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EWENS SAMP1,ING FORMULA 

'rhe Ewciis s:iiiipliiig forintila (131:) dcscrihcs 
a spccific prohability for the p:ittition of a posi- 
tive inlcgcr int,o ports. l'lic dish4xitiori contains 
onc piirainctct, usually dcnokrl by 0. For the 
ciisc 0 = I tlie disti.ibution is quite old, going 

hack in effect to Cauchy 171, since i t  then dc- 
scribes tlie partition into cycles of a randoin per- 
mutotion, with each possible periiiutatioii being 
equnlly likely. The distribution ;irises i n  a wider 
varicty of coiiibinatorial objects than perniuta- 
lions, and i n  many scientific disciplines. 

DISTRIBUTION AND MOMENTS 

Thc ESF is most casily described i n  terms of 
sequential sampling of animals froin an infinite 
collection of distinguishable species (Fisher 
et al. 1141. McCloskey 1251, Engen [ I  I ] ) .  We 
use this cxaniple throughout, except where 
other specific applications are discussed. Sup- 
pose that the species have random frequencies 
I' = ( P I ,  P 2 , .  . .) satisfying 

o < P ; < I ,  i = 1 , 2  ,..., E P , = I .  
( 1 )  

Conditional upon ID, the species types of the 
nniinals are assumcd to be intlcpendent, any 
aninin1 being of species i with probability Pi .  
I n  what follows, wc' assume that the random 
vector P is defined by 

PI = WI, 

P ,  = ( 1  - W l ) ( l  - C V ~ ) " ' ( I  - CV,-l)Wr, 

I' = 2 , 3 , .  . . , (2) 

72 

I =  I 

where the WI, W2,. .. arc i.i.d. with density 
0(1 - x)"-', 0 < x < I ,  0 < 8 < m. This 
implies a nonniultinomial distribution for the 
nuiribers of different species observed. 

Suppose a sample of I I  animals is taken. 
We can describe the specics piitition of these 
aiiiinals in two ways. First, we can rccord 
thc counts C,(n), the number of species 
represented by j animals. ?'he vector C,, = 
(Cl(a) ,  . . . , C,,(n)) sittisfies ~~~1 jC j (n )  = I Z ,  

and if K,, is tlie iiunibcr of distinct specics 
to iippar i n  the samplc, K,, = xJ-I C,(n). 
Rather more iiiforrnation is obtained by rccord- 
iiig A l ( n ) ,  the number of animals of the !;.st 
species to appear, A:(it) ,  the number of animals 
of tlie sccood specics to itppcnr. and so on. 

Under the itssuliiptioii that the raiidoni vector 
P has distribution given by (2). the ESF (Ewens 
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[ 121) gives the distribution 01' the vector C,, 11s 

where and 
a,, = (at,  ( 1 2 , .  . . , ( i l l )  is a vcctor of nonnegative 
integets satibfying ( 1 1  + 2 0 2  i -  .. . + 1i[i,, =; 

1 1 .  Sin!il:irly, the distribution of R,, is 

(4) 

wlicre S ( I I ,  k) is tlie coefficient of eL  in  u(,,), 
that is, is the absolute value of a Stirling nuin- 
berq' of the first kind (see STIRLING DIS'TRI- 
BUTIONS. And Ihe did!)ulion of the vector 
A,, = ( A  I ( I I ) ,  A ~ ( I I ) ,  . . .) is given by Donnelly 
and T;ivard [91 as 

P[K,, = k ,  A , ( n )  2 i t , ,  I ,  2 , .  . . , k ]  = 

O(, , )  = U ( U  -t 1 ) .  . . ( U  4- I1 - I )  

P[K,, = XI = s ~ / i , k ) 0 ~ / 0 ( , , , ,  

. (5) - O A O l  - I ) !  _____- -- 
f?( , , )Jt ! , ( f fA + / 1 ~ - 1 ) " ' ( / 1 ~  k J I A - 1  + ' . '  + 112)  

Thus the conditional distri!)ution of C,, , given 
K,, = k ,  is 

?'he joitit factorial iiionieiits'" ol' C,,, of arbi- 
triry order, at-e 

Thcsc ;ire the c o k  conscquences ol' the proba- 
bility nioJe1 assutnecl for the ESF. 

