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Abstract

We study derangements of {1,2,...,n} under the Ewens distribution with parameter 6. We give
basic properties of derangements, such as the moments and marginal distributions of the cycle counts,
the number of cycles, and asymptotic distributions for large n, and we construct, for any given n,
a {0, 1}-valued non-homogeneous Markov chain ﬁ(”) with the property that the counts of lengths of
spacings between the 1s have the same distribution as the cycle counts of the random derangement of
size n. Unlike the Feller Coupling, this chain does not couple realizations for different values of n —
the chain must be rerun to get derangements of other sizes. To resolve this issue we construct another
{0, 1}-valued Markov chain n whose law coincides with that of the Feller Coupling conditional on no
consecutive 1s. The distribution of 7, the so-called “Feller Coupling for random derangements", arises
as the weak limit as n — oo of the distributions of ﬁ("). Consequently, the asymptotic behavior of finite
random derangements may be studied via this coupling. The rate of convergence of 7" to 5 is studied
via an estimate of their total variation distance. We provide extensive comparisons of these methods,
and show that the Markov chain methods generate derangements in time independent of 6 for a given
n and linear in the size of the derangement.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The Ewens Sampling Formula [10] arose in population genetics as the joint probability
distribution of the number of selectively neutral alleles C;(n) represented j times in a sample of

n genes, for j = 1,2, ..., n. For non-negative integers cy, cs, ..., ¢, satisfying 23:1 jcj=n,
we have
n! 0\ 1
Po(Ci(n) =cy, ..., Ch(n) =cp) = — (—) - (D
9(,,) =1 J Cj:

for 6 € (0,00), Oy = 600 +1)...(0 +n—-1) = I'h + 6)/I'O),n > 1. We set
6oy = 1,0k = 0,k € N. In its original formulation, 6 is a parameter related to the rate at
which novel alleles appear. In what follows we denote the law in (1) by ESF,(0); to simplify
the notation, we suppress the 6 in Py in what follows, where there is no cause for confusion.
The ESF has been studied extensively, and it arises in many different settings in probability
and statistics. [13, Chapter 41] provides an overview, [6] describes numerous applications
in combinatorics, and [9,20] provide many other examples. Of particular interest here is its
appearance as the distribution of the cycle counts of a 6-biased permutation. Let = be a
permutation of {1, 2, ..., n} decomposed as a product of cycles. If 7 is chosen uniformly with
probability 1/n!, then Cauchy’s formula establishes that the cycle counts (Cy(n), ..., C,(n))
have the ESF, (1) law [12], and if a permutation 7 having k cycles is chosen with probability
proportional to 6%, then the cycle counts have the ESF, (@) law. In this case,
k
P(r) = i , @)
Oy
if the permutation & has k cycles. See [6, Chapters 1 and 2.5] for more detailed discussion and
history. We note that the number K, of cycles has probability generating function given by

E(sKn)=%,05s5 L. A3)
O
The Feller Coupling was introduced in [5] as a way to generate the cycles in a growing
permutation one at a time, and it has proved very useful in the study of the asymptotics of
properties of the ESF; [7] illustrates some of these. To describe the Feller Coupling, define
independent Bernoulli random variables &; satisfying
0 i—1
P(&; —1)—9_‘_1—._1’ P(&; _O)_G—i—l—'—l’ i>1
The cycle counts for a permutation of size n are determined by the spacings between the 1s in
realizations of &,,&,_1,...,& = 1, starting from a 1 placed at position n + 1. If we define

C;(n) = number of spacings of length j between the 1s in 1§,§,_;...&1, @)
then

(i) The law of (Cy(n), ..., C,(n)) is ESF,(0);
(i) Z; = Cj(c0) = the number of spacings of length j between the 1s in 1£,§3... are
independent Poisson-distributed random variables having EZ; = 6/;j.
(iii) To generate a particular permutation, we can use auxiliary randomization; cf. [6, page
95].

1140



PH. da Silva, A. Jamshidpey and S. Tavaré Stochastic Processes and their Applications 150 (2022) 1139-1164

Further details may be found in [5] and [6, Chapter 5].

In this paper we study the behavior of the cycle counts of derangements, permutations with
no fixed points, obtained from ESF, (6), conditional on having no cycles of length 1, via the
relation

Lo(Ca(n), ..., Co(n)) = Lo(Ca(n), ..., Cu(n) | Ci(n) = 0), 5)

where C ;(n) denotes the number of cycles of length j in the derangement. After recording some
basic properties of random derangements in Section 2, our focus in Section 3 is to construct

a Markov chain 7™ = (*(") ey ﬁ(l") = 1) that allows us to generate the cycle counts via
the analog of (4).
Gj(n) = number of spacings of length j between the 1s in 1, ﬁﬁl”), . ﬁ(l") =1.

We show that the law of the resulting cycle counts is indeed given by (5).

In contrast to the Feller coupling, which, as its name suggests, allows generation of the
cycles sequentially for each n from a single observation of 1 = &, &, &; . . ., the chains 7™ have
to be rerun for each n to produce derangements of different sizes. The main results of this paper,
in Section 4, concern the asymptotic behavior of derangements, and provide a coupling that can
be used to generate derangements sequentially from a single run of a Markov chain. We analyze
the behavior of this chain in some detail. In Section 5 we discuss methods for simulating
derangements, and in Section 6 provide a number of examples of properties of derangements,
for some of which explicit results for finite n are known, for some of which asymptotics are
known, and for some of which simulation seems to be the only recourse. Section 7 provides
some numerical experiments, and the paper concludes with a brief discussion.

2. Derangements

Students of probability often meet derangements in the context of (versions of) the so-called
hat-check problem [11, Chapter IV]: n diners leave their hats at a restaurant before their meal
and hats are returned at random after the meal. What is the probability that no diner gets
back their own hat? Label the diners 1,2,..., n and construct a permutation 7 by setting 7;
to be the label of the diner whose hat was returned to j. The question asks us to evaluate the
probability that 7 has no singleton cycles, and inclusion-exclusion is typically used to show
that the required probability is

Pi(Ci(n) = ———ZU% 6)

where D, is the nth derangement number, the number of n-permutations with no fixed points.
The cycles of a derangement describe groups of diners who share hats among themselves, with
no diner getting his own. The distribution of the cycle counts (az(n), e 5,, (n)) is given by (5)
with 6 = 1. For arbitrary 0, the distribution (5) is determined by ESF,,(0), and (6) is replaced
by

Mn(0) = Py(Ci(n) = 0) =

707 bu
Z(— T j)',n=2,3,... @)

with Ag(0) = 1, A1(6) = O; cf. [13, eqn. (41.10)] We will see later that A, () can be represented
as a confluent hypergeometric function. We can also see that, for any given n, the mapping
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0 +— A,(0) is decreasing. To show this, for j € N let

-1
A% = {(aj,ajh---,m) {0, 1Y :a; + ZaiaiJrl =0
im1

consisting of all (0, a;_1, ..., a;) with no consecutive 1’s, and let
Aj = {(aj,aj_l, Ces ,al) € AT ca)p = 1}

Note that A; = @. In particular, A @) =P((&,,...,&) € A,). Now, let 0 < 6; < 6,, and for
the moment, denote by £/t = (E )l 1 E2 = (& 2) the Feller couplings with parameters 0,

and 6,, respectively. Note that e +l < e H fori € N The idea is to couple S and Efz for
i € N such that
01
PE" =162 =1) = i
(&; & ) ot
6, 6,
PE =062 = 1) = — .
& §i ) b+i 6+
i
PE =0,”2 = 0) = ,
(& & ) A
Thus, it is clear that £% and £% are Feller couplings with parameters 6; and 6, such that
whenever “.;‘1.92 = 0, we have éie' = 0, but not vice versa, that is if (g,?, 102) e A,, then

(é,?l, el 191) € A,. Hence 1,(6,) < A,(0;), from the definition of A,,.
2.1. Properties of derangements

In the following sections we collect some results for derangements obtainable directly
from (5).

