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MATHEMATICAL MODELS IN 
POPULATION GENETICS 

Simon Tavare, University of Utah 

Popula t ion  g e n e t i c s  is one of  many b i o l o g i c a l  f i e l d s  i n  
which mathematical  models have p layed  a s i g n i f i c a n t  role. Al- 
though such models do not  claim t o  be  p r e c i s e  d e s c r i p t i o n s  of 
r e a l i t y ,  t h e y  are n o n e t h e l e s s  u s e f u l  i n  a s s e s s i n g  t h e  roles of 
s e p a r a t e  p a r t s  o f  t h e  real  p r o c e s s  under s tudy .  I n  t h i s  ar t i -  
c le ,  w e  d e s c r i b e  some of t h e  s i m p l e r  g e n e t i c  models. We w i l l  
i n d i c a t e  b r i e f l y  t h e  methods t h a t  may be  used t o  a n a l y s e  them, 
and t h e  r e s u l t s  t h a t  fo l low.  

The s t u d y  of  t h e o r e t i c a l  p o p u l a t i o n  g e n e t i c s  a t t e m p t s  to  
q u a n t i f y  how t h e  g e n e t i c  c o n s t i t u t i o n  of a p o p u l a t i o n  changes 
w i t h  t i m e .  We w i l l  suppose t h a t  each  i n d i v i d u a l  i n  t h e  popu- 
l a t i o n  under s t u d y  is  one o f  t h r e e  p o s s i b l e  g e n e t i c  t y p e s ,  de- 
no ted  by A A ,  A a  and aa .  We call  t h e  c l a s s i f i c a t i o n s  A A ,  A a ,  aa 
genotypes. Any i n d i v i d u a l  i n h e r i t s  one gene [ e i t h e r  A or a )  
from each o f  h i s  p a r e n t s .  For example, if one p a r e n t  is AA and 
t h e  o t h e r  A a ,  t h e n  t h e  o f f s p r i n g  are A A  or A a ,  each w i t h  chance 
&. If t h e  p o p u l a t i o n  is  a t y p e  of sweet pea ,  and A is  t h e  gene 
f o r  r e d  f l o w e r s ,  a t h e  gene f o r  w h i t e  f l o w e r s ,  then  AA flowers 
are r e d ,  aa w h i t e  and A a  are p ink .  F u r t h e r  d e t a i l s  of elemen- 
t a r y  g e n e t i c s  are provided  i n  r e f e r e n c e  [ l l  below. 

We s a y  t h a t  o u r  p o p u l a t i o n  e x h i b i t s  ( g e n e t i c )  variation if 
both  t h e  genes  A a n d a  are p r e s e n t  i n  t h a t  popula t ion .  This 
g e n e t i c  d i v e r s i t y  should  allow t h e  p o p u l a t i o n  t o  a d a p t  more 
r e a d i l y  t o  i t s  sur roundings .  

THE HARDY-WEINBERG LAW 

The s i m p l e s t  r e s u l t  about  t h e  g e n e t i c  makeup of t h e  popu- 
l a t i o n  is provided  by t h e  c e l e b r a t e d  Hardy-Weinberg Law [3 ,41 .  
For s i m p l i c i t y  w e  w i l l  assume t h a t  g e n e r a t i o n s  are d i s c r e t e :  
a t  each  t i m e  p o i n t  a l l  i n d i v i d u a l s  d i e ,  and are r e p l a c e d  by new 
i n d i v i d u a l s  a t  t h e  next  t i m e  p o i n t .  Now suppose t h a t  t h e  t h r e e  
genotypes A A ,  A a ,  aa are r e p r e s e n t e d  i n  p r o p o r t i o n s  D ,  2H, R 
r e s p e c t i v e l y  ( D  + 2H + R = 1). The f r a c t i o n  of  A genes is de- 
no ted  by p ,  and i s  g iven  by p = D + &.(2H) = D + H. 
t h e  p r o p o r t i o n s  D', 2H', R ' ,  p '  i n  t h e  next  g e n e r a t i o n ,  w e  use  
t h e  mating t a b l e  o p p o s i t e .  

To Compute 
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Equations like (*) are called recurrence relations, and 
they play an important part in mathematical modelling. From 
our point of view the interesting question to ask is: What 
happens to p ,  after a large number of generations? 
ple, this is not a simple question to answer, but we will 
illustrate what happens in some specific cases. 

Case (a) 

Examination of ( * )  in this special case shows that 

In princi- 

wAA = 0, wAa = uaa = 1. 

