Reduced-load equivalence for queues with Gaussian input
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Abstract
In this note, we consider a queue fed by a number of independent heterogeneous
Gaussian sources. We study under what conditions a reduced load equivalence holds,
i.e., when a subset of the sources becomes asymptotically dominant as the buffer size
increases. For this, recent results on extremes of Gaussian processes [6] are combined
with de Haan theory. We explain how the results of this note relate to square root
insensitivity and moderately heavy tails.

1 Introduction

Consider a fluid queue fed by the superposition of M independent stationary Gaussian
sources with mean input rate g > 0. If the buffer is drained at some constant rate d > p,
the steady-state probability that the buffer content exceeds u is given by

P(ﬁg}gﬁ—(d—u)tNL), (1)

where Y is a centered separable Gaussian process with stationary increments. Recently, the
asymptotics of this probability for u — oo have been found under some regularity conditions
[6].

The probability (1) plays not only a role in queueing theory. It is well-known that it
can be interpreted alternatively as the ruin probability of an insurance company with total
premium rate d, initial capital u, and cumulative claim process Y; 4+ ut. The case that Y is a
superposition of two independent processes has recently attracted attention in the insurance
literature under the name ‘perturbed risk models’. We mention in particular Huzak et al. [8],
who study the influence of a perturbation with stationary independent increments on the
classical Cramér-Lundberg process. See [14, 15] for further examples and references.

In this note, we focus on Gaussian processes, and consider a slightly more general setting
than (1) by replacing the ‘drift’ (d — p)t by ct® for some 3, ¢ > 0. We study the question in
what cases only a subset of the M input sources contribute to a high value of sup,~, Y; — ct?,
i.e., for u — oo, -

M
P (supz Yi(t) — ct® > u) ~ P (supZYg(t) —ct? > u) (2)
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where S C {1,..., M}; we use the notation f(u) ~ g(u) as u — oo for lim, .~ f(u)/g(u) = 1.
We present necessary and sufficient conditions for (2), and we say that we have reduced-load
equivalence when (2) holds for some S # {1,..., M}.

To explain the term ‘reduced-load equivalence’, consider two Gaussian sources with mean
input rates pq and pa, and suppose the buffer is drained at rate d > p1 + po. In the interval
[0,t], the input to the system is Y7 (¢) + p1t + Ya(t) + paot and the output is dt. Hence, if (2)
holds for ¢ =d — 1 — 2, B =1, and S = {1}, the system behaves asymptotically as if only
the first source is present and the buffer is drained at rate d — po. It is easy to see that the
new load p1/(d — p2) is smaller than the old load (u; + p2)/d. The same reasoning applies
if one has more than two sources.

Our main assumptions are the following. First, the variance function o2 of Y is supposed
to be regularly varying at infinity with index 2H € (0,2). Moreover, we must impose that
B € (H,2H); otherwise (2) cannot hold, since the key ingredient from [6], Proposition 1
below, cannot be applied.

The motivation for pursuing our analysis stems from recent results on certain non-
Gaussian queueing models [1, 9, 12]. An interesting special case of the results in [12] is
M = 2 and Y7, Ys being on-off sources with exponentially distributed on and off periods,
except for Ys; the latter process is supposed to have activity periods with a general distri-
bution G. It is then known that if the tail P(G > z) of G is heavier than exp(—z~1/2), the
queue length behaves asymptotically as if the second source produces traffic at a constant
rate equal to its load. This does not hold if the tail of G is lighter than exp(—z~'/2).

In our opinion, it is instructive to study the Gaussian case in detail for two reasons. First,
there is a vast body of literature on Gaussian processes, which makes this case relatively easy
to study. Moreover, one can use the Gaussian case to ‘predict’ reduced-load type behavior in
other models. For instance, the critical exponent 1/2 also arises in the Gaussian framework,
and a simple formula shows how this quantity changes if the underlying source characteristics
are altered, cf. Theorem 1. We remark that this phenomenon plays no role when studying
logarithmic asymptotics, see [5].

Our results are closely related to those of Zwart, Borst, and Debicki [16]. While we present
a condition that is both necessary and sufficient, it is not clear that the sufficient condition for
reduced-load equivalence of [16] coincides with their necessary condition. Another difference
is that only the superposition of two Gaussian sources (M = 2) is studied in [16]. In
conclusion, we prove a condition that is better (or equally good) than the conditions of [16],
but our condition is extremely simple and easy to check.

