Further, our account captured the
average behavior across many models with a small number of
random features almost exactly. This suggests that models with
nonexchangeable representations behave differently from those
with exchangeable representations but our analytical solutions
can still be useful for understanding their behavior.

Our analysis demonstrates that norm minimization can explain
not only transitive generalization, but also the symbolic distance
effect, the terminal item effect (though only on test cases),
and the memorization effect. We next characterize two popular
statistical learning models implementing norm minimization:
ridge regression and gradient flow, as applied to the learning of
network readout weights.

Learning through Gradient Flow or with Weight Regularization
Smoothly Approaches the Minimal Norm Solution. To see how
the principle of norm minimization governs TI behavior across
learning, we analyzed models with readout weights learned
through either ridge regression (Fig. 54; ref. 11) or gradient
flow, using mean squared error as the loss function Z(w) (with the
target response on the training cases being £1). Ridge regression
minimizes the sum of this loss and the squared Ly-norm of the
model weights, i.e., L(w) + %||w||%

Here, the regularization coefficient ¢ balances the weight
penalty [|w||3 with the minimization of the loss function Z(w).
Gradient flow, on the other hand, assumes that a model
minimizes L(w) by following the pointwise gradient exactly.
This approximates gradient descent with a small learning rate
and is more amenable to formal analysis (51). In this case, the
learning duration # determines how well the model has learned to
minimize the loss function in the allotted time. At initialization,
the model should be agnostic to all choices (i.e., output zero)
and we therefore assumed that the weights are initialized
at zero.

The regularization coefficient c and the learning duration # play
a similar role in the two learning models. With ¢ = 0, the weight
penalization is infinitely more important than the task-based
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component of the loss function and therefore the model weights
are all zero. Similarly, at # = 0, the weights are initialized to zero.
On the other hand, in the limit of infinite training (r — 00),
the model converges to the minimal norm solution determined
in the section above (52). This is also the case for the limit
of models trained with increasingly small weight penalization
(¢ = 00) (53). Ridge regression and gradient flow are therefore
two instances of common learning models which can perform TI
by implementing the principle of norm minimization.

Going beyond these limits, we obtained exact solutions
to model behavior for arbitrary # or ¢. For ridge regression
(81 Appendix, section S1.D.3), we found that the test behavior ofa
model with weight regularization and a given conjunctivity factor
a is equivalent to that of a model without weight regularization
but with a different, “effective” conjunctivity factor aff, which
depends on both & and ¢ (87 Appendix, Lemma S1.4): aft =
(a+ %)/(1 + %) aff is generally higher (i.e., more conjunctive)
than a and, as ¢ becomes larger, gradually approaches a from
above (Fig. 5B). Thus, a model with smaller ¢ has a more
compressed rank and a more pronounced terminal item effect.

On the training cases, the model’s performance is boosted
compared to the rank difference, just as in the case of norm
minimization. Specifically, its behavior is given by

FlGit1l)=m-+1+ (1 —m)- (r(a) = rigy (a)),

@ (3]

m = (H——l,
c

i.e., a mixture of memorization (assigning a constant margin of
+1) and reliance on the ranking system. The balance between
the two behaviors is specified by the “memorization coefficient”
m € [0, 1]. m starts out at zero, indicating no memorization
and full reliance on the ranking system. As ¢ grows larger, m
increases as well (Fig. 5C). The smaller 7, the more strongly
model behavior relies on the ranking. In particular, this partial
reliance leads to a terminal item effect on the training cases in
addition to the test cases (Fig. 5D). For ¢ — 00, m converges
to 1, indicating full memorization as observed for the minimal
norm solution.

For gradient flow, we found qualitatively similar solutions for
model behavior (S Appendix, section S1.D.4). In particular, the
model’s behavior on test cases can be described by a ranking
system throughout learning. Further, the model ranks gradually
approach the minimal norm solution and, at earlier stages of
training, have a more pronounced terminal item effect. Finally,
the model has a transient terminal item effect on the training
cases that vanishes as # — 00.

Humans and animals generally exhibit a terminal item effect
on the training set. Our analysis suggests that this could be caused
by either weight regularization or incomplete training (or both),
arising from a mechanism that is related to but distinct from
the mechanism giving rise to the terminal item effect on the test
cases.
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Fig. 5. Tl behavior for models with a fixed representation
and readout weights trained using regularized regression. (A)
lllustration of the setup. (B and C) The (B) effective conjunc-
tivity factor and (C) memorization coefficient as a function
of the inverse regularization coefficient c. (D) Generalization
behavior for « = 0.1 and different values of c. The margins
overall become larger as c increases.