This is a model in which AA-individuals cannot reproduce. 

P, = Pn-1/(1 + P n - l ) *  n - 1 , 2 , * * *  * 

Whence 
Pn-2 P O  

Pn  1 + 2pn,2 - . ' *  = - + , n = 0 , 1 , 2 ,  ... . 
This shows that p ,  approaches 0 as n increases. 
tends to be lost, in that the population will eventually com- 
prise only aa-individuals. To determine how long it takes to 
reduce the fraction of A genes from p o  to p, we have to solve 
for  n the equation p = p o / ( l  + n p o ) ,  giving n = p-' - p;'. 
example, if p o  = - 5 ,  it takes 8 generations to reduce the 
fraction to -1 and 998 generations to reduce it to -001. Al- 
though the A-gene must disappear, it may take a long time. 

Thus variation 

For 

Case (b) wAA = waa = 1, wAa - 2 .  

Since individuals who have both genes A and a are fittest, 
We might expect the it is likely that both genes will survive. 

Proportion p ,  to stabilise to some value 
For example, if p o  = -9 ,  then p 5  = ~ 5 9 5 ,  p l 0  - - 5 1 3 ,  p15  p - 5 0 2 ,  
p20 -5002 ,  suggesting that p *  = - 5 .  In fact, starting from 
any p o  between 0 and l , p n  approaches 95 as n increases. 

The importance of this example is that it shows that b o t h  
genes are maintained in the population, although we no longer 
have the constant proportions given in the Hardy-Weinberg Law. 
Eventually the population will comprise AA, Aa, aa in propor- 
tions 4, t, 4 respectively. 

p *  as n increases. 

MUTAT I ON 

Another genetic factor we have to allow for is mutation. 
Suppose that it is possible for A genes to change into a genes. 
In any generation, an A gene has a chance v (0 < v G 1 )  of be- 
coming an a gene. We will ignore the possibility of a chang- 
ing into A .  The recurrence relation for p ,  is given by 

p ,  = p,-'(l - u ) ,  n = 1,2, ... . (**I  
This is derived by noting that the proportion p ,  of A genes at 
time n is the proportion p,-' at time n - 1 times the chance 
1 - u that the A ' S  do not mutate. From (**) it is clear that 
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p, = ( 1  - v)npo,  and hence t h a t  pn approaches  0 a s  n i n c r e a s e s .  
This conf i rms  the i n t u i t i v e  r e s u l t  t h a t  the A gene must eventu-  
a l l y  be  e l i m i n a t e d .  

To assess how s t r o n g  t h e  muta t ion  f o r c e  is, w e  can compute 
t h e  t i m e  n r e q u i r e d  to  reduce  t h e  A gene f r a c t i o n  from po t o  p .  
We solve  f o r  n t h e  e q u a t i o n  p = (1 - l e a d i n g  t o  
n = l o g e ( p / p o ) / l o g e ( l  - v ) .  
and v = ( a  t y p i c a l  v a l u e  o f  t h e  muta t ion  rate i n  man). The 
t i m e  t o  reduce t h e  f r a c t i o n  t o  *1 is 1 - 6 1  x lo6 g e n e r a t i o n s ,  and 
to  -001 i t  is 6.21 x lo6  g e n e r a t i o n s .  
w i t h  t h o s e  o b t a i n e d  i n  case ( a ) ,  w e  conclude  t h a t  s e l e c t i o n  can 
be a much s t r o n g e r  f o r c e  i n  e l i m i n a t i n g  ( g e n e t i c )  v a r i a t i o n  t h a n  
mutat ion.  

For  i l l u s t r a t i o n ,  w e  t a k e  po -5 

Comparing t h e s e  r e s u l t s  

SMALL POPULATIONS 

The p r e v i o u s  models have assumed t h a t  t h e  p o p u l a t i o n  w e  are 
s t u d y i n g  is v e r y  l a r g e .  W e  might t h e n  e n q u i r e  what e f f e c t s  
small p o p u l a t i o n  size have on t h e  p r e v i o u s  r e s u l t s .  The mathe- 
matical models are now much more compl ica ted  to  a n a l y s e ,  see 121, 
but  t h e  f o l l o w i n g  r e s u l t s  i n d i c a t e  what can happen. 

as one o f  t h e  t h r e e  genotypes  A A ,  A a ,  a a .  To keep  t h i n g s  
manageable, w e  keep t r a c k  o n l y  of t h e  number o f  A genes,  and 
not  how t h e s e  are a r r a n g e d  i n  i n d i v i d u a l s .  Our p o p u l a t i o n  can  
then  c o n t a i n  any o f  X = O , l , .  . . , 2 N  A genes ,  t h e  remaining 2 N - X  
being  a genes.  

