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Abstract

This technical appendix contains proofs of Lemmas 1 and 3 of the paper.

1 Proof of Lemma 1

The original Theorem 1.2.1 in Zhang (2006) is as follows. Using Zhang�s notation, let

Bn = (1=N)T
1=2
2n XnT1nX

�
nT

1=2
2n : Then Bn is said to be a general sample covariance matrix if

the following conditions are satis�ed.

(i) Xn = [xij] is N � n consisting of independent complex random variables with Exij =

0; E jxijj2 = 1 satisfying for each � > 0; as n!1 : 1
�2nN

P
ij E

�
jxijj2 I(jxij j>�pn)

�
! 0:

(ii) T1n is n� n Hermitian and T2n is N �N Hermitian nonnegative de�nite.

(iii) With probability 1, as n ! 1; the empirical spectral distributions of T1n and T2n;

denoted by F T1n and F T2n ; converge weakly to two probability functions H1 and H2;

respectively.
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(iv) N = N(n) with n=N ! c > 0:

(v) Xn; T1n; T2n are independent.

Zhang (2006) proves the following:

Theorem 1.2.1 (Zhang, 2006) Let Bn be the general sample covariance matrices de�ned

above. Then with probability 1, as n!1; the empirical spectral distribution of Bn converges

weakly to some non-random probability distribution function F for which if H1 � I[0;1) or

H2 � I[0;1); then F� I[0;1); otherwise if for each z 2 C+;

8>>>><>>>>:
s(z) = �z�1(1� c)� z�1c

R
1

1+q(z)x
dH1(x)

s(z) = �z�1
R

1
1+p(z)y

dH2(y)

s(z) = �z�1 � p(z)q(z)

(1)

is viewed as a system of equations for the complex vector (s(z); p(z); q(z)) ; then the Stieltjes

transform of F , denoted as sF (z) ; together with two other functions, denoted by g1(z) and

g2(z); both of which are analytic on C+; will satisfy that (sF (z) ; g1(z); g2(z)) is the unique

solution to the above system in the set:

U = f(s(z); p(z); q(z)) : Im s(z) > 0; Im (zp(z)) > 0; Im q(z)g > 0:

Note the di¤erence in notation between our paper and Zhang�s. Our T is her N; our "

is her X�
n; our A

(n;T )0A(n;T ) is her T1n and our BB0 is her T2n: Our Lemma 1 is about the

limiting spectral distribution of 1
T
A"BB0"0A0; whereas Zhang�s Theorem 1.2.1 is about the

limiting spectral distribution of 1
T
B0"0A0A"B (in our notation). Obviously, our Assumption

2 implies the assumptions of Theorem 1.2.1.

Let us de�ne

m(z) = c�1s (z) +
�
c�1 � 1

�
z�1; v(z) = � 1

p(z)
; and u(z) = � 1

q(z)
(2)
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so that s (z) = cm(z) + (1� c) z�1; p(z) = �v�1(z) and q(z) = �u�1(z): Making a substitu-

tion in (1), we obtain:

8>>>><>>>>:
zm (z) + 1 =

R u(z)
x�u(z)dH1(x) + 1

zm (z) + 1 = c�1
hR v(z)

y�v(z)dH2(y) + 1
i

zm (z) + 1 = �c�1 z
u(z)v(z)

; (3)

which is equivalent to the system in our Lemma 1.

Now, let (sF (z) ; g1(z); g2(z)) 2 U be a solution to (1). Then,

mF (z) � c�1sF (z) +
�
c�1 � 1

�
z�1; f1(z) � �1=g1(z) and f2(z) = �1=g2(z) (4)

constitute a solution (m; v; u) to (3). Let us show that

ImmF (z) > 0; Im f1(z) > 0 and Im f2(z) > 0; (5)

and that (4) is the only solution to (3) which satis�es (5).