The Conjunctivity Factor Exposes a Tradeoff between Learning
Transitive and Nontransitive Relational Tasks. Our analysis
thus far indicates that a higher conjunctivity factor generally
yields worse performance on TI. Indeed, if maximal general-
ization performance on TT were the sole aim, models with fully
additive representations would be ideal. However, as noted above,
humans and animals learn a broad range of relational tasks,
not all of them transitive. Because models with fully additive
representations are constrained to implementing a transitive re-
lation, this makes partially conjunctive representations necessary
(SI Appendix, Fig. S14).

To investigate how different representational geometries
change model behavior beyond TI, we considered transverse
patterning (“rock, paper, scissors” with more than three items,
eg:A>B B> C...,F> G, G > A). This task exemplifies
a nontransitive relation and can be learned by both humans and
various animals (36, 54, 55).

As with TI, we considered models with fixed, exchangeable
representations with readout weights trained through gradient
flow (SI Appendix, Fig. S14). We found that as long as a > 0,
models were able to learn the task by relying on the conjunctive
population. Further, by solving the learning dynamics of gradient
descent analytically (S7 Appendix, section S1.F), we found that a
higher a leads to faster learning of the training trials (S/ Appendix,
Fig. S1 B and C). In contrast, on TI, a higher a causes such
models to have a smaller test margin. These behaviors highlight
a potential tradeoff that a imposes across different kinds of
relations. In particular, our analysis predicts that subjects who
are better at TT should be slower to learn transverse patterning
and vice versa.

One strategy for avoiding the tradeoff described above is
representation learning. If models were able to adapt their internal
representations to a given task, they could in principle learn an
additive representation for TI and a nonadditive representation
for nontransitive relational tasks such as transverse patterning.
We now investigate this hypothesis.

Neural Networks with Adaptive Representations Show Anoma-
lous Tl Behavior. Deep neural networks, which learn by updating
their internal weights, have become increasingly relevant both as
artificial learning systems (56) and models of cognitive processes
(57, 58). Importantly, recent work has revealed that their gener-
alization behavior fundamentally depends on the magnitude of
their initial weights. For large initial weights, learning dynamics
can be approximated by gradient flow on a particular fixed-feature
model called the neural tangent kernel (NTK; 59). Thus, even
though the network updates its internal weights, it effectively still
relies on a fixed representation. Accordingly, this regime is often
called “lazy” (60). In contrast, neural networks initialized from
sufficiently small values learn truly task-specific representations
(“rich regime”). Broadly considered, adapting a model’s internal
representation to a given task could address the competing
demands imposed by the wide range of tasks subjects need to
perform.
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Indeed, the rich regime is seen as essential to the remarkable
generalization capabilities of deep neural networks (60-62).
There is also widespread evidence that subjects adapt their
representation to a given task (63) and may do so similarly to
deep neural networks trained in the rich regime (64). In relational
tasks, in particular, neural representations change to reflect how
different items are related to each other (65-67), and this may be
essential for successful generalization on certain tasks (22, 68). In
light of this lazy vs. rich distinction and its potential relevance to
biological learning, we investigated through simulations whether
deep neural networks are suitable as a model of relational
representation learning (Fig. 64). Specifically, we trained neural
networks from different scales of initialization using gradient
descent (for details on training, see S/ Appendix, section S2.C).
In light of the important role played by the initialization
scale, we covered a broad range of potential values, focusing
on three representative values: 1 (resulting in lazy behavior),
1073 (resulting in rich behavior), 1071 (to characterize model
behavior in the limit of small initialization).

In the lazy regime, we computed the NTK’s conjunctivity
factor analytically (S Appendix, section S1.E). For large initial-
ization, the learning trajectory of neural networks trained with full
weight updating is approximated by gradient flow on the fixed
NTK representation. Hence we were able to use the gradient
flow solutions determined in the previous sections to predict the
network behavior over the course of training, finding a virtually
perfect match with simulations (Fig. 6 B and E, green line). Our
account may therefore be able to explain why previous studies
(37, 38) found empirically that feedforward neural networks
generalize transitively.

