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Columbia University
Department of Physics
QUALIFYING EXAMINATION
January 12, 2004
11:10 AM -1:10 PM

Classical Physics
Section 2. Electricity, Magnetism &
Electrodynamics

Two hours are permitted for the completion of this section of the
examination. Choose 4 problems out of the 5 included in this section. (You
will not earn extra credit by doing an additional problem). Apportion your
time carefully.

Use separate answer booklet(s) for each question. Clearly mark on the
answer booklet(s) which question you are answering (e.g., Section 2
(Electricity etc.), Question 2; Section 2(Electricity etc.) Question 4, etc.)

Do NOT write your name on your answer booklets. Instead clearly indicate
your Exam Letter Code

You may refer to the single note sheet on 8 % x 11” paper (double-sided)
you have prepared on Classical Physics. The note sheet cannot leave the
exam room once the exam has begun. This note sheet must be handed in at
the end of today’s exam. Please include your Exam Letter Code on your
note sheet. No other extraneous papers or books are permitted.

Simple calculators are permitted. However, the use of calculators for storing
and/or recovering formulae or constants is NOT permitted.

Questions should be directed to the proctor.

Good luck!!




Problem 1

A point-like electric dipole p is embedded at the center of a sphere of radius R. The
sphere is made of linear dielectric material with dielectric constant &, and is surrounded
by vacuum. Determine the electric potential inside and outside the sphere making sure
you get the correct answer in the limite, — 1. Hint: the potential at small distances must
approach the potential of a dipole in an infinitely large dielectric medium (SI units),

- 1 p-r  pcosé

3T 2"
4re,e, 1 4reye, v

Problem 2

A coaxial cable consists of two cylindrical conductors. The inner conductor is a solid
cylinder of radius a, and the outer conductor is a thin cylindrical shell of radius 5. A
current / flows in the inner conductor and current —/ flows in the outer conductor.
Assume that the current in the inner conductor is uniformly distributed across the cross-
section of the conductor.

a) Show that the inductance L per unit length / is given by % = —2& In é + fi (you may
T a 4w

alternatively give the result in CGS units).

b) What gives rise to the second term in the result in part a? To answer this, consider
how the result changes if you assume the inner conductor is a thin cylindrical shell of
radius a.
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Problem 3

Two halves of a spherical metallic shell of radius R and infinite conductivity are

separated by a small insulating gap.

a) Ifthe two shells are maintained at constant potentials +# and —V, respectively find
the electrostatic potential outside the hemispheres up through and including terms of

order (1/r)’.

b) Find the static dipole moment of the system with the conductors held at the potentials

given in part a).

c) Now the potentials of the shells are made to vary slowly with time according to
+V coswt . The electric dipole of the system now varies sinusoidally with time and
the system gives off electric dipole radiation. Find the time-averaged power radiated
by the two shells as a function of the angle 0 (defined with respect to the electric

dipole moment) and frequency ®.

Problem 4

A uniformly charged wire with constant
charge per unit length, -A (charge density
p(r) =—-A8(x—a)d(y —a) ), runs parallel to
and is a distance, a, from the surfaces of two
planar, perfect conductors oriented
perpendicular to each other. The planes
intersect at x=y=0. Find the surface charge
density, ofx) and o(y) on the surfaces of the
horizontal and vertical conducting planes,
respectively.
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Problem 5

The Proca equations describe electromagnetism with photons that have a non-zero rest

mass. The electric and magnetic fields, Eand B , are defined in terms of a scalar potential,

o 14
@, and a vector potential, 4, in the usual way, B=Vx dand £ =-VO® -————a? . The four
c

Proca equations involve E , B , @, and Aand are a generalization of the four Maxwell’s
equations:

(DV-B=0 (I‘)%xE:-la—B
c ot oE
() V-E+ p’® =4np (11'Wx1§+y22=4—”J+1—

c c ot

The first two equations are equivalent to the definitions of E and B in terms of @, and 4.
The second two equations involve a new parameter, 4, which has dimensions of

reciprocal length and is related to the photon mass via, z = mc/h . The sources pand J
are the usual charge and current density that satisfy the charge/current conservation law

v.7+2P 0.
ot

a) Show that the Proca equations together with charge/current conservation require that

Aand © satisfy the Lorentz condition, V- 4 + l%%? =0.
c

b) Using the Proca equations together with the Lorentz condition from part a), find the
generalized wave equations that @ and the Cartesian components of A satisfy in
terms of the sources pand J .

c) Consider the plane wave solutions, Alz,) =Re 4o ei(kZ — o)
D(z,1) D,

in source-free space ( o = 0andJ =0). wis a given positive constant, while ;40 and

@, are unspecified constants. Find the constant & in terms of @, 1, and ¢. Show that
there is a cut-off frequency, @, such that for @ >, the wave propagates without
attenuation while for @ <@, the wave does not propagate but is just attenuated in the
(positive or negative) z direction. Find the value for @.. For @ >, find the phase
velocity of the given plane wave in terms of @, 4, and c.

d) For o> ., consider a longitudinal plane wave with the vector potential, A4(z,?)in the
z-direction: ;10 = A,z , where 4,is a given positive constant. Find the plane wave’s

scalar potential ®(z,¢), magnetic field E’(z,t) , and electric field E(z,¢)in terms of
Ap, @, 1, and c.
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Delivered-To: lalla@phys.columbia.edu

X-Authentication-Warning: pegasus.phys.columbia.edu: westerhoff owned process doing -bs
Date: Tue, 13 Jan 2004 11:30:22 -0500 (EST)

From: Stefan Westerhoff <westerhoff@nevis.columbia.edu>

X-X-Sender: westerhoff@pegasus.phys.columbia.edu

To: Brian Cole <cole@nevis.columbia.edu>

Cc: "Lalla R. Grimes" <lalla@phys.columbia.edu>

Subject: qual grading

Hi Brian,

there is a tricky problem with question 2 on the

E&M part of the quals.