Denote the Stieltjes transform of the spectral distribution of 1
T
B0"0A0A"B as sn(z): Then,

according to Theorem 1.2.1, sn(z)! sF (z) almost surely: Note that the Stieltjes transform

of the spectral distribution of 1
T
A"BB0"0A0; denoted as mn(z); is related to sn(z) as follows:

sn(z) =
1

T

XT

i=1

�
�i

�
1

T
B0"0A0A"B

�
� z
��1

=
1

T

�Xn

i=1
�
Xn

i=T+1

��
�i

�
1

T
A"BB0"0A0

�
� z
��1

=
n

T
mn(z)�

n� T
T

(�z)�1 :

Therefore, mn(z) ! c�1sF (z) + (c
�1 � 1) z�1 � mF (z) almost surely, and hence, mF (z) is

the Stieltjes transform of the limiting spectral distribution of 1
T
A"BB0"0A0.
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Since the imaginary part of any Stieltjes transform evaluated at z 2 C+ is positive, we

have: ImmF (z) > 0: Next, since Im g2(z) > 0 for z 2 C+; we have: Im f2(z) > 0: Fi-

nally, note that, since 1
T
B0"0A0A"B is non-negative de�nite, Im [zsF (z)] � Im

R
z
x�zdF (x) =

Im
R

x
x�zdF (x) > 0 for z 2 C+: On the other hand, from the second equation of (1),

Im zsF (z) = � Im
R g�11 (z)

g�11 (z)+y
dH2(y) = Im

R
y

g�11 (z)+y
dH2(y); which must have the same sign

as that of Im
�
�g�11 (z)

�
: That is, Im

�
�g�11 (z)

�
> 0 for z 2 C+; and Im f1(z) > 0:

It remains to show that there is only one solution to (3) that satis�es inequalities (5).

Suppose not, and
�
~mF (z); ~f1(z); ~f2(z)

�
is another such solution. Then, (~sF (z) ; ~g1(z); ~g2(z)),

where

~sF (z) � c ~m(z)� (1� c) z�1; ~g1(z) = � ~f�11 (z) and ~g2(z) = � ~f�12 (z)

must be another solution to (1). Moreover, for z 2 C+; Im ~g2(z) > 0 because Im ~f2(z) > 0:

Further, Im [z~g1(z)] > 0 because, otherwise, we would have: Im
h
z= ~f1(z)

i
> 0: But from the

third and the �rst equations of (3), we have:

Im
h
z= ~f1(z)

i
= �c Im

h
~f2(z)

�
z ~f2(z) + 1

�i
= �c Im

Z
x ~f2(z)

x� ~f2(z)
dH1(x)

= �c
Z
x2 Im ~f2(z)���x� ~f2(z)

���2dH1(x) < 0;
hence, a contradiction. Finally, Im ~sF (z) > 0 because, by the second equation of (1),

Im ~sF (z) = � Im
R

1
z+z~g1(z)y

dH2(y); which must have the same sign as that of Im (z + z~g1(z)y) :

But for z 2 C+; Im (z + z~g1(z)y) > 0: Since (1) cannot have two di¤erent solutions belonging

to �U; we have: (~sF (z) ; ~g1(z); ~g2(z)) = (sF (z) ; g1(z); g2(z)) and hence,
�
~mF (z); ~f1(z); ~f2(z)

�
=

(mF (z); f1(z); f2(z)) is the unique solution to (3) with positive imaginary parts for z 2 C+:�

2 Proof of Lemma 3

To prove Lemma 3, we will need the following Lemmas A1-A4.
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Lemma A1. Let F be the cdf of a non-negative random variable with a �nite upper

boundary of support u(F ) and a �nite positive expectation EF : Let m (z) be the Stieltjes

transform of F: Then, for any z 2 C+ such that jzj > u(F ) we have: jzm(z) + 1j � u(F )
jzj�u(F ) ;

and for any z 2 C+ such that z = x + iy; where jxj > u(F ) + 3y we have: jzm(z) + 1j �
EF

4(jzj+u(F )) :

