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Abstract

Previous work on the concept of a limiting conditional age distribution of a
discrete-state continuous-time Markov process with one absorbing state is
generalised. The generalisation allows this process to have a finite number of
absorbing states and the associated return process to have an arbitrary initial
distribution on the transient states of the absorbing process. If the return
process is p-recurrent, possesses the strong ratio limit property and satisfies
some further requirements then the limiting age distribution exists. The proof
of this result requires a new representation of the p-invariant measure of the
return process.

The following examples are treated, (a) finite state space birth-death
processes, (b) Markov branching processes and the linear death process, and
(c) the linear birth and death process with killing.

MARKOV PROCESS; LIMITING AGE; p-CLASSIFICATION; STRONG RATIO LIMIT PROP-
ERTY; BIRTH AND DEATH PROCESSES; MARKOV BRANCHING PROCESSES; LIMIT
THEOREMS

1. Introduction

Consider a Markov process ¥ ={Y(t),t=0} with irreducible state space
#={0,1,2,---}or ={0,1,---, N}, where NeN. Fix ac ¥ and define the
last-exit time from {a} by time t to be v,(t, w)=sup S,(w)N[0, t] where
S.(w)={t: Y(t, ) =a} and sup ¢ =0. We define the ‘age’ of the process by
T(t, ) =t—v,(t, ®). Pakes (1979) gave conditions ensuring the existence of the
(limiting) conditional age distribution

a;(t) = lim P(T(r)=t| Y() =),
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682 A. G. PAKES AND S. TAVARE

where P,(-)=P(-| Y(0)=i). The required conditions are that ¥ is p-recurrent
and that it possesses the strong ratio limit property.

This result was applied to a return process ¥ constructed from a regular
minimal absorbing process ¥ ={X(t), t =0} whose state space is ¥ and {0} is
absorbing and accessible from the irreducible transient set I =%\{0}. The
return process is conservative, has the same generator on J as has &, and if {0}
is hit then the next jump is into {1} after an almost surely positive sojurn in {0}.
The state {1} has no special significance, and any other single state in J can
take its place.

Recently, Tavaré (1980) has considered variants of this scheme. He allows
an arbitrary initial distribution on J for the return process, and jumps from {0}
to J following a given distribution. He also considered the case of an absorbing
process for which |#| <, {0} and {N} are absorbing, and the corresponding
return process allows jumps from {0} and {N} into J = ¥\{0, N}. He imposes
the restriction that the return processes are positive recurrent.

It is our intention here to give a unified treatment which combines the
essence of the work of Pakes and Tavaré. We accomplish this by letting ¥ be
as in the first paragraph. Let H be a finite subset of ¥, J =¥\ H, and {c, i €T}
be the initial distribution of ¥. If Sy(w)={t:Y(t, w)e H}, then define
vu(t, @) =sup Sy(w) N[0, t], and T(t, @) =t —yu(t, ®) to be the time from ¢ to
the previous exit from H. We seek conditions ensuring the existence of

a(n=lim P(T()=t| Y()=)),  jeT,

where P(-) corresponds to the fixed initial distribution {c;, i € J}. It transpires
that two ingredients are required for this. We shall require an extension of the
strong ratio limit property which takes account of general starting conditions.
This will follow from the discrete-time results of Orey (1971), p. 79. Secondly,
we must extend Chung’s work on last-exit times (Chung (1967), 8$1I 12), and
use this to generalise the representation for the p-invariant measure obtained
by Pakes (1979). This is carried out in Sections 2 and 3 and the results are
applied to absorbing processes in Section 4. In Section 5 we discuss the
last-hitting times of states in the transient set of an absorbing process. Finally
in Section 6 we present some examples, viz. (a) finite-state-space birth—death
processes; (b) Markov branching processes and the linear death process, and (c)
the linear birth and death process with killing.

2. The strong ratio limit property

Let p;(t) = P(Y(t) =), and up;(1)=P:(Y(t)=], Y(s) ¢ H; 0<s <t), so that if
i or je H, then yp,;(t)=0. If jeJ, then

2.1 a(t, 7)=P(T(r)=t|Y(r)=))=1- Z pi (7= 0)up; ()/p; (7).
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Suppose that ¥ is p-recurrent, with p-invariant measure {m;}, and function
{x;}; cf. Kingman (1963). These are positive on &, unique up to multiplicative
constants, and hence can be normalised by setting m, = x, = 1 for a fixed a € H.
The strong ratio limit property asserts that for i, j, k, le &, teR,

@2 Kim p,(t-+7)/pi (7) = € *xmxm,
and it is valid iff there exists € >0 such that
lim sup poo(t + 7)/poo(T) =™, 0=t<e.

The strong ratio limit property suggests that for j, k,le &, teR
(2.3) p;(t+7)/pa () = e cmy/x.m,

where ¢ =Y, 4 ¢;x;. This is clearly true if {c;} has finite support, and if ¢ =,
then (2.3) follows from (2.2) and Fatou’s lemma. When ¢ <, the following is
true.

