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Abstract

This paper develops an estimation procedure for a common deterministic time trend break
in large panels with cross-sectional dependence. The deterministic trend is assumed to have a
change in the slope or in both the slope and intercept. The date of the change is common for all
equations. The estimation method is simply minimizing the sum of squared residuals (SSR) for
all possible break dates. The consistency and the asymptotic distribution of the proposed break
date estimate are shown under various assumptions on the error process. In the time dimension,
the error process in each equation is assumed to be either a stationary linear process or a unit
root process. In the cross sectional span, the errors are assumed to be either independent across
equations or strongly correlated through the common factor structure. The amount of serial
correlation in each equation and the cross sectional correlation are important factors that decide
the statistical properties of the proposed break date estimate. Strong correlation in both the
time and cross sectional span slows down the rate of convergence of the break date estimate.
The rate of convergence is faster in the case of stationary error process than in the presence of
a unit root. In the absence of the common components, the rate of convergence of the break
date estimate depends on the number of equations and thus is faster than the univariate case.
When the common factors exist and the factor loadings are correlated with the slope change
parameters, the rate of convergence reduces to the univariate case. The limiting distribution of
the break date estimate is normal if a break is allowed to occur only in the slopes irrespective
of the existence of common components and a unit root. When a change is allowed in both
the slope and intercept, the limiting distribution is highly non-standard but analogous to the
univariate case.
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1 Introduction

While the issues related to structural breaks have drawn a lot of attention in both econometrics

and statistics, relatively small attention has been paid to common breaks in large panels. The

extension of structural break models to the panel data setup is important because a structural break

is regarded as an exogenous shock with permanent e¤ects on the distributions of economic variables

and such a shock is likely to have impacts on many economic variables simultaneously. However,

the econometric tools currently available are mostly designed for univariate models, for example

Bai (1997) and Bai and Perron (1998), or multivariate models where the number of equations are

�xed, for example Bai et. al (1998).

In this paper, we develop an estimation procedure for a common deterministic time trend break

in large panels with cross sectional dependence. The dependent variable in each equation consists

of a deterministic trend and an error component. The deterministic trend is assumed to have a

change in the slope or in both the slope and intercept. The date of the change is common for all

equations. The estimation method is simply minimizing the sum of squared residuals (SSR) for all

possible break dates and choosing the date with the minimum SSR.

The statistical properties of our break date estimate heavily depends on the speci�cation of the

error process. Especially the amount of serial correlation in each equation and the cross sectional

correlation are important factors. In order to be able to allow for a strong form of cross equation

correlation, we assume that the error process has the common factor structure analyzed in Bai and

Ng (2004). That is, the error process is the sum of an individual speci�c error and the common

factors scaled by an individual loading vector. Also, for the serial correlation within each equation,

both the common factors and the individual speci�c errors are assumed to be either a stationary

linear process or a unit root process.

Under various combination of the aforementioned speci�cations, we establish the consistency of

the proposed break date estimate and derive its limiting distribution. The employed asymptotic

framework is the joint limit theory analyzed in Phillips and Moon (1999) where both the time span

and the number of equations grow without assuming any particular growth path. The joint limit

theory is often preferred to the sequential limit theory where the time span tends to in�nity �rst

and the cross sectional span follows, since the results obtained under the former are more robust

to the relative size of the time and cross sectional span.

We show that strong correlation in both the time and cross sectional span slows down the rate

of convergence of the break date estimate. The rate of convergence is slower in the presence of a

unit root than the case of stationary error process. This �nding is in paralell with the univariate
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results shown by Perron and Zhu (2005). In the absence of the common components, we show that

the rate of convergence of the break date estimate depends on the number of equations and thus

is faster than that in the univariate case. This is exactly the bene�t of having a panel of data.

On the other hand, when the common factors exist and the factor loadings are correlated with the

slope change parameters, the rate of convergence reduces to the univariate case and the e¢ ciency

gain in terms of the rate of convergence disappears.

The limiting distribution of the break date estimate is normal if a break is assumed to occur only

in the slopes irrespective of the existence of common components or a unit root. When a change

is allowed in both the slope and intercept, the limiting distribution is highly non-standard but

analogous to the univariate case of Perron and Zhu (2005). When there are common components,

the limiting distribution of the break date estimate depends on the longrun variance of the common

factors. We discuss a simply method to estimate the longrun variance of the common factors which

does not require the estimation of the common factors themselves.

There are two important papers related to this paper. Perron and Zhu (2005) analyzed the

deterministic trend break in the univariate models. Indeed, our models are panel extensions of

Perron and Zhu (2005). Bai (2008) analyzed a common mean shift in a panel data model. Bai�s

(2008) work di¤ers from ours in that it concerns only mean shift without a linear time trend and

the errors are only stationary without common components. Also, Bai (2008) analyzes the variance

break but we do not.

The rest of the paper is organized as the following. Section 2 introduces the models and

assumptions. Section 3 presents the main theoretical results. Section 4 demonstrates the validity

of the asymptotic results via Monte Carlo experiments. Section 5 shows an empirical illustration.

Section 6 contains concluding remarks. All mathematical derivations and proofs are collected in

the appendix.

2 Model and Assumptions

We consider a panel data model where the dependent variable in each equation consists of a deter-

ministic time trend and an error component:

yti = dti + uti, (i = 1; : : : ; N and t = 1; : : : ; T )

The deterministic trend is assumed to have a break and we consider two cases:

dti =

8<: �i + �it+ 
iBt

�i + �it+ �iCt + 
iBt

Model I

Model II
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where

Ct =

8<: 0

1

if t � T1
if t > T1

, and Bt =

8<: 0

t� T1

if t � T1
if t > T1

.

The regression coe¢ cients are not restricted to be common across equations, and instead of pooling

the data we apply the ordinary least squares procedure to each equation. In terms of Perron and

Zhu�s (2005) terminology, Models I and II are respectively referred to as the joint broken trend

and local disjoint trend model. Perron and Zhu (2005) analyzed another model, namely, the global

disjoint trend model which uses Bdjt instead of Bt, where B
dj
t = 0, if t � T1 and t, otherwise. We

exclude this model from our analysis because in such a model the estimate for the break date is

already consistent at an extremely fast rate only with a univariate time series and there doesn�t

seem to be much e¢ ciency gain with practical importance due to the panel structure.

Assumption 1 The true break date T1 is unknown and the break fraction �1 = T1=T 2 [�; 1� �],
� 2 (0; 1=2) is �xed for all T .

Note that the break date T1 is common for all equations, and the break fraction �1 is �xed as

the sample size grows. The trimming of the location of �1 by � is a simple device to ensure that

the regressor matrix be of full column rank and � can be arbitrarily small in practice.

Now, let � = (1; : : : ; 1)0, � = (1; : : : ; T )0, C = (C1; : : : ; CT )
0, B = (B1; : : : ; BT )

0, and Ui =

(ui1; : : : ; uiT )
0. Also, XT1 = [�; � ; B] and �i = (�i; �i; 
i)

0 for Model I, and XT1 = [�; � ; C;B] and

�i = (�i; �i; �i; 
i)
0 for Model II. Then, we write each equation in a matrix form as

Yi
(T�1)

= XT1
(T�3 or T�4)

�i
(3�1 or 4�1)

+ Ui
(T�1)

(1)

and the N equations as

Y = XT1�+ U (2)

where Y = [Y1; : : : ; YN ], � = [�1; : : : ;�N ], and U = [U1; : : : ; UN ]. Also, de�ne row vectors � =

(�1; : : : ; �N ), � = (�1; : : : ; �N ), � = (�1; : : : ; �N ) and 
 = (
1; : : : ; 
N ). Then, an alternative

expression for � is [�0; �0; 
0]0 for Model I and [�0; �0; �0; 
0]0 for Model II.

Denote by Tb a generic break date and by � = Tb=T a generic break fraction. XTb is de�ned

analogously to XT1 and has a break date Tb. Then, the sum of squared residuals for each Tb is

given by

SSR(Tb) = tr
�
Y 0(I � PTb)Y

�
where PTb = XTb(X

0
Tb
XTb)

�1X 0
Tb
, and the estimated break date T̂1 is the date that minimizes the

sum of squared residuals:

T̂1 = argmin
Tb

SSR(Tb) with �̂ = T̂1=T

3



Remark 1 We point out an important identi�cation issue in Model II. In order to emphasize the

break date write Ct = Ct(T1) and Bt = Bt(T1). Also, let Dt(T1) be a one time dummy variable

(i.e., Dt(T1) = 1, if t = T1 + 1, and 0, otherwise) Then, note that

�Ct(T1) + 
Bt(T1) = (� + 
)Dt(T1) + (� + 
)Ct(T1 + 1) + 
Bt(T1 + 1)

or

�Ct(T1) + 
Bt(T1) = ��Dt(T1 � 1) + (� � 
)Ct(T1 � 1) + 
Bt(T1 � 1)

This means that, if � = �
 or 0, there are two break dates (T1 and T1 + 1 or T1 � 1 and T1) that
can generate exactly the same time trend. This feature is of less concern if we are concerned only

with the consistency of the break fraction �̂1. However, with a panel of data we will establish the

consistency of break date estimates in the next section, and there it should be understood that the

model is assumed not to have any identi�cation issue of this kind.

Remark 2 An alternative way of locating the break date may be to use the cross-sectional average.

If the law of large numbers (LLN) is applicable to uti across i, then for large N , the cross-sectional

average will contain only the average of the deterministic part, and the break point will be even

visible. However, this method requires that the averages of the break parameters �i and 
i have a

non-zero limit, and we do not analyze this method in this paper. See Assumption 4 below where

the averages of the break parameters �i and 
i are allowed to be zero, and Assumption 5 where the

LLN doesn�t have to apply.

The statistical properties of T̂1 depend on both the cross sectional and serial correlation of uti,

and we assume that the error component uti consists of two terms:

uti = h
0
iFt + eti (3)

where Ft is a r � 1 vector of latent common factors, hi is a factor loading and eti is an individual
speci�c error. Under the decomposition in (3), we can write (1) and (2) as

Yi = XT1
(T�3 or T�4)

�i
(3�1 or 4�1)

+ F
(T�r)

hi
(r�1)

+ Ei
(T�1)

and

Y = XT1�+ FH + E

where H = [h1; : : : ; hN ], F = [F1; : : : ; FT ]0, and E = [E1; : : : ; EN ].

As a matter of notation, L denotes a lag operator. For a matrix A, kAk = (tr(A0A))1=2 with

tr(�) denoting the trace of A. We also use ! to denote the convergence of non-random elements,

4



p! convergence in probability, d! convergence in distribution, and) weak convergence in the space

D[0; 1] under the Skorohod metric. We make the following assumptions on the error component:

Assumption 2 (i) The vector of common factors Ft is such that Ft = C(L)wt where wt � iid(0; Ir)
and C(L) =

P1
j=0CjL

j with
P1
j=0 j jjCj jj < M and det(C(z)) 6= 0 for all jzj � 1.