2.1.1. Factorial moments of the cycle counts

The falling factorial moments are straightforward to compute. For x € R and r € Z,,
define x"! = x(x = D...(x —r 4+ D,r > 1 with x! = 1. For ry,r3,...,r, > 0 with
2ry+ -+ brp, =m <n,

~lr2] ~lrpl [r2] [r) 11! —(9)7 1
@ ECY Oy =3 g —1_[<‘-> ol

9(”) j=2 -]

where the sum in ) ' is over 2c; + - +nc, = n,¢3 = 12, ..., Cp = Thy Cpils---,Cn = 0.
Letting ¢} = ¢; —r;, for j < b, and noting that 1/c;! = [r’

equals to

/cj!, the r.h.s. of the last equality

n

n! i o\ O—m ” (n —m)! i C/. O\ 1
_H<_') <n(—m)>! 2 11( ) 11 (_) o)t
j=

Oy ;5 \J On—m) G2 N

ﬁ( ) D t6)
] (n _ m)' n—m £

9(n)

since the last sum is just the probability that a random permutation of (n — m) objects is a
derangement; the sum )" is over ¢}, ..., ¢}, Cpt1, ..., ¢, > O satisfying 2¢; + --- + bc), +
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b+ Depyq + -+ +nc, =n —m. Hence

b ri
~ ~ U M0 6\
EC .. C) = 1m < n) — 6n—m) I1 (—) : (8)
j=2

M@0y (n—m)!
In particular, for j =2,...,n,
n! kn_j(G)G(,,_j) %
M(@6wy  (m— Y
Note that P(C,_;(n) = 0) = 1, and indeed EC,_,(n) = 0.

EC;(n) =

(C))

2.1.2. Distribution of the cycle counts
To compute the distribution of the cycle counts, suppose that X is a discrete random variable
taking values in {0, 1, 2, ..., n}, with distribution p; = P(X =1),0 <[ < n. Define

n
wy=BXV =31V p, j=12.n,
I=j
where uo = 1. Inverting this relationship gives

Z( D' Mr+1 Z( r), ;.
Using the result in (8), choose j € {2, ...,n},i <|n/j] and set
o ]EC (0 = n! n—ji(e)?('n—ji) (Q)l ‘
M@y  (n— ji)! J
Then for 0 <r < |n/j],

~ o\ 1 !
wjm=n=(5) s

J
n/j] i—r
i—r An—ji(0)0n—jiy (0
X,Z( b (z—r>' (n—ji)! (1) '

The special case j = n,r = 1 is used in Section 6.1.

Remark 1. Many of these results are well known in the case of random derangements, for
which 6 = 1. For example,

~ nt &1 (1Y Dy
P(Co(m) = 0) = - g(—l)'i—! (—) PEETR
The integers
a(n) = D,P(Co(n)=0), n=1,23,...

give the number of derangements of n objects that have all cycles of length at least 3; computing
the first few values gives

a2) = 0,a(3) =2, a(4) = 6, a(5) = 24, a(6) = 160, a(7) = 1140, a(8) = 8988, .. ..

It is readily checked that this is (the start of) sequence A038205 in the Online Encyclopedia
of Integer Sequences [18], where other formulae are provided.
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2.1.3. The number of cycles -
The distribution of the number of cycles, K,, may be found from the fact that the number
D(n, k) of derangements of size n having k cycles is

d y
=5 (i)
; 1) k=1

where [Z] is the unsigned Stirling number of the first kind. Letting || denote the number of
cycles in m, it follows that

~ 1
PRy =0 = 5o > P

il |=k
m a derangement

1 ok

=o Z o (from (2))

i|w|=k
m a derangement

. 0*D(n, k)
N )‘-n(e)‘g(n) '
The probability generating function of K, satisfies
EsFr = 20O gk, (10)
An(0)
which follows from the fact that

k=1,2,...,n/2].

2”: s D(n, k)

Es® =" Py(K, = k)s* = WO
n (n)

k=1 k=1

fn\[n—¢ t
" (9)9(n) ZZ(_ ) ( )[ 3](QS)

k=1

¢ ¢ ¢ k—t
s 5 (oo B[ oo

l
=7 (9)% Z( ) ( )(9s> O5)n—0)

:n(g—)g(n)(es)(n))»n(@s), from (7)

A 2(05)
T aa(0)

The mean of Kn is given by

T RsKn D from (3).

n

~ ~ ~ 1 n! On—jy 0
ER, = E(Ca(n) + -+ Calm)) = — oo D he (0) s =
’ 10(0) O ; TN

It follows from (10) that
~ oM (0
EK, — EK, = — n©) > 0,
2n(0)

since A,(0) is a decreasing function of 6 for fixed n, in agreement with one’s intuition.
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2.1.4. Properties derived from the conditioning relation
ESF, () may be represented as the law of independent Poisson random variables Z, Z,,
..., Z, with

EZ; = x/6/j for any x > 0, (11)

conditioned on 7, := Z; +2Z, + ---+nZ, = n. This is known as the Conditioning Relation,
and is exploited in the context of combinatorial structures in [6]. The same relationship holds
for derangements too: defining 71, = 2Z, + --- + nZ,, we have

L(Cx(n), ..., Con) = L(Zs, ..., Zp | Tia = n). (12)
To see this, note that for ¢c; > 0, ..., ¢, > 0 satisfying 2¢, + - - - + nc, = n,
P(Z=cr ..., Zy=cp | T1n =n) =
P(Zy=ca, ..., 2y =cp, Ty, =n)P(Z, =0) /P(T,, = n)
P(T, = mP(Z, = 0) / (T, = n)
P(Z,=0,Zy=c¢,...,Z,=c, | T, =n)
P(Z,=0|T,=n)
_ P(Ci(n) =0,Co(n) =ca, ..., Cy(n) = c)
B P(Ci(n) = 0) ’
the last equality following from the conditioning relation for (C;(n), ..., C,(n)) and C;(n).
The relationship in (12) means that asymptotic results can be read off from the general theory

in [6]. For example, the C;(n) are asymptotically independent Poisson random variables with
mean 6/j, which follows from (8) as well. We note for later use the consequence that

An(0) =Po(Ci(n) =0) > Py(Zy =0)=¢?, n— oo. (13)

The largest cycles, when scaled by n, have asymptotically the Poisson—Dirichlet law with
parameter 6. Total variation estimates for the Poisson result also follow from [6] and [5], and
methods akin to those in [7] may be used to derive central limit results, for example. We will
not pursue this aspect further in this paper.