Proof: For jzj > u(F ); we have: jzm(z) + 1j =
��R � z

��z + 1
�
dF (�)

�� = ��R �
��zdF (�)

�� �R �� �
��z

�� dF (�) � R �
jzj��dF (�) �

u(F )
jzj�u(F ) ; which proves one of the lemma�s inequalities. Fur-

ther, write:

zm(z) + 1 =

Z
�

�� zdF (�) =
Z
� (�� x)
j�� zj2

dF (�) + i

Z
�y

j�� zj2
dF (�): (6)

Since for any real a and b; ja+ ibj2 = a2 + b2 � 1
2
(a+ b)2 ; we have: jzm(z) + 1j �

1p
2

���R �(��x+y)
j��zj2 dF (�)

��� : If x < 0; then, since for any real and positive a and b, a+b
a2+b2

�

(a2 + b2)
�1=2

; we have �(��x+y)
j��zj2 � �

j��zj ; and therefore: jzm(z) + 1j �
1p
2

R
�

j��zjdF (�) �
1p
2

R
�

jzj+�dF (�) �
1p
2

R
�

jzj+u(F )dF (�) =
EFp

2(jzj+u(F )) : If x > 0; then by assumption of the

lemma, x > u(F ) + 3y; which implies that 1
2
(x � � � y) > y and hence, x � � > y +

1
2
(x� �+ y) � y + 1

2
j�� zj so that x � � � y � 1

2
j�� zj : Therefore: jzm(z) + 1j �

1p
2

R �(x���y)
j��zj2 dF (�) � 1

2
p
2

R
�

j��zjdF (�) �
EF

2
p
2(jzj+u(F )) :�

Lemma A2. Suppose that Assumption 2 in the main text of the paper holds and that

u (z) ; v (z) 2 C+ are analytic functions satisfying the system of equations from Lemma 1:

8>>>><>>>>:
zm(z) + 1 = u (z)mA (u(z)) + 1

zm (z) + 1 = c�1 [v (z)mB (v (z)) + 1]

zm (z) + 1 = �c�1 z
u(z)v(z)

(7)

Let U = fz = x+ iy : x > x and 0 < y < �yg : Then, for any x > u
�
F c;A;B

�
; there exists

�y > 0 such that for any z from U : Re u (z) > u (FA) and Re v (z) > u (FB) :

Proof: The idea of the proof is as follows. First, using Lemma A1 we prove that for
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any x > u
�
F c;A;B

�
and �y > 0; there exists z1 2 U such that Reu (z1) > u (FA) and

Re v (z1) > u (FB) : Then, we assume that Lemma A2 does not hold so that for some x >

u
�
F c;A;B

�
and any �y > 0 there exists z2 2 U such that Reu (z2) � u (FA) or/and Re v (z2) �

u (FB) : Connecting z1 and z2 by a continuous path z (t) 2 U; we establish the existence

of z3 2 U such that Reu (z3) = u (FA) or/and Re v (z3) = u (FB) : Then, we show that

for small enough �y; Im (z3m (z3) + 1) must be smaller than Im (u (z3)mA (u(z3)) + 1) or

than c�1 Im (v (z3)mB (v(z3)) + 1) ; which contradicts the assumption that u (z) ; v (z) satisfy

system (7).

First, we prove the existence of z1: The last equation of (7) and the �rst inequality of

Lemma A1 imply that
�� z
uv

�� ! 0 as jzj ! 1: Hence, as jzj ! 1; max fjuj ; jvjg ! 1:

Suppose without loss of generality that juj ! 1: Let us show that also jvj ! 1: Indeed,

from the �rst equation of system (7), jzm (z) + 1j = jumA (u) + 1j. Therefore, for z 2 U

with large enough jzj:

EFc;A;B

4 (jzj+ u(F c;A;B))
� jzm (z) + 1j = jumA (u) + 1j �

u(FA)
juj � u (FA)