(ii) For each equation i, the individual speci�c error eti is such that eti = di(L)"ti where di(L) =P1
j=0 dijL

j with di0 = 0,
P1
j=0 j jdij j < M and di(z) 6= 0 for all jzj � 1. Furthermore, eti is

independent across i and for each i, "ti � iid(0; �2i ) where �2i < M .
(iii) Ft and eti are independent.

Under Assumption 2, the factors and individual speci�c errors are assumed to be stationary lin-

ear processes with one summable coe¢ cients. This linear process assumption makes it particularly

convenient to apply the Functional Central Limit Theorem (See Phillips and Solo, 1992) and the

Joint Limit Central Limit Theorem (See Phillips and Moon, 1999), which are two of the main tools

used to derive the asymptotic distribution of the break date estimate. The above assumption also

implies that both the long-run and short-run variances of the individual speci�c errors are bounded

uniformly in i and there is no one series which can dominate all other series. Also, the primitive

shocks wt and "ti are iid over t and thus Ft and eti are strictly stationary processes. We show that

in the next section that this strict stationarity is an important feature in deriving the asymptotic

distributions of the break date estimate in Model II.

An alternative assumption to be used is that the common factors and the individual speci�c

shocks are integrated of order one.

Assumption 3 (i) (1� L)Ft satis�es Assumption 2(i) and F0 = 0.
(ii) (1� L)eti satis�es Assumption 2(ii) and e0i = 0.
(iii) Ft and eti are independent.

In Section 3, we present our asymptotic results with alternating Assumptions 2 and 3. We make

the following assumptions for the break parameters and the factor loadings.

Assumption 4 N�1��0 ! A�� 6= 0, N�1�
0 ! A�
 6= 0, N�1

0 ! A

 6= 0, and N�1
D�"D
0 !
S

 6= 0, where �" = diagf�21; : : : ; �2Ng and D = diagfd1(1); : : : ; dN (1)g. maxf
21; : : : ; 
2Ng = O(1).

Assumption 5 hi and 
i are such that N�1H
0 ! AH
, N�1HH 0 ! AHH , and N�1H�0 ! AH�,

where AH
, AHH , and AH� are some �xed matrices.
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In the next section, we show that the limiting (uncentered) cross moment AH
 between the slope

parameter 
i and the factor loading hi plays an important role for both the rate of convergence and

the asymptotic distribution of the break date estimate. When AH
 6= 0, the results are similar to
those of the univariate case obtained by Perron and Zhu (2005). On the other hand, when AH
 = 0,

the break date estimate is consistent at a faster rate than the univariate case.

3 Asymptotic Results

First we provide consistency of the break date T̂1 or break fraction �̂1. The notation (T , N)!1
means that both T and N jointly go to in�nity, and we do not assume that they follow a particular

path or grow sequentially. The following theorem pertains to the case of stationary error processes.

Theorem 1 (Stationary Errors) Suppose that Assumptions 1, 2, 4 and 5 hold. Then, we have the

following results.

A. Model I (Joint Broken Trend)

(i) As N !1 with T �xed, jT̂1 � T1j = op(1), if hi = 0 and di(L) = 1 for all i.
(ii) As (T , N)!1, jT̂1 � T1j = Op(T�1=2N�1=2), if hi = 0 for all i.

(iii) As (T , N)!1, jT̂1 � T1j = Op(T�1=2), if AH
 6= 0.
B. Model II (Local Disjoint Trend)

(iv) As N !1 with T �xed, jT̂1 � T1j = op(1), if hi = 0 and di(L) = 1 for all i.
(v) As (T , N)!1, jT̂1 � T1j = op(1), if hi = 0 for all i.
(vi) As (T , N)!1, jT̂1 � T1j = Op(1), if AH
 6= 0.

As shown in (i) and (iv), the consistency of the break date estimate is established in both models

even with T �xed when there is neither common component nor serial correlation in uti. When

there are common components or serial correlation, both N and T should grow in order to have the

consistency of the break date estimate. In the next section, we provide a Monte Carlo simulation

result where the distribution of the break date estimate concentrates on a wrong break date as N

grows when there is serial correlation in each equation without any common component.

For the case with serial correlation but without common component (hi = 0 for all i), see (ii)

and (v). We show the consistency of the break date estimate for both models. This result has

more signi�cance in Model II, because the break date estimate in Model II is not consistent in the

univariate model and now a large panel makes it consistent. On the other hand, the break date

estimate in Model I is anyway consistent even in the univariate model. The rate of convergence is
p
TN in Model I, but it does depend on the relative magnitude of N and T in Model II and we

simply denote it as op(1).
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Now, see the results (iii) and (vi). When there are common factors with loadings that are

asymptotically non-negligible in the sense that AH
 6= 0, the convergence rate of the break date

estimate reduces and is the same as that of the univariate model in Perron and Zhu (2005). Es-

pecially, the rate of convergence does not depend on the number of equation N and there is no

e¢ ciency gain from panel data. This is a natural consequence of strong cross sectional dependence

generated by the common components.

The next theorem states the results when uti is integrated.

Theorem 2 (Integrated Errors) Suppose that Assumptions 1, 3, 4 and 5 hold. Then we have the

following results.

A. Model I (Joint Broken Trend)

(i) As (T , N)!1, j�̂1 � �1j = Op(T�1=2N�1=2), if hi = 0 for all i.

(ii) As (T , N)!1, j�̂1 � �1j = Op(T�1=2), if AH
 6= 0.
B. Model II (Local Disjoint Trend)

(iii) As (T , N)!1, j�̂1 � �1j = op(T�1=2), if hi = 0 for all i.
(iv) As (T , N)!1, j�̂1 � �1j = Op(T�1=2), if AH
 6= 0.

When the error terms are integrated, the break date estimate T̂1 in both models is not consistent

whether there are common components or not. This is the reason why we present the results in

terms of the break fraction estimate �̂1 = T̂1=T which is consistent at least at rate T 1=2. When

there is no common component, the rate of convergence of �̂1 is
p
TN in Model I but not available

in Model II. In both models, but �̂1 is consistent at rate T 1=2 in the presence of the common

components and this rate is the same as in the univariate case.

The next theorem states the limiting distribution of the break fraction estimate.

Theorem 3 (Stationary Errors) Suppose that Assumptions 1, 2, 4 and 5 hold. As (T , N) ! 1,
we have the following results:

A. Model I (Joint Broken Trend)

(i) If N=T 3 ! 0 and hi = 0 for all i,

T 3=2N1=2(�̂� �1)
d! N

�
0;

4

(1� �1)�1A2


S



�
(ii) If AH
 6= 0,

T 3=2(�̂� �1)
d! N

�
0;

4

(1� �1)�1A2


A0H
C(1)C(1)

0AH


�
B. Model II (Local Disjoint Trend)
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(iii) If AH� 6= 0 and AH
 6= 0,

T (�̂� �1)
d! m1

I = argmin
m
S�(m)

where the stochastic process S�(m) is such that S�(0) = 0, S�(m) = S1(m) for m < 0 and S�(m) =

S2(m) for m > 0, with

S1(m) =
0X

k=m+1

�
A�� +A

k

2 + 2A
�k
�
� 2

0X
k=m+1

F 0t (AH� + kAH
) , m = �1;�2; : : :

S2(m) =

mX
k=1

�
A�� +A

k

2 + 2A
�k
�
+ 2

mX
k=1

F 0t (AH� + kAH
) , m = 1; 2; : : :

In Model I, the distribution of the break fraction estimate is approximated by a normal distri-

bution irrespective of the presence of the common components. In both cases, the variance of the

limiting distribution depends on the location of the true break fraction �1 and the break parameters


i�s. The closer �1 is to the mid point of the time span and the larger the slope changes are, the

smaller the asymptotic variance is. It also depends on the long-run variance of the individual speci�c

shocks when there is no common components (recall from Assumption 4 that A

 = limN�1

0,

and S

 = limN�1
D�"D
0 = limN�1P d2i (1)�
2
i 

2
i ). With common components, it depends on

the long-run variance of the common components but not on the individual speci�c variance para-

meters. Also, note that the result in (i) is derived with an additional assumption that N=T 3 ! 0.

This additional condition is not restrictive in most time series panels where N and T are of similar

size or T is much larger.

In Model II, the limiting distribution of the break fraction estimate is derived in the presence

of common components using the strict stationarity of Ft given in Assumption 2. It is highly non-

standard but analogous to the univariate case. It depends on the exact distribution of Ft and is of

little use in practice unless an assumption on the distribution of Ft is made.

In order to form a con�dence interval from the above results, various parameters other than

the break fraction should be estimated. The slope parameter 
 can be consistently estimated via

the least squares estimate conditional on the estimated break date. When there is no common

factor, the long-run variances of the individual speci�c errors can be consistently estimated from

the estimated residuals ûti = yti � d̂ti by applying a standard long-run variance estimator to each
equation. When there are common components, the long-run variance of the common factors needs

to be estimated, but the factors or the loadings don�t have to be estimated. The cross-sectional

average of the estimated residuals multiplied by the slope parameter estimates is, for a large sample,

1

N

NX
i=1

ûti
̂i �
1

N

NX
i=1

(F 0thi ++eti)
i � F 0tAH
 +Op(N�1=2) (4)
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Hence, A0H
C(1)C(1)
0AH
 can be consistently estimated using any standard long-run variance

estimator applied to this cross-sectional average of the estimated residuals.

When there is no common component (hi = 0 for all i) in Model II, thus the limiting distribution

of the break fraction estmate depends on the relative magnitude of N and T and is of a complicated

form. We take an alternative approach that yields a non-degenerate limiting distribution of the

break fraction estimate. That is to assume the break parameters are of an order of N�1=2. To be

more precise, we make the following assumption.

Assumption 6 (i) 
 = N�12 _
, � = N�1=2 _�, ��0 ! _A��, �
0 ! _A�
, 

0 ! _A

 6= 0, and


D�"D

0 ! _S

 6= 0, where �" = diagf�21; : : : ; �2Ng and D = diagfd1(1); : : : ; dN (1)g.

(ii) maxf _�21; : : : ; _�
2
Ng = O(1), maxf _
21; : : : ; _
2Ng = O(1).

(iii) N�1PN
i=1 �

2
i
_�
2
i ! ��2� and N

�1PN
i=1 �

2
i _

2
i ! ��2
.

The limiting distribution of the break date estimate under this alternative assumption is given

in the next theorem.

Theorem 4 (Stationary Errors) Suppose that Assumptions 1, 2, 5 and 6 hold and that hi = 0 and

di(L) = 1 for all i. Let W = (W1; : : : ;Wm)
0 with W � N(0; Im). Then, in Model II, we have as

(T , N)!1,
T (�̂� �1)

d! m1
II = argminm

V �(m)

where the stochastic process V �(m) is such that V �(0) = 0, V �(m) = V1(m) for m < 0 and

V �(m) = V2(m) for m > 0, with

V1(m) =
0X

k=m+1

�
_A�� + _A

k

2 + 2 _A
�k
�
� 2

0X
k=m+1

(��� + k��
)Wk, m = �1;�2; : : :

V2(m) =
mX
k=1

�
_A�� + _A

k

2 + 2 _A
�k
�
+ 2

mX
k=1

(��� + k��
)Wk, m = 1; 2; : : :

Note that the above limiting distribution is obtained under an additional assumption that

uti is iid over t (di(L) = 1). If this assumption does not hold, the limiting distribution of the

break fraction estimate is of a more complex form depending on the autocovariance functions of

the individual speci�c errors. The form of the process V �(m) resembles the process S�(m) in the

previous theorem. However, an important di¤erence is that V �(m) is de�ned in terms of a standard

multivariate normal variate and it does not depend on the exact distribution of the error process.