3. A Markov chain for derangements of a given size

In the spirit of the Feller Coupling, we seek to construct a sequence of random variables

7 o= o, ﬁﬁ:’ll, ey ﬁ(]") = 1) with the property that the law of the counts of spacings
between the Is in 1 %")ﬁ,g"_)] ...;‘7*2” 1 is precisely that of (5). As might be anticipated, 7" is

no longer a sequence of independent random variables, but rather a Markov chain. We identify
the structure of this chain, and provide some applications of its use.

3.1. Constructing the Markov chain

Define R = {(1)} and for j > 2, R; = {0, 1M1 x {1}, including all (ay, ..., a;) € {0, 1}
witha; =1.For1 <i <nandr = (r,,...,71) € Ry, let N;(r) be the number of i-spacings
inl,r,,...,r], ie., the number of sub-patterns 10°~'1 in it, and define p(ai, ..., a,) = {r €
R, : Ni(r) = ay, ..., Ny,(r) = a,}. We seek to construct a random sequence of Os and 1s,
qm = @™, .38, 51 = 1) such that if Ci(n) == N;(7™),i =2,...,n,

P(Ca(n) = ca, ..., Ca(n) = ¢,) = B(C1(n) =0, ..., Cu(n) = ¢,|C1(n) = 0). (14)

1145



PH. da Silva, A. Jamshidpey and S. Tavaré Stochastic Processes and their Applications 150 (2022) 1139-1164

Simplifying the r.h.s. of (14), we have
PCimy =cj,2<j<m)=00)" Y P& =rs....6 =r).

(rnsrpy_1se])

€p(0,¢3,....cn)
Note that if r = (r,,, ¥y—1,...,71) € p(0, 2, ..., ), then r, = r, = 0. This suggests defining
am ™, 7™ =1 with law

PG =rpec i =) =PE =rpy . &1 =11 | Ea,...  E1) € Ay)

_ ()‘n(e))_] P(%—n =Tnyeen, ‘i:l =ry), ifre An
~ 10, otherwise.

By construction, (52(1’!),...,5"(71)) has the law of (Ci(n),..., C,(n)) conditioned on
Ci(n) = 0. Since &; are independent random variables, given ﬁE"), the vectors
(ﬁfl"), 772"31, o, ﬁﬁ)l) and (ﬁﬁ'i)l, ., ﬁ(l")) are independent and hence ﬁﬁl"), ﬁi:’ll ., 77(1") is a

Markov chain, starting from 775:21 =1.
More explicitly, for 3 <i <n —1, (ry, ra—1, ..., rig2, X) € A%, and y € {0, 1}, let

T, y) =P =y [0 = r 0, = i, 1Y = x)
)
_ P(%n) = rn,.--,ﬁfﬁrz =Tit2, ’75’21 =X, ﬁgn) =y)
P(ﬁ;n) =Tnyeens ﬁfrj_)z =Tit2, ﬁf'_?l =x)

We compute this for x, y € {0, 1}. Starting with the case x =y =0, and for3 <i <n-—1,
we write 7;,1(0,0) = A/B, where

A=0u@) PG =ru . i = Fina, S = 0P, -, &) € A))

and
B = (@) P& =ru..... 2 =ris2. 631 =0)
x{P((&,.... &) € A) + P& = DP((&i-1, ..., &) € Ai_)}
so that
A6
7i41(0,0) = ©)

Ai(0) + i1 (6)
On the other hand,

PG =0 i) = 0) = P@%, = 0,31 = 0)/P(i}, = 0) = C/D,
where

C=0u@) P, .... &) €A% 1, E1 =OP((&, ..., E1) € A)
and

D = (@) P(Gns -2 Ei42) € A5y, &1 = 0)

X{P((&i, ... &) € A) + P& = DP(Gi-1, ..., §1) € A1)}
Hence
B 2i(0)
 hiO0) + g hio1(0)
1146
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Similarly we can deduce that
0xi_1(6)
741(0,1) = — o = PG = 1] 4, = 0),
2i(6) + 9+i1—1
T, ) =0=Pa" =114, =1 and 1,.1(1,0) = 1 = P(" = 0lii/}; = D).
We summarize the discussion as follows.

Theorem 1. (i) For each n > 3, the sequence of random variables ’75;21 =1, 7751"), ey 77(2"),
ﬁ(l") =1 is a non-homogeneous Markov chain with transition matrices
o _ (PG =013, =0) BPG® =114, =0)
© PG =01 =1 PGP =110 =1
given by
O +r—1Dr () Or—1(0)
ﬁ(") _ @ +r—Dr0)+0A-10) (@+r—1DAr0)+01_1(0) (15)
1 0
for2 <r <n,
ORI ) 1 0 =(n) 0 1
mer () )
(ii) The counts 5]- (n), j =2,...,n of the j-spacings between consecutive 1s in the sequence
lﬁﬁl”) . 17(2”)1 have joint distribution given by
LG ), ..., Co(n) = LICo(n), ..., C(n) | Ci(n) = 0). (16)

4. Coupling derangements

The chain 7™ does not generate derangements of size n + 1 from one of size n, a property
satisfied by the Feller Coupling. Rather, the chain produces a derangement for a given value
of n, and needs to be re-run to generate one of size n 4+ 1. This constraint raises a natural
question: Is there an infinite Markov chain that somehow serves as the limit of the 7" process
and can generate approximately 6-biased random derangements of relatively large size while,
on the other hand, it can use the derangements of size n to generate one of size n + 1. The
ensuing discussion explores this further and explains how the reversed Markov chain for 7™,
denoted by 1™, provides an appropriate framework to achieve this goal.

4.1. The finite reversed Markov chain

Having an outcome of 7™, it is impossible to construct a 6-biased random derangement
7 with 7" V[, ..., 11 = 7™[n, ..., 1]. (The [...] notation is used to describe the indices
of a vector.) In fact there is an important constraint in the Markov chain 7™ — it always starts
at ﬁf,”) =0, a property that should also hold for 7"+ It turns out that the resulting sequence
that uses a realization of the random derangement of size n to construct a derangement of size
n + 1 should be the trivial 0-sequence. A simple trick can be used to overcome this problem.
Define the probability measure v, on {0, 1} by v,(0) = IP’g(ﬁﬁl"“) = 0) and slightly modify
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the Markov chain ﬁ("“) to start at time n with the initial distribution v,, rather than starting
at time n + 1 with the initial distribution §y. Indeed, this Markov chain can be considered the

same as the original one, since we always have ﬁ;":]l) = 0. It is clear that

Bo(" = 013, = 0) = Po(i" = 01y = 0).

for i +1 < m < n, while v,, # v, for m # n. This will not cause a problem since in fact
vV, = dp as n tends to infinity, which ensures the existence of a probability distribution on
{0, 1}N as the limit of £(7™).