I 

'Clie ESF is a member of the exponential fain- 
ily* of distributions. The complete suificient 
sti1tistic for 0 is A',,, ant1 its niaxiniittii likelihood 
estimator* 4 is given implicitly from (4) as the 
solution o f  the equation G/(d +- i )  = K,,. 
The cmly functions of 0 admitting unbiased'* es- 
titiiation are linear combinations of expressions 
of 1111: ~bi t i i  [(i -t- 0 )  ( j -t U )  . . . ( i i i  + u ) ]  I ,  

whert: i, j , .  . . , I I ~  are integers with I G i < 
j < ... < I 1 1  c / I  - I .  

Let p,, denote the distribution of the parti- 
tion vector C,, when sampling ironi the species 
model in (1). We say the saniple has the species 
ddelioIi pwperty if, when an animal is taken 
at r;indom from the sntnple and i t  is observcd 
that in all there are I' animals of this species 
in the sample, then the p;utition distribution of 
the remaining I I  - r animals is p,,-,.. Kingman 
122, 231 shows that the species deletion prop- 
erly Iroltls for tile ESF [i e., when p,, is given 
by (311. 

Next we consider the propet tics of (3) and ( 5 )  
for two coiisecwtive sample sizes. I I  and 11 + 1 .  
We dcnote the history of the sample of size 
I I  by JC, = ( A  I ,  A?, . . . , A,,), where A ,  is the 
vector describing tlie spzcich compositioti of the 
first i onimals. Wc ask: Giveti 3(,, what is tlic 
conditional probability that the next aniniitl will 
be of a new species'! This probability is found 
from (3) ;is 

P[(~I t- 1)t11 animai of a new species I sC, ]  = 

0 
I 1  + u . (8) 

If :i given species has Ixxn observed / I [  times 
( / a  > 0) i n  the siitnple of 1 1 ,  the conditional 
prchiibility that tlie ( / I  + 1 ) ~ I i  animal will bc 
of this species is 

P [ ( r i  + I ) t h  animal is of ;I particular specics 
111 

seen 111 tinicsj 3-1,,] = -- 
I1 -t 0 

The ptdxibilities (8) and (9) tiiiiy be used 
10 generate the process A,,, I I  = 1,2,.. ., by 
a scquential urn scheme, starting froni ii I = 
( I ) .  I'his scheme is LL special case of ai1 urn 
model' considcred, i n  a noitspecies context, by 
Slackwell and MacQuwi  [6], who used i t  to 
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discuss propcrtics o f  s;itiipling l'rotii a Dirichlct 
procc~s'~.  Hoppe I I81 W ~ F  tlic lit st to cxploit this 
urn niodel i n  tlic contcxt or statistical genetics* 
to obtiiin propcrties o f  tlic distribution (3). 

Tlic species dclctioti lvopcity ;itid tlic law-of- 
succession (.we L.hl'l.h('I~'S LAW 01: SUCCXSSION) 
forliiulas (8) a ~ i d  (9) I i i i1y he used to c1i;iracter- 
ize the ESF i n  the context of sampling from 
the rnodcl ( I  1: 

1. (Kingninn 122, 2.31.) I I '  the spccics dclction 
property Iioltls, then tlic vector C,, lias dis- 
tribution p,, given by the ESF. 

2. Tlic Law of Succcysion. Suppose that the 
sample histoty .7<l is given. If the condi- 
tional prpbability that ihc next aniriial is of 
a ricw spccies dcpcnris only on 11, tltcn this 
probal~ility iiiust be o f  thc forni B / ( B  + 1 1 )  

for SOITIC t1onncg;itivc constant 8 [ 8). If, 
further, the cotiditio!~;d 1~14xhili ty thiit this 
animal is o f  :I spccific spccics seai 171 times 
i n  the sample depcnds only on 111 (the suf- 
ficientness principlc o f  Juhtiwti [ 191). then 
the species partition ptobal~ility is given hy 
the ESF [35]. 