The next theorem states the limiting distribution of the break fraction estimate when the error

terms are integrated.
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Theorem 5 (Integrated Errors) Suppose that Assumptions 1, 3, 4 and 5 hold. As (T , N) ! 1,
we have the following results:

A. Model I (Joint Broken Trend)

(i) If N=T ! 0 � � <1 and hi = 0 for all i,

p
TN(�̂� �1)

d! N

�p
�
��2d
A



1� 2�1
5(1� �1)�1

;
2

15A2


S



�
(ii) If AH
 6= 0,

p
T (�̂� �1)

d! N

�
0;

2

15A2


A0H
C(1)C(1)

0AH


�
B. Model II (Local Disjoint Trend)

(iii) Let �11 =
hR 1
0 WF (r)dr;

R 1
0 rWF (r)dr;

R 1
�1
WF (r)dr;

R 1
�1
(r � �1)WF (r)dr

i0
,

�21 =
h
0; 0;WF (�1);

R 1
�1
WF (r)dr

i0
, �3 =

R �1
0

(3r�2r�1)
�21

dWF (r)
0, and �4 =

R 1
�1

(r�1)(3r�2�1�1)
(1��1)2 dWF (r)

0,

where WF (r) be an r-dimensional standard Wiener process. Then,

p
T (�̂� �1)

d! m1
III = argminm

Z�(m),

where the stochastic process Z�(m) is de�ned such that Z�(0) = 0, Z�(m) = Z(m)+m2�4C(1)
0AH


for m < 0 and Z�(m) = Z(m) +m2�3C(1)
0AH
 for m > 0, and

Z(m) = A


jmj3

3
+m

0@tr
24 2
1

�
�11C(1)

0AHHC(1)�
0
21

�
�
1�f
1

�
�11C(1)

0AHHC(1)�
0
11

�
35+ ��2d 2 �2�21 � 46�1 + 45�15�1

1A
with ��2d = limN N

�1PN
i=1 di(1)

2�2i ,

�f =

0BBBBBB@
0 0 1 1� �1
0 �1 (1� �21)=2

1 1� �1
(1� �1)2

1CCCCCCA and 
1 =

0BBBBBBB@

4
�1

� 6
�21

2
�1

6
�21

12
�31

� 6
�21

� 12
�31

4
�1(1��1) 6 1�2�1

�21(1��1)2

12
3�21�3�1+1
�31(1��1)3

1CCCCCCCA
The results are similar to the stationary error case. However, some of the important di¤erences

are worth mentioning. The rate of convergence is slower than the stationary error case as already

pointed out in Theorem 2. The variance of the limiting distribution does not depend on the

location of the true break fraction �1. When there is no common component in Model I, the

limiting distribution is obtained under the assumption that N=T ! 0 � � < 1, which implies
that T should not be too small relative to N , and it has non-zero mean that is O(

p
�). This bias

is unlikely to be negligible unless T is extremely large relative to N . For example, when T is �ve
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times larger than N ,
p
� ' 0:45. Also, note that this bias does not exist when �1 = 0:5. See

Section 4 below for some Monte Carlo simulation results.

In Model II, the limiting distribution is highly non-standard again, but the process Z�(m) is

de�ned in terms of a standard Wiener process. Hence, no distributional assumption is required on

Ft to simulate Z�(m). When there is no common component,

Z�(m) = A


jmj3

3
+m��2d

2
�
2�21 � 46�1 + 45

�
15�1

and thus
p
T (�̂� �1)

p! 0, as claimed in Theorem 2(iii). A non-degenerate limiting distribution is

not available in this case.

In order to use these limiting distributions, a number of parameters should be estimated. The

limiting variance and bias of the limiting distribution in Model I can be estimated from the �rst

di¤erence of the estimated residuals using a method discussed in the stationary case. For the

limiting distribution for Model II, the process Z�(m) should be simulated and it requires not

only the parameters associated with the common components but also those associated with the

individual speci�c errors. For that matter, the common components and the individual speci�c

errors need to be estimated separately. See Bai and Ng (2002, 2004) and Bai (2003) for the

estimation of the common factors. It is well known that the factors and the factor loadings can be

consistently estimated only up to a non-singular rotation matrix. That is, the principal component

estimators are consistent only for h0iR
�1 and RFt for some non-singular matrix R. However, this

doesn�t pose any di¢ culty in simulating the limiting distribution of Model II. As long as 
, h0iR
�1

and RFt are identi�ed, so are R0�1AHHR�1, R0�1AH
 and RC(1), which are enough to identify

C(1)0AHHC(1) and C(1)0AH
 . Also see Bai and Carrion-i-Silvestre (2009) for the estimation of the

longrun variances of the individual speci�c errors.

4 Monte Carlo Simulations

In this section, we demonstrate the appropriateness of the asymptotic results presented in the

previous section via Monte Carlo experiments. In all experiments, the number of replications is

2,000. The data is generated according to the models described in Section 2:

yti = dti + uti, (i = 1; : : : ; N and t = 1; : : : T )

uti = h0iFt + eti

11



The pre-break intercepts and slopes are set at zero (�i = �i = 0, for all i), since the Monte Carlo

results are exactly invariant to these parameter values. Hence,

dti =

8<: 
iBt

�iCt + 
iBt

Model I

Model II

Figure 1 illustrates the consistency of the break date estimate in the absence of the common

component (i.e., hi = 0, for all i) when T is �xed. T is 10 and the true break date T1 is 3. The

number of cross sectional units N is set at 1, 100, 300, and 500. The �rst two rows correspond to

Model I and the other two to Model II. 
i is drawn from U(0; 1) for both models and �i is drawn

from U(0:2; 0:7) for Model II. In the �rst and third rows of panels, the errors are iid N(0; 1). The

bar graph in each panel depicts the relative frequencies of the break date estimates. Note that in

both models the relative frequency of the true break date approaches one as N increases. On the

other hand, in the second and fourth rows, autocorrelated errors are used with the autoregressive

parameter 0:8. That is, eti = 0:8eti + "ti with "ti � iid N(0; 1). As N increases, the probability

mass function concentrates at a wrong break date; it concentrates on the mid-point in Model I and

on the fourth and �fth dates with almost equal probabilities in Model II.

Figures 2 and 3 show the estimated probability density of the break date estimate around the

true break date (T̂1�T1) as both T and N increase. 
i is drawn from U(0; 0:3) for both models and

�i is drawn from U(0:1; 0:4) for Model II. Each of the four columns corresponds to T of 100, 200,

300, and 500 respectively. The true break date T1 is always 0:3T . There are four lines displayed

in each panel and each of them corresponds to N of 1, 10, 50, and 100 respectively. The panels in

the �rst row show the case with iid errors where uti = "ti � iid N(0; 1). The panels in the second
row show the case with autocorrelated errors where uti = eti, eti = �iet�1i + "ti, "ti � iid N(0; 1)
and �i is drawn from U(0:4; 0:7). The panels in the third row show the case with a common factor,

where eti is the same as the one in the second rows, Ft = 0:6Ft�1 + wt with wt � iid N(0; 1) and
hi is 0:5 for N = 1 and drawn from U(0; 1) for the other values of N .

The �rst observation from Figure 2 is that the displayed densities are all bell shaped as expected

from the asymptotic normality of the estimated break date given in Theorem 3. Also, the densities

concentrate around the origin as T and N increase when there is no common component. When

there is a common factor, for any given value of N , the empirical densities look more concentrated

around the origin as T increases. However, for any given T , the empirical densities are almost on

top of each other for all values of N except for 1. This is due to the fact that the rate of convergence

of the break date estimate doesn�t depend on N in the presence of common components.

The picture is somewhat di¤erent for Model II, though some important features are shared

with Model I. In Figure 3, the densities show bimodality especially for large N . This observation is

12



related to the non-standard asymptotic distribution of the break date estimate given in Theorem

3. In the absence of a common component, the empirical densities concentrate around the origin

as T and N increase. When there is a common component, the densities do not concentrate as T ,

N or both increase, since the break date estimate is inconsistent in Model II.

Figures 4 and 5 correspond to the case with integrated errors. Each panel displays the empirical

probability densities of T�1=2(T̂1 � T1). The results in the �rst row are obtained using integrated
individual speci�c errors and no common components. Thus, uti = eti, eti = et�1i + "ti, "ti � iid
N(0; 1). In the second row, the common factor is integrated so that Ft = Ft�1 + wt with wt � iid
N(0; 1) and hi is 0.5 for N = 1 and drawn from U(0; 1) for the other values of N , while eti = "ti

and "ti � iid N(0; 1). In the third row, both the common factor and the individual speci�c errors
are integrated. The slope change parameter 
i and the intercept change parameter �i are the same

as in Figures 2 and 3.

In Figure 4, the densities are again bell shaped. In the �rst row, a distinct feature is that

the densities not only concentrate around the mode but also shift to the right as N increases for

any given T . This shift is the bias term provided in Theorem 5(i). In the second row, where an

integrated common factor exists but the individual speci�c shocks are iid over T , the densities are

centered at the origin though some asymmetry is observed especially for small T . Furthermore,

because of the existence of the common component, the densities do not concentrate as N increases.

In the third row, where both the common factor and individual speci�c shocks are integrated, the

results are intermediate of the two previous cases.

The densities displayed in Figure 5 are somewhat similar to those in Figure 4. The densities

concentrate around the mode as N increases for any given T without common components. When

there is a common component, the densities do not concentrate. Also, the bimodality appearing in

the stationary case is not present.

5 Application

As an empirical illustration, we estimate a common slope change in disaggregate level price indices.

The data is the log of the seasonally adjusted quarterly price indices for Gross Domestic Products

of the United States. It is obtained from the Bureau of Economic Analysis website1. The data has

34 individual series with each of them spanning from 1984:Q1 to 2009.Q2 (hence 102 observations

in each series). Price indices are often analyzed in �rst di¤erence form because they would then

become in�ation rates. Empirical studies on the statistical properties of the in�ation series are rich,

but the results are somewhat con�icting depending on the time span and the employed statistical

1Table 1.5.4. Price Indexes for Gross Domestic Product, Expanded Detail.
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methods. For example, Pivetta and Reis (2003) �nd in�ation rate very persistent which implies that

price index series are integrated twice (I(2)) or being close to be so. On the other hand, Clark (2006)

�nds that the average persistence in disaggregate in�ation rates is below aggregate persistence and

that even further reduction in persistence is observed when a mean shift is taken into account.