Surprisingly, we found that networks trained in the rich
regime performed worse at TI. They had a smaller test margin
(Fig. 6C) and also made systematic errors on the cases CE, BE,
and CF for a sufficiently small initialization scale (Fig. 6 D
and E, hollow points). Further, and in contrast to all learning
models considered thus far, the behavior of neural networks
in the rich regime was not consistent with a ranking system.
This is apparent from the fact that the networks’ margin at
a symbolic distance of three was smaller than at a symbolic
distance of two (Fig. 6E). Importantly, in contrast to the
previous limited violation of the symbolic distance effect, this
cannot be explained by memorization as none of these cases

Fig. 6. Tl behaviorin ReLU networks with one hidden layer and 50,000 units
that are trained through backpropagation. Shaded regions (sometimes too
small to be visible) indicate mean + one SD across twenty instances. (A)
lllustration of network training. In contrast to the previous setups, the hidden
layer weights were also trained using backpropagation. (B) The mean squared
error of the prediction made by the NTK at three different initialization scales
(lazy: 1; rich: 10-3; very rich: 10~16). (C and D) The (C) average test margin
and (D) test accuracy as a function of initialization scale. The colored lines
highlight the three representative values analyzed in more detail in panels B
and E. (E) Tl performance according to our NTK-based prediction as well as of
networks trained with backpropagation at the three representative scales.

PNAS 2024 Vol. 121 No. 28 e2314511121

are in the training set. Finally, the networks in the rich regime
exhibited a violation of the terminal item effect at a symbolic
distance of 4, a somewhat surprising pattern that no models
examined thus far have exhibited. The networks’ unconventional
behavior was not due to the specific setup considered here: we
observed similar behavior for alternative activation functions
(81 Appendix, Fig. S6), alternative loss functions (SI Appendix,
Fig. S8A4), and deeper networks (S Appendix, Fig. S8B). Further,
the networks exhibited even more overtly idiosyncratic behavior
for larger numbers of items, one striking behavioral pattern
being a periodic (rather than monotonically increasing) symbolic
distance effect (SI Appendix, Fig. S7). These findings indicate
that, for TI, representation learning in standard neural networks
does not necessarily confer the benefits of representation learning
suggested in prior work.

Rich-Regime Networks Implement a Cooperative Code that
Lacks a Transitive Inductive Bias. Given that the rich regime has
been found previously to improve generalization on other tasks,
we sought to understand why it yields anomalous behavior on T1.
To this end, we leveraged previous work indicating that lazy and
rich regimes implement different forms of norm minimization:
the lazy regime minimizes the £3-norm of the network’s readout
weights, whereas the rich regime approximately minimizes the
£5-norm of all weights in the network (69, 70; but see refs. 71
and 72). For the networks studied here, we found that the norm
of all weights in a fully trained network is dramatically smaller for
smaller scales of initialization (Fig. 7A). To clarify why norm min-
imization over all network weights is associated with an anoma-
lous inductive bias (unlike norm minimization over readout
weights, analyzed in the previous sections), we directly analyzed
the computations performed by the rich-regime neural network.

Prior studies (70, 73, 74) have found that minimization of the
£7-norm over all network weights induces the networks’ hidden
units to “specialize” into a low number of functionally distinct
clusters with low £2-norm. To assess this possible structure, we
performed k-means clustering with respect to the normalized
weight vectors across all units, finding that in the rich regime, all
50,000 units of the network fall into just six clusters (Fig. 7B;
details described in S/ Appendix, section $3.C). In contrast, such
a compact description was not apparent in the lazy regime.
Remarkably, the six cluster centroids were highly consistent across
random initializations (Fig. 7C).

We found that three of the centroids (“units”) had positive
readout weights, whereas the other three units had negative
readout weights. This is because the network has rectified
activations in its hidden layer, which caused different units to
specialize for trials with positive and negative labels. In examining
hidden-layer weights, we focused on the positive units, which we
denote by E1 4, Ea, and E3 (negative units are analogous, S/
Appendix, Fig. S11). Because we presented the network with
concatenated one-hot vectors, each weight entry corresponds
to a different presented item and we identify each weight by
its corresponding item. Note that items presented in the first
and second position correspond to entirely distinct weights; we

denote item X in the first or second position by X1 and X2,
respectively.