: (8)

where the latter inequality is obtained from Lemma A1 applied to umA (u)+1: This implies

that lim inf jzj!1
�� z
u

�� > 0; for z 2 U: However, since �� z
uv

�� = c jzm (z) + 1j � cu(Fc;A;B)
jzj�u(Fc;A;B) ! 0;

we must have jvj ! 1: Hence, as jzj ! 1 so that z remains in U; both juj ! 1 and

jvj ! 1: Let us prove that, in addition, Reu!1 and Re v !1:

First, notice that for z 2 U :

Im (zm(z) + 1) < �y

Z
�

j�� zj2
dF c;A;B(�) � �yEFc;A;B

(x� u (F c;A;B))2
: (9)

Further, Im
�
� z
uv

�
= x Im(uv)�yRe(uv)

juvj2 : Therefore, from the third equation of (7) and (9), we

6



have: x Im(uv)�yRe(uv)juvj2 � c �yEFc;A;B

(x�u(Fc;A;B))2 . Hence, for z 2 U; where �y �
x�u(Fc;A;B)

3
; we have:

Im (uv)

juvj � juvj
x

c�yEFc;A;B

(x� u(F c;A;B))2
+
yRe (uv)

x juvj � �y

u(F c;A;B)

����cuv
z2

��� EFc;A;B (x2 + �y2)
(x� u(F c;A;B))2

+ 1

�
:

Now, the third equation of (7) and the second inequality of Lemma A1 imply that

���cuv
z2

��� = ���� 1

z(zm(z) + 1)

���� � 4
�
jzj+ u(F c;A;B)

�
jzjEFc;A;B

� 8

EFc;A;B
:

Therefore,

Im (uv)

juvj � �y

u(F c;A;B)

�
8 (x2 + �y2)

(x� u(F c;A;B))2
+ 1

�
� �y

u(F c;A;B)

�
8 (x2 + �y2)

(x� u(F c;A;B))2
+ 1

�
:

Noting that Imujuj �
Im(uv)
juvj ; we have:

Imu

juj �
�y

u(F c;A;B)

�
8 (x2 + �y2)

(x� u(F c;A;B))2
+ 1

�
(10)

for z 2 U; where �y � x�u(Fc;A;B)
3

: The same inequality also holds for Im vjvj :

Choosing �y so small that the right hand side of (10) is less than 1, we see that the fact that

juj ! 1 implies that jReuj ! 1 as jzj ! 1 while z remains in U: Similarly, jRe vj ! 1:

But Reu and Re v must be positive for z 2 U when jzj is large enough. Indeed, (6) implies

that Re (zm(z) + 1) < 0: Hence, from the �rst equation of (7), Re (umA(u) + 1) < 0: But

from (6) applied to umA(u) + 1 and the fact that jReuj ! 1; Re (umA(u) + 1) must be of

the same sign as �Reu for jzj large enough. Hence, Reu! +1 as jzj ! 1 while z remains

in U: Similarly, Re v ! +1 as jzj ! 1 while z remains in U: This proves the existence of

z1 2 U such that Reu (z1) > u (FA) and Re v (z1) > u (FB) :

Now, let us assume that Lemma A2 does not hold. Then, for some x > u
�
F c;A;B

�
and

any �y > 0; there exists z2 2 U such that Reu (z2) � u (FA) or/and Re v (z2) � u (FB) : Since
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u(z) and v(z) are analytic, and hence continuous, functions of z; and since Reu (z1) > u (FA)

and Re v (z1) > u (FB) ; there exists z3 2 U such that Reu (z3) = u (FA) or/and Re v (z3) =

u (FB) : Suppose without loss of generality that Reu (z3) = u (FA) :

Let us �nish the proof of the lemma by comparing Im (z3m (z3) + 1) with Im (u (z3)mA (u(z3)) + 1)

when �y is small. By Assumption 2 iii, lim inf�!0 1�
R
j��u(FA)j�� dFA(�) = k

A > 0. Therefore,

for u(z) such that Reu = u (FA) and Imu is small enough, we have:

Im(umA (u) + 1) =

Z
� Imu

(�� u (FA))2 + (Imu)2
dFA(�)

� 1

2 Imu

Z
j��u(FA)j�Imu

�dFA(�) �
u (FA)� Imu

2 Im u

Z
j��u(FA)j�Imu

dFA(�) (11)

� u (FA)� Imu
2

kA >
kA

4
> 0:

From (11) and (10), we can choose �y small enough so that Im(u (z3)mA (u (z3))+1) � kA

4
: On

the other hand, from the �rst equation of (7), u (z3)mA (u (z3))+1 = z3m (z3)+1 and hence

Im (z3m (z3) + 1) � kA

4
: But from (9) we know that for small enough �y; Im (z3m (z3) + 1)

must be smaller than kA

4
: We have got a contradiction, which implies that the statement of

Lemma A2 holds.�

Lemma A3. Under the conditions of Lemma A2, for any real x > u
�
F c;A;B

�
; there

exist real limits u(x) � limz2C+;z!x u(z) and v (x) � limz2C+;z!x v(z) which satisfy the limit

version of (7): 8>>>><>>>>:
xm (x) + 1 = umA (u) + 1

xm (x) + 1 = c�1 (vmB (v) + 1)

xm (x) + 1 = �c�1 x
uv

; (12)

The functions u(x) and v(x) are analytic for x > u
�
F c;A;B

�
and such that limx!1 u(x) =

limx!1 v(x) =1:

Proof: Let G =
�
z 2 C+ : u(F c;A;B) < x � Re z � �x <1; 0 < Im z < �y <1

	
: Then

there exists �y such that, for the corresponding G; we have: supz2Gmax (ju(z)j ; jv (z)j) <1:

8



Had this been not true, there would have existed a sequence fzng 2 G such that ju(zn)j ! 1

or jv(zn)j ! 1:Without loss of generality, let ju(zn)j ! 1: Lemmas A1 and A2 then would

have implied that ju (zn)mA (u (zn)) + 1j ! 0; and hence, from the �rst equation of (7),

jznm (zn) + 1j ! 0. But, as follows from (6), jRe (znm (zn) + 1)j � EF (x�u(F ))
�x2+�y2

> 0, which

gives a contradiction.

Since supz2Gmax (ju(z)j ; jv (z)j) < 1; inequality (10) and a similar inequality for Im v
jvj

imply that for any sequence fzng 2 G such that zn ! x 2 R the concentration points

of fu (zn)g and fv (zn)g must be real. Suppose that there exist subsequences of zn; fzig

and fzjg ; such that u (zi) ! u1 2 R and u (zj) ! u2 2 R and u1 6= u2: By Lemma A2,

u1 � u (FA) and u2 � u (FA) : If u1 = u (FA), then using inequalities similar to (11), we �nd

that Im(u (zi)mA (u (zi)) + 1) � kA

4
for large enough i; which cannot be the case because

Im(u (zi)mA (u (zi)) + 1) = Im (zim (zi) + 1)! 0 as i!1: Hence, u1 > u (FA) : Similarly,

u2 > u (FA) :

Since m(x) exists and is continuous for x > u
�
F c;A;B

�
; we have:

limzn!x (znm(zn) + 1) = xm(x)+1: Since mA(u) exists and is continuous for u > u (FA) ; we

have: limzi!x (u (zi)mA (u (zi)) + 1) = u1mA(u1) + 1 and limzj!x (u (zj)mA (u (zj)) + 1) =

u2mA(u2) + 1: The �rst equation of system (7) implies that we must have:

xm(x) + 1 = u1mA(u1) + 1 = u2mA(u2) + 1:

But this is not possible with u1 6= u2 such that u1 > u (FA) and u2 > u (FA) because function

umA (u) + 1 is strictly increasing for u > u (FA) : Hence, there exists only one concentration

point of fu (zn)g ; that is there exists a real limit u(x) � limz2C+;z!x u(z). Similarly, there

exists a real limit v(x) � limz2C+;z!x v(z):