Clark (2006) used one common break date 1993.Q1 which he obtained by estimating a break date

from each series and simply averaging them. We take Clark�s (2006) view and assume that price

indices are integrated processes (I(1)) around a broken deterministic trend. In other words, we

assume that price indices are generated by Model I with integrated common components and error

processes. The main results are presented in Table 1. For the estimation of the longrun variance

of the common factors, we applied the Quadratic Spectral window and selected the bandwidth

parameter using Andrews�s (1991) data dependent method with AR(1) approximation.

Table 1. Estimated Common Break Date in Disaggregate Price Indices

T̂1 95% C. I.

Common break date in the disaggregate GDP price indices 94.Q2 [92.Q1, 96.Q3]

Break date in the aggregate GDP price index 91.Q3 [89.Q2, 93.Q4]

The estimated date of the common slope change in the 34 disaggregate level price indices is

1994.Q2 with the 95% con�dence interval ranging from 1992.Q1 to 1996.Q3. On the other hand,

the estimated date of the slope change in the univariate aggregate GDP price index is 1991.Q3

with the 95% con�dence interval ranging from 1989.Q2 to 1993.Q4. Although the two con�dence

intervals overlap somewhat, the two point estimates di¤er by 11 quarters, which is not ignorable.

The two con�dence intervals have exactly the same length of 4 years and 2 quarters. This is related

to the fact that the rate of convergence of the common break date in the existence of the common

components is the same as the univariate case.

In Table 2, we report the break date from each of the 34 series. In (i) Goods, (ii) Services

and (iv) Fixed Investments, all but one break date estimates are in the 1990s. On the other

hand, we observe a handful of break dates estimates in the 2000s especially in (iii) Net Exports

and (v) Government Consumption Expenditures and Gross Investment. However, these are often

associated with a very wide con�dence interval. The mean and median of these break dates are

1995.Q1 and 1992.Q4 respectively, and the mean of the lengths of the con�dence intervals is 7 years

and 2 quarters.

14



Table 2.Estimated Individual Break Dates

(i) Goods

T̂1 95% C. I.

Durable Motor Vehicles and parts 97.Q1 [95.Q3, 98.Q3]

Furnishings and durable household equip. 96.Q2 [94.Q4, 97.Q4]

Recreational goods and vehicles 93.Q3 [92.Q2, 94.Q4]

Other durable goods 92.Q3 [90.Q4, 94.Q2]

Food/beverages purch�d for o¤-premises cons. 90.Q4 [86.Q1, 95.Q3]

Nondurable Clothing and footwear 92.Q2 [91.Q1, 93.Q3]

Gasoline and other energy goods 99.Q2 [92.Q2, 06.Q2]

Other nondurable goods 92.Q2 [91.Q4, 93.Q3]

(ii) Services

T̂1 95% C. I.

Household Housing and utilities 89.Q1 [86.Q4, 91.Q2]

Health care 93.Q1 [92.Q2, 93.Q4]

Transportation serv. 91.Q4 [88.Q1, 95.Q3]

Recreation serv. 91.Q4 [90.Q1, 93.Q3]

Food serv. and accommd. 90.Q2 [88.Q3, 92.Q1]

Financial serv. and insur. 92.Q4 [88.Q3, 97.Q1]

Other serv. 93.Q2 [89.Q4, 96.Q4]

Nonpro�t institutions Gross output of nonprft inst. 91.Q2 [89.Q3, 93.Q1]

(iii) Net Exports

T̂1 95% C. I.

Exports Goods 03.Q2 [99.Q1, 07.Q3]

Services 91.Q4 [85.Q3, 98.Q1]

Imports Goods 03.Q3 [98.Q4, 08.Q2]

Services 03.Q3 [94.Q2, 12.Q4]
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(iv) Fixed Investments

T̂1 95% C. I.

Nonresidential Structures 01.Q3 [00.Q2, 02.Q4]

Computers/peri�l equip. 91.Q1 [86.Q1, 96.Q1]

Software 97..Q1 [94.Q1, 00.Q1]

Other 93.Q1 [91.Q3, 94.Q3]

Industrial equip. 91.Q4 [89.Q4, 93.Q4]

Transportation equip. 92.Q2 [88.Q1, 96.Q3]

Other equip. 92.Q1 [89.Q1, 95.Q1]

Residential 98.Q3 [89.Q2, 07.Q4]

(v) Government Consumption Expenditures and Gross Investment

T̂1 95% C. I.

Federal - defense Cons. expend. 01.Q1 [98.Q2, 04.Q2]

Gross Investment 87.Q1 [85.Q4, 88.Q2]

Federal - nondefense Cons. expend. 01.Q4 [80.Q2, 23.Q2]

Gross Investment 91.Q1 [88.Q1, 94.Q1]

State and local Cons. expend. 02.Q4 [99.Q1, 06.Q3]

Gross Investment 03.Q4 [02.Q4, 04.Q4]

6 Conclusion

We showed how to estimate a common deterministic trend break in large panels through minimizing

the sum of squared residuals. The statistical properties of the proposed break date estimate depends

on a number of model assumptions. The form of the break, that is, whether it is only a slope change

or a slope change combined with an intercept shift, a¤ects the rate of convergence and the form of

the limiting distribution of the break date estimate. The amount of correlation in both the time

and cross sectional span a¤ects the rate of convergence. Strong correlation in any of the time and

cross sectional span results in a slower rate of convergence. Especially the strong cross sectional

dependence generated by the common factor structure of the error processes makes the rate of

convergence the same as the univariate case and thus eliminates the bene�t of the panel data.
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<Appendix>

Let �T = diagfT�1=2; T�3=2; T�3=2g for Model I and diagfT�1=2; T�3=2; T�1=2; T�3=2g for
Model II. Also,e�b = (e�b(1); : : :e�b(T ))0, �b = (�b(1); : : : �b(T ))0, � = (�1; : : : ; �T )0 and � = (�1; : : : ; �T )0
where

if Tb > T1, e�b(t) �
8>>><>>>:

0

(t� T1)=(Tb � T1)

1

if 1 � t � T1;

if T1 + 1 � t � Tb;

if Tb + 1 � t � T;

if Tb < T1, e�b(t) �
8>>><>>>:

0

�(t� Tb)=(T1 � Tb)

�1

if 1 � t � Tb;

if Tb + 1 � t � T1;

if T1 + 1 � t � T;

if Tb = T1, e�b(t) = �b(t) �
8<: 0

1

if 1 � t � T1;

if T1 + 1 � t � T:

if Tb � T1, �t =

8<: 1

0

if T1 + 1 � t � Tb;

otherwise,

if T1 > Tb, �t =

8<: �1

0

if Tb + 1 � t � T1;

otherwise.

and

if Tb � T1, �t =

8<: t� T1
0

if T1 + 1 � t � Tb;

otherwise,

if T1 > Tb, �t =

8<: �(t� T1)

0

if Tb + 1 � t � T1;

otherwise.

The following results pertaining to the deterministic terms are taken from Perron and Zhu
(2005) and we will use them without proofs.

Lemma A.1 (i) �T (X 0
Tb
XTb � X 0

T1
XT1)�T = jTb � T1jO(T�1) (ii) e�0b�TXTb = O(T 1=2) (iii)

�0�TXTb = jTb � T1jO(T�1=2) (iv) �0�TXTb = jTb � T1j
2O(T�1=2) (v) e�0b(I � PTb)e�b = O(T ) (vi)
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�TX
0
T1
XT1�T = �a + op(1), where the symmetric matrix �a is given by

�a =

26664
1 1

2
(1��1)2

2

1
3

(1��1)2(�1+2)
6

(1��1)3
3

37775 and

26666664
1 1

2 1� �1 (1��1)2
2

1
3

1��21
2

(1��1)2(�1+2)
6

1� �1 (1��1)2
2

(1��1)3
3

37777775
for Model I and II respectively.

We prove the following results for the stationary error processes.

Lemma A.2 Under Assumption 2, we have for all Tb, as T;N !1:
(i) �TX 0

Tb
E
0 = Op(N1=2), e�0bE
0 = Op(T 1=2N1=2)

(ii) �TX 0
Tb
EH 0 = Op(N1=2), e�0bEH 0 = Op(T 1=2N1=2)

(iii) In Model I, e�0b(I � PTb)E
0 = Op(T 1=2N1=2), e�0b(I � PTb)EH 0 = Op(T 1=2N1=2)

(iv) �0F = jTb � T1j1=2Op(1), �0E�0 = jTb � T1j1=2Op(N1=2), �0EH 0 = jTb � T1j1=2Op(N1=2)

(v) �0F = jTb � T1j3=2Op(1), �0E
0 = jTb � T1j3=2Op(N1=2), �0EH 0 = jTb � T1j3=2Op(N1=2)

(vi) In Model II, �0(I�PTb)E�0 = jTb � T1j
1=2Op(N

1=2), �0(I�PTb)EH 0 = jTb � T1j1=2Op(N1=2),
�0(I � PTb)E
0 = jTb � T1j

3=2Op(N
1=2), �0(I � PTb)EH 0 = jTb � T1j3=2Op(N1=2)

Proof: (i) From the de�nition of �T and XTb , we need to consider T
�1=2�0E
0, T�1=2C 0E
0,

T�3=2� 0E
0, and T�3=2B0E
0. Let ri(h) be the autocovariance function of eti. First note that

V ar
�
T�1=2�0E
0

�
=

1

T
V ar(

NX
i=1

�0Ei
i) =
1

T

NX
i=1


2iV ar
�
�0Ei

�
=

NX
i=1


2i

T�1X
h=�T+1

�
1� jhj

T

�
ri(h)

�
NX
i=1


2i

1X
h=�1

jri(h)j =
NX
i=1


2i�
2
i

1X
h=�1

�����
1X
k=0

di;k+jhjdi;k

�����
�

NX
i=1


2i�
2
i

1X
k=0

jdi;kj
1X

h=�1

��di;k+jhj�� � 2M3
NX
i=1


2i = O(N)

Since the elements in C, T�1� , T�1B, and e�b are no greater than those in �, the results related to
these terms can be proved analogously.

(ii) Completely analogous to (i).
(iii) Note that je�0b(I�PTb)E
0j � je�0bE
0j+ je�0bPTbE
0j, where e�0bE
0 = O(T 1=2N1=2) from (i), and

e�0bPTbE
0 = e�0bXTb�T (�TX 0
Tb
XTb�T )

�1�TX
0
Tb
E
0 = O(T 1=2)O(1)Op(N

1=2)

Hence, the result follows.
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(iv)

V ar
�
jTb � T1j�1=2 �0E
0

�
=

1

jTb � T1j
V ar(

NX
i=1

�0Ei
i) =
1

jTb � T1j

NX
i=1


2iV ar
�
�0Ei

�
=

1

jTb � T1j

NX
i=1


2i

T�1X
h=�T+1

0@T�jhjX
j=1

�j�j+jhj

1A ri(h)
�

NX
i=1


2i

1X
h=�1

jri(h)j � 2M3
NX
i=1


2i = O(N)

(v) Recall that all elements of jTb � T1j�1� are bounded by one and only jTb � T1j of them are
non-zero. The rest of the proof is completely analogous to (iv).