We noticed two putative aspects of the underlying compu-
tation in the network: different units responded predominantly
to a nonoverlapping set of trials (“staggered response”; e.g., E1 4
(pink) responded to AB, BC, EF, and FG, while E»4 (blue)
responded to CD and Es (green) responded to DE; Fig. 7 C,
Bottom Left) and each unit encoded its corresponding trials

https://doi.org/10.1073/pnas.2314511121
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Fig. 7. A mechanistic analysis of the rich regime’s inductive bias. All plots show the mean =+ SD across twenty random initializations. SD is too small to be visible.
(A) £5-norm of all weights in the fully trained networks as a function of initialization scale. The rich regime yields much smaller norm. (B) Inertia (i.e., proportion
of explained variance) as a function of the number of clusters, for the lazy and rich network. Six clusters only leave 0.001% of the variance unexplained. (C) The
empirical network is therefore described by a network with six units, three with positive and three with negative responses. The Right panels show the weights
of the different units and the Bottom panel shows how each units responds to the different training trials. Only units with positive readout weights are shown;
the units with negative readout weights have the same structure but with Items 1 and 2 reversed. (D) Analogous depiction of the hand-constructed network
(HCN), which has four units. (E) The rank network only has two units, but they span a much wider range. (F) Weight norm of the empirical, hand-constructed,
and rank network as a function of the number of items. The rank network has a much larger ¢,-norm, whereas the norm of the empirical network is similar to

that of the HCN.

by distributing positive weights across both items (“cooperative
code”; e.g., to encode AB, E; 1 assigned a positive weight to AW
and B(z); Fig. 7 C, Right).

To see whether these two aspects could provide a sufficient
explanation for the behavior in the rich regime, we used
them to hand-construct a simplified ReLU network (Fig. 7D).
Specifically, the hand-constructed network (HCN) has four
hidden units, two with positive readout weights and two with
negative readout weights. Again, we focus on those with positive
readout weights, which we denote by Hi4 and Hy{ (see S/
Appendix, Fig. S10 for the analogous negative units). Note that
we do not prove that the HCN actually learns the training
trials with minimal £;-norm (though it has the lowest norm
among all networks considered here). Rather, it serves as a useful
construction to understand why the described computation yields
both low norm and a nontransitive inductive bias.

Each unit in our construction implements a cooperative code,
i.e., to encode its response to a trial, it distributes its weights
equally between the two items. In particular, H 4 classifies trials

AB and BC by assigning a weight of 0.5 to A() and B as

well as B() and C(?). Because of the positive weights associated
with these items, H;4 would also respond positively to trials
BA, CB, and DC. Preventing this positive response requires

negative weights associated with items A(z), C(l), and D(1),
However, because a negative weight is already associated with

CM) and D(l), Hj4 cannot classify trials CD and DE using a
cooperative code. Thus, Hi stays silent on these trials, which
are instead encoded by Hj 4 (also using a cooperative code). This
pattern explains the staggered responses observed in the empirical
network. The interference from the negative weights associated

with £(1) and F(1) prevents Hy 4 from classifying EF and FG,
but these trials are no longer affected by interference with AB
and BC and can therefore be encoded by Hy . For TT variants
with more than seven items, the two units continue alternating,
giving rise to periodic network weights (SI Appendix, Fig. S10).
Intuitively, the coding scheme amounts to a set of local rules
that support learning of the training trials, but do not generalize
to the test trials. For example, because the cooperative code
implemented in unit Hi4 encodes a positive response to trials
AB and EF, it also results in an incorrectly positive response on

EB (81 Appendix, Fig. S10).
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Critically, the HCN has a lower £;-norm because the
cooperative code keeps the network weights in a range from
—0.5 to 0.5. In contrast, a network using a ranking system
has weights between —”%1 and ”51 (Fig. 7E). As a result, its
£>-norm is not only consistently larger, but also grows faster with
an increasing number of items (Fig. 7F).

Importantly, the staggered cooperative coding scheme is only
norm-efficient because the hidden weights are followed by a
rectifying nonlinearity. For example, H; 1 takes on a value of —1
in response to CD. Without the rectification, Hy4+ would then
have to compensate for the negative response to produce a positive
label, which would require larger weights and thus would not be
norm-efficient. However, because of the rectification following
the hidden weights, H; 4 remains silent on CD and requires no
such compensation from Hj 4. This explains why a cooperative
and staggered coding scheme has a low £;-norm when all weights
of the network are trained, but not when only the readout weights
are trained.