Lemma 1. Suppose that % is p-recurrent, ¢ =Y; ¢;x; <, and that ¥ has
the strong ratio limit property (2.2). Then (2.3) holds for a given j, k, le &
iff there is a finite positive constant M such that for all i€ ¥ and sufficiently
large 7

(2.4 pii(t+ 7)/pa(7) = M(x,x/ %) e ",

Remarks. The proof does not require that {c;} be concentrated onJ. If p=0
then x; =1, and hence ¢ <.

Proof. Let g;(t) = e”'p;(t)x;/x;. Then (2.2) is equivalent to
(2'5) qij(t + "")/le (T) i xjm)’/xlml 5 i, j, k9 l € y, t ER'

Notice that {x;m;} is an invariant measure for [g;(t)]. The left-hand side of (2.3)
becomes

ce”? (x)/xx;)(q; (¢ + 1)/ g (7)),

where q;(7) =Y, a,q;(7), and a; =cx;/c, which defines a distribution on &.
Finally, Condition (2.4) is equivalent to

(2.6) q;(t+ 1)/ qu(T)=M, ie?, T=7,>0.
Thus if (2.6) holds, then dominated convergence and (2.5) show that
2.7 q;(t+7)/qu (1) = x;m/xm,,

and (2.3) follows. Conversely, if (2.6), and hence (2.4), is not valid, it is easy to
modify Orey’s ((1971), p. 79) argument to show that (2.3) fails.
Nummelin (1979) has recently given conditions ensuring that Markov chains
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with general state spaces possess the strong ratio limit property. In the next
lemma, we adapt his idea of small measures to give a condition which ensures
that the assertion of Lemma 1 is true. This condition is stronger than the
assumptions of Lemma 1, but does not involve ratios as in (2.4) above.

Lemma 2. Suppose that ¥ is p-recurrent and has the strong ratio limit
property. Suppose also that there exists T>0, a finite set A =& and 6 >0 such
that for all sufficiently large i,

T
j X e”p,;(s) ds = &c;.
0

reA
Then ¢ <, and (2.3) holds.

Proof. Since e* Y, p,(s)x; =x,, it is clear that ¢ <. The proof can be
completed simply by showing that

(2.8) lim fim ¥ cpy(t+7)/pu(r) =0.
TR >y
But the sum is dominated by

T
57 [ T me{pas 0= T pa@py(+Mipu) ds

reA i=sJ

> x| T m(r-e= Tpuom)ds (1>

reA isJ

where we have used the Chapman—Kolmogorov equation to obtain the first line
and then the strong ratio limit property and dominated convergence. Now let
J— =, and use monotone convergence to obtain (2.8).

Theorem 1. Suppose that ¥ is p-recurrent and has the strong ratio limit
property. If the additional assumptions in either Lemma 1 or Lemma 2 are
satisfied then lim,_,.. a;(t, 7) exists, and is given by

() =1- Y (m/m)e*up,(1).
ieg
Proof. This is similar to that in Pakes (1979), p. 283, but extends a simplifi-
cation due to Tavaré (1980). The hypotheses show that

lim p,(r—t)/p;(1) =e*mi/m;,  ije?, tZ0.
Equation (2.1) and Fatou’s lemma yield

lim inf (1~ a;(5, ) Z X e (mi/m))eapy (1).

iedg
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The Chapman-Kolmogorov equations yield

a6 1=~ T pr— 0] /0

iedg
= { Z pi(7—)p; (1) + Z pi(t— t)[Pii(t)_Hpii(t)]]/Pi(T)-
ieH ieg
Since the summands are non-negative, Fatou’s lemma is applicable, yielding

lim inf a;(t, 7)Z X € (m/my)py (1) — X, € (mi/m;)eapy (1)

ies ied
=1- Z e (my/m;)up;; (1),
ied
by p-invariance of {m;}. The proof is now complete.

If ¥ is p-positive, then [q;(t)] is a positive recurrent matrix and (2.6),
whence (2.4), is automatically satisfied. If also ¢; = O(m;) then ¢ <co,

3. The calculation of q;(t)

We begin by reviewing some preliminary material. Remember that {a} is a
fixed state in H. For j#a, let

b (8;5)=57" gpak(snpk,-(s).

Chung (1967), p. 201, shows that as 0 ¢,;(8; s) converges to a measurable
bounded function g,;(s) and

(3.1) puy(f) = L Pali=)g($)ds  (i#a).

It was shown by Pakes (1979) that the sequence {m;} defined by m, =1,
m; =[5 e*°g,;(s) ds (j#a) is a p-invariant measure for %. It was then shown
that if H={a}, than a;(t)=m;" [ e*g,(s) ds (j# a).
Now define
63085 5)=87" Y pu(®up(s), (ieH, jeI).

ke

The details of the proofs of Theorems 2 and 3 of Chung (1967), §I1.12, can be
modified to prove the following result.

Proposition. If ie H, jeJ then
[2m1]

py(1) = lim AP Pik(gz:,;l> lZg P (27 )upy(t—027"),

v=1 keH
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and for each m, the equality may be replaced by = without the limit. As 6|0,
¢(5; s) converges to a bounded measurable function g{{(s), and

t
(3.2) p0=[ T pul-9)g)ds  GeH, jed).
0 keH
Theorem 2. The conditional age distribution function a;(t) has the form
t
(3.3) at)=m'| Y mgf(s)eds, jeT,
keH

and it is non-defective.