To describe the limit distribution, we make use of the Markov chains n™ = (’7("))1 pneN,
which are the reversed chains for 77", whose laws are the same as those of (nl"))l 1» and whose
transition probabilities are given via the time reversal transformations

P, = P@H" = x|n, = »
PG = x)

P, = yln" =x) =

(n) (n))

We emphasize that n;” ~ nl") for 1 <i < n, but we require different notation n™ = (;

and 7 7 = (ﬁfl")l +1)i=1 to describe two different Markov chains, which are reversals of
each other Note that the chains n™ and 7™ are not reversible, and hence have different
laws; (£)7_; = (5i—it1)i_;. A limit dlstnbutlon arises as the law of a {0, 1}-valued infinite

dimensional Markov chain. To identify 7, let

)"i,n(e) :Pé(g[l cee l’l] € Azﬂdr] \ AnfiJrl)

n—1

=Py(& =& =0, ) &&11=0),

j=i+1

where the last term is the probability that & = &, = 0 and there are no 11 patterns (which

counts the number of 1-cycles) in £[i, .. ., n]. Similarly to the calculations given in Section 3,
one can see that 17(”) =1, n™ = 0, and the transition probabilities of n satisfy
)“i+1,ﬂ(0)

Py(ni’yy = Olnf” = 0) = :
! ip1a(0) + 5 hi2.n(0)

for i <n — 2. This is summarized in the following theorem.

Theorem 2. (i) For each n > 3, the sequence of random variables 77(") =1, n(") ce 77(”) =0
is a non-homogeneous Markov chain with transition matrices

P = (P(”(") =0[n{" =0) P(ni’l)lzllni")zo)>
s w =0 = PO, =100 =1

s+1 =
given by
(s + 0)Ast1,2(6) OXs12,n(0)
P™ = (5 + Ohss10(®) + 0hs120(0) (5 + ODAt10(0) + 0Rs12(0) |
1 0
fors=1,. 2, and
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(i) Pon™ =xi,i=1,....,0) =P =x;,i =1,...,n).

(iii) The counts Cj(n), j =2, ..., n of the j-spacings between consecutive 1s in the sequence

nm=1,...,n, =0, 1 have joint distribution given by (16).
For i < n, we define

2ni(@) = Py(Eln, ..., i1 € Apity).

which implies I\n,n(e) = XA1,,(0) =0 and ):,1,1(9) = Ap.n(0) = X,(0), for any n € N.

Theorem 3. For?2 <i <n,

0
i (0) =————Di11.4(6)

—-14+6
n—i—1 17
_(n—l)!e(i_nli:J gr+! an
= - =,
(l ]).9(,,) k=0 igi 1g...lg
where the inner sum is over all io = 1,i +1 <i;j <--- <y <n-—-2andi;_; —i; > 1.
Moreover, for any i <n
By = 1y = Pt @hia®)
An(6)

Proof. The first equality is straightforward, and follows from

Po€ln,....il€ Ayip) =Poli +1,...,n] € 4, ; \ A, p)Pe(§; = 1).

To see the second equality in (17), let A;(n) denote the length of the jth cycle in the Feller

coupling in the order of formation of its cycles. Note that for specific ay, ...,

ar > 1 with

ai+---+ar =n—i+1, the probability that a -biased random permutation sampled from the

Feller coupling process has k cycles from time n to time i s.t. § = 1 and (A((n), ..., Ax(n)) =
(ai, ..., ay), and has k' cycles from time i — 1 to time 1 is given by
0501 0%
Ow  Oi-1)
On the other hand, the number of such permutations is given by
n e —a_q i—1
— 1! -1
<a1 )(al )H( al_l )(ae )[ y }
_ (n—1) [i — 1i|
(G —=Dn—adn—a—a) --(n—ay—-—a1)| ¥
Since
i-1 .
i—1 ’
0" =01,
)] Pl e
k=1
summing over all possible k, k', and (ay,...,a;) with aj > 1 for j .,k and
ay+---+a =n—i+1and letting i; = n —a; —--- — a; gives the second equality.
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For the last equality, we have
Pg(ﬁ(-n) -1 Z]P)H(Si =1,¢&[n,...,11€e A,
! Py&ln,..., 11 € 4,)
_PCln, ... il€e Ay iy DPeGli = 1,..., 1] € A;_y)
B Py(&ln, ..., 11 € A,)
i @)Ai_1(0)
()
completing the proof. [

’

4.2. The limit distribution for random derangements

To study the limit distribution of the laws of n™, we need a better understanding of the
behavior of the Feller coupling conditioned on C;(n) = 0, for large n. The following facts
from [5] play an important role. First, we recall that C;(n) can be represented as

n—j
Cin) = Zéi(l =&)L =&y i+ & jr1(1 = &_ji2)---(1 = &),
i=1
for j <n, C;(n) =0 for j > n, and that
(Ci(n), Ca(n), ...) = (Z1, 22, .. ),
as n — 0o, where for j € N,

Zj = ZE,(I — §i+1)' e (1 - Ei+j—l)§i+j

i=1

are independent Poisson random variables with means EZ; = 6/;. In particular,

Cin)= 27, = ZEiSiH,
im1

so that

n [e.¢]
lim 2,(6) = lim Py (Z ikiv1 = 0> =P (Z ikiv1 = 0) =’
i=1 i=1
The preceding discussion suggests that the prime candidate for the limit distribution is the
law of the Feller Coupling & = 1, &, &3, ... conditioned on Z; = Zfi] £&.,=0.
The following theorem is the first step to see this more explicitly. Let Ay, be the set of
(ri,r2,...) €{0,1}N s.t. r; = 0 and there is no i € N for which r; = riy1 = 1, that is

[o.¢]
Ay = {(rl, ra ) e {0, ) i r 4 Y riri = o} .
i=1

Let A oo(8) = Po((&i, i1, .. ) € Axo).

Theorem 4. For any i € N and 6 > 0,
lim A;,(0) = Xi.00(8).
n—oo
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. o0 oo
Proof. Since {2, && 1 =0} C {X72,, &&+1 =0}, for n € N we have

nlggo Py (Z &&= 0) =Py (U m{§i§i+1 = 0}>

i=n n=1i=n

=1-Py¢, =11 =1i0)=1,

since
00 ) 92
Poé, =1,6,0,=1)= - - =0 < o0.
; o Srt1=1) §(1+9)(l+1+9)
Hence

o0
lim A, oo(0) = lim Py(&, = 0)Py( Z §&1=0)=1.
n— 00 n—oo l‘:”_;’_l
Therefore

n—00

. . 0
lim A;,(0) = Hm {X; ,(6)Ant1,00(0) + ———2i n(O)An+2,00(0)}
n—00 0+n
= lim 4; (0) = Ai 00(6),
n—o00
completing the proof. [J

It is now more clear why the infinite Feller coupling conditional on Z; = 0 is the limit of
the finite Markov chains ™. To be more explicit, let n = (1;);=1 be a random {0, 1}-valued
sequence with law

Pa(ﬂn="n§n€N)=P0(§n=rn;"€N|Zl=0)
_ e Py(&, =rp:n eN), if (r,r2,...) € As (18)
~ 10, otherwise.