Another related paper is Hiisler and Schmid [7]. They establish exact asymptotics of
(1) if Y is a sum of independent Gaussian processes. The difference with the present note
is that we assume stationary increments and allow general variance functions, while Hiisler
and Schmid restrict the variance function to be of the form . ;#* but do not require
stationarity of the increments. Another, more fundamental, difference is the type of question
we pose. Exact asymptotics for (1) have already been established in [6] in the present setting,
but here we focus on the reduced load equivalence (2).

The results in this note are readily adapted if ¢t? is replaced by a regularly varying func-
tion ¢; the only reason for considering ct? is to avoid cumbersome notation, cf. assumptions
M1-M4 in [6]. The case § # 1 may also be relevant in a queueing context; see [13].

Some words for the organization of this note. Section 2 describes the results, and Section 3
gives some examples. The required proofs are contained in Section 4.



2 Description of the result

We first introduce some notation. Let Y7,..., Y3 be independent centered Gaussian pro-
cesses with stationary increments. The finite dimensional distributions are then completely
determined by their respective variance functions o2, ... ,0%4: for s,t > 0,

Cov(¥i(s), Yi(t)) = 5 [o2(5) + o3(8) — 021t ).

The sum of these processes is denoted by Y, so that Y has stationary increments and variance
function o2 = M o2,

Given a subset S of {1,..., M}, we set

od(t) =) ai(t),
€S
and S¢:={1,..., M}\S.

Now we formulate the assumptions on the variance functions.

S1 For i = 1,...,M, o2 is continuous and regularly varying at infinity with index
2H; for some H; € (0,1),

S2 Fori=1,...,M, o2 is ultimately continuously differentiable and its first deriva-
2

tive o7 is ultimately monotone,

S3 Fori=1,...,M, of is ultimately twice continuously differentiable and its second
derivative &12 is ultimately monotone,

S4 o(t) < Ct7 on a neighborhood of zero for some C,~ > 0.

Note that S1 implies that the variance function o2 of the sum Y is regularly varying
with index 2H, with H := max}, H;. Define

S,:={ie{l,...,M}: o7 is regularly varying with index 2H},

as the family of indices with maximum index of variation.
We start with a simple consequence of Proposition 2 of [6], which we state without proof.
Note that for 5 =1 the condition € (H,2H) is equivalent to H € (1/2,1).

Proposition 1 Let the o? and o? satisfy S1-S4. For H € (0,1) and 8 € (H,2H), we have
for any S O S,

P (supysq Y (t) — ct? > u) N P (supys > ses Yilt) — et > w)
sup;so P (Y(t) — ct? > u)  supysg P (3eq Yilt) — et > u)

(3)

Proposition 1 shows that (2) holds if and only if

M
sup P (Z Yi(t) — ct? > u) ~ sup P (Z Yi(t) — ct? > u) . (4)
1=1

t>0 t>0 icS

The following theorem, which is the main result of this note, gives a simple necessary and
sufficient condition for this to hold. It is proven in Section 4.



Theorem 1 Let S O S,. Under the conditions of Proposition 1, the reduced-load equivalence
(2) holds if and only if
. uoge(ul/f)
lim —————=

= 0. 5
u—co g2 (ul/P) (5)

To understand this result intuitively, it is important to gain insight into the optimizers
on both sides of (4). As for the left hand side, we have

M 1/
tP 1/B8Y(1 + ¢t
arg sup P <§ Yi(t) - et’ > u> —arginf 2% (uargmfm 7

t20 i=1 20 o(t) >0 o([ut]}/?)

and by the regular variation of o, it is plausible that the optimizer in the latter expression
tends to t* := arginf,~(1 + ct)/t"/. The same reasoning applies to the right hand side of
(4). Hence, suppose that both suprema in (4) be attained for t* = (ut*)'/?, where t* > 0 is
fixed. We then have a reduced load equivalence if and only if

o u(1 4+ ct¥) o u(l + ct¥)
o ((ut*)!/P) os((ut*)/8) )
where U denotes the complementary distribution function of the standard normal distribu-
tion. Standard estimates on W show that this is equivalent to

277~ o ((ut) )

2 *\2 2 *\1/8
lim ~ lim u2(1—|—ct )° e ((ut*)/7)
U—00 U—00 O'S((ut*)l/ﬂ) 02((ut*)1/5)

[u2(1+ct*)2 u2(1—|—ct*)2} 0

which is readily seen to hold if and only if (5) holds.