(vi)

�0(I � PTb)E�0 = �0E�0 � �0XTb�T (�TX 0
Tb
XTb�T )

�1�TX
0
Tb
E�0

= jTb � T1j1=2Op(N1=2) + jTb � T1jO(T�1=2)O(1)Op(N1=2)

The second term is always of a smaller order of magnitude than the �rst term because jTb � T1j1=2 =T 1=2
is at most Op(1) and can even be op(1) if jTb � T1j = op(T ). A similar argument holds for the other
terms. �

We prove the following results for the integrated error processes.

Lemma A.3 Under Assumption 3, we have for all Tb, as T;N !1:
(i) �TX 0

Tb
E
0 = Op(TN1=2) and e�0bE
0 = Op(T 3=2N1=2)

(ii) �TX 0
Tb
EH 0 = Op(TN1=2) and e�0bEH 0 = Op(T 3=2N1=2)

(iii) In Model I, e�0b(I � PTb)E
0 = Op(T 3=2N1=2) and e�0b(I � PTb)EH 0 = Op(T 3=2N1=2)

(iv) �0F = jTb � T1jOp(T 1=2), �0E�0 = jTb � T1jOp(T 1=2N1=2) and �0EH 0 = jTb � T1jOp(T 1=2N1=2)

(v) �0F = jTb � T1j2Op(T 1=2), �0E
0 = jTb � T1j2Op(T 1=2N1=2) and �0EH 0 = jTb � T1j2Op(T 1=2N1=2)

(vi) In Model II, �0(I�PTb)E�0 = jTb � T1jOp(T 1=2N1=2), �0(I�PTb)EH 0 = jTb � T1jOp(T 1=2N1=2),
�0(I � PTb)E
0 = jTb � T1j

2Op(T
1=2N1=2) and �0(I � PTb)EH 0 = jTb � T1j2Op(T 1=2N1=2)

Proof: For (i), (ii) and (iii), we show for T�1=2�0E
0, the �rst element of �TX 0
Tb
E
0 only. The

rest of results can be shown analogously. Let �ti = (1�L)eti and its autocovariance function ri(h).
First note that Ei = G�i where �i = (�1i; : : : ; �Ti)

0 and G is a lower triangular matrix of ones. Let
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aT = (a1;T ; : : : ; aT;T )
0 = T�1G0�. Then, each element of aT is bounded by 1.

V ar
�
T�3=2�0E
0

�
=

1

T 3
V ar(

NX
i=1

�0Ei
i) =
1

T 3

NX
i=1


2iV ar
�
�0Ei

�
=

1

T 3

NX
i=1


2iV ar
�
�0G�i

�
=
1

T

NX
i=1


2iV ar
�
a0T �i

�
=

1

T

NX
i=1


2i

T�1X
h=�T+1

0@T�jhjX
j=1

aj;Taj+jhj;T

1A ri(h)
�

NX
i=1


2i

1X
h=�1

jri(h)j � 2M3
NX
i=1


2i = O(N)

(iv) Let bT = (b1;T ; : : : ; bT;T )0 = jTb � T1j�1G0�. Then, bT has at most the bigger of T1 and Tb
non-zero positive elements and all of them are bounded by one.

V ar
�
jTb � T1j�1 T�1=2�0E
0

�
=

1

jTb � T1j2 T
V ar(

NX
i=1

�0G�i
i) =
1

T

NX
i=1


2iV ar
�
b0T �i

�
=

1

T

NX
i=1


2i

T�1X
h=�T+1

0@T�jhjX
j=1

bj;T bj+jhj;T

1A ri(h)
�

NX
i=1


2i

1X
h=�1

jri(h)j � 2M3
NX
i=1


2i = O(N)

(v) and (vi) follow from a similar argument. �

As the limit counter part of e�b(t), we de�ne a continuous function fe�b(r) over [0; 1]:
if � > �1, fe�b(r) =

8>>><>>>:
0

(r � �1)=(�� �1)

1

if 0 � r � �1;

if �1 � r < �;

if � � r � 1;

if �1 > �, fe�b(r) =
8>>><>>>:

0

�(r � �)=(�1 � �)

�1

if 0 � r � �;

if � � r < �1;

if �1 � r � 1;

if � = �1, fe�b(r) = f�b(r) =
8<: 0

1

if 0 � r < �1;

if �1 � r � 1:

Also, let f(r; �1) = (1; r; (r� �1)+)0, f2(r; �1) = (1; r; 1(r � �1); (r� �1)+)0, g(r; �; �1) = (0; 0; (��
�1)fe�b(r))0, and f�e�b(r) be the projection residual of the least squares regression of fe�b(r) on f(r; �1).
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Lemma A.4 As T !1, we have the following results under Assumption 2:
In Model I,
(i) T�1=2e�0b(I � PTb)F ) �0F where �F � N(0; �1(1� �1)C(1)C(1)0=4)
(ii) �TX 0

T1
F )

R
f(r; �1)dWF (r)

0C(1)0

(iii) �T (XT1 �XTb)0F )
R 1
0 g(r; �; �1)dWF (r)

0C(1)0

In Model II,
(iv) �TX 0

T1
F )

R
f2(r; �1)dWF (r)

0C(1)0

Lemma A.5 As T !1, we have the following results under Assumption 3:
In Model I,
(i) T�3=2e�0b(I � PTb)F ) R 1

0 f
�e�b(r)WF (r)

0drC(1)0

(ii) T�1�TX 0
T1
F )

R
f(r; �1)WF (r)

0drC(1)0

(iii) T�1�T (XT1 �XTb)0F )
R 1
0 g(r; �; �1)WF (r)

0drC(1)0

In Model II,
(iv) T�1�TX 0

T1
F )

R
f2(r; �1)WF (r)

0drC(1)0

The proofs for Lemma A.4 and Lemma A.5 can be found in Perron and Zhu (2005).
Now note that we have by de�nition

SSR(T̂1)� SSR(T1) � 0 (A.1)

and, as in Perron and Zhu (2005), we can write:

SSR(T̂1)� SSR(T1) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
+2 tr

�
�0(XT1 �XTb)0(I � PTb)U

�
+tr

�
U 0(PT1 � PTb)U

�
� (XX) + 2(XU) + (UU) (A.2)

This decomposition will be used repeatedly below.

A.1 Proof of Theorem 1

Theorem 1 follows from Lemma A.6 below. Consider Model I with hi = 0 and di(L) = 1 for all i.
Suppose that jT̂1�T1j is not op(1) as N increases with T �xed. Note that (XX) is strictly positive
and its order of magnitude is in its strict sense as shown in the proof of Lemma A.6. Then (XX) is
of strictly greater order of magnitude than the other two terms, and as N increases, (A.2) cannot
be negative with probability one. This is contradictory to the fact that T̂1 minimizes SSR among
all possible break dates including the true one, and it follows that jT̂1 � T1j is op(1).

When both T and N increase and hi = 0 for all i, suppose that jT̂1�T1j is BTOp(T�1=2N�1=2)

where BT is any sequence of numbers increasing in T . Then (XX) is the dominating term and
the same contradiction argument holds, and jT̂1 � T1j = op(T

�1=2). Hence jT̂1 � T1j is at most
Op(T

�1=2N�1=2).
When AH
 6= 0, the contradiction arguments holds whenever jT̂1� T1j is BTOp(T�1=2). Hence,

jT̂1 � T1j is at most Op(T�1=2). The proof for Model II is completely analogous.
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Lemma A.6 Under Assumptions 1, 2, 4 and 5, we have for all generic Tb:
(i) In Model I,

(XX) = jTb � T1j2O(TN)

(XU) =

8<: jTb � T1jOp(T 1=2N1=2)

jTb � T1jOp(T 1=2N)

if hi = 0 for all i

if AH
 6= 0

(UU) =

8<: jTb � T1jOp(T�1N1=2)

jTb � T1jOp(T�1N)

if hi = 0 and di(L) = 1 for all i

(ii) In Model II,

(XX) = jTb � T1j3O(N) + jTb � T1jO(N)

(XU) =

8<: jTb � T1j3=2Op(N1=2) + jTb � T1j1=2Op(N1=2)

jTb � T1j3=2Op(N) + jTb � T1j1=2Op(N)

if hi = 0 for all i

if AH
 6= 0

(UU) =

8<: jTb � T1j1=2Op(T�1=2N1=2)

jTb � T1j1=2Op(T�1=2N)

if hi = 0 and di(L) = 1 for all i

Proof: (i) For Model I,

(XX) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
= jTb � T1j2 tr

�

0e�0b(I � PTb)e�b
�

= jTb � T1j2 e�0b(I � PTb)e�b (

0)
= jTb � T1j2O(NT )

where the last equality holds from Assumption 4 and Perron and Zhu�s (2005) Lemma 1. Also note
that limT T�1e�0b(I �PTb)e�b > 0 as shown in Perron and Zhu and thus (XX) is jTb � T1j2O(NT ) in
its strict sense, meaning that it�s not o(jTb � T1j2 TN).

From Lemmas A.2 and A.4, and Assumption 5, it follows that

(XU) = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
(A.3)

= tr
�
�0(XT1 �XTb)0(I � PTb)FH

�
+ tr

�
�0(XT1 �XTb)0(I � PTb)E

�
= jTb � T1j e�0b(I � PTb)FH
0 + jTb � T1j e�0b(I � PTb)E
0
= jTb � T1jOp(T 1=2N) + jTb � T1jOp(T 1=2N1=2).

Hence, (XU) = jTb � T1jOp(T 1=2N1=2) if hi = 0, 8i, and jTb � T1jOp(T 1=2N), if AH
 6= 0.
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Now, consider a decomposition of (UU):

tr
�
U 0(PT1 � PTb)U

�
(A.4)

= tr
h
U 0(XT1 �XTb)�T

�
�TX

0
T1XT1�T

��1
�TX

0
T1U

i
+tr

h
U 0XTb�T

�
�TX

0
Tb
XTb�T

��1
�T

�
X 0
Tb
XTb �X 0

T1XT1
�
�T

�
�TX

0
T1XT1�T

��1
�TX

0
T1U

i
+tr

h
U 0XTb�T

�
�TX

0
Tb
XTb�T

��1
�T (XT1 �XTb)0U

i
= R1 +R2 +R3

Write

R1 = tr
h
U 0(XT1 �XTb)�T

�
�TX

0
T1XT1�T

��1
�TX

0
T1U

i
= tr

h�
�TX

0
T1XT1�T

��1
�TX

0
T1UU

0(XT1 �XTb)�T
i

= vec
��
�TX

0
T1XT1�T

��1�0
vec

�
�TX

0
T1UU

0(XT1 �XTb)�T
�

where vec((�TX 0
T1
XT1�T )

�1) = Op(1) from Lemma A.1. Now,

vec
�
�TX

0
T1UU

0(XT1 �XTb)�T
�

= vec
�
�TX

0
T1FHH

0F 0(XT1 �XTb)�T
�
+ vec

�
�TX

0
T1FHE

0(XT1 �XTb)�T
�

+vec
�
�TX

0
T1EH

0F 0(XT1 �XTb
�
�T ) + vec

�
�TX

0
T1EE

0(XT1 �XTb
�
�T )