It is straightforward to see that n = (1, 12, . . .) is indeed a Markov chain, and its transition
probabilities are given by

Po(mit1 =0,1 =0)

Py(n; = 0)
3 Po(5li. ... 1] € ADhit1.00(0)
TPyl 1] € A)(his1,00(0) + 5 hi42,00(0))
3 Ait1.00(0)
 hittoo(0) + T hig2.00(0)]

which means that, for any i € N

Po(mit1 =0ln; =0) =

Po(n"), = 0ln™ = 0) — Py(i1 = Oln; = 0),

as n — o0o. The following theorem follows from the above discussion.

Theorem 5. The sequence of random variables n; = 1,12, 03, ..., defined by (18), is a
non-homogeneous Markov chain with transition matrices

P - (P(ns+1 =0[n=0 Py =1]|n= 0))
TP =000 =1 P =1]n=1)
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given by
(s + 9))‘5-%1,00(9) 9)‘-s+2,oo(‘9)
P, = (5 + DAst1,00(0) + Ohs12,00(0) (s + 0)hsi1,00(0) + OAsi2,00(0)

)

1 0
for s € N.

Note that P — P as n — oo. To see more, let u, be the measure on {0, 1}" that
determines the law of 7™ and let 1 be the measure on {0, 1} indicating the law of 7. Let
7, {0, 1}N — {0, 1}" be the projection map on the first n coordinates of an infinite {0, 1}-
sequence, so that 7,(a;, a2, ...) = (ai, ..., a,) and denote the image of u under m, by um, L
Then

Proposition 1. dry(u,, pr, ') — 0, as n — oo.

Proof. Since A, - — 1 and Py(§, = 1) — 0 as n — oo, we have

. - . 1 n
lim dry(pa, pr, ') = lim = > [Py(i™ =r) = Py(yll,....n] =7)|
n—00 n—o0 2
re{0,1}*
1

1
e A(0)

1
Jim =3 PyEln, ..., 1] =r)

rel,

1
= lim =|A,0)’ —1]=0. O
n—>o0 2

After some preliminaries in the next section, we provide an estimate for the total variation
distance in Section 4.4.

4.3. Finding the values of A;

By conditioning on whether &;.; = 0 or 1, we can derive the recursion

Aioo(0) = Po(§i = 0)(Ait1,00(0) + Po(Gir1 = DAig2,00(0))
i—1

% 19
= — <)»i+1,oo(9) + m)‘-i-‘rloo(g)) . (1

i—1+6

It seems difficult to solve (19) with the initial conditions for Ay o = e™? and A3 o. Instead
we use a Poisson representation of the Feller Coupling provided in [3,8] and due originally to
Svante Janson (see [3] for historical notes on this).

Consider a Poisson point process A on (0, 1) with intensity function x — 8/x for x € (0, 1),
and denote its points by (7;);>1, where 1 > t; > 7, > - .- > 0. Let x(x) be a geometric random
variable with probability of success x, and mark each point t; by a random finite sequence
R; = 0°G)=11_[8] shows that the law of the infinite random {0, 1}-valued sequence 1R R, - - -
is the same as that of the Feller coupling & = 1, &;, &, ... with parameter 6. In fact, the
number of Poisson points in (0, x) marked by 1 (representing cycles of size 1), denoted by
ﬁl (x), is a Poisson random variable with parameter

~ )
ENl(x):/ —y dy = 0x.
0oy
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Note that, for i > 2, & + Zj’il ;€41 counts the number of “1171in 1,&;, &4, .. ..
Before stating the next result, in which the values of A; » are given, recall that the confluent
hypergeometric function with parameters a, b, z € C is defined by

a) z/ .

o0
M(a,b,z) = Z by 71

j=0

cf. [1, Chapter 13]. If Re b > Re a > 0, its integral representation is given by
I'(b) !
M ’b7': zu a—ll_ b—a—ld‘
(a,b,z) —F(a)F(b—a)/o eu 1 —u) u

Theorem 6. Fori > 2,

Mioo®) =M1 +6,0+i—1,—-0).
Proof. First note that

A.0o(0) = lim Xy ,(0) = lim X,(0) = M(1+6,1+06,—06).
For i > 3, the probability that A/ has no points in (x, 1) is

"o
exp (—/ —dy) =x’.
x Y

Therefore the probability density that there is no point of A in (x, 1), 7, = x marked by 0'—31
(i.e. Ry =071), and N (x) = 0 is given by

0 .
x? 2 x(1 = x) e,
X

Thus

Py <§j=0,1<j<i—1,€i—l =1,§i+Z§k§k+1 =0)

k=i
1
= / Oxf(1 — x) e dx. (20)
0
But the left hand side of (20) is
i-3 . .
Jj 0 (i — 3)16?
Aioco(B0) = —————— X 00(0),
He+,~ i = T = hi®

j=1
which implies that

Oi—
)\i,oo _ (i—1)

1
0 i3 6x g _ .
—m/ox(l—x) e dx=MO+1,0+i—-1,-0). O

Remark. Note that the recursion in (19) is precisely one of the standard recursions for the
confluent hypergeometric function; see [1, 13.4.2, p. 506].

1153



PH. da Silva, A. Jamshidpey and S. Tavaré Stochastic Processes and their Applications 150 (2022) 1139-1164
4.4. Estimating the total variation distance

Theorem 7. As n — oo,

0 9(39 1)

drv(pn, p, ') = +0(n™).

To prove this, we need the followmg lemmas.

Lemma 1. Forn > 2,

_ 1 0e?Ap_1 ()it 00(®)
dry (g, pr; ) = - D ntlool7)

9 (1+755)-1
ey @) 1+ ——) 1|+
n—1

2n —140)
Proof.
1
dry (i, ) =5 Y IBGIL o0l = 1) = PO™ = 1)
ref{0,1}?
| % PEln, ..., 11=r)
=3 2 [P = ) g =0 - ———
rel, J=n+l
1 [e ]
T3 o PPEIn -1 .. =g =LEn+ Y EE =0)
vl j=n+1
_ @ 1 PEln, ..., 11=r)
]P’(s,, =0)
1
n Eeekwm(@ﬂp@n - 1),/§ PEn—1,...,11=7r")
1 eekn(G))»n,oo(G)(” — 1+ 9) _ 1‘ Qea)mfl(@))\nJrl,oo(e)
== P 2m—1+6)

as required. [

The following lemma estimates A, (6) and A, »(0).

Lemma 2. Asn — oo,

An(0) =e70 (1 + 56 -1 + 66 - DO -2-V26 -2+ ﬁ)) +0(n™).

n 2n?

6(6 + 1) N 0(6 4 1)(0 + 2 + V6)(0 +2 — /6)
n 2n?

1)

Anoo(@) =1— + 0.