3 Examples

In this section, we present two examples to illustrate Theorem 1. While the first deals with
two sources, the second shows that one may need a strictly larger set than S, for reduced-load
equivalence to hold. In both examples we set 3 = 1.

3.1 An example with M =2

The first example is related to Corollary 3.1 of [16]. Consider the sum of two processes, i.e.,
M = 2. Suppose that the variance functions satisfy o?(u) ~ C1u?f1 and o2 (u) ~ Cyu?H2
for some constants Cq,Cy > 0 and Hy > H,. Also suppose that H; > 1/2. For instance,
the first process is a fractional Brownian motion with long-range dependent characteristics,
and the second process a standard Brownian motion or a short-range dependent Gaussian
integrated process. Theorem 1 implies that a reduced-load equivalence holds if and only if
2H| > 1+ Ho.

Of special interest is the case Hy = 1/2, in which the condition reduces to H; > 3/4. Since
the tail of the probability on the right hand side of (2) can be written as exp(—£(u)u?~2H1)
for some slowly varying function ¢, a reduced-load equivalence then holds if and only if the
exponent in this expression is smaller than 1/2. This is the connection with the discussion in
the introduction on a model with on-off sources. It illustrates that square root insensitivity or
moderately heavy tails play an important role in situations with both short range dependent
processes on the one hand and long range dependent processes or subexponential variables
on the other hand; see, e.g., [1, 2, 11, 10, 12].

It is interesting to note that the condition Hy > 3/4 also plays a role in a different problem
connected to the superposition of two independent processes. Indeed, set a%(u) = M and



o2 (u) := u for some Hy > 1/2; the distribution in C[0,T] of Y7 + Y3 is absolutely continuous
to the distribution of Y7 (and vice versa) if and only if H; > 3/4; otherwise they are singular.
These assertions are due to Cheridito [4]. However, we believe that the appearance of 3/4
in both problems is rather coincidence than caused by some underlying principle.

3.2 The set S, is not always the dominant set

We now illustrate the fact that one may need a larger set than S, for RLE to hold. For
simplicity, set M = 3 and suppose that Y is a fractional Brownian motion By, with Hurst
parameter Hj, Y2 a fractional Brownian motion By, with Hurst parameter H>, and Y3 a
standard Brownian motion B (all mutually independent). Let H; and Hy satisfy

Ho+1

3
- < Hy < Hi < .
4 2 ! 2

It is easy to verify that Theorem 1 implies that the following does not hold:

P <supBH1(t) + By, (t) + B(t) —t > u> ~ P <SupBHl(t) —t> u> .
>0 >0

Hence, By, alone does not determine the asymptotics, although S, = {1}. However, Theo-

rem 1 also shows that the following does hold:

P (supBHl(t) + Bp,(t) + B(t) —t > u) ~ P (supBHl(t) + B, (t) —t > u) ,
120 t>0

i.e., the first two processes are asymptotically dominant.

4 Proof of Theorem 1

The proof consists of three steps. We first present an ‘intermediate’ necessary and sufficient
condition, which is not so explicit. In the second step, this condition is shown to be necessary
for (5), and the last step shows sufficiency.

For notational convenience, we set u(t) := t'/8 /c. Moreover, we let t* denote the argu-
ment of the infimum of (1 +t)2/t?#/% over R, , i.e., t* = H/(8 — H).

Step 1: auxiliary necessary and sufficient condition

Proposition 1 implies that (2) holds if and only if

2 2 2 2
lim [inf u2(1 +1) — inf u2(1 +4) ] <
u—oco [t>0 og(p(ut)) >0 o?(p(ut))

(6)

Let € > 0 be small. In the first step of the proof, we show that the condition in the preceding
display is equivalent to
2 2 2 2
1+t 14+t
]im|:inf u2(——|—)_ in uQ(——I—)]S 7
u—oco |teft*+ed og(p(ut))  teftrd o(u(ut))

(7)

where we denoted the interval [t* — €,t* + €] by [t* £ €. We only show this for the second
infimum; a similar reasoning applies to the first.
Select some (large) T' > 0 such that

L oymps o 1417
e O

5



We start by showing that the infima in (6) can be taken over the interval [0,7]. To see this,
note that for large u

L. 1+t , t 1 7-H/8 1+t 14t

inf ——— > inf > — > 775 = "

Et olafat) = S olu(ut) ~ 2o(u(@) ~ o(u@)EVP ~ olu(ut))
where the second inequality is a consequence of Theorem 1.5.3 of Bingham, Goldie and
Teugels [3] (indeed, the map t — t/o(u(t)) is locally bounded on [1, c0) and regularly varying
with index 1 — H/( > 0). The last inequality follows from the definition of regular variation.