The self-inductance of the configuration of question 2

as given in the problem has a typo - the

contribution of the solid cylinder is mu_0/8pi,

not mu_0/4pi (the problem | submitted has the correct
inductance, but | was at a collaboration meeting in

Utah when Lalla's request for proof-reading reached me,
so | had no chance to catch this).

it would not be a big deal for most problems, but

for this one, it unfortunately is.

If you calculate the self-inductance L using the energy
of the magnetic field and then using

W=1/2LI*"2

you get the correct answer (mu_0/8pi). However, if
you calculate the magnetic flux Phi and then use
Phi=LI

to get the self-inductance L, you get an incorrect
answer (the formula does not apply since the current

is not confined to a single path, at least notin a

trivial way -- one would have to split the finite wire

into lots of small wires etc etc ...).

This incorrect answer is unfortunately (how much more
Murphy can there be ?) the answer given in the problem...
Since lots of students used the wrong way to get to

the answer, they did not wonder why they were off

by a factor of 2 (as they should have -- that was my
reason to actually give the solution...).

Bottom line, this is somewhat tricky to grade.

| guess | cannot really subtract any points for the
wrong solution, can't | 7 Maybe just a remark that
this is not the way to calculate it ?

Stefan

file://CADOCUME~I\LALLA~2. PHY\LOCALS~1\Temp\eudA3.htm 1/13/2004




Sehmz, Qustrr & 3 ﬂﬂW@« 5
@ e . n
e hebeo 2 f/wmﬂ ch okl 7
 eadwo R ard puferis o Mfff e aqparalicd by o
M:j W&LM CWM/WM ,5/’(570

W it ac 4yt
»71%%@ gfﬁ/&mﬂl f%/é?{p

*77;%, Lo (& s ar(c f” '

;d_g el Pl
m >0 £ »éé e O i /
dﬂ 1@7@»1? ?Zn ZZ’ W%V %;( 2R ger X%@ J wﬁ |

~ qﬁ//‘?) /Zgéz ‘ [4(5) /77 | "
 Ueao adriited i & m/ (@zzﬁnwf/? R
—f Jccn@ﬁ@@j\/e(coo)_ @ [ﬂw we

L] R




I Muallon

 Now gh {"&Z 35 U —r%%c(a%fw%v




NG FMm 2 (b
#4 Soﬁu Hon- m 2, Nueshon 4 .
Tntroduce B = XH1) Sl
B)’ &"})Ofﬁw\g fZ&\nl%ﬂfm&ffOn i = 22’.

o O
////}'/fc,t, /L/asar%a
L 2
The pofen fial g Hu) = - 29 ke&(u 0‘)
N fmage charge

ZZ+ ,QL

Thas: g(z)= - 2?&&( A "0‘

Eloctrc fiedds: ) _
TR R R 'M(’:‘\"’ﬁ>
2 , oz . Z .
ty = - Z,{g - L/'% Im (»Z'Z‘I’O\2 Zzufi.o\z"),

’ H ADI’iS«’)/’f&é seament - Y9
Sur foe Jw\r%z on e 2%'\2 T ;
A ] X . X =
yre(x) = £y = g M (ﬁl xzmxl) X 94 YA
6()() = 2-9' )(Ckz" g X >0,
T XY+
Aﬂa&cx)({gzy (or 5)’ fi)’/?mzfl')/)f
6(7)2 "3' —X——*— 7/)0‘,

y"l{-‘}\lf




o ou;c" £ 9 _¥££¢;,‘ : Sechon 49) QLUfﬁb?#ﬁ/
@ 3 e -
A .
_ c —_— o ud =
9 f‘ﬁ[aw/ﬁ-lflﬂ‘é%z ’
o], oF g o7 - L [=O.
"#ﬂ*[‘z",’% +e>22 [, f,;[;’w« OE + i h) = '

9#:- /__T

A AR ECY 2 .—~3= . [ L3F -,‘4"'=-o7.
2 5;—+ca/w—/‘7 o . . /—(__éz-l-aéof

@B i F oy uF = 47 —> i (CvB- 42T ) 4B = P
I 2 /I D . 2 X

2 = = 9 —x
ek Bt = 420+ 225 %’ny%“%*fg—@—z'g,
(preddic - vF)
- }+ [ 2 iy o 2

2, =
= &0
/ /o Vo= (- = C ~ —
) %‘/“L /’ho" /()1—/«9::’“
@ =43,
L2
cg,{—"_

T— r
==V . LaF =
2 ¢ﬁ=>€<~bé‘jf+.x«'«>,44
C