Proof. Let Ty be the hitting time of H, and for i€J, je H let Fy(t)=
P.(Ty=t, Y(Ty) =j). Let E;(0) =3 e *F;(dt), and §(8) = [ ¥()e™* dt for any
function ¢ :[0, ©) — [0, »), provided this transform exists. Thus (3.2) yields

(3.4) 5;(0)= Y pu(0)g20(6), ieH, jeJ.
keH
If ieJ, then
pii (t) = up; (t) + Z L i (t — 8)Fy (ds), je¥,
keH

whence from (3.4) and the last relation

Y mp;(0)=Y mp;(0)— Y Y mFE;(6)p(6)

ied ied keH ieJ
3-3) = X mpy(0)- L T mFu(6) T pu(®)2"(©)
ied keH ieJ leH
= Y mpy(0)- X T mpu(6)8(6),  jed.
ied ieJ leH

The Laplace transform of the invariant equations for {m;} yield ¥, .o m;p;(0) =
(p+6)"'m;, whence from (3.5) and then (3.4)

Y mipby(6)=(p+6)'m;— Y, mp,;(6)

iedg ieH

-3 [e+orim= T mao et

leH ieH

~(p+0)*{m- T mg@)}
leH
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Inverting this transform equation shows that

e” Z m;p; (t) =m; — L e ™ Z mg{(s) ds,

ied leH

and (3.3) follows.
By letting i = a in (3.2), and equating this with (3.1) we obtain for jeJ

Paa(0)8i(0) = 2 Par(6)255°(6).
keH

Now it is shown in Pakes (1979) that p,(0), 2,(0) exist for 6>—p
(ke ¥, j+# a), that m; = g,;(—p) (j# a) and my =limg,_, Pux (0)/Paa(6). It follows
that

m=y m e"'gk, Dy de, jeJ,

keH

and hence that g;(-) is non-defective.

4. Return processes

Suppose now that € ={X(t), t =0} is a Markov process with state space &, H
is a finite set of absorbing states, J = ¥\ H is irreducible and transient, and H is
accessible from J. We shall assume that Z is a regular minimal process
corresponding to the generator [u;] and let [r;(t), t =0] denote its transition
semigroup. We construct a return process % as follows. For each i€ H, let
q; € (0, ) be given, and a distribution {p;, j € I} be given. Define the generator
Q=I[g;]1by q; =uw; (i€¥) and if i e H then q; =—q;, q; = qp;; (€T). Let ¥ be
the minimal process constructed from Q; it is unique and regular. Thus if
Y(t)eT, ¥ evolves according to the construction of & until it next hits a state
i€ H. It sojourns there for a time which has an exponential distribution with
parameter g;, and then jumps to {j}€J with probability p;, and then evolves as
before.

If k,jeJ, then yp;(t) = n;(t), and hence

¢I(8;5) =871 Y pu(®ry(s), ieH  jed.

ke

If ieH, keJ then

)
pi(8) = Z Qie‘q‘(s_u)l’u'lk(u) du,

leg
whence

s
oiP(8;5)=87"g; Z e %Cpun(u+s) du
]

leg

=8"(1—e"%) Y, pury(ui +s)

leg
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where 0<u;<§, and we have used an integral mean-value theorem. Domi-
nated convergence shows that

gio(s)= Z qr;(s), ieH, jed,
leg
and hence

t
4.1) a;(t)=m;"! Z Z miq"‘L e*r;(s) ds.
ieH keg
Suppose that % is p-recurrent and satisfies (2.3). Then (3.3) holds. Let
@ ={Y(t), t =0} be the reversed process whose transition semi-group is defined
by

pii(t) = e*'mp; (t)/m;.
Let Ty, be the hitting time of H by ¥, and F,(t) = B(Ty =1).

Theorem 3. Suppose that ¥ is a return process as defined earlier. Then
a(O=FE@®), >0, jeJ.

Proof. Let & ={X(t), t =0} be the process obtained from ¥ by stopping at
Ty, and let [7(t), t=0] be the transition semi-group of & Then gp;(t)=
ri(0),i,jed.

By its construction, & is the regular minimal process corresponding to its
generator, which is &; = mqi/m; (ieJ,i#]), 4;=q;+p (i), #; =0 (ieH).
If i, jeJ, the backward and forward systems for # are

(4.2) )= Y dufig(t) and F0)= X Fult)i,
ked ked
respectively. Let a;(t) = e"‘m,.r,-i(t)/mi, i,jeJ. Then a;(0")=§;, a;(t) satisfies
the systems (4.2), since they transform into the forward and backward systems
for &, respectively.
If ieJ, je H, the backward and forward systems for & are

(4.3) Fit) = Ui () + iy
ke
and
(4.4) D= X Faclt) .
keg

Equation (4.4) suggests the definitions a;(t) =Yg §o au(s) dsit, i€, je H,
and «;(t)=8; (ieH). Then «;(0*)=3;, and the a;(-) satisfy the forward
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system for . Using (4.2), a little algebra shows that a;;(t) also satisfies (4.3),
with the same initial condition. It follows that a;;(t) =7;(t), i, je L.
Hence

F®=1- X ubi(=1- X (1)
(4'5) iedg iedg
=1-m;" X e”mry(t) = (1)
ied

by Theorem 1, and the proof is completed.

