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Detailed proof of Lemma 5

Lemma 5 Let é = [é1(n),...,é, (n)]. Then, under the assumptions of Theorem 1,
there exists an n X m matriz € with independent NS (0,2mS5¢(wo)) columns, indepen-
dent from F, and such that o3 (¢ — &) = o, (n~/3).
Proof: First, suppose that Assumption 2ii holds and n ~ m = o (T 3/ 8). De-
fine n = ((Reéy)’, (Iméy)’, ..., (Re ém)',(Imém)'),. First, let us show that Enn’ =
Re S¢(wp) —Im SE(wo)

V + R with a block-diagonal V = 71, ® and R;; =
Im S¢(wy) ReSE(wp)

O(ij2n),i/2n]O (m/T) 4+ O (T~1), where d is the Kronecker’s delta, and O (m/T') and

O (T7') are uniform in 7 and j running from 1 to 2nm.



By the definition of the discrete Fourier transform (dft), we have:

T T
E : ejte—zwst § : Grte_wlt
t=1 t=1

Tt 5.5 —iWsU T —t(wstwy)t
Hence, we can write: Eé;.é,; = = Lyl emisteg (u) SO, b (t + u) e st where

1
Eéjsérl = ?E

h(r)=1for 1 <7 <T and h(r) =0 otherwise. Denote S/ h (t + u) e @stenlt _

SO emiwstent a5 ) and denote .01 e ey, (u) — 27 [SE (ws)];, as Uz. Then,

T-1

1 —iwsu

27T _
Eé;sé, — g e~ HwstwDt G (4 )] e cjr (W) Uy + Uy E e Hws Wit

t=1 u:lT t=1

But [Uy]| < [u] and [Us| = ’ZMZT e ticy, (U)‘ < 2juler % l¢jr ()] . Hence,

T T-1
L 1 Jul o
Eéjsén — T Ze Uws it [SE (ws)] Z lul |cjr (u)]+ Z i ( Hwstw)t
=1 T S |u|>T
Note that by the definition of w, and w;, ws + w; = ﬂ # 0 for all s and [.

Therefore, & "/ | e~ilwstwnt = efi(wjfwl) ei(?::zl))T:; =0 for all s and [, and we have:

|Eéjsén| < 7 LS Jul|ejy ()] = O (T1) uniformly in s and [, but also in j and 7

by Assumption 2ii. Similarly, |Ee’ ¢!l = O (T™!) uniformly in s,7,;j and 7.

Consider now Eé;é,,. Similar to above,

A Al 2m o —i(ws—wy)t [ Qe 1 — ‘ ’ —i(ws—wi)t
Eejserl—726 [Se (ws)] Z lul |c;r (u |—I—Z lcjr (u

t=1 u -T |u|>T

and if s # [, we have |Fé;sé/,| = O (T~') uniformly in s,[, j and r. However, if s = [,




then w, — w; = 0 and we have:

T-1
AA e 1 —lWsU e
Bestly = om (S @)l = 7 3 € e (u) (T - w) = 2 [S5 (w3)],
u=1-T
1 T-1
= -5 Z ue e, (u) — Z e "“Ycj, (u)
u=1-T |u|>T

so that |Eé;.e), — 2 [SS (w)], | < 73 [ul|¢jr (w)] = O (T") uniformly in s,, j and

Jr

r. To summarize:

Eéjsép = O (Tﬁl) ,Eé}sé;l =0 (Tﬁl) (1)
Eéjsé;l = dq2m[S, (wS)]jr + O (T_l) ) (2)

where O (T1) is uniform in s,/,j and r.

This result is very similar to Theorem 4.3.2 of Brillinger (1981), which is more
general in that it gets estimates for higher order cumulants of dft’s in addition to the
second order cumulants, but which is less general in that it only considers situation
when j and r are bounded so that uniformity of O(T!) in j and r is trivial.