RELATIONS WITH OTHER IJISTRIBUTIONS 

The ESF can be dericed by a conditioning argu- 
nient froni the logarithmic serics distribution" 
1.33) a s  well as froni the Poisson*. For the latter, 
suppose that ZI ,  Zz , . . are independent Poisson 
random variables wi!h S [ Z j ]  -- O / j .  Then 

where =,, denotcs equality i n  distribution. 
Another reprcsrtit;ition. c;i!lcd the F o l l ~ r  

cor~phg.  is uscfi11 for dcriviiig asyniptotic rc- 
sults for tlie EST: 141. I x i  :,. i I ,  be intle- 
pciidcr!t Rcrnoulli r:ititlotii vat iablcs sntisfyitig 
P[(, = I ]  -- /?/cO t i - I ) ,  : i d  let C,(n)  be 
thc nurnher of sp;~cings* of Icngth j betwccn 
the 1 's  in the seqiience , f l  62 . . . 1. Then the 
distribution of thc vector C,, is the EST;. Fur- 
ther, i f  7, is tlie riut~il~er o f  spacings of length 
j i n  the infinite scqitcnc*c 61 (?.  . . , thcn the Z, 
are i~idcycntleiit~I'ois~o~~ I d o m  \'::I i;ibles with 
mean EIZJ1 = O ( j .  

'rhc dis~rihution of thc vector P = ( P I ,  
PZ, .  . .) detcnnined by (2) is known as 
the G E M  distrihutiorr. I t  is nanied after 
hlcCloskey 1251 and Engen [IO] .  who intro- 
clucccl i t  in the context of ecology. and Griffiths 
1151. who first noted its importance to genetics. 
The GEM distribution is a residual allocation 
model [27], that is, a model of the form (2) 
where WI, \V2.. . . are independcnt. It is the 
only such model with iclentically distributed 
residual fractions for which tlic size-biased 
pcrmutation has tlic same distribution as P (for 
a definition of a size-biased permutation, and a 
proof of this assertion, sec refs. [25] and [ 101). 

The decreasing order statistics' (!'(I), 

P ( z ) ,  . . .) of P liave the Poisson-Dirichlet 
distribution with paranicter 0 [ZOI. The GEM 
is the size-biased pcrmutation o f  the Poisson- 
Dirichlet [27, 241. 

The ESF is n particular case of the Pit- 
111m .~crriiplirigji)nierln (28, 301, wliicli gives the 
prohability of ;i species partition C,, = a,, of n 
aiiinials as 

P[C',, -- n,,, K,, = k] 
_- l t ! ( B  1- n ) ( 8  + 2 c Y ) * . . [ B  + --- (k - 1)a3 _ _  

(0 + I)(,, I )  

Since we are considering only the infinitely- 
many-species case, we employ t i A u  restrictions 
0 d (r C I ,  0 > --cy.  The ESF is then the 
particular case of the Pitman sampling for- 
niula when a = 0. Tlic Pitnian distribution has 
sevcrill impoitant properties, cf which we note 
here one. Suppose in the residual allocation 
model (2) we no longer assume that 1V1, W z ,  . . . 
arc idcntically distributcd. Tlicn tlie most gcn- 
era1 distribution of Wi for which tlie distribution 
of ( P I ,  P?. PJ, . . .) is invariant under size-biased 
sonipling is that for wliich \Vi hiis probability 
tlensity proportional to i v - " (  I - II*)"+'"- I (cf. 
rcf. [20]). This model for (2) yields the Pitman 
sanipling formula. 

11 follows from (7) and tlie mcthod of 1110- 

nicnts* tliat random varictbles C,, with tlie ESF 
(3) satisfy, for each fixcd b. 

(CI(Jl),. .  ..Ch(Il)) 3 (21 ...., Z d  0 0 )  
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;is 1 1  - m, with 3 i1;rnoting convctgcnce in 
distribution. Rates of convergence in the totnl- 
variation* metr-ic arc givcti by Arriitia ct al. 1-41. 