The theorem has the intuitively appealing consequence that the limiting
conditional age distribution is just the hitting time distribution of the reversed
process ¥. If ¥ is reversible, that is p;i(t) = p;(t) then the limiting conditional
age distribution of % is the same as its hitting distribution. A necessary
condition for this is p =0, for if p>0 then the p;(t) decay exponentially fast,
whereas the p;(t) do not.

The representation of a;(t) in terms of a hitting time can be used to compute
the moments of the age distribution. Define

Gyo)=[ e, ijes,
and G{*P(p) =Yicar GP(p)Gy;(p). Then (4.5) leads eventually to

(4.6) u}")=nL " (1-g(t) dt=n!m* Y m; Y qGG(p),

ieH ked
n=0,1,---.

The same result can be derived by the method of Pakes (1979). Let U=
[u;,i,jeT] be given by w;=gq; (i#]), =q;+p (i=j). Then it follows from
(4.2) that G=[Gj(p), i,j€T] is the minimal non-negative right (and left)
inverse of — U.

Finally, define b; = B(Y(Ty)=1), jeJ, le H. Then it is straightforward to
show that

4.7 Ejl =mm;’ Z aipu Gy (p) jed, leH.
keg

b, is interpreted as the (limiting) conditional probability that H was last visited
at I; cf. (6.1).

5. Last-hit distributions

Consider the absorbing process & defined in the last section. For jeJ, let
L; =sup {t: X(t) = j}, a possibly defective random variable. Let B ={B;, j€ T} be
the initial distribution of Z.
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Theorem 4. Aj()=P(L;=t|L;<®)=A"'Y, .4 B; for;(s)ds where A=
Yies B:Gy, and G;; =[5 r;(t) dt.
Proof. Let p; be the probability of hitting {j} from {i}. Then
P(t<L,<t+dt) =i§ ké Buri (u; (1—pyy) dt + o(dt),
i)
since the ith summand is the probability that Z has reached {j} by time ¢, then
jumps to {i} during (¢, t + dt) and never again returns to {j}. The sum is given by

ied

Z Birii(t Z u; + Z uji(l_pij)} dt+o(dt)
ked ieH

(5.1) .
= Y By} —u;— X, wp,t dt+o(dr),
keg iiig;

since Yicp Ui = —Yicq Ui
The backward equation ri(t) =Yg w;ir;(t) can be immediately integrated to
give

-1=3 u; Gy
ied
whence, since p; = G;Gj* (i#]),
(5.2) ~uy— 2 wipg = Gy'.
ied
i*j

Combining (5.1) and (5.2) gives
P(t<L;<t+dt)=Gj' Y. Bery(t) dt+o(dr).
keg

Finally,
P(L; <) = P({j} ever visited) = B, + Y, Buoii =G;' Y, BGis
ked ked

k#*j

and the assertion follows.

We shall now establish a connection between the age distribution and the
last-exit distribution as follows. Let Z be as defined at the start of this section,
and let ¥ be the corresponding return process, assumed to possess the
properties above. Let ¥ be the dual process whose transition semi-group is
given by

(5.3) pii (t) = e”'p; () x;/x;,
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and Z be obtained by stopping ¥ when it hits H. The generator of ¥ is g,x;/x;
(i#j), and gy +p if i =j, and hence that of £ is w;x,/u; (i#]), and w; +p if i =].
If the transition semi-group of & is [7;(1), t=0, i, jeT] then it follows as in the
proof of Theorem 3 that

ri(t)=e’ry(Ox/x  i,jeT
and
FO=ix) | Y e ri(s)ugds, i€, jeH
keT

Let L; be the last-exit time from {j} for . Then its distribution function is
given by

t
Ao=a" T @ [ e as
where A =Y, .5 (Bi/x;)G;;(p) <, and {B;, i € T} is the initial distribution for Z.

Now choose {B;} so that B; =Bx; Yxcu Mk (i€J), where B is chosen so
that Yicq B =1=B Yicg X; Yxcr dMx- The invariance equation for {x;} shows
that Y g quXi = —PX — Yicu GuXi (cf. Tweedie (1974), Proposition 2), and by
construction of ¥ we have q; = —84q; (i, k € H), whence

(5.4) B7'= Y mx(q—p)>0,

keH

and the required {B;} can indeed be chosen. With this choice of {8} it follows
that a;(t) = A;(t), and hence we have the following result.

Theorem 5. If the dual absorbing process £ has the initial distribution
defined by B; =B Y\ cu MiGiiXi, Where B is given in (5.4), then the last exit
distribution of & is just the conditional age distribution given in the statement
of Theorem 1.