Now we show that infima cannot be attained on [0, T]\[t* %+ €] for large u. Choose some

n > 0 such that

(1+mn) sup

tH/8 (t*)H/8
n
te[0,T]\[t*£€] 1+t

< )
- 14t

which is possible since € > 0. Again exploiting the local boundedness of o2, by Theorem 1.5.2
of [3] we have for large u,

inf SR > inf L+1
te0,T\[t =] o(p(ut)) —  teo,T\[tr+e o(u(u))[tH/6 + n)
= 1 H/B
o(p(u)) [Supte[O,T]\[t*ie] b+ 77}
14 ¢t*
> I+~
o (p(w))(t*)H/8

which majorizes inf;c 1 (1 +t)/0(uu(ut)) again by Theorem 1.5.2 of [3].

Step 2: (5) implies (7)

Before proving that (7) is equivalent to (5) by combining Step 2 and 3, we first make an
observation concerning the second-order behavior of the function o%(u(-))/a?(u(-)).
Observe that 02 = o%. + 0% and that o%.(u)/o%(u) — 0 since S O S, so that the
function o%(u(-))/o%(u(-)) lies in the de Haan class of o2.(u(-))/o%(u(+)) with index 2(H —
max;cse H;) /3, i.e., for t > 0,
) _ R () ptu e -5) o) .
o?(u(ut))  o?(p(u)) o%(u(u))

For background on de Haan theory, we refer to Chapter 3 of [3].
Now we prove the sufficiency of (5). By (8), we have

inf )
telte=d o2(p(ut))
u( )2

)

= inf
tetgie] ag(,u(ut )

o%(u(u)
o2 (u(w)) teft*d o (p(ut))

ut))
g L( (U)) ] UQ(I—{— )2 max;ecgc Hj—
Ui(,u(u)) teﬁlfie] o2 (u(ut)) (1 e f H)/ﬂ) (1+0(1))

= I(u)+ II(u),

2

p(w)) + (14 0(1)) (1 — ¢Hmaxiese HrH)/ﬁ) %] )
oglplu

and o(1) is uniform in t € [t* & €] by Theorem 3.1.16 of [3].



Observe that

I (5 ) S AR U/ { (1)) A SN C )l
tE[t*fie] U%(M(Ut)) I(u) = <1 (72(“ U > te t*ie] (u(ut))
_ ohlp) o w(141)?

(n(w)) 1elt* e T (lut))
wod (uw) odu(w) | o)L+
oAu() ) el oR(u(ut)

The infimum tends to a constant in (0, 00) by Theorem 1.5.2 of [3], and the other terms tend
to zero as a consequence of (5). Step 2 is complete once it has been shown that I7(u) tends
to zero, or equivalently that

2 2 2
lim M f “2(17”) (1 _ Amaxiese Hi—H)/ﬁ) o,
52 () el o a(a)

For this, note that the left hand side equals

lim ,U“QO-%C (M(U)) inf ( ))(1 + t)2 (1 _ t2(maXi€SC Hz—H)/B>

(u
B S ) ek o2(u(ud)
—  lim “2‘7%6(#(“)) inf (1 + t)2 <1 o tQ(maXz‘eSC H,—H)/ﬂ)
u—oo  ob(p(u)) teftrtd t2H/8 ’

by Theorem 1.5.2 of [3] and the fact that 1 — t2(maXiese Hi=H)/B js hounded away from oo
on [t* £ ¢|. Evidently, (5) implies that the limits in the preceding display are equal to zero.
Step 3: (7) implies (5)

Now suppose that (5) does not hold. Observe that

Ligeypmaxicse Himm/B _ o <

1 — ¢2(maxiege Hi—H)/B 1 _
- 2

for t € [t* £ €] if € > 0 is small enough. Hence, for large u,

e O w00 foRw) 0B (u(w)
te[t* %€ 02(,&(1“5)) < te[t*+e O’S(,M(Ut)) [UQ(M(u)) + (a+0o(1)) O'%(M(u)) ’
so that by (9), for large u

? u?(1 4 t)?

wd+e® L w14t
N et o2 (ulub))

u%éww»P§WW”_a+dn]
i

) tefred  og(p(ut))
1 —au?ok.(u(u) . (1+1)2
> i inf = m5s
2 od(p(u) teltrtq t2H/B

which does not converge to zero.
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