Note that

Eéjsérl = F (Re éjs + 1 Im éjs) (Re érl + 1Im érl)

= FE(ReéjsReé,; —IméjsImé,) +iE (ReéjsImé,, +Imé;; Reé,)

and

Féjse,, = FE(Reéjs+ilmé;s) (Reé, —ilmeé,,)

— E(ReéjsReéy +Imé; Iméy) + iE (— Reéj, Imé,y + Iméj, Re éyy) .



Therefore,

E(Reéj,Reé,) = 4(Eejseﬂ + Bel 8+ Béjel, + Béen),
1
E(mejsiméy) = 7(Eejué), + Eején — Eéjuén — EEj,8)).
1
E (Re éjs Im érl) = 4_Z.(Eéjsérl — Eé;sé;l - Eéjsé;l + Eé;‘sérl),
1
E(meéjsReln) = o (Eejsén — B &, + Eejsé), — Ee) én).
Using formulas (1) and (2), we finally get:
E(ReéjsReé,) = g (S ws)].. + [S¢ (ws)]m) +0(T7Y),
E(Imé;, Imé,) = g ([s +[Se (ws)]m) +O(TY,
E(ReéuTmén) = dum: (— (55 (@], + (55 (@],;) +0 (1),
B(méReen) = dug- (185 @], = 1S5 (@))],;) +0 (T7)

Since S¢ (ws) is a Hermitian matrix, we have:

E (ReéjsReéy)
E(IméjsImé,)
E(ReéjsImé,)

E (Imé;, Re &)

—dqm Im S} (WS>]jr

dam Re[SE (ws)],, + O (T,

Sam Re [S5 (wy)];, + O (T71),

+0(T7),

s Im [S}, (ws)];, + O (T71).

Further, by the definition of the spectrum and by Assumption 2ii, [Sy(ws)];, —

1S (wo)];, = O (m/T) uniformly in j, r

and s. Hence, the above covariance formulas

for the real and imaginary parts of ¢;, and é,; imply that the ¢, j-th entries of R equal

Ofi/2n),j /20O (M/T) + O (T

1, where O (m/T) and O (T

~1) are uniform in i and j



running from 1 to 2nm.

Construct 7 = VY2(V 4+ R) ™5 and define an n x m matrix ¢ with the s-th
columns ¢, so that ((Reé)’,(Imé;), ..., (Re ém)',(lmém)')/ = 7). Note that é has
independent N (0, 275¢(wp)) columns by construction.

Using inequalities ||BA|, < |B] ||A]l, and |[AB||, < |[|A|,[|B] (see, for ex-
ample, Horn and Johnson’s (1985) problem 20, p.313), we obtain: E||n —7||> =

2
H (V + R)Y? Vl/2 HV1/4H H (I+ V2RV~ 1/2)1/2—IH . Denote the i-th largest
2

eigenvalue of VY 2RV /2 as u, and note that || < 1 for large enough T. Since
’(1 + ) 1‘ < |p;| for any |p,| < 1, the i-th eigenvalue of (I + V2RV~ 1/2)1/2—
I is no larger by absolute value than the i-th eigenvalue of V2RV ~1/2 for large

enough T. Therefore, E ||y — 7|* < ||[VV/4||* ||V /2 RV /2 VYA vt R

I <
But ||V = (rlyn)"* and V=172 = (mlpn)"* by construction, and ||R|2 =
S (Op/2n/2mO (m/T) + O (T71)* = m (20)* O (m?/T?) + (2mn)* O(T2) =
o (n~Y/3) because n ~ m = o (T%®) . Hence, E ||ln — 7> < (li,) (wlwn) 20 (n713) =
o (n~'/3), where the last equality holds because li, and [} remain bounded as
n,m — oo by Assumption 3. Finally, Lemma 2 and Markov’s inequality imply that
o3 (é—é) =0, (n"1?).