Remarks. If p=0, then x,=1, #2%, and the initial distribution of % pre-
scribed by Theorem 5 is

B.= Y MG / Y M ied.
keH keH

An important special case is that in which the return distribution sends ¥ to a
fixed state {a}€J, no matter where ¥ hits H. If p =0 this covers the situation
in Pakes (1979) where H ={0}, a = 1. In this case the last exit distribution of %,
when started at {a} coincides with the conditional age distribution. For a
similar property in the context of diffusion processes, see Nagasawa and
Maruyama (1979).
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6. Examples

(a) Finite birth-death processes. For a variety of genetic models, we can take
¥={0,1,:--,N}, H={0, N} and p =0. It is perhaps worth highlighting some
of the previous results for this case. Let £ ={X(t), t =0} describe the evolution
of the number of A -alleles in a population of size N at time t. The probabilities
5,-1 of (4.7) can be used to determine the probability that the A-allele is the
oldest. The restarting distribution is given by pg;=1, pex =0 (k#1) and
Pnn-1=1, P =0 (k# N —1). Then the (limiting) probability that allele A is
the oldest is given by

EJ'N = mij_quGN—l,j
(6.1) = MnNG n-1,i{MNANG N -1+ Moq0G;}
= biNGn-1{binG -1+ bn-1.0G1;}

where b; = P{(X(Ty)=1), le H, jeJ and G; = G;(0). If the return process ¥
is reversible then B}N =bn. An alternative approach to the discrete-time
version of (6.1) can be found in Levikson (1977).

Finally, to complete the connection between the age distribution and the
last-exit time described by Theorem 5, we note that the initial distribution
{B,i€T} specified there is given by B;=myqo/{moqo+ Mnqn} and Bn_,=
magn/{moqo + mngn}; these can be simplified to B, =bn_10/{bn_10TFDin}
Bn-1=bin{bn-10% bin}. If bjo=1—jN"'=1-byy, then B, =Bn_1=3.

In these applications it is often the case that ¥ is a birth—death process and
then the return process is a birth-death process iff py; = pyn—-1 = 1. If this is the
case,

Apco Ay
Byt by
where A, -+ -, Ay >0 are the birth parameters of £ and g, * - -, un—1 >0 are

its death parameters.
More generally if po; = 8,;, Pnj = 8; Where, 0<a, b<N and a# b, we have

mj/%m0= Gj=1,---,N)

a;(t) = (Mmoqors;(t) + magury; (1))/m;
and if o;; = 1/p; and oy =(A; -+ - A= )/(; * * * ), @ <J, then, when for example
a<b,

m,-/moqo=.2 o (1=j=a),
6.2) = ‘
miimego= 2, oy (a<j=b),
i=1

a N-1
(63 mimogo= L oy—(muanimoqd) T oy (b<j=N-1)

i=1 i=b+
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and

(6.4 MnAn/Moqo = [AN—I .

13

a N-1 -1
Z 0'i.N—1][1 +Ano1 Z O'i,N—l] .
=1 i=b+1

The expressions are derived in the usual way, viz., by successively adding the
equations ) mq; =0 and iteratively solving the resulting difference equations.
A similar procedure may be adopted if b<a.

If a=>b then

aj(t) = ((MoGo + MnGn) /M1 (8) = G o' gy (1)

and the m; are given by Equations (6.2)—(6.4) above with a = b. This density
function is similar to that of the limiting age distribution for a process with a
single absorbing state. Indeed if the two absorbing states of % are amalga-
mated and returns to {a} occur with rate q,+ gy, then the two return processes
have the same limiting conditional age distribution. This follows since the
limiting age distribution is specified by [u;].

As a specific example consider the continuous-time version of Moran’s
model for the number of A-alleles in a population of alleles at a single diallelic
locus in a haploid population of fixed size N; see Karlin and McGregor (1962).
This is a finite birth and death process for which

i(N—i) i(N—i)
_HNTY _HN—Y)

A N 25 (25 N a;

(0=i=N)
where a4, a, are positive constants which reflect selective differences between
the alleles. For simplicity we shall let a; =a,=a—there are no selective
differences. Our formulation differs from that of Karlin and McGregor because
we assume that the rate of birth—death events is proportional to the population
size, whereas they assume this rate is independent of N.

It is not difficult to show that

G;=(N-ila(N-j) (1=j=i), =ilaj (i=j=N-1),
(see Tavaré (1980)) and if a=1, b=N—1 then
mimo=qoN/aj(N—j) (1=j=N-1), my/mo=qo/gn.

Referring to (6.1), we find that b, = j/N. The spectral expansions developed by
Karlin and McGregor (1962) may be used to write down expressions for a;(t).
These are uninformative in themselves and so we shall omit them. However, see
Watterson (1976) for the discrete-time analogue. Substituting the quantities
above into (4.6) and using a little algebra shows that

N-1 N-1
u,‘-"=a‘l[i L KTH(N-) X k“]-

k=j+1 k=N-j
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Asymptotic expressions may be derived for large populations by allowing
N — o and j to behave in various ways. Thus if j = 0(N) as N — « then
L= uiP~ (jla) log N,
but if j~6N, 0<6<1, then
pi?~(N/a)(@log 671 +(1-6)log (1—6)71).