The HCN illustrates how a constraint that imposes a low £,-
norm on all network weights can give rise to anomalous behavior
on TI. As noted above, the empirical network implemented the
same computational principles as the HCN, albeit in a slightly
different way: E14 approximately implemented Hj4, whereas
E,+ and Es4 jointly approximated Hj4. These differences
resulted in a somewhat higher, but qualitatively similar norm in
the empirical network (Fig. 7F; see ST Appendix, section S3.C.3).
In particular, the norm of both the empirical and the HCN is
systematically lower than that of the rank-network (Fig. 7F). Re-
markably, the mechanism implemented by the empirical network
is consistent across not only different random initializations but
also different numbers of items 7: E1 always approximates Hj .,
whereas Ey and E; jointly implement Hyy (SI Appendix,
Fig. S11F).

Our findings in this section may appear contrary to those
of Nelli et al. (22), who also studied TI performance of neural
networks, but found that the rich regime did not impair transitive
generalization and further yielded an explicit rank representation
in the hidden layer. We found that this was caused by a weight
symmetry imposed on the hidden layer that constrains their
networks to an additive internal representation (SI Appendix,
section S2.F). Indeed, our clustering analysis revealed that these
networks approximately implemented the rank network (Fig. 7E)
and the £;-norm of their weights was much higher than that of
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the unconstrained neural network (S/ Appendix, Fig. S11A). This
further illustrates the misalignment between the rich regime’s
norm minimization and a transitive inductive bias: architectural
constraints that improve transitive generalization (here, weight
symmetry) lead to a higher weight norm.

Discussion

We found that standard statistical learning models can perform
TT and recapitulate three empirically observed behavioral patterns
(symbolic distance effect, terminal item effect, and memorization
effect). The behavior of a given model is sufficiently captured by
a single scalar conjunctivity factor @, which characterizes the
model’s internal representation (of task items) on a spectrum
from fully compositional (a = 0) to fully conjunctive (& = 1).
For @ = 0, the model is constrained to encoding a transitive
relation. For partly conjunctive representations (0 < a < 1),
the model is not constrained in this way, but the principle of
norm minimization nevertheless yields transitive generalization.
For fully conjunctive representations (¢ = 1), the model
cannot generalize transitively. Finally, we found that when
representation learning is enabled in hidden layers, networks
perform worse on TI and exhibit different behavioral patterns
than living subjects. Through hand-constructed networks and a
clustering-based analysis of empirical networks, we suggest that
this anomalous behavior arises from a different form of norm
minimization.

Models of relational cognition often represent relations ex-
plicitly and are preconfigured to have a particular relational
inductive bias (75). In particular, alternative accounts of TT are
either preconfigured to associate a rank (or value) with each item
(21, 23, 35) or suggest that humans rely on abstract knowledge
of transitivity (e.g., refs. 23, 76, and 77) [as implemented, for
instance, in a cognitive map (78-80)]. In contrast to these
accounts, we took a “minimal principles” approach, representing
nothing but the input itself (i.e., the two presented items). This
perspective casts higher-level behavioral capacities (in this case
transitive generalization) as emergent from minimally structured
learning systems (81). Studies within this paradigm usually rely
on simulations, which can leave the mechanisms for emergent
behavior, such as generalization, unclear (cf. ref. 82). In contrast,
our analytical account identifies the specific model components
responsible for transitive generalization. This clarifies how the
brain could implement relational generalizations without pre-
configured representations or compositional constraints.

More generally, relational cognition likely relies on a wide
range of learning mechanisms (83, 84). The models considered
here require repeated interleaved presentations of the training
trials (85), suggesting learning mechanisms associated with pre-
frontal or higher-level association cortices. In contrast, other brain
regions, such as the hippocampus, support rapid learning without
the need for repeated trial presentations, presumably through the
operation of memory reactivation (e.g., inferring that B > D by
recalling that B > C and C > D) (86-88). A recurrent neural
network model with Hebbian plasticity (‘REMERGE”) has been
proposed to explain how a reactivation-based mechanism could
support transitive generalization (89). While this learning model
does not recapitulate behavioral patterns such as the symbolic
distance effect, it can explain how subjects may learn TT from a
minimal number of trials. Finally, whereas both the reactivation-
based and statistical learning models above rely on emergent
inductive biases of the underlying learning mechanisms, learning
systems can also develop relational inductive biases through
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structure learning or meta-learning (90, 91), which are associated
with both hippocampus and prefrontal cortex (84, 92-94).