= r11 + r12 + r13 + r14:

If hi = 0 for all i, r11, r12, and r13 are zeros. If not, HH 0 = O(N) from Assumption 5. Also,
from Lemmas A.2 and A.4, �TX 0

T1
F = Op(1) and �TX 0

T1
EH 0 = Op(N1=2). The �rst two columns

of �T (XT1 �XTb) are zeros and we only need to consider the third column, which is jTb � T1je�b.
From Lemmas A.2 and A.4, �T (XT1 � XTb)0F = jTb � T1jOp(T�1) and �T (XT1 � XTb)0EH =

jTb � T1jOp(T�1N1=2). Hence, r11 = jTb � T1jOp(T�1N), r12 = jTb � T1jOp(T�1N1=2), and r13 =
jTb � T1jOp(N1=2). For the term r14,

�TX
0
T1EE

0(XT1 �XTb)�T =
NX
i=1

�TX
0
T1EiE

0
i(XT1 �XTb)�T

where �TX 0
T1
EiE

0
i(XT1 � XTb�T has a non-zero mean and is independent across i. Hence r14 =

jTb � T1jOp(T�1N). By collecting these terms, R1 = jTb � T1jOp(T�1N). A similar argument
shows that , R2 = jTb � T1jOp(T�1N) and R3 = jTb � T1jOp(T�1N). Therefore, it follows that
(UU) = jTb � T1jOp(T�1N). This order of magnitude is an upper bound for the general case.
However, suppose that hi = 0 and di(1) = 1 for all i. Then,

tr
�
U 0(PT1 � PTb)U

�
= tr

"
(PT1 � PTb)

NX
i=1

EiE
0
i

#

=

NX
i=1

tr
�
(PT1 � PTb)EiE0i

�
=

NX
i=1

E0i(PT1 � PTb)Ei
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and Etr [(PT1 � PTb)EiE0i] = 0. Hence, (UU) = jTb � T1jOp(T�1N1=2).

(ii) Consider Model II. The di¤erence is that there is an extra regressor.

(XX) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
= tr

�
(�0�0 + 
0�0)(I � PTb)(�� + �
)

�
= �0(I � PTb)� (

0) + 2�0(I � PTb)� (�
0) + �0(I � PTb)� (��0)

where �0(I�PTb)� = jTb � T1j
3O(1), �0(I�PTb)� = jTb � T1j

2O(1), and �0(I�PTb)� = jTb � T1jO(1).
Depending on the order of magnitude of jTb � T1j, the dominant term is either �0(I � PTb)� or
�0(I � PTb)�. Hence we can write

(XX) = jTb � T1j3O(N) + jTb � T1jO(N)

Also, note that lim jTb � T1j�3 �0(I�PTb)� > 0 and lim jTb � T1j
�1 �0(I�PTb)� > 0 as jTb � T1j !

1, and thus (XX) is jTb � T1j3O(N) or jTb � T1jO(N) in its strict sense.
For (XU), write

(XU) = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
= tr

�
(�0�0 + 
0�0)(I � PTb)U

�
It follows from Lemma A.2 that

tr
�
�0�0(I � PTb)U

�
= tr

�
�0�0(I � PTb)FH

�
+ tr

�
�0�0(I � PTb)E

�
= jTb � T1j1=2Op(N) + jTb � T1j1=2Op(N1=2)

and

tr
�

0�0(I � PTb)U

�
= tr

�

0�0(I � PTb)FH

�
+ tr

�

0�0(I � PTb)E

�
= jTb � T1j3=2Op(N) + jTb � T1j3=2Op(N1=2)

Hence (XU) = jTb � T1j3=2Op(N1=2)+jTb � T1j1=2Op(N1=2), if hi = 0 for all i, jTb � T1j3=2Op(N)+
jTb � T1j1=2Op(N), otherwise.

For (UU), consider the decomposition in (A.4). Now, �T (XT1�XTb) = [0; 0; �; jTb � T1je�b], and
it follows that�T (XT1�XTb)0F = jTb � T1j

1=2Op(T
�1=2) and�T (XT1�XTb)0EH = jTb � T1j1=2Op(T�1=2N1=2).

Using an approach similar to Model I, we obtain that (UU) = jTb � T1j1=2Op(T�1=2N1=2) if hi = 0
and di(L) = 1 for all i, jTb � T1j1=2Op(T�1=2N), otherwise. �

A.2 Proof of Theorem 2

Theorem 2 follows from Lemma A.7 below using the same argument as in the proof of Theorem 1.
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Lemma A.7 Under Assumptions 1, 3, 4 and 5, we have for all all generic Tb:
(i) In Model I,

(XX) = jTb � T1j2O(TN)

(XU) =

8<: jTb � T1jOp(T 3=2N1=2)

jTb � T1jOp(T 3=2N)

if hi = 0 for all i

if AH
 6= 0
(UU) = jTb � T1jOp(TN)

(ii) In Model II,

(XX) = jTb � T1j3O(N)

(XU) =

8<: jTb � T1j2Op(T 1=2N1=2)

jTb � T1j2Op(T 1=2N)

if hi = 0 for all i

if AH
 6= 0
(UU) = jTb � T1jOp(TN)

Proof: (i) (XX) is the same as in Lemma A.6. The rest of the results follow from Lemma A.3
using an argument similar to the proof of Lemma A.6. �

A.3 Proof of Theorem 3

(i) Consider Model I with hi = 0 for all i. LetmT = N
1=2T 1=2(Tb�T1) andD(C) = fTb : jTb � T1j <

CN�1=2T�1=2g for a positive number C. On the set D(C), (XX) = Op(1); (XU) = Op(1) and
(UU) = Op(T

�3=2N1=2). Here the term (UU) is asymptotically negligible if N=T 3 ! 0, and

(XX) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
= (Tb � T1)2e�0b(I � PTb)e�b 

0
= m2

T

�
1

T
e�0b(I � PTb)e�b�� 1N 

0

�
and

(XU) = (Tb � T1)e�0b(I � PTb)E
0
= mT

�
1p
TN

e�0b(I � PTb)E
0�+ op(1)
Hence, on the set D(C)

m�
T = arg min

mT on D(C)
[(XX) + 2(XU) + op(1)]

= arg min
mT on D(C)

�
m2
T

�
1

T
e�0b(I � PTb)e�b�� 1N 

0

�
+ 2mT

�
1p
TN

e�0b(I � PTb)E
0�+ op(1)�
= �

�
1

T
e�0b(I � PTb)e�b��1� 1N 

0

��1� 1p
TN

e�0b(I � PTb)E
0�
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Note that limT T�1e�0b(I�PTb)e�b = (1��1)�1=4 and limN N�1

0 = A

 . Recall that eit = di(1)"it+eeit�1 � eeit with eeit = P1
k=0

�dik"it�k and �dik =
P1
i=k+1 di. Let "it = �i�it with �it � iid(0; 1),

�i = (�i1; : : : ; �iT )
0 and �eei = (eei0 � eei1; : : : ; eeiT�1 � eeiT )0 Then,

1p
TN

e�0b(I � PTb)E
0 =
1p
N

NX
i=1

1p
T
e�0b(I � PTb)Ei
i

=
1p
N

NX
i=1

CiQi;T +
1p
N

NX
i=1

Ri;T

where

Ci = di(1)�i
i

Qi;T =
1p
T
e�0b(I � PTb)�i

Ri;T =
1p
T
e�0b(I � PTb)�eei
i

Qi;T is iid(0; T�1e�0b(I � PTb)e�b) across i for all T . Since Qi;T = T�1=2e�0b(I � PTb)�i ) Qi �
N(0; �1(1 � �1)=4), Q2i;T is convergent in distribution to Q2i by the continuous mapping theorem.
Also, E(Q2i;T ) = T�1e�0b(I � PTb)e�b ! E(Q2i ) = (1 � �1)�1=4. This shows that Q2i;T is uniformly
integrable in T . Assumptions 2 and 4 imply that

max
i

C2iP
iC

2
i

=
maxi d

2
i (1)�

2
i 

2
i


D�"D
0
� N�1 M3maxi 


2
i

N�1
D�"D
0
= O(N�1)

Therefore, from the Joint Limit CLT (Theorem 3 in Phillips and Moon, 1999) we prove

1p
N

NX
i=1

CiQi;T
d! N

�
0;
(1� �1)�1

4
S



�
as (N;T )!1. It remains to show that

1p
N

NX
i=1

Ri;T =
1p
N

NX
i=1

1p
T
e�0b�eei
i � 1p

N

NX
i=1

1p
T
e�0bPTb�eei
i = op(1) (A.5)

First, e�0b�eei=pT = jTb � T1j�1(eeiT1 + � � � + eeiTb�1)=pT � eeiT =pT , if Tb > T1, �jTb � T1j�1(eeiTb +
� � �+ eeiT1�1)=pT + eeiT =pT , if Tb < T1 and (eeiT1 � eeiT )=pT if T1 = Tb. Since jTb � T1j = o(1) on
the set D(C), we can write

1p
N

NX
i=1

1p
T
e�0b�eei
i = 1p

N

NX
i=1

1p
T
eeiT1
i � 1p

N

NX
i=1

1p
T
eeiT
i + op(1).

From Assumptions 2 and 4

V ar(eeiT1
i) = �2i 
2i 1X
k=0

�d2ik � �2i 
2i

 1X
k=0

�� �dik��
!2

� max
i

�

21; : : : ; 


2
N

	
M3

27



and thus

V ar

 
1p
N

NX
i=1

1p
T
eeiT1
i

!
=

1

TN

NX
i=1

V ar (eeiT1
i) � 1

T
max
i

�

21; : : : ; 


2
N

	
M3 = o(1)

The same argument applies to (NT )�1=2
PN
i=1 eeiT
i and we show

1p
N

NX
i=1

1p
T
e�0b�eei
i = op(1).

For the second term in (A.5),

1p
N

NX
i=1

1p
T
e�0bPTb�eei = 1p

N

NX
i=1

1p
T
e�0bXTb�T ��TX 0

TbXTb�T
��1

�TX
0
Tb
�eei = O(1) 1p

N

NX
i=1

�TX
0
Tb
�eei

and similarly as before

1p
N

NX
i=1

�TX
0
Tb
�eei = 1p

N

NX
i=1

1p
T

0BBB@
eei0 � eeiT

T�1(eei0 + � � �+ eeiT )=� eeiT
T�1(eeiTb+1 + � � �+ eeiT )=� eeiT

1CCCA = op(1).

Therefore, as (N;T )!1

m�
T ) N

�
0;

4

(1� �1)�1A2


S



�
Since N1=2T 1=2(T̂1 � T1) = Op(1), we can choose C large enough so that the probability that
T̂1 2 D(C) is arbitrarily close to one, and the statement in the Theorem follows.