Now, suppose that Assumption 2iia holds and m = o (T"/271/7 log ' T )6/ " n
this case, €;; = Zj’;l At s, where 15 is the dft of u;; at frequency w,. For fixed
j and wo = 0, Phillips (2007) shows that there exist iid complex normal variables
js» s = 1,...,m, such that i, — &5 = o, (%) uniformly over s < m. Lem-
mas 1S, 2S and 3S below extend Phillips’ proof to the case wy # 0 and show that
there exist Gaussian processes u with the same auto-covariance structure as u;; and
independent over j € N such that the differences between the dft’s @, — 0%, = r;, sat-

isfy: sup;.o E (maxee,, [755])° < Km?T*P~11og? T for large enough T, where K > 0

depends only on .y, supo. (37 keul)” and sup, Gy 0)]
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Note that the process e§ = > | Ajju§; satisfies Assumption 2ii. Indeed, let

a e
cii(u) = Eef,,e5i. Then, since uf;

i are independent over j € N and have the same

autocovariance structure as uj;, we have: ¢ ( ) => o AirAjr By gty Therefore,

> ou (T4 ul) ‘c )| <302 [An Ayl >, (1 + [ul) [Ety g yting] . On the other hand,

Z Z (14 Jul) lenn] [ere-ru] = Z Z (1 + [u)) lenrl |ermmpul

ST+ Jul) [Bup et <
u U k=|ul k=0 w|u|<k
e} o0 2
< DY (L) ek [eme—p| < (Z(1+k)|crk|> .
k=0 w:|u|<k k=0

Hence, sup; ; 37, (14 |u]) |eff(u)| < sup; 3202, A2 sup,.o (372, (1+ k) |es])* < oo
by Assumption 2 iia.

Thus, the problem reduces to the Gaussian case analyzed above if we show that
03 (6 — &%) = 0, (/%) . But we have: Y1 S E|(e—e?) |* =
Z?:l Zgnzl Z;il Ang ’Tjs‘2 < mz?zl E;)il A?jE (max,<m, ’rjs|)2 <
mn (supi>0 Py A%) Km?T*r1og? T =0 (n"'/3) ifn ~m = o (T"*/Plog™' T) 61
as have been assumed. Therefore, Lemma 2 and Markov’s inequality imply that
o1 (e —é%) =o, (n'/3) .QED
Lemma S1 (Zaitsev, 2006). Suppose that x1, ...,z are independent zero-mean ran-
dom vectors in RY such that L, = Y, F ||z,||” < oo with p > 2 and there exists a se-
quence 0 = mg < my < ... < m, =T such that for D, = Var [xmk_ﬁl + ...+ xmk} ,
kE=1,..,7, we have: Iy < v72D,, < C -1; with C > 1 and v = 26L,1,/p. Then
there exists a probability space supporting both a sequence distributionally equivalent
to x1,...,xr and a sequence of independent N (0,Var (x;)) vectors y,, t = 1,...,T,
such that Pr <1r£1ta<>% HZS 1 — s H > 5,2) < 2L,27P + exp (—m) for any
z > ay (d®log” d)ylog* T, where aj,as > 0 depend only on C and where log"a =

max (1,loga).



This lemma is a slightly weakened version of Corollary 3 in Zaitsev (2006).
Lemma S2 Under Assumption 2iia, there exists a probability space supporting a

process distributionally equivalent to e and a process €5 ~ iidN(0,1) such that

2 A
E (maX1gt§T |§j7—i‘> < bT?P11og? T for large enough T', where Ry = Y, e~ 0! (g — e5)

and b > 0 depends only on p and p,.
Proof: In Lemma S1, take z; = v, where v; = (cos wot, — sin wot)' , and assume

that wy # Omod(w). Then, for any [, the two singular values of Var (zg_1 + o)

D —
are: 015 = 1 =+ |coswp|. Therefore, for k = 1,...,7, %2’“) > % [*==1] and

01(Dy) ~ a1 |:mk*mk71+1

T <% 5 ] for any positive v, and hence, for v = 26L,1,/ P with L, = T,

In particular, if we choose my = k([27%/0s] + 1) for k < 7 — 1 with 7 = [T/m,4],

. —my_ 2 B 2
we have: minge, [ = (2] > 2 and mavg, [ < omy < 2

where the latter inequality holds because p2/” = (E |e;[P)*? > Ee%, = 1, and thus,

14|cos wo|

42
I—|coswo| ~ 2

= > 1. Summarizing the above inequalities, we get: I, < v 2D, < 3
for k = 1,...,7. Hence, for each j, Zaitsev’s inequality for the tail probability of
nax. ||Zi:1 {vsejs — yjs}|| is satisfied for independent N (0,v,v)) vectors y;s, s =
1:..7., T. By expanding the probability space, we can choose y;,’s independent across
different j’s and embed the finite sequences y;s, s = 1, ..., T into the infinite ones: y;,,
s € 2.