Which of these learning mechanisms is implicated in a
particular TT task variant likely depends on factors such as the
stimulus structure and how training and test trials are presented.
Subjects may also rely on a mixture of learning mechanisms on a
single task. For example, trials could initially be encoded in the
hippocampus but eventually be consolidated in the prefrontal
cortex (83, 95). Creating more unified models of relational
learning (e.g., fusing the REMERGE-model and our similarity-
based mechanism, or incorporating structure learning) could
shed further light on the interplay between different learning
mechanisms on TI and their dependency on different task
parameters. Doing so may also allow closer investigation of
proposed neural implementations of relational learning (86).

With respect to similarity-based relational learning models,
our account could be seen as an endpoint to a series of
investigations of T behavior: expanding upon previous studies
(22, 37, 38), we show comprehensively that the principle of
norm minimization enables any model with partly conjunctive
representations to generalize transitively and further gives rise
to naturalistic behavior on TI. Importantly, norm minimization
is implicated not only in gradient flow and ridge regression (the
examples we consider), but also a much broader range of learning
models (96), including reinforcement learning (97). Accordingly,
the consistent behaviors many different animals exhibit on the
task could be due to this shared, underlying learning principle.
This is an alternative to the view that the ubiquity of TI stems
from its ecological role in social cognition (98), and the view that
TI entails explicit reasoning.

Odur results, while providing an alternative explanatory account
of T1, should nevertheless be interpreted cautiously with regard
to the basis of TI in living subjects, as our model is limited
in a number of ways. In terms of behavioral predictions, it
cannot account for the asymmetry effect, the observation that
performance in living subjects is often better for items toward
the start of the hierarchy (e.g., AB) than items toward the end
(e.g., FG) (21). Further, our model does not generate predictions
for what behavior we might expect from subjects that, after being
trained on item pairs, are presented with three items at a time and
expected to pick the largest item (25, 99). Finally, our results do
not speak to tasks testing for T1 in the form of a single question
(e.g., “Alice is taller than Bob and Bob is taller than Chris. Who
is taller, Alice or Chris?”) or after minimal training (18, 100).
Such a format likely requires a different mechanism from the one
considered here and may be better understood as an instance of
explicit reasoning.

These limitations, and extensions of T1, can inspire refining or
expanding the statistical modeling approach. For example, Nelli
etal. (22) found that conventional statistical learning models
could not account for human behavior on a particular variant
of TI (“list linking,” 101), but that a modification in which
uncertainty is encoded could. More broadly, TI, with its rich
and well-established set of empirical phenomena (e.g., refs. 20
and 102), may serve as a useful model task to compare statistical
learning models (and their failure modes) to human and animal
behavior. For example, the lack of an asymmetry effect and the
inability to perform the three-item task indicate what is lost
by treating TT as a binary categorization task. A model that
understands its decision as tied to one of the presented items
(rather than as a choice between two arbitrary categories) may
be able to better account for these behaviors (21). Notably,
better accounts of behavior within the TT framework may not
only elucidate how subjects perform relational learning, but

https://doi.org/10.1073/pnas.2314511121
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even inform more general models of statistical learning in living
subjects.

Despite these potential limitations, our account still makes a set
of falsifiable predictions that can produce evidence for or against
the biological relevance of our insights. In particular, we identified
the conjunctivity factor a as a broadly important parameter for
TI task behavior. Our account would predict that changes in
a should lead to a set of coordinated changes in behavior. For
example, a stronger memorization effect should be associated
with a weaker terminal item effect on the training cases (as both
are caused by an increase in ). Observing that these different
behavioral patterns indeed change in a coordinated manner (for
example, between different subjects performing the same task)
may indicate that our theory can accurately describe behavior.

Changes in the conjunctivity factor may arise from inter-
individual differences (different subjects may have representa-
tions that are best described by different values of @) but could also
be introduced through experimental interventions. In particular,
certain task variations may promote a representation of the input
as either two separate items or a single conjunctive stimulus; for
example, presenting the two items in a common scene rather
than as distinct stimuli may result in a higher a (103). More
broadly, this suggests that the conjunctivity factor may be a useful
parameter for comparing subjects and TT task variants.