Before  d e s c r i b i n g  o u r  model, w e  d i g r e s s  b r i e f l y  t o  rev iew 
some p r o p e r t i e s  o f  t h e  b i n o m i a l  d i s t r i b u t i o n .  Suppose we  per -  
form a series o f  n c o i n - f l i p s ,  i n  e a c h  o f  which we  have proba- 
b i l i t y  p of  th rowing  a head ,  a n d q =  ( 1  - p )  o f  throwing a t a i l .  
Then t h e  chance of  t o s s i n g  X = k heads  is g iven  by 

We c o n s i d e r  a p o p u l a t i o n  o f  N i n d i v i d u a l s ,  e a c h  classified 

(***I k n-k 

The where (E) is t h e  binomial  c o e f f i c i e n t ,  ( t )  = 
random v a r i a b l e  X is s a i d  t o  have a b inomia l  d i s t r i b u t i o n  w i t h  

Prob(X = k) = (;)p q , k = 0,1,  ..., n, 
n !  

!(n - k ) !  . 
Let's r e t u r n  t o  o u r  g e n e t i c  problem. lo parameters  n and p .  

The model f o r  t h e  number o f  A genes i n  t h e  next  g e n e r a t i o n  
is d e r i v e d  as fo l lows .  I f  i n  g e n e r a t i o n  n t h e  number of A 
genes is  i, t h e n  t h e  p r o p o r t i o n  is pn = i / 2 N .  

genes i n  g e n e r a t i o n  ( n  + l), w e  t a k e  a binomial  sample of size 
28 from a very  l a r g e  pool  of genes which are A or a i n  propor- 
t i o n s  p n ,  1 - pn r e s p e c t i v e l y .  Then t h e  number X o f  A genes 
a t  t i m e  n + 1 h a s  t h e  binomial  d i s t r i b u t i o n  (***),  w i t h  n = 2 N ,  
p = p,. 
a t  t i m e  n is j u s t  t h e  p r o p o r t i o n  po i n  t h e  first g e n e r a t i o n .  
We conclude t h a t  on a v e r a g e ,  t h e  A gene frequency remains con- 
s t a n t ,  i n  agreement w i t h  t h e  Hardy-Weinberg Law. However, t h i s  
s i t u a t i o n  is  v e r y  d e c e p t i v e .  I t  t u r n s  o u t  t h a t  i n  f a c t  t h e  
p r o p o r t i o n s  of  A genes  must u l t i m a t e l y  b e  0 o r  1, so t h a t  t h e  

To produce t h e  

I t  can be shown t h a t  t h e  average  f r a c t i o n  o f  A genes  
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p o p u l a t i o n  e v e n t u a l l y  comprises  e i t h e r  a l l  A genes  o r  a l l  a genes.  
Genet ic  v a r i a t i o n  is consequent ly  los t !  

size is known as random g e n e t i c  d r i f t .  C l e a r l y ,  it is p o s s i b l e  
t o  sample a p o p u l a t i o n  of s ize  2N genes  which c o n t a i n s  no A genes,  
i n  t h e  same way t h a t  o u r  series of c o i n - f l i p s  c o u l d  r e s u l t  i n  no 
heads.  

The phenomenon of loss  of v a r i a t i o n  due t o  f i n i t e  p o p u l a t i o n  

CONCLUSIONS 

I n  t h i s  a r t i c l e ,  w e  have p r e s e n t e d  some of t h e  g e n e t i c  
models t h a t  are used  t o  d e s c r i b e  t h e  g e n e t i c  composi t ion of 
p o p u l a t i o n s .  The precise n a t u r e  of t h e  i n t e r p l a y  between selec- 
t i o n ,  muta t ion  and random d r i f t  is still under  a c t i v e  r e s e a r c h .  
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PROBLEM SECTION 
PROBLEM 4,5,1, 
What is  t h e  minimum number 

of h i t s  n e c e s s a r y  t o  score ex- 
a c t l y  100 on t h i s  r a t h e r  un- 
usua l  r i f l e  t a r g e t ?  ( T h i s  is 
l i k e  t h e  "knapsack" problem 
mentioned i n  J. S t i l l w e l l ' s  
a r t i c l e  i n  Function 4 ,  P a r t  3 . )  