The expression on the right is just that obtained for the diffusion approxima-
tion of the hitting distribution of H for the absorbing process.
If a =b we obtain

N-a’d &k . i & N—k .

X yi—a+=L- Y T @<

apd= a ; —k] N-juZ; k (@<p
i = .

N-jid & _a "&'N-k :

-— —j+ - =

— Ly gteityL L @=)

and if a~Np, j~ N6 as N — o where 0<p, 6<1 then

—N[o log6,,,(-p) IZL(l—p)] (0<0)

D~ 1-6
1
1 — -
—N[p ogp+1+(1 @) log (1 a)] (6<p).
1-p a

This expression for the case p <@ was derived by Kimura and Ohta (1973),
Equation (11), as the mean age of the approximating diffusion process.

(b) Markov branching process. Let {X(t)} be the Markov branching process
whose generator is w; = vip;_;+; (i#]) and u; = =Y »; Uy Where »>0, p; =0,
YizoPj=1,0<p,<1 and p, =0; see Athreya and Ney ((1972), Chapter 3). As
is well known X(t) represents the size of a population of individuals whose
lifetimes are independent and exponentially distributed with mean »*, and at
the end of its lifetime an individual produces j progeny with probability p;. All
individuals reproduce independently. Clearly J =N is irreducible and H ={0} is
accessible from J since po>0. Let f(s)=Y,.s p;s’. Regularity of {X(t)} is
equivalent to the condition i_, ds/(f(s)—s) = for each & in (0, 1—q) where q
is the probability of eventual extinction when X(0) =1 and is the least positive
root of f(s)=s. We always assume this condition. Let m =f'(1-).

We define a return process {Y(t)} by setting A =qo, h=po; (j€F) and
Y h;=1. The return process is just the Markov branching process with a
state-dependent immigration component as defined by Stewart (1976) and
Yamazato (1975). Pakes (1979) considered the age distribution for the special
case h;=1.

When m=1 Stewart (1976) and Yamazato (1975) have shown that the
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return process is recurrent and hence if it possesses the strong ratio limit
property and property (2.4) then the limiting age distribution exists for any
initial distribution and

a(t)= (; n[) (u) du (Zl hiGi,).

When m <1 the condition Y h; logj<o is necessary and sufficient for the
positive recurrence of %, whence the strong ratio limit property. The following
lemma gives a sufficient condition for the null recurrent case.

Lemma 3. Let m<1 and Y h; log j=c. The return process has the strong
ratio limit property if
G(x)=1-h(l—e™)=1/x?L(x)
where 3<<8=1 and L is slowly varying at

Proof. Let F(t) be the distribution function of inf {t: Y(t) =0, t > A,} where
A, is the hitting time of N from {0}. Clearly

Foo(t)=A Z ‘ hirio(t — u)e ™ du

i=1
= AL h(rio(t—u))e™* du

where h(s) =) h;s’. Moreover,
Poo(t) = L e M TOFo(du)

where %, is the renewal function generated by F,.
Now

1-Foo(t) = AL‘ e ™G[-log(1—rio(t—u))]du+e™

and 1—ro(t) ~const. e *@™™" It is easy to show from these that 1—Foy(t) ~

(const.)/(t°L(t)) (see Pakes (1979), p. 287) and Erickson’s (1970) key renewal

theorem shows that lim,_,.. m(t)pyo(t) exists and is positive, where m(t)=

§o (1= Fyo(u)) du. In particular po(t) is regularly varying at infinity, whence

Poo(t+7)/Poo(T) = 1, which is equivalent to the strong ratio limit property.
When m =1 the condition

J‘ 1- h(s)
f(s)=s

is necessary and sufficient for positive recurrence of ¥. The following lemma is
analogous to that above and extends the treatment given by Pakes (1979).

ds <o
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Lemma 4. Suppose m =1,
f&)=s=(1=s)""’L((1-5)"), 1-h(s)=1-s)"M((1—5)")

where 0=v=6=1, §>0 and L, M are slowly varying at . The return process
has the strong ratio limit property if v> §/2.

Remark. ¥ is positive recurrent if v> 8.

Proof. The integrated backward equation for &, fyo® du/a(u)=t, where
a(s)=v(f(s)—s), can be written as V((1—ry(t))™!) = vt where

V()= Il dx/x°L(x).

It follows that 1—ryo(t)=1/t"2A(t) where A is slowly varying at «. Thus
t"3(1— Fy(t)) is slowly varying at infinity and now the proof proceeds as
before.

As an aside we mention that the recurrence-time distribution of {0} for the
return process constructed from the Bienaymé-Galton—Watson process is given
by £ = h(f._))—h(f._), where f, is the nth iterate of f evaluated at 0; see
Pakes (1971). It is quite easy to place conditions on h which ensure that
p&tP/psy — 1 (Garsia (1963)) and hence obtain the strong ratio limit property
under fewer restrictions than we have been able to achieve for the continuous-
time case. These discrete-time conditions cannot be taken over to the present
case since the discrete skeletons of % are not chains of the form considered by
Pakes (1971). This may be contrasted to the situation for the Markov branch-
ing process with unrestricted immigration: its discrete skeletons are the simple
branching processes allowing immigration (Pakes (1975)).