That u(x) and v (x) satisfy the limit version of (7) follows from the existence and continu-

ity ofmA(u) for juj > u (FA) and from the existence and continuity ofmB(v) for jvj > u (FB) :

The analyticity of u(x) follows from the analyticity of F (x; u) � xm (x)+1� (umA (u) + 1)

9



for x > u
�
F c;A;B

�
and u > u (FA) and from the implicit function theorem. Similarly, the

analyticity of v(x) follows from the analyticity of F1 (x; v) � xm (x) + 1� c�1 (vmB (v) + 1)

for x > u
�
F c;A;B

�
and v > u (FB) and from the implicit function theorem. Finally, (12)

implies that as x!1; umA (u) + 1! 0 and vmB (v) + 1! 0; which can be the case only

when limx!1 u(x) = limx!1 v(x) =1.�

Lemma A4. For x > u(F c;A;B); the following system

8><>: v = x
�
c
R

�u
u��dFA(�)

��1
u = x

�R
�v
v��dFB(�)

��1 (13)

has exactly two solutions (u1; v1) and (u2; v2) such that ui > u (FA) and vi > u (FB) for

i = 1; 2: For x = u
�
F c;A;B

�
and for x < u(F c;A;B); the system has only one such solution

and no such solutions, respectively

Proof: For any x > u
�
F c;A;B

�
; one solution to (13) satisfying u(x) > u (FA) and v (x) >

u (FB) is given by u(x) and v(x) de�ned in Lemma A3. That such u(x) and v(x) indeed

provide a solution to (13) follows from the fact that (13) can be obtained from (12) by

substituting the third equation into the �rst two. Let us now show that for x > u(F c;A;B);

there exists another solution to (13).

First, note that x
�
c
R

�u
u��dFA(�)

��1
as a function of u > u (FA) is concave, tends to zero

as u # u (FA) and to x (cEFA)
�1 as u!1: The concavity follows from the expression

d2

du2
x

�
c

Z
�u

u� �dFA(�)
��1

= 2xc�1
�Z

�u

u� �dFA(�)
��3

� �Z
�2

(u� �)2
dFA (�)

�2
�
�Z

�2

(u� �)3
dFA(�)

��
EFA +

Z
�2

u� �dFA(�)
�!

and from the Cauchy inequality

Z
�

(u� �)3=2
�

(u� �)1=2
dFA (�) �

�Z
�2

(u� �)3
dFA(�)

�1=2�Z
�2

u� �dFA(�)
�1=2

:
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The tendency to zero follows from the fact that c
R

�u
u��dFA(�) ! 1 as u # u (FA) ; which

is easy to show using the monotone convergence theorem and the assumption that

lim inf�!0
1
�

R
j��u(FA)j�� dFA(�) = k

A > 0: Finally, the convergence to x (cEFA)
�1 as u!1

is obvious. Similarly, x
�R

�v
v��dFB(�)

��1
as a function of v > u (FB) is concave, tends to

zero as v # u (FB) and to x (cEFB)
�1 as v !1:

The above properties of x
�
c
R

�u
u��dFA(�)

��1
and x

�R
�v
v��dFB(�)

��1
imply that the

curves in the fu > u (FA) ; v > v (FB)g subset of the (u; v)-plane de�ned by (13) are ei-

ther intersecting at two points, touching at a single point, or having no common points.