Beyond behavioral predictions, the conjunctivity factor could
also be used to clarify the neural basis of TI. On the one hand,
perturbations in relevant neural areas, for example through lesions
(55), may affect the conjunctivity factor. On the other hand,
using neural recordings to estimate the empirical representational
similarity (104) between distinct, overlapping, and identical
trials could enable the estimation of an effective conjunctivity
factor in a particular neural area. If differences in this estimated
conjunctivity factor (either due to interindividual differences
or as a result of lesions) are associated with the corresponding
behavioral differences predicted by our model, this may suggest
a role for statistical learning as described here, and, in addition,
that the recorded neural area is indeed involved in TT.

Moreover, our findings on rich-regime neural networks
performing worse on TI may have important implications for
machine learning, as deep neural networks have been observed
to struggle with tasks involving compositional generalization
more broadly (105-108). A common strategy in attempting
to address these shortcomings consists in training ever larger
models on ever larger datasets (109). Such models have shown
impressive results on tasks such as natural language production
(110), but the overall scale and complexity of the training data,
model, and learning algorithm make it difficult to attribute
successful or unsuccessful generalization behaviors to specific
components of the model (though see refs. 111 and 112). In
contrast, T1 is a particularly simple relational task on which deep
networks exhibit nonnaturalistic behavior. Our findings explain
why the rich regime, which has a useful inductive bias on many
different tasks, can give rise to such anomalous behavior on TI.
This can help in designing principled modifications to prevent
such anomalous behavior—for example, by adding additional
training trials, regularizing the hidden layer to prevent a local
encoding mechanism, or changing the connectivity structure of
the network—and in this way improve our understanding of how
relational learning is implemented (113-115). Notably, the tools
we employ to analyze the rich-regime behavior may also prove
useful for analyzing neural networks trained on other tasks. At
the same time, our analysis here was primarily empirical, but
future work could provide an analytical characterization of the
rich-regime solution (70, 116).
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Finally, T1 is a simple instance of compositional generalization,
i.e., the ability to conceptualize prior experience in terms of
components that can be reconfigured in a novel situation
(117). More broadly, compositional generalization has long
been understood to be a crucial component for human-like
learning and generalization, in large part due to the diversity and
breadth of its applications: compositional generalization often
involves the composition of many rules, relations, or attributes
(114). The comparative simplicity of TT enabled us to identify
how minimally structured learning systems can implement the
inductive biases needed for this task. Our analysis provides a
case study for how standard statistical inductive biases determine
behavior on compositional tasks, in particular clarifying how
representational structure (conceptualized through the conjunc-
tivity factor &) impacts compositional generalization (118). At the
same time, TT certainly does not capture the complexity of most
compositional task paradigms and future work should extend our
formal analysis to a broader scope of compositional tasks. This
would clarify the conditions under which standard statistical
learning principles can explain compositional generalization
and which compositional motifs require additional learning
mechanisms.

In summary, we here investigated TI, a task that tests for a
fundamental logical capacity and has fascinated researchers across
neuroscience and psychology for many decades. We derived exact
mathematical equations describing the TT behavior of a large
class of statistical learning models. This allowed us to understand
systematically how these models can generalize compositionally,
using TT as an example. Our theory provides a basis for using
TI to investigate the neural structures implementing relational
cognition. At the same time, our findings also suggest that T1,
in its standard form, may not be sufficient to clarify relational
inference abilities that require more than statistical learning. For
this purpose, other relational tasks should be considered.

Materials and Methods

Additional methods and resultsare provided in S/ Appendix. S| Appendix, section
S1.Aanalyzes models with additive representations. S/ Appendix, sections S1.B
and S1.C describe the conjunctivity factor and determine its value across
networkarchitecturesand nonlinearities. S/ Appendix, section S1.D describes the
mathematical analysis of models whose readout weights are trained using norm
minimization, ridge regression, and gradient flow. S/ Appendix, Section S1.E
derives the learning dynamics of neural networks trained in the lazy regime. S/
Appendix, section S1.F analyzes models whose readout weights are trained on
transverse patterning with gradient flow. S/ Appendix, section S2.A describes the
packages used in data analysis and visualization and S/ Appendix, section S2.B
describes experiments analyzing Tl behavior in models with non-exchangeable
representations. S/ Appendix, section S2.C describes how neural networks were
trained with backpropagation. S/ Appendix, section S3 describes the analysis of
networks related to rich-regime training (empirical and HCNs).

Data, Materials, and Software Availability. The code and data required to
reproduce our findings has been stored in a Zenodo database (119).
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