Proof. Noting that al"! = (—1)"(—a),), we can write

0/ nbil
hn(®) = JX_E‘(— Y G o=
Z( 0)Y  (—n)
= JI d=n—=0)
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=M(—n,—n—60+1, —6)

e M1 —-0,—n—0+1,0), (22)

the last equality derived from Kummer’s transformation. Making use of Kummer’s series
expansion for the last line of (22), we can represent 1,,(0) by the infinite sum

a0 (1=0)) o’
@) =e '(n—9+Um 22(1 >m+e—nm’

j=0

for 0 ¢ N. For 6 € N, since (6 — 1)) = 0, we notice that all but the first 6 terms vanish in
the above representation. Let v;(n, ) = (n + 6 — 1)Ul —nJ, for j € Z,. Then

1 1 1 & (i, 0)\
n+6—Dul u\ i Z(_l)l < n ) 7
n’ (1 + n—,) i=0

which implies

L 0—1\0 & (v, 0)\
x,,(@):ﬂZ( ; );Z(‘l)’ <%) (23)
j=0

i=

Similarly, letting v;(n, 0) = (n + 6 — 1)) — n’, for j € Z, we have
1 (0,0

=YD ()

n+0—-1Dy n/ P n’
and therefore

Mnoo®) = MO +1,n+6—1,-6)

ziicﬁVw+1m)
7 JHn 46 = D (24)

“(mw+n> i (i 0)
=2 i “Z(l)(’ )

j=0

To find the contribution of n~* in A,(8) and An.0o(6), it suffices to find its contribution in the
first k + 1 terms in the right of (23) and (24), so that evaluating vy(n, ) = vg(n,6) = 0,
vi(n,0) =0;(n,0) =0 —1, for k =1, 2, we obtain

Mn(0) = e + —(9 I 1)9 (1 — Qn;l + O(nz))

e~ ?

_9_1 2 _ -1 -3
+n2( ) )9 (1-0m™"H)+0mn™>)

00 —1yes 00 -D(5-20+1)
=e’+ + -
n n

+0(n™),
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and similarly,

)”n,oo(e) =1+
2
+( 0) (9+1)(9+2)(

21n?

6 + 1) 9(9+1)( +29—)

—1-
n n?

-6 +1) (1 -1 N 0(n_2)>
n n

—0(n ™) + 0™

+0mn™>). O

Remark 2. For 8 = 1, the second and third terms in the right hand side of (21), for 1, (6),
vanish. In fact, we can see much more in this case, using the power series of the exponential

function. More precisely,
2L (—1) (=1 1
Jy =3 ,‘) =e ! - i ,,) =e'+0 <—1 ‘>.
PV E S ! (n+ D!

We are now ready to prove Theorem 7.

Proof of Theorem 7. It follows from Lemma 2 that, as n — o0,

6 0 0 0 3
ErmOp @ =|1+-+—=+0n")
-1 n n
— — 2/2—-2 1
(1 + 66 -1 + o0 = 16/ o+1) + O(n_S))

n n?
1 (©%/2 420 — 1
(1_9(9+ )+9(9+ )6 /2+ 0 )—I—O(n_3))
n n
:1__ w+0(—3)
n n?

0% Jn—1(6)An11,00(0) _g (1 n 6@ -1 " 0(n2)>
n

n—1486
(1 _e+D ., 0(n2)> (1 + =0 3))
n n n

KRRy
n

n

Therefore, from Lemma 1, as n — 00,

1 /6 636—-1 1 /6 630—-1
dTV(Mn,M”;)ZE <— %)4‘5(——%)4‘0(”3)

n
9 9(39 1

n
as was to be shown. [

In the following sections, we exploit the limiting process to produce coupled simulations of

derangements.
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5. Simulating derangements

While we have a good understanding of the asymptotics of the distribution of cycle counts,
for small values of n simulation may be a useful approach to answer more detailed questions
where explicit results are hard to find. Simulating derangements for the uniform case (6 = 1)
is a classical problem, and there have been many suggested methods, including [2,14] and [16]
which use a modification of the Fisher—Yates algorithm for random permutations and a rejection
step, and improved in [17]. [15] exploits two different techniques, one based on random
restricted transpositions and one on sequential importance sampling. We are not aware of
explicit methods for the case of arbitrary 8, but the Markov chain approach provides an efficient
way to do this.

In this section we discuss methods for simulating derangements for particular values of n
and 6, and a coupling approach that can be used for a collection of n-values. Here we focus
on the relative speed of the methods. In the following section, we compare the methods for
computing properties of derangements via a collection of numerical experiments.

5.1. Rejection methods

There are at least two such methods. For example, we can use the Feller Coupling to simulate
(Ci(n), Ca(n), ..., Cy(n)) from ESF,(0) and set

(Ca(n), ..., Cu(n)) = (Ca(n), . ..., Cu(n)) if Ci(n) =0,

producing an observation from (5). The acceptance probability is just A,(6), which is ~ =7,

so this strategy is slow if 0 is large. Indicative results are shown in Table 1.

The Conditioning Relation (12) provides another approach: the naive implementation takes
x = lin (11), and simulates independent Poisson random variables Z,, ..., Z, with EZ; =
0/j and accepts (Z,, ..., Z,) as an observation of the counts (ag(n), ce En(n)) if Ty, =
2Zy+---4+nZ, = n. The acceptance probability is P(T}, = n); for large n, [6, Theorem 4.13]
shows that nlP(T},, = n) ~ e’VQ/F(Q), where y is Euler’s constant. We can do much better by
adapting the argument in [4, Section 5] by choosing x = x(n) more carefully: choose c as the
solution of the equation 8(1 — e™¢) = ¢, and set x = e~°/". We then have

nP(Ty, = n) ~ e 799/ ®), n— oo, (25)

where u(c) = —c+6 fol v™!(1 — e=*)dv. The quantity ¢*© is the asymptotic factor by which
the acceptance rate increases compared to the naive rate when x = 1,c¢ = 0. For example,
when 0 = 5, this is 379.6, indicating a dramatic speed up over the naive version. Indicative
results are shown in Table 2.

Thus one of these methods is slow for large n, the other for large 6. In contrast, the Markov
chain approaches provide methods that are acceptable for any values of n and 6.

5.2. Simulating derangements via the Markov chain 7™

It is straightforward to use the transition mechanism from Theorem 1 to generate a derange-
ment from the spacings between the 1s in the Markovian sequence 7™ = (1,7, 7,1, ... 75, 1).
Indicative results are shown in Table 3. As anticipated, the run time of the Markov chain method
is essentially constant as a function of 6 for a fixed value of n, a property obviously not shared
by the rejection methods. Comparing timings of these methods (which were implemented in
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Table 1
Rejection method. Derangements of size n, estimates based on 10,000 accepted runs.
0=0.5 0=1.0 0=50

n Time (s) Accept rate Theory (7) Time (s) Accept rate Theory (7) Time (s) Accept rate Theory (7)

10 0.38 0.590 0.591 0.62 0.372 0.368 9.58 0.024 0.023

50 140 0.607 0.604 2.17 0.372 0.368 86.19 0.010 0.010

250 6.89 0.600 0.606 10.71 0.367 0.368 532.1 0.007 0.007
Table 2

Conditioning relation method. Derangements of size n, estimates based on 10,000 accepted runs. Values of c:
—1.256 (# =0.5), 0 (8 = 1), 4.965 (6 =5).