It is obvious that (2.4) is satisfied when ¥ is positive recurrent. We shall not
address this question in other cases and assume, say, that {c;} has a finite
support.

When m > 1, Stewart (1976) has shown that the function

g(0)= 0[1 - )\A[:Qe“"(l —h(r10(1)) dt]

exists and is strictly increasing for 6 >d =max (—A(1—h(q)), a’(q)) and there
exists p €(0, —d) such that g(—p)=0. He also shows that ¥ is p-positive and
hence the limiting conditional age distribution always exists if m > 1.

When h, =1, Pakes (1979) made use of local limit theorems for the ry;(t) to
obtain limit theorems for the limiting age distribution as j — . His result for
m =1 extends in a fairly straightforward manner, as we shall now demonstrate.

Theorem 6. Let m=1, ¥ pj*logtj<ew, o=1f"(1-)/2 and B=Y hi<c.
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Then
lim P(A(j)=jt)=exp (—1/ot) (t>0).

s
Remark. The same distribution has been obtained by Watterson (1977) from
a hitting distribution of a diffusion approximation for critical branching proces-
ses. Presumably the critical branching process with state dependent immigra-
tion has a recurrent diffusion approximation. Since this diffusion is reversible, it
follows that the limiting conditional age distribution, when j is large, will
behave like that of the extinction time of the corresponding critical branching
process having a large number of initial ancestors. It is obvious that extreme
value distributions are the appropriate weak limits of the extinction time.

Proof. First observe that the conditions of Lemma 4 are satisfied under the
conditions of the theorem. Pakes (1979) proved that
VjGii =Vt T UGy (i,jz1)

where {v;} is the renewal sequence corresponding to the ‘lifetime’ distribution
whose generating function is (1—£(s))/(1—s). In particular v; > o' (j —> ),
where a = f"(1—)/2. The representation given above for the Green’s functions
yields

vj Y kG =‘_'2 h(v++o_)+y X b

The second term on the right — 0 as j — o and the key renewal theorem shows
that the first — B/a. Thus j Y hG; — B/o.
Now consider

i T du= T [ Py dy

A result of Kesten, Ney and Spitzer ((1966), (4.22)) enables us to infer that as

=0,
2riGiy) = ili(1 = rio(iy)) oy Lrioy)] e~V
+y~'e(jy) min (ify, j) + O{G/ )1 = (r1o(iy)) — i(r10(iy)) (1 = r10Gy) T

for all i=1 and ye[t, ), t>0, and where &(t) > 0 as t — .
Given 6 >0, then for all j sufficiently large,

) h,-ry“e(iy) min (ify, j) dy =8 ), hry“ min (ily, j) dy

»w[r%y (j > ),
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by monotone convergence. It follows that, as j — oo,
jt

iX hfj ri(u) du = [“’hr(,w(jy)),-(l =~ rio(iy)oy) e dy

+O{ [ 101 h(aliy) = (1= oIy raoi)) dyty 01,

Since j(1—ry0(jy)) = 1/ay, it is now clear that

PZh [ (0 du— o) 2 ay

=(Blo)(1-e V),

and the theorem now follows.

When m# 1 and h,; =1, Pakes (1979) used the local limit theorem for the
supercritical Markov branching process to obtain limit theorems for the limit-
ing age, A(j), as j — . The limit distributions which arose involved the density
of the strong limit of a supercritical Markov branching process, that is, it is a
function of the detailed structure of the offspring distribution {p;}. The follow-
ing simple examples indicate that when we use a general return distribution,
the limit distributions of A(j) also depend on the structure of {h;}.

We shall consider the degenerate case where & is the linear death process;
po=1. Then, if i=1,

0= ()e - G50, =0 (>
J
and

Gy=1p (=i, =0 G>i)

The limiting age distribution function is

a0 ={r Tu() [ era-emia) /T

(65) izj izj

_ {z h,(;) Li(l—exp(—vt))(l /iy ) dx]/.éj h..

i=j
Suppose first that the return distribution has a Poisson tail:
h; ~ const. §'/j! (j— ),
and without loss of generality we can take the constant as unity. In this case

Y= h ~8'/j! and some computation shows that

j(1—exp(—vt)) )
a0~ (I-ylj)-le™dy  (j—o),
0
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whence
vt
a;(tj) — L evdy=1-e"

Equation (6.5) can be written as

j(1—exp(—vt)) ) )
(6.6) a;(t)= {L (1= x/jy " h9(x/}) dx} / it
i=j
If we suppose that the h; are eventually proportional to the negative binomial
probabilities
(N +j-1

a0 o<e<t,

then it is not hard to show that

F(N+ ]) i(1—exp(—vt))

TG+t A=x/jy7' A~ &xfj) ™ dx

aj(t) ~
whence
(6.7) a;(tlj) > 11— (jo o).