Tlic approxiiliation i n  ( I O )  c0vei.s the case o f  
.spccics represented :I s:iiall numbcr of timcs. 
A I'iinctional ccr.tial l i i i i i l  theorem* is ;iv;iil;iblc 
for tlie number oi' spxies reprexnted at most 
11' times, for 0 < I < 1 [IC,]. Io particular, the 
Ii1tiliher K,, of species i n  the sample IUS asynip- 
toticidly a iiornial dist! ibution with iiieiiti and 
variance 0 log 11. 

I t  follows diiectly t'rom the strong law of  
large numbers'" th;it the propot lioiis A , , / I I  con- 
verge slmost surely as II - %, and tlie limit has 
tlie GEM distribiition with pmmeter I). The 
dccreasiiig eordcr statistics of .4,,/1i converge 
alniost surely to the I'oisson- Dirichlet distri- 
bution with piranictcr 0 1201. 

We summarize appliciiiions of tlie ESF i n  vari- 
ous diffcrent arc;is. A more extensive rwiew 
of these topics may bc found in TawrC ;itid 
Ewetis 1321. 

The ESF provides the null-hypotliesis tlis- 
tribution of allele frcqitcncics for the '*tion- 
Dorw i nian" tlieory of evolu t io ti i n  populntion 
genetics. The parainctcr U i n  (3) depends on 
tlie popdiition size, tlic iiiiitiitioii rille, and de- 
tails of the evolutioi1iit.y model, all usually un- 
known. However, thc coiiditional rlistrihution 
(6),  being intlepcntteni ,of 0 ,  c;in he iiscd for 
testing this tlicory cvcn when Ihcse clitiuitities 
are unknown. For details w e  Waiterson 1341. 

I n  the context o f  Bayesian statistics, 
Antoiii;ik 11-1 sliowed Il ia1 [lie ESF gives the 
distribution of h e  piii.titii)n o f  a saniplc from 
a Diriclilct pr~ccs :~  prior. Fcrgitsoti et nl.  [ 131 
and Sct1iur:ini;iii 13 1 1 givc recent dcvclopmcnts. 

l~,qu; i t ion (3) a r k s  i i i  ;I i iut i i lwr  o f  comlii- 
iiatoriiil contexts. First, ;is noted earlier, the 
case 0 = 1 givcs tlie distribution of the nuni- 
bcr and Ictigths of tlie cyclcs i n  ii uniforiii  ti- 
doni permutation of I I  objccts. 11' the perniu- 
tiition is clioseii with prchnbility proportional 
to 0' .  where I equals tlie number of cycles, 
then this dis1ribulio:i is given Iiy (3). Second, 
suppose a randotii mapping of ( I ,  2, . . . , N )  to 

( I ,  2 , .  . . , N )  is made, each mapping having 
probability N - N .  Tlien i n  tlie limit as N - m, 
tlie images o f  tlie componenls of this map- 
ping in tlic set (1,2,. . . , ! I )  liiivc h e  distribution 
(3) wi~li i) = 3 121, I I .  Furtlicr coiiibinatorial 
structures wlicrc (3) arises, includiiig factoriza- 
tions of polynoniials over a l i r i i k  ficlrl, are de- 
scribed by Arralia iind Ihviirc! 1-31. 

I n  ecology, the species nuniber and size al- 
localion distribution where species do not in- 
teract is of sonie interest. 'This corresponds to 
the independent sampling property of the ESF; 
its clinractcrization sliows that this distribution 
provides the required pnrtition. The sanie prop- 
erty is also used in  pliysics [26, 171. 

Bartholomew ( 5  I dcscribcs a simple model 
of the spread of news tIirougIio~~t a population, 
whzre each iiidivitlual heiirs tlic lic\vs first ei- 
ther from a source (e.g., a radio station) or 
from someone who i1lrc:idy knows the news. 
individuals can bc groupcd iyto coinponents, 
each coniponcnt consisting 01' otic individual 
who first heard the news from the source to- 
gether with all those individuiils who first heard 
i t  tlirougli sonie chain dcriving from this per- 
son. The dislribution of cotnpoiicnt numbcr and 
sizes is given by (3). where 0 is the ratio of  
tlie riitcs at whicli individiials in tlic population 
hear thc news from the source and froin other 
individuals. 

I 
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