9=05 =10 0=5.0
n  Time (s) Accept rate Theory (25) Time (s) Accept rate Theory (25) Time (s) Accept rate Theory (25)
10 246 0.059 0.061 2.59 0.055 0.056 441 0.032 0.088
50 62.84 0.012 0.012 68.04 0.011 0.011 51.23 0.015 0.018
250 1730 0.002 0.002 1884 0.002 0.002 1223 0.003 0.004

R) depends of course on the details of the code and the computer they are run on (in this case,
a 3 GHz iMac Pro with 10 cores, 128 Gb RAM, running OS 10.15.7 on a single core) so
they should only be viewed as relative. It is interesting to note that the acceptance rate of the
Conditioning Relation method is not monotone in 8, because of the nature of the conditioning
event.

5.3. Coupling derangements via the infinite Markov chain n

One application of the infinite chain 5 is the coupled generation of derangements with
asymptotically the correct distribution, as guaranteed by Proposition 1 and Theorem 7. For
a single value of n, we generate the n chain for n — 1 steps, and then set n, = 0, 9,41 = 1
(this is the analog of the artificial boundary at n + 1 for the Feller Coupling). The ordered
cycle lengths of the derangement are then read of as the spacings between the 1s in the

sequence 1,0, n,—1,...,n; = 1. For coupled simulations of derangements of length n; <
ny < --- < ng, generate an n chain of length at least ny, and for each j, use the subsequence
1,0, Mnj—1s oo 1 = 1 as above to construct the cycle counts for the derangement of size n;.

The efficacy of this strategy is discussed in the next section.
5.4. Relative timing information

Here we report the time behavior of the algorithms, beginning with the rejection and
conditioning relation methods illustrated in Tables 1 and 2.

Implementation of the chain 7™ in Theorem 1 requires computation of the quantities A,,(6)
in (7). The explicit formula there is subject to computational errors for large values of n and 6
and might require high precision arithmetic (as available in the R package Rmpfr for example).
An alternative, numerically stable approach is via recursion. A conditioning argument shows
that for n > 3,

n—1 0
(®) = s (9+n_zxn_z<9>+xn_l<9)), (26)
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Table 3
Markov chain method using chains in Theorems | and 5. Derangements of size n, estimates based on 10,000
accepted runs. The runs for the infinite chain are separate for each n.

Run time (s)

0=05 0=10 0=50
n Finite MC Infinite MC Finite MC Infinite MC Finite MC Infinite MC
10 0.273 0.231 0.213 0.233 0.210 0.224
50 0.918 0.972 0.947 0.919 0.875 0.879
250 4.358 4.445 4.369 4.558 4.249 4.262
Table 4

Finite and approximate infinite Markov chain methods. The total run time for
derangements of sizes 50, 100, 150, 200, 250 and 300. Estimates based on 10,000
accepted runs. The finite Markov chain method was run separately for each n and
the total time for that is the sum of the run times for different n. The runs were
coupled for the approximate infinite Markov chain method, i.e., the simulation
is for 299 steps and “01” is added to steps 49, 99, 149, 199, 249, 299.

Total run time (s)

0 =05 0=10 =50
Finite MC 19.190 18.787 17.955
Infinite MC 6.263 6.124 6.332

with initial conditions A;(6) = 0, A,(#) = 1/(@ + 1). The results below used this method.

Implementation of the infinite chain method in Theorem 5 requires evaluation of the
quantities A; o in Theorem 6. The recursion (19) can be unstable due to the alternating signs,
and instead we employed the kummerM function from the R package fAsianOptions.

For an example of coupled simulation from the infinite chain, we computed the run time
for derangements of size n = 50, 100, 150, 200, 250 and 300, first by summing the times for
each derangement size separately, and comparing this to the time for a coupled run based on
300 steps. For a coupled run of length 300, we computed the derangement of size m < 300
by using 1y, ..., nm—1, appending 01 to the end and computing the cycle sizes by calculating
the spacings between the 1s. The comparison is given in Table 4.

We conclude this section by reporting the behavior of the exact simulation via 7™ and the
infinite chain 7 for simulating very large derangements. Implementing the finite chain using
(7), (26) or even the kummerM function, although in principle exact, proved difficult due to the
time taken to compute A, (6). On the other hand the Feller Coupling via the 5 chain was feasible
via the integral representation for A, ~,(8). Table 5 supports the view that the Feller Coupling
is the only feasible method for generating the cycle counts of very large derangements.

6. Probabilistic examples

In this section we study some further properties of the cycle structure of derangements. In
some of the examples explicit formulae are available for a given value of n; such examples
provide a way to test the adequacy of the approximate coupling method of simulation. For some
quantities explicit results are not known; for these, simulation is the only option. In some cases,
asymptotic behavior is known as well. Numerical results for the following examples are given
in Section 7.
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Table 5
Markov chain method using chain in Theorem 5. Derangements of size n,
estimates based on 10,000 accepted runs. The runs are separate for each n.

Run time (s)

n 0 =0.5 0=10 6 =5.0
10,000 212.7 207.1 215.5
20,000 426.6 4104 390.2
30,000 597.8 608.3 616.2
40,000 801.1 809.8 807.8

6.1. The probability of a single cycle

Since
P(C,(n) = 1) = P(C,(n) = 1 | C1(n) = 0) = P(C,(n) = 1)/P(Cy(n) = 0),
we obtain
n! 60 1
9(,1) n )\n(e)’
which also follows from (9) because P(C,(n) = 1) = EC,(n).

The asymptotics of (27) follow readily, using the fact that n™*I'(n + «)/I'(n) — 1 as
n — o0 to obtain

P(Co(n) = 1) =

27)

P@NﬂZDNFW+DGY,r%+w. (28)

6.2. The probability that all cycle lengths are distinct

This is a variant of the problem discussed in [4], for which there is no easy analytical answer.
The difference between the number of cycles and the number of distinct cycle lengths is

Dy =) (Cin) — Dy,
j=2
where (x); = max(0, x). We want P(ﬁn = 0), which can be estimated by simulation.
In [4, Eq. (10)] it is shown that for a permutation having the ESF,(6) distribution, the
asymptotic probability that it has no repeated cycle lengths is e 7% /I'(6 + 1). A modification
of that argument shows that for derangements,

Dy=D=)(Z;~ Dy,
=2
where the Z; are the familiar independent Poisson random variables with EZ; = 6/, so that
P(D,=0) > P(Z; < 1,j =2)=[]e (1 +6/j)
j=2
1 eV e =D

T 1+ TO+1) TO+2)

(29)
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6.3. The ordered cycle lengths

The 7™ process generates the lengths of cycles in an n-derangement in order, starting
from the artificial boundary at 7,,; = 1. Denoting the length of the first cycle by A;(n),
we have

P(Ai(n) > 1) = P(ﬁn-l—] =1, ﬁn =0,..., ﬁn—l-‘rl =0

Tl O+ = D3,0)
r=n—I+1 (9 +r— 1))\,(@) + 9)\,,,1(9)‘

When n is large, we have for x € (0, 1),

n—1

0 Ar—1(9)
— Z log 1+9 1 7@
r=n—|nx|+1 +r- r( )
n—1
1 A—1(0
~ 0D 9 12 lé )
r={n(1—x)] +r- ()

1
~ —9/ utdu = 0log(1 — x),
1

—X

log P(A1(n) > [nx])

using (13). It follows that n~!'A(n) has asymptotically a Beta distribution with density
6(1 — x)’~1,0 < x < 1. The joint law of the ordered spacings may be used in a similar
way to show directly that n='(A;(n), A»(n), ...) has asymptotically the GEM distribution with
parameter 6; see [6, Chapter 5.4].