Some insight into these results can be obtained from the following considera-
tions. Since both return distributions have rapidly decreasing tails, an observa-
tion at a large state {j} means that the last return from {0} is likely to be to a
state close to {j}. For the Poisson-type distribution, h;,, = o(h;), as j — %, and
k =1 hence we expect that

P(A(D=1)=P(T;=1)=1—exp (—yjt)

where T; is the sojourn time of the death process in {j}, and this is indeed
consistent with the limit theorem we obtained. The negative-binomial prob-
abilities satisfy h;., ~h* as (j — ) and k= 1. It follows that the conditional
age distribution is close to a geometric mixture of the distribution functions of
the first-passage time from {i} to {j—1}:

Ewmqﬂkbéfﬁ(w>,

k=j Wk +0
and this leads to (6.7).

These observations lead us to expect rather different limiting behaviour of
A(j) for long-tailed return distributions. Suppose for example that {h;} is
defined by h®(s)=c(1—s)™" for some a€{2,3, -}, ¢>0. Thus h,~cj*
(j > ). It is easily shown that

i(1—exp(—vt))

a®)=[(a-Dj*"'(-a)!/(-D!] (1-x/j)*"* dx

— 1 _ e—v(a—l)t (I N oo)
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We now consider the special case of a returned pure death process defined
by setting hy =1 where N=1. Equation (4) yields

a(t)= vj(l;’)e“’"'(l —e N,

This is just the density of Vin_;.;) Where V3, =- = V|, denotes the order
statistics of N independent random variables having the exponential distribu-
tion with parameter v. This observation allows us to list a number of limit
theorems for A(j) as N— and with j satisfying a number of growth
conditions.

Theorem 7. In the following assertions, N — o, A; has the standard gamma
density t'"e™*/(j—1)! (t=0) and N(0, 1) has the standard normal distribution.

(a) vA(j)—logN 2 log A"
(b) YNA(N-}) 3 A,
(©) If 0<a<1, then

\/ 1“_1\; [vA(aND+log a] > N(0, 1).

(d) If j > o but j/N — 0 then
viEA () ~log (NTj) % N(0, 1).
(e) Suppose there exists M eN, satisfying
PN > but F(INMT—y
for some 0=y <. Then
j%{(uN/j)A(N— j)—li (1%)'(1+ z)—l] 2 y+N(0,1).

Assertions (a) and (b) are direct consequences of long established limit
theorems on extreme order statistics (Galambos (1978), p. 102) and (¢) is a
special case of Mosteller’s limit theorem; see David (1970), p. 201. By using
the well-known representation of order statistics of exponentially distributed
samples (Feller (1971), p. 19) we can write

(6.8) AG) 2 X Vi

where the V, are independent and have density ve ™I(t=0). Assertion (b)
follows by inspection. Assertion (d) was suggested by Hall’s (1979) Theorem 3,
but our special assumptions permit the use of a simpler centering and norming.
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Both (d) and (e) are easy to prove directly from (7) by using moment
generating function techniques.

(c) A linear birth—death process with killing. Let ¥ be a linear birth—-death
process on &¥ =N, U{A} where A is a fictitious state into which the process can
be absorbed from any state of J =N. The generator of ¥ is u; = —(A +p + )i,
Ui =Ai, Uy =i, ya=vi (ieN) and w; =0 for all other i,je¥. The
process can simply vanish from N, and is then regarded as having being
absorbed into {A}. Processes of this type occur as approximations to certain
Markov chain models in population genetics, see Karlin and Tavaré (1980).

Let

a(s)=As>—-(A+u+y)s+p (s>0).
The generating function F(s, t) = Y=, r;(t)s’ satisfies the forward equation
JF; JF; .
—=a(s)— rad F(s0)=s" (ieN),
ot os

whose solution is

(M)A —e®)—s(so— sle"”)}‘

s;—Sge  —s(1—e™®)

Fi(s, t)={

where 0<s,<1<s, are the roots of a(s) =0 and 8 = A(s; —s,)>0. The Green
functions are given by
(&) 'so(so’—s1)  (=1,2,---,0)
Gij = N—1..—jf.i i . .
(8))"s1'(s1—50) G=0.
Interest in the genetic problem focuses attention on the return process for
which po; = pa; = 1. In this case

a;(H) = GI}L ri(y) dy

which can be explicitly computed by using the expressions above.
It is of some interest to observe here that the return process is not reversible,
thus the expected hitting time Ty of {0, A}, given by

* i
E(Tw)= X Gy =a-l[(sa—sa) log (1=-s7)+ X, k-‘[sa-"—s'r"]],
k=1 -1

k

differs from

E(A(f))=—6"[«s1/so>f—1> 10g(1—sO/s1)+§,1 KL= Gols) 1],
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The case of interest to Karlin and Tavaré (1980) was a model describing the
time to formation of a particular genotype in a population undergoing selfing.
In their case, A =3, =1 and y=3 giving s,=0-7142, s,=2-7808 and § =
1-0308. Thus E,(Ty)=0-891, whereas the mean age is E(A(1)) =0-833.

It is quite straightforward to show that

1im P(BA(j)—logj=t)=exp(—(1—s¢/s)e™).

Comparing this result with that for the subcritical linear birth—death process
(Pakes (1979), §6.4) shows that with respect to the age distribution, the killed
process behaves like the ordinary subcritical linear birth—death process.
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