For (ii), let mT =
p
T (Tb � T1) and D(C) = fTb : jTb � T1j < CT�1=2g for a positive number

C. On the set D(C), (UU)=N is asymptotically negligible.

(XX)

N
= m2

T

�
1

T
e�0b(I � PTb)e�b�� 1N 

0

�

(XU)

N
= tr

�
�0(XT1 �XTb)0(I � PTb)U

�
=N

= (Tb � T1)e�0b(I � PTb)FH
0=N + op(1)

= mT �FAH
 + op(1)

where �F =
d N(0; �1(1� �1)C(1)C(1)0=4) = Op(1). Hence, using the same argument as before,

m�
T ) � 4

(1� �1)�1
A�1

 �FAH
 � N

�
0;

4

(1� �1)�1
A�2

A

0
H
C(1)C(1)

0AH


�
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For (iii), consider Model II with AH
 6= 0. From Theorem 1, jT̂1 � T1j = Op(1). Let mT =

(Tb � T1) and D(C) = fTb : jTb � T1j < Cg for a positive number C. On the set D(C),

(XX)=N = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
=N

= tr
�
�0(XT1 �XTb)0(XT1 �XTb)�

�
=N + op(1)

= tr

24(�; �)0(�; �)
0@��0 �
0


�0 

0

1A =N
35+ op(1)

= tr

24(�; �)0(�; �)
0@A�� A�


A
� A



1A35+ op(1)
= A���

0�+A

�
0�+ 2A
��

0�+ op(1)

=

8<:
PT1
t=Tb+1

�
A�� +A

(t� T1)2 + 2A
�(t� T1)

�
+ op(1)PTb

t=T1+1

�
A�� +A

(t� T1)2 + 2A
�(t� T1)

�
+ op(1)

if Tb < T1

if Tb > T1

(XU)=N = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
=N

= tr
�
(�0�0 + 
0�0)(I � PTb)U

�
=N

= tr
�
(�0�0 + 
0�0)U

�
=N + op(1)

= tr
�
(�; �)0FH(�0; 
0)

�
=N + op(1)

= (�; �)0F (AH�; AH
) + op(1)

=

8<: �
PT1
t=Tb+1

(F 0tAH� + (t� T1)F 0tAH
) + op(1)PTb
t=T1+1

(F 0tAH� + (t� T1)F 0tAH
) + op(1)

if Tb < T1

if Tb > T1

and (UU)=N = op(1). Since Ft is strictly stationary under Assumption 2, de�ne S�(m) such that
S�(0) = 0, S�(m) = S1(m) for m < 0 and S�(m) = S2(m) for m > 0, with

S1(m) =
0X

k=m+1

�
A�� +A

k

2 + 2A
�k
�
� 2

0X
k=m+1

�
F 0tAH� + kF

0
tAH


�
, m = �1;�2; : : :

S2(m) =

mX
k=1

�
A�� +A

k

2 + 2A
�k
�
+ 2

mX
k=1

F 0t (AH� + kAH
) , m = 1; 2; : : :

Then, on the set D(C),

m�
T = arg min

mT on D(C)

�
f(XX) + 2(XU)g =(T 2N) + op(1)

�
= arg min

mT on D(C)
[S�(m) + op(1)]

The limiting distribution of m�
T is arbitrarily close to that of jT̂1 � T1j for large C. �
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A.4 Proof of Theorem 4

Consider Model II under Assumption 6 with hi = 0 and di(L) = 1 for all i. Lemma A.6 implies
that jT̂1�T1j = Op(1). Let mT = (Tb�T1) and D(C) = fTb : jTb � T1j < Cg for a positive number
C. On the set D(C),

(XX) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
= tr

�
�0(XT1 �XTb)0(XT1 �XTb)�

�
+ op(1)

= tr

24(�; �)0(�; �)
0@��0 �
0


�0 

0

1A35+ op(1)
= tr

24(�; �)0(�; �)
0@ _A�� _A�


_A
� _A



1A35+ op(1)
=

8<:
PT1
t=Tb+1

�
_A�� + _A

(t� T1)2 + 2 _A
�(t� T1)

�
+ op(1)PTb

t=T1+1

�
_A�� + _A

(t� T1)2 + 2 _A
�(t� T1)

�
+ op(1)

if Tb < T1

if Tb > T1

(XU) = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
= tr

�
(�0�0 + 
0�0)(I � PTb)U

�
= tr

�
(�0�0 + 
0�0)U

�
+ op(1)

= �0E�0 + �0E
0 + op(1)

=

8<: �
PT1
t=Tb+1

��
N�1=2PN

i=1 eit
_�i

�
+ (t� T1)

�
N�1=2PN

i=1 eit _
i

��
+ op(1)PTb

t=T1+1

��
N�1=2PN

i=1 eit
_�i

�
+ (t� T1)

�
N�1=2PN

i=1 eit _
i

��
+ op(1)

if Tb < T1

if Tb > T1

and (UU) = op(1) ifN=T ! 0. (eit _�i)2 is independent across both i and t. Let s2N =
PN
i=1 E(eit _�i)2 =PN

i=1 �
2
i
_�
2
i , then the Lindeberg condition is satis�ed because

1

s2N

NX
i=1

Z
f(eit _�i)2>"s2Ng

(eit _�i)
2dP � 1

N�1s2N
max
i

(Z
f(eit _�i)2>"s2Ng

(eit _�i)
2dP

)

�
M maxi

n
_�
2
i

o
N�1s2N

8<:
Z�

�2it>
"s2
N

M maxif _�
2
i g

� �21tdP
9=;! 0 as N !1

where �it = eit=�i � iid(0; 1).
Then from the Lindeberg-Feller CLT and Cramer-Wold device

N�1=2
NX
i=1

0BBB@
eiTb�C
...

eiTb+C

1CCCA _�i
d! N(0; ��2�I2C+1)
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where ��2� = lim
PN
i=1 �

2
i
_�
2
i . Similarly,

N�1=2
NX
i=1

0BBB@
eiTb�C
...

eiTb+C

1CCCA _
i
d! N

�
0; ��2
I2C+1

�

where ��2
 = lim
PN
i=1 �

2
i _

2
i . Using this result,

(XU)
d!

8<: �
PT1
t=Tb+1

(���W (t� Tb) + (t� T1)��
W (t� Tb))PTb
t=T1+1

(���W (t� T1) + (t� T1)��
W (t� T1))

if Tb < T1

if Tb > T1

where W (s) iid N(0; 1). Finally, on the set D(C), if N=T ! 0,

m�
T = arg min

mT on D(C)
[f(XX) + 2(XU)g+ op(1)]

= arg min
mT on D(C)

[V �(m) + op(1)]

where the stochastic process V �(m) is such that V �(0) = 0, V �(m) = V1(m) for m < 0 and
V �(m) = V2(m) for m > 0, with

V1(m) =
0X

k=m+1

�
_A�� + _A

k

2 + 2 _A
�k
�
� 2

0X
k=m+1

(���W (k) + k��
W (k)) , m = �1;�2; : : :

V2(m) =
mX
k=1

�
_A�� + _A

k

2 + 2 _A
�k
�
+ 2

mX
k=1

(���W (k) + k��
W (k)) , m = 1; 2; : : :

The limiting distribution of m�
T is arbitrarily close to that of m

�
T for large C. �

A.5 Proof of Theorem 5

Consider �rst (ii), Model I with AH
 6= 0. Let mT = (Tb � T1)=
p
T and D(C) = fTb : jTb � T1j <

C
p
Tg for a positive number C. On the set D(C), (XX) = Op(T

2N); (XU) = Op(T
2N) and

(UU) = Op(T
3=2N), and we can ignore the term (UU), since it is of strictly smaller order of

magnitude. Then,

m�
T = arg min

mT on D(C)

�
f(XX) + 2(XU)g =(T 2N) + op(1)

�
Also, note that

(XX)=(T 2N) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
=(T 2N)

= (Tb � T1)2e�0b(I � PTb)e�b

0=(T 2N)
= m2

T T
�1e�0b(I � PTb)e�bA

 + op(1)

= m2
T

�
(1� �1)�1

4

�
A

 + op(1)
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and

(XU)=(T 2N) = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
=(T 2N)

= (Tb � T1)e�0b(I � PTb)FH
0=(T 2N) + op(1)
= mT

Z 1

�1

W �
F (r)

0drC(1)0AH
 + op(1)

where W �
F (r) is the residual function from a continuous time least-squares regression of WF (r) on

f(r; �1). Hence, on the set D(C),

m�
T = arg min

mT on D(C)

�
m2
T

�
(1� �1)�1

4

�
A

 + 2mT

Z 1

�1

W �
F (r)

0drC(1)0AH
 + op(1)

�
and

m�
T ) � 4

(1� �1)�1
A�1



Z 1

�1

W �
F (r)

0drC(1)0AH


� N

�
0;

2

15A2


A0H
C(1)C(1)

0AH


�
using the fact thatZ 1

�1

W �
F (r)

0drC(1)0AH
 � N
�
0;
�21(1� �1)2

120
A0H
C(1)C(1)

0AH


�
Since

p
T (�̂� �1) is arbitrarily close to m�

T , the assertion in the theorem follows.

For (i), let mT = N
1=2(Tb � T1)=

p
T and D(C) = fTb : jTb � T1j < CN�1=2pTg for a positive

number C. On the set D(C), (XX) = Op(T 2); (XU) = Op(T 2) and (UU) = Op(T 3=2N1=2). Here
the term (UU) is Op(T 2) if N=T ! � � 0. Hence,

m�
T = arg min

mT on D(C)
f(XX) + 2(XU) + (UU)g =T 2

The �rst term is such that

(XX)=T 2 = m2
T

�
(1� �1)�1

4

�
A

 + op(1)

The second term is

(XU)=T 2 = (Tb � T1)e�0b(I � PTb)E
0=T 2
= mT

1p
N

NX
i=1

1

T 3=2
e�0b(I � PTb)Ei
i

From the Joint Limit CLT,

1p
N

NX
i=1

1

T 3=2
e�0b(I � PTb)Ei
i d! N

�
0;
�21(1� �1)2

120
S



�
(A.6)
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This result follows similarly to Theorem 3 (i). Recall that (1 � L)eit = di(1)"it + eeit�1 � eeit witheeit =P1
k=0

�dik"it�k and �dik =
P1
i=k+1 di, and thus eit = di(1)

Pt
j=1 "ij + eei0 � eeit. Let "it = �i�it

with �it � iid(0; 1), �i = (�i1; : : : ; �iT )0, and G be a T � T lower triangular matrix of ones. Then,

1p
N

NX
i=1

1

T 3=2
e�0b(I � PTb)Ei
i = 1p

N

NX
i=1

CiQi;T + op(1)

where

Ci = di(1)�i
i

Qi;T =
1

T 3=2
e�0b(I � PTb)G�i

Qi;T is iid(0; T�3e�0b(I � PTb)GG0(I � PTb)e�b) across i for all T . Since Qi;T = T�3=2e�0b(I � PTb)�i )
Qi � N(0; �21(1 � �1)2=120), Q2i;T is convergent in distribution to Q2i by the continuous mapping
theorem. Also, E(Q2i;T ) = T�3e�0b(I � PTb)GG0(I � PTb)e�b ! E(Q2i ) = �21(1 � �1)2=120. This shows
that Q2i;T is uniformly integrable in T . Assumptions 3 and 4 imply that

max
i

C2iP
iC

2
i

= O(N�1)