7. Numerical experiments

In this section we assess the behavior of the exact simulation method in Theorem 1, and
the coupled estimates from the approximate method in Theorem 5.!

7.1. Results from exact simulation using 7™

In this section we use simulation using the finite chain 7™ to estimate quantities discussed
in Section 6. See Tables 6-8.

Table 6
Probability that a derangement has a single cycle. Estimates are based on 100,000 runs.
6 =05 =10 6 =50
n Sim  Exact (27) Asymp (28) Sim  Exact (27) Asymp (28) Sim Exact (27) Asymp (28)
10  0.476 0.480 0.462 0.270 0.272 0.272 0.021 0.021 0.178
50 0211 0.208 0.207 0.054 0.054 0.054 5 x 107 329 x 107 570 x 107
250 0.092 0.093 0.092 0.011 0.011 0.011 0.0 1.62 x 1078 1.82 x 1078

1 R code for the examples may be obtained from the authors.
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Table 7
P(D, = 0), the probability that a derangement has distinct cycle lengths. Estimates are based on 100,000 runs. The
last row comes from (29).

n 0 =05 6=1.0 6=50

10 0.885 0.774 0.357

50 0.920 0.776 0.091

250 0.927 0.765 0.028

00 0.929 0.763 0.012
Table 8

Estimates of the probability o, that the largest cycle length is the first, the mean length EA;(n) of the first cycle,
and the mean length EL;(n) of the longest cycle. Estimates are based on 100,000 runs.

6=05 0=10 6=50
n op EA|(n) EL\(n) on EA(n) EL{(n) on EA|(n) EL{(n)
10 0.847 7.64 8.16 0.766 6.45 7.17 0.604 3.91 4.79
50 0.775 34.33 38.43 0.652 26.51 32.15 0.356 10.78 16.99
250 0.761 167.8 190.2 0.630 126.70 157.00 0.311 44.27 76.58

Table 9
Probability that a derangement has a single cycle. Estimates are based on 100,000 runs. Compare to results in
Table 6.

6=0.5 =10 6=50
n Sim Exact (27) Sim Exact (27) Sim Exact (27)
10 0.479 0.480 0.277 0.272 0.024 0.021
50 0.206 0.208 0.056 0.054 2 x 107 329 x 107?
250 0.091 0.093 0.011 0.011 0.0 162 x 1078

7.2. Results from approximate simulation using n

In all of the Tables 9-11 we use the approximate infinite Markov chain method where
runs are coupled. The values are very close to the corresponding ones for the finite Markov
chain method illustrated in Section 7.1. The coupling generates the 1 chain for 250 steps, and
uses the run to generate derangements of length 10, 50, 250 by appending 01 to the strings
terminating at steps 9, 49, 249 respectively. Given the shorter run time of the coupled method,
and the suggestion from the simulations in this section that the results from the approximate
coupling method are sufficiently accurate, we recommend using this approach when many runs
of different lengths are required.

8. Discussion

The seminal paper of Shepp and Lloyd [19] — listed by Larry as one of his “top 10” — studied
the behavior of random permutations (the case & = 1 in our notation), focusing primarily on
the rth largest and smallest cycle lengths. Their model is the first appearance of a conditioning
relation, which gives

ESF,(1) = L(Z1, Zy, ... | ) iZi =n)
i>1
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Table 10

P(D, = 0), the probability that a derangement has distinct cycle lengths.
Estimates are based on 100,000 runs. The last row comes from (29). Compare
to results in Table 7.

n 0=0.5 0=10 0=5.0
10 0.883 0.779 0.377
50 0.921 0.776 0.092
250 0.927 0.766 0.028
00 0.929 0.763 0.012

Table 11
Estimates of the probability o, that the largest cycle length is the first, the mean length EA{(n) of the first cycle,
and the mean length EL{(n) of the longest cycle. Estimates are based on 100,000 runs. Compare to results of
Table 8.

6=0.5 6=1.0 6=5.0
n On EA1(n) ELy(n) On EAi(n) ELy(n) o EAi(n) EL(n)
10 0.851 7.66 8.16 0.773 6.49 7.18 0.653 4.09 4.85
50 0.774 34.29 38.43 0.651 26.55 32.17 0.356 10.79 16.97
250 0.761 167.8 189.9 0.629 126.27 156.80 0.311 44 .34 76.71

where the Z; are independent Poisson random variables with EZ; = z'/i, for z € (0, 1). The
random variable ) . ,iZ; is geometric with mean z/(1 — z). Their paper exploits a related
Poisson process construction to uncover the asymptotics of the largest and smallest cycles.

Our work also focuses on permutations, albeit derangements. Our motivation was un-
derstanding how the Feller Coupling might be adapted to simulate derangements under the
Ewens Sampling Formula with arbitrary parameter 6. Section 3 provides a {0, 1}-valued non-
homogeneous Markov chain 7 = 7,7, ;,...,17, = 1 for which the spacings between the
Is in 177,7m,_, - - -7, produce the ordered cycle sizes of a 0-biased derangement of length n.
For the uniform case 6 = 1, the method described in [17] may also be described as a Markov
chain (although it was not in that paper), and its transition matrix reduces to that in (15) when
0 = 1; it is interesting to note that its construction differs dramatically from ours.

The chains 7™ do not generate derangements of size n + 1 from one of size n, a property
satisfied by the Feller Coupling (see the discussion after (5)). Rather, the chain produces a
derangement for a given value of n, and needs to be re-run to generate one of size n + 1.
In order to rectify this, we provide in Section 4 a construction of a single Markov process
n = (n1, M2, .. .) which provides a way (see Sections 5 and 6) to generate coupled derangements
from a single run of the chain. Proposition 1 and Theorem 7 indicate that these derangements
have asymptotically the correct distribution.

While we have focused here on the behavior of counts of cycle lengths, the chains 7™ and 7
may be used to construct the ordered permutation itself by a simple auxiliary randomization [6,
Chapter 5]. We discuss various methods for generating derangements, and compare them by
evaluating a number of functionals of the cycle counts. The coupled derangements produced
by n are shown to behave well, even for small derangement sizes.
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