Now, define independent N (0, 1) variables 55-’; = Y1,js COSWS — Yo js SN wps, where

Y15 and ys s are the two components of vector y;s = (y1 /s, yg,js)'. Note that

—iwos .G _ 2 :

Re (e ajs) = Y1,js COS” WS — Ya js COS WS SIN WSS, (3)
—iwps .G : 2

Im (e 0 5js) = —Y1jsSINWS COSwWyS + Y2, js SIN” Wos. (4)

Further, note that

Y1.js SN (wo$) + Y245 €08 (wps) = 0 (5)



because F ((sin (wos) , cos (wos)) js)° = (sin (wos) , cos (wes)) v, (sin (wos) , cos (wos)) =
0. Multiplying the left hand side of (5) by sin (wgs) and by cos (wgs) and adding the
results to the right hand sides of (3) and (4), respectively, we find that the compo-

nents of y;s equal the real and the imaginary parts of e‘insej-Gs. Therefore, we have:

Pr (1%&;% |Rji| > 5,2) < 2L,27P 4 exp (— ﬁg%foﬂ) for any z > ay (28 log 2) v log™ 7,

where Rjy = Y, e (g, — e§)) and ay,a, > 0 depend only on wy # 0Omod ().
For wy = 0mod (7) , defining z; = e ™“’c;, and repeating a simplified scalar version
of the above argument, we obtain the same tail probability estimate (with different

ay and ay and 7 = [T/my] with m; = [v?] +1).

2
Now, we have: F (ma,xlgtST @Jj_ﬁ') = QIOOOxPr (maxlgtST |R—\/3Tt| > x) de <

P42 [ (2Lp (x 5T>7p + exp <—57“2§3/”—2‘/107g2)> dx for 7 > 5T'%ay (28 log 2) v log* 7.
Recall that 7 = [T/mi] = [T/ ([22/0o) + 1)], v = 2eLy/* with L, = Tp, and
o9 = 1 — |coswy]| (or, alternatively, 7 = [T'/my] = [T/ ([7*] + 1)] for wy = 0 mod (7)).
As T — 00, ¥ ~ T"? and 7 ~ T2/ 50 that there exists a constant by > 0 such that
T > byTY/P~1/21og T implies that z > 57'/2ay (28 log 2) ylog* 7 for large enough 7.

Furthermore, since the inequality « > b,TV/P~Y/21log T implies that 7/?~1/? — o as

-p _
T — oo and since 2L, (:‘5T) ~ (zTV271P) P and 5,;12},9/”7;/1022 ~ xTY?1/? we have:

—p
2L, <’“" 5T> > exp ( M) for large enough T'. To summarize, for large enough

"~ 572972 1og 2
2
T and for & > by,TY/P~1/2log T with some positive constant by, F (ma,xlgtST l%') <

72+ 2 f;o 4x L, (%)ﬂj dr = 2 + by T P/27% P where b; > 0 depends only on s

and p. Setting Z = by,TV/P~1/210g T, we get: E (maxlgtST %')2 < bT?/P~1og? T for
large enough T, where b > 0 depends only on y, and p. QED

Lemma 3S. Let Assumption 2iia holds and let £, j € N,t € Z, be the #idN(0,1)
variables described in Lemma 25. Define u§; = C; (L) €5, and consider the differences
Tjs = Ujs — zljci, between the dft’s of uj and uﬁ at frequencies wg with s = 1,...,m.

Then, sup,-q E (max,<, |rjs])* < Km?T??~1og® T for large enough T, where K > 0

8



depends only on p, 1, sup;=y (32770 klcje])” and supjs, |C; (e70)] .