Since there exists a solution to (13) for any x > u
�
F c;A;B

�
and since x

�
c
R

�u
u��dFA(�)

��1
and x

�R
�v
v��dFB(�)

��1
are monotone increasing in x; the curves must intersect at two points

for any x > u
�
F c;A;B

�
: Let us show that the curves are touching at a single point when

x = u
�
F c;A;B

�
:

Suppose the curves intersect at two points (u1; v1) and (u2; v2) when x = u
�
F c;A;B

�
:

Let u2 > u1 and v2 > v1: De�ne f1(x; u; v) = x + cuv (umA (u) + 1) and f2 (x; u; v) =

x + uv (vmB (v) + 1) : Note that system (13) is equivalent to fi (x; u; v) = 0 for i = 1; 2:

It is straightforward to check that the assumption of the proper intersection of the curves

(not just a tangency at one point) is equivalent to det

0B@ @f1
@u

@f1
@v

@f2
@u

f2
@v

1CA 6= 0 at any of the two

intersection points. Then the implicit function theorem (see Krantz (1992), Theorem 1.4.11)

implies that there exist holomorphic functions u (z) ; v (z) de�ned in an open neighborhood

of z = u
�
F c;A;B

�
in C; which satisfy fi (z; u; v) = 0 for i = 1; 2: To each of the two inter-

section points, there will correspond its own set of holomorphic functions u (z) ; v (z) : We

will consider the functions u (z) and v (z) corresponding to (u2; v2) : For such a choice, it is

straightforward to check that d
d(Re z)

Reu (z) > 0 and d
d(Re z)

Re v (z) > 0 at z = u
�
F c;A;B

�
:

Furthermore, using identities fi (z; u(z); v(z)) = 0 for i = 1; 2 it is straightforward to

check that in a small enough neighborhood of z = u
�
F c;A;B

�
in C, Im z > 0 implies that

Imu (z) and Im v (z) are of the same sign and are not equal to zero. Cauchy-Riemann

11



equations for holomorphic functions imply that d
d(Im z)

Imu (z) = d
d(Re z)

Reu (z) > 0 and

d
d(Im z)

Im v (z) = d
d(Re z)

Re v (z) > 0 at z = u
�
F c;A;B

�
: Hence, Imu (z) and Im v (z) are posi-

tive when Im z is positive and z lies in a small enough complex neighborhood of u
�
F c;A;B

�
:

Let us de�ne m(z) = � c�1

u(z)v(z)
� 1

z
: Clearly, for z in a small complex neighborhood of

u
�
F c;A;B

�
; we have: Imm(z) > 0 if Im z > 0:

By Lemma 1, for any z 2 C+; there is only one solution to (7) such that m;u and

v belong to C+: Hence, u(z); v(z); and m(z) de�ned above constitute the solution to sys-

tem (7) for z in a small neighborhood of u
�
F c;A;B

�
and such that Im z > 0: Finally, for

any real x which belongs to the neighborhood of u(F c;A;B); we have: limz!x Imm(z) =

limz!x Im
�
� c�1

u(z)v(z)
� 1

z

�
= 0: Thus, using the Frobenius-Perron inversion formula, we getR u(Fc;A;B)

u(Fc;A;B)�� dF
c;A;B(�) = 0 for small positive �; which is impossible by de�nition of u(F c;A;B):

Hence, the curves are touching at a single point when x = u
�
F c;A;B

�
: This implies that they

do not intersect when x < u(F c;A;B):�

Now we are ready to prove Lemma 3.

Proof of Lemma 3: Recall that by assumption, FAA0 almost surely weakly converges

to FA and u
�
FAA0

�
! u (FA) : Similarly, FBB0 almost surely weakly converges to FB and

u
�
FBB0

�
! u (FB) : These facts imply that if the curves in the fu > u (FA) ; v > u (FB)g

subset of the (u; v)-plane de�ned by (13) intersect at zero, or at two points, then the curves

in the
�
u > u

�
FAA0

�
; v > u

�
FBB0

�	
subset of the (u; v)-plane de�ned by8><>: v = x

�
cn
R

�u
u��dF

AA0(�)
��1

u = x
�R

�v
v��dF

BB0(�)
��1 also intersect at zero, or at two points for large enough n.

Therefore, by Lemma A4, u
�
F cn;An;Bn

�
converges to u

�
F c;A;B

�
and Lemma 3 follows from

Lemma 2.�
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