This proves (A.6) from the Joint Limit CLT (Theorem 3 in Phillips and Moon, 1999).
For (UU), consider the decomposition in (A.4).

tr
�
U 0(PT1 � PTb)U

�
= tr

h
U 0(XT1 �XTb)�T

�
�TX

0
T1XT1�T

��1
�TX

0
T1U

i
+tr

h
U 0XTb�T

�
�TX

0
Tb
XTb�T

��1
�T

�
X 0
Tb
XTb �X 0

T1XT1
�
�T

�
�TX

0
T1XT1�T

��1
�TX

0
T1U

i
+tr

h
U 0XTb�T

�
�TX

0
Tb
XTb�T

��1
�T (XT1 �XTb)0U

i
= R1 +R2 +R3

Note that, as shown in PZ,

�T
�
X 0
Tb
XTb �X 0

T1XT1
�
�T = �(Tb � T1)T�1�f + o(1)

with

�f =

26664
0 0 1� �1
0 (1� �21)=2

(1� �1)2

37775
�TX

0
T1UU

0(XT1 �XTb)�T = �TX 0
T1EE

0(XT1 �XTb)�T

33



where

1

(Tb � T1)TN
�TX

0
T1EE

0(XT1 �XTb)�T =
1

N

NX
i=1

1

(Tb � T1)T
�TX

0
T1EiE

0
i(XT1 �XTb)�T

=
1

N

NX
i=1

di(1)
2�2i

(Tb � T1)T
�TX

0
T1G�i�

0
iG

0(XT1 �XTb)�T + op(1)

=
1

N

NX
i=1

CiQi;T + op(1) (A.7)

where

Ci = di(1)
2�2i

Qi;T =
1

(Tb � T1)T
�TX

0
T1G�i�

0
iG

0(XT1 �XTb)�T

Qi;T is iid over i for all T , and

Qi;T ) Qi =

Z 1

0
f(r; �1)Wi(r)dr

�
0; 0;

Z 1

�1

Wi(r)dr

�
as T ! 1. If kQi;T k is uniformly integrable, we can apply the Joint Probability Limits Theorem
(Corollary 1, Phillips and Moon, 1999) to (A.7) and thus as (T;N)!1

1

N

NX
i=1

CiQi;T
p! ��2dEQi = ��2d�e

where ��2d = limN N
�1PN

i=1 di(1)
2�2i and

EQi = �e =

0BBB@
0 0

2�3�21+�31
6

0 0
5+�41�6�21

24

0 0
�7�41+16�31�6�21�8�1+5

24

1CCCA
To show the uniform integrability of kQi;T k, de�ne

L1;i;T = (Tb � T1)�1�T (XT1 �XTb)0G�i
L2;i;T = T�1�TX

0
T1G�i

then, Qi;T = L2;i;TL
0
1;i;T . Note that jjLj;i;T jj2 j = 1; 2 are uniformly integrable in T because

jjLj;i;T jj2 ) jjLjijj2 and EjjLj;i;T jj2 ! EjjLjijj2 as T !1 where

L1i =

26664
0

0R 1
�1
Wi(r)

0dr

37775 and L2i =
Z 1

0
f(r; �1)Wi(r)dr.
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This result also implies that supT E kQj;i;T k < 1. Now, let the event A(M) = fkQi;T k > Mg.
Then,

sup
T
E kQi;T k 1A(M) � sup

T

�
E kL1;i;T k2 1A(M)

�1=2
sup
T

�
E kL2;i;T k2 1A(M)

�1=2
! 0 as M !1

because, for j = 1; 2

sup
T

�
E kLj;i;T k2 1A(M)

�1=2
� sup

T

�
E kLj;i;T k2 1A(M)1B(

p
M) + E kLj;i;T k

2 1A(M)1Bc(
p
M)

�1=2
�

�
sup
T
E kLj;i;T k2 1A(M)1B(

p
M) + sup

T
E kLj;i;T k2 1A(M)1Bc(

p
M)

�1=2
�

�
sup
T
E kLj;i;T k2 1B(pM) + sup

T

p
MP (A(M))

�1=2
�

�
sup
T
E kLj;i;T k2 1B(pM) +

p
M
supT E kQj;i;T k

M

�1=2
! 0 as M !1

where the event B(
p
M) =

n
kLj;i;T k2 >

p
M
o
.

Similarly as before,

1

T 2N
�TX

0
T1EE

0XTb�T
p! ��2dE

Z 1

0
f(r; �1)Wi(r)dr

Z 1

0
f(r; �1)

0Wi(r)dr = ��
2
d�e

where

�d = E
Z 1

0
f2(r; �1)Wi(r)dr

Z 1

0
f2(r; �1)

0Wi(r)dr

=

0BBB@
1
3

5
24

��41+4�31�8�1+5
24

2
15

��51+10�31�25�1+16
120

7�51�20�41+10�31+20�21�25�1+8
60

1CCCA
Collecting terms shows that, as (T;N)!1,

(UU)=T 2 = mT

p
���2dtr

�
2��1a �e � ��1a �f��1a �d

�
+ op(1)

= mT

p
���2d

(2�1 � 1)
10

Therefore,

m�
T = arg min

mT on D(C)
f(XX) + 2(XU) + (UU)g =T 2

= arg min
mT on D(C)

�
m2
T

�
(1� �1)�1

4

�
A

 + 2mTN

�p
���2d

(2�1 � 1)
20

;
�21(1� �1)2

120
S



�
+ op(1)

�
)
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m�
T ) � 4

(1� �1)�1
A�1

 N

�p
���2d

(2�1 � 1)
20

;
�21(1� �1)2

120
S



�
� N

�p
�
��2d
A



1� 2�1
5(1� �1)�1

;
2

15A2


S



�

For (iii), consider Model II when AH
 6= 0. Let mT = (Tb � T1)=
p
T and D(C) = fTb :

jTb � T1j < C
p
Tg for positive number C. On the set D(C), (XX) = Op(T

3=2N); (XU) =

Op(T
3=2N) and (UU) = Op(T 3=2N). Hence no term is negligible.

m�
T = arg min

mT on D(C)
f(XX) + 2(XU) + (UU)g =(T 3=2N)

Note that with � as de�ned in the proof of Lemma A.7

(XX)=(T 3=2N) = tr
�
�0(XT1 �XTb)0(I � PTb)(XT1 �XTb)�

�
=(T 3=2N)

= �0(I � PTb)�

0=(T 3=2N) + op(1)
= (�0�=T 3=2)(

0=N) + op(1)

=
jTb � T1j3

3T 3=2
(

0=N) + op(1) =

jmT j3

3
(

0=N) + op(1)

using the fact that �0XT1�T = jTb � T1j
2Op(T

�1=2). Under Assumption 5,

(XU)=(T 3=2N) = tr
�
�0(XT1 �XTb)0(I � PTb)U

�
=(T 3=2N)

= �0(I � PTb)U
0=(T 3=2N) + op(1)

where

�0U
0=(T 3=2N) = T�3=2�0F (H
0=N) + op(1)

=

8<:
m2
T
2 WF (�1)C(1)

0(H
0=N) + op(1)

�m2
T
2 WF (�1)C(1)

0(H
0=N) + op(1)

if Tb � T1,

otherwise.

and

T�1=2�0XT1�T =

8<:
m2
T
2 (1; �1; 0; 0);

m2
T
2 (1; �1; 1; 0);

if Tb � T1,

otherwise.
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Combining these, we obtain

(XU)=(T 3=2N)

=

8<:
m2
T
2

h
WF (�1)� (1; �1; 0; 0)
�11

R 1
0 f2(r; �)WF (r)

0dr
i
C(1)0AH
 + op(1)

m2
T
2

h
�WF (�1)� (1; �1; 1; 0)
�11

R 1
0 f2(r; �)WF (r)

0dr
i
C(1)0AH
 + op(1)

if Tb � T1,

otherwise.

=

8<:
m2
T
2

R �1
0

(3r�2r�1)
�21

dWF (r)
0C(1)0AH
 + op(1)

m2
T
2

R 1
�1

(r�1)(3r�2�1�1)
(1��1)2 dWF (r)

0C(1)0AH
 + op(1)

if Tb � T1,

otherwise.

=

8<:
m2
T
2 �3C(1)

0AH
 + op(1)

m2
T
2 �4C(1)

0AH
 + op(1)

if Tb � T1,

otherwise.

For (UU), consider the decomposition in (A.4) again. Note that

�T
�
X 0
Tb
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T1XT1
�
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0 0 1 1� �1
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1 1� �1
(1� �1)2
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From Lemma A.3,

�TX
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0
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= �TX
0
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0F 0(XT1 �XTb)�T +�TX 0
T1EE

0(XT1 �XTb)�T + op(T 3=2N)
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T
�TX

0
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with f2(r; �) = (1; r; 1(r � �1); (r � �)+)0, and
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0R 1

�1
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0dr
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Also,

1
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�
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Z 1

�1
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�
as T ! 1. kQi;T k is uniformly integrable, we can apply the Joint Probability Limits Theorem
(Corollary 1, Phillips and Moon, 1999) to (A.8) and thus as (T;N)!1

1
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Collecting terms shows that, as (T;N)!1,

(UU)=(T 3=2N) = mT tr

24 2
1
�
�11C(1)

0AHHC(1)�
0
21 + ��

2
d�e
�

�
1�f
1
�
�11C(1)

0AHHC(1)�
0
11 + ��

2
d�d

�
35+ op(1)

= mT tr
�
2
1

�
�11C(1)

0AHHC(1)�
0
21

�
� 
1�f
1

�
�11C(1)

0AHHC(1)�
0
11

��
+mT ��

2
d

2
�
2�21 � 46�1 + 45

�
15�1

+ op(1)

Therefore, the result in the Theorem follows.�

39



1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=1
bias=1.94

Model I, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=1
bias=2.24

Model I, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=1
bias=2.26

Model II, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=1
bias=2.09

Model II, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=100
bias=0.27

Model I, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=100
bias=1.86

Model I, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=100
bias=0.37

Model II, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=100
bias=1.29

Model II, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=300
bias=0.03

Model I, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=300
bias=1.8

Model I, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=300
bias=0.12

Model II, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=300
bias=1.36

Model II, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=500
bias=0.01

Model I, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=500
bias=1.82

Model I, AR(1) errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=500
bias=0.07

Model II, iid errors

1 2 3 4 5 6 7 8 9 10
0

0.5

1
N=500
bias=1.5

Model II, AR(1) errors

Figure 1. Consistency of the Break Date Estimate, Histogram of T̂1 with T1 = 3.
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Figure 2. Estimated Density of T̂1 − T1, Model I with Stationary Errors
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Figure 3. Estimated Density of T̂1 − T1, Model II with Stationary Errors
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Figure 4. Estimated Density of (T̂1 − T1)/
√
T , Model I with Integrated Errors
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Figure 5. Estimated Density of (T̂1 − T1)/
√
T , Model II with Integrated Errors
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