A

. : : : — 5 G.
Proof: Consider the following representation for 7, = ;5 — gy

T—-1 ~

\/Trjs _ efi(wsfwo)TRjT _ thl Rjtefi(wsfwo)t (efi(wsfwo) _ 1) 7 (6)

where Rjt = Zle e~ iwol (uﬂ — U; ) Using a modified Beveridge-Nelson decomposi-

tion: C;(L) = Cj(e=™0) 4 C;(L) (L — e=™0) , where Cj(L) = 352, & L* with ¢, =

Zzik-&-l 6*1”0(5*"7*1)0]-8, we get: e wol (uﬂ — uﬁ) = Cj(e*i‘“o)e*i“ol (éjl — Sﬁ) +
(Bja-1 — E51) — (Bju — &5)) with &; = e+ C;(L)ey; and &5 = e oD C;(L)S
Therefore,

Ry = Ci(e™™°) Ry + (Ej0 — 855) — (550 — £5) , (7)

where Rj; = ), e 0! (g5t — €57) . Substituting (7) in (6) and using the fact that

|emi(ws o) — 1| < < 22t e obtain:
=G
max |r |<27r(m+1 |C.(€—iwo)‘ max | ]tl +92m | jt’ 19m |<€
1<s<m Js J 1<t<T \/_ O<t<T \/_ 0<t<T \/—

(8)
2
By Lemma 2S, F (maxlgth |§j7—ﬁ|> < bT2/p’110g2T for some b > 0, which de-

pends only on p and j,, for large enough 7'. Furthermore, Pr (max0<t<T £ \/7—| > 5) <

Pr (ZtT:o 5@': > 5”) < 2T P2E|E,4|P /67, But by Minkowski’s inequality, E |Z,|” =
E (3250 Gngje—rl”) <
(ZZio |G| (E |5jtfk|p)l/p>p < (ko kel tt,- Hence, Pr gmaxo<t<T bjﬁ > 5) <
2T P/2 (30 ok leju] )P 1,/67 and therefore, B (max0<t<T |\/J—|> =

2 fooo x Pr (maxogth I%irl > x) de < T%r-144 le/p_l/Q gl=pT1-Pr/2 O reoklew))” ppdr <

aT*?=1 for some a > 0 which depends only on p, u, and S, (Xreo kleikl)? . Us-

ing similar argument, we can show that E (max0<t<T & \/J—’> < ¢T?P1 for some

¢ > 0 which depends only on p and sup,; (3_,2, k|cjx|)” . Using the above estimates

9



for the second moments together with (8), we get: sup,-; F' (maxij<s<m Iris])? <

Km?2T??110g® T for large enough 7T and for K > 0 which depends only on p,

My SUDj>1 (ZZio k ’Cjk|)p and Sup;>1 ’Cj(e%woﬂ - QED

A detail of the proof of Theorem 1

In the proof of Theorem 1, we mention that we can establish the fact that ¢, , —¢pn =

O (1/n) by finding bounds on function f(c) = [ ( ’\f\c)2 dH,(\) in terms of function

1—

flo) = [ (24 )2 dH,(\). Here we derive such bounds and use them to prove that

1-Xc
Cmn — Cmn = O (1/n).
. 2. . . . . .. .
Since (1 :\CAC) is an increasing function of A for Ac < 1, inequalities ly1i, < lin, < lin

forn — k < i <1 imply that

-5 (P ) <"k < o )

1— llnC

for ¢ € [0,13,)) . By definition, &, and ¢, are the solutions to equations f(c) =
ZLT_: and f(c) = %, respectively. Furthermore, f(c) and f(c) are increasing func-
tions of ¢ on ¢ € [0,1},}) and on ¢ € [0,1;,}), respectively. Hence, inequalities (9)

would imply G, — ¢mn = O (1/n) if we show that for any n > N, f(cmn, + %) -

2
k lin(em,ntM —k M —k
n <1leic(c,nmﬂ/473l>> 2 #5% and flemn = 57) < 5%, where N > 0 and M > 0 are

constants yet to be chosen.
o)

Since f(cmn) = 2, we have: f(cnn+ ) 2 2 £ % minje_,, .|<m/m f'(c) for any

n > Ny(M), where Ni(M) is so large that (cp, + )b, < 1 and ¢y, — 2 > 0
for any n > N;(M). That such an N;(M) exists, follows from the assumption
that limsupli,cn,, < 1 and from inequality liminfe,,, > 0. The latter inequal-
ity holds because 2 = | (MYCH{”()\) < <M>2 so that liminfc,,, >

lfACmyn ]-*llncm,n

10



liminf (/™) Llimsuplinemn where lim inf (v/Z) > 0 by assumption that 2 remain

limsuplip

in a compact subset of (0,00), and limsup l1,¢,,, < 1 and limsuply, < co by As-

sumption 3.
Further, note that f”(c) = [ 2A2+‘mcdH (A) > 0 for ¢ € [0,13,) . Therefore,
f(c) is convex on [O,lln), and we have: miny_,, . j<amm f'(¢) = f'(Cnp — 2) =
c 20z, (emn—M/n
f 1 )\C)SdH (A) C=Cm n—M/n Z (1 lnn((Cmn M//n)))s = 2l2 (Cm’n _M/TL) : But by AS_

sumption 3, liminfl,, > 0. Therefore, there exist Nyo(M) and v > 0 such that

min._,, .|<m/m f'(c) > 7y for any n > Ny(M). And hence, f(cp, & My>m == M7 for

any n > max (Ny(M), No(M)).
(

2
Finally, let N3(M) and C' > k be such that for any n > N3(M), (%) <

% Choose M > % and N = max (N;(M), N. (M),N3(M)). Then, for any n > N,
2

f<0mm+%>—ﬁ (%) >my My O mokand f(p,— M) < m My <

o — % < === as desired, and thus, ¢,,,, — ¢ = O (1/n) . QED

Proof of Theorem 3

Let \; (A) denote the i-th largest eigenvalue of a Hermitian matrix A. Let F, =
Fy + /—=1F, 1/5. Below, we will assume that 7" is an even number. If it is not, we

will redefine T" as T'— 1. We have the following:.

Lemma 4S: Suppose Assumption 1m holds. Then, there exists a constant B > 0
such that Pr ()\k< T/thF’> <B> — 0 as T — oo.

FF,,, as D(2) (y) and the 4, j-th entry of ma-

t t1+1

trix ['1%2) (u) as Iql(t.“tz) (u ) Note that, by definition of F}, 2 ZT/2 F;F} = 200D (0)+
V-1 (f’(T/ 21) (=T/2) = TOT/2) (T/ 2)) . Using Weyl’s inequalities for eigenvalues of a

11



sum of Hermitian matrices (see Horn and Johnson (1985) Theorem 4.3.7), we obtain:

p(3) (_9 e ><§>H (10)

According to formula 3.3 on 209 of Hannan (1970), the variance of fgl’tz) (s) equals
o et (1= 225 ) AT () Ty () + T (4 8) Dy (u = ) + cumn (Fio, i, Fras Fiaugs)

Since by Assumption 1m, for any ¢ and j, I';; (v) — 0 asv — oo and cum (Fjo, Fj s, Fiu, Fjuts) =

vl

2 T -~ - .
(B ) - o)

0 as max (|s|,|ul,|s +u|) — oo, the variances of 2f§?’T) (0), of f‘EJT/Q’T) (—=T/2) and
of f’z(?’T/ 2 (T'/2) converge to zero as T' — oo. Therefore, 2f’g.)’T) (0) converges in prob-
ability to its mean 2Fij (0) and, since by Assumption 1m I';; (=7/2) —TI';; (T'/2) — 0,
f‘EJT/ 27) (=T/2)— 0 ©.1/2) (T'/2) converges in probability to zero. Since the eigenvalues

are continuous functions of the entries of the matrix, A (Qf‘ ©.1) (0)) converges in

probability to 2, (I' (0)) > 0. Further,

5(T/2,T) 0 T/2)
i (-T/2) — (T/2) H converges
in probability to zero. The latter two convergence results and inequality (10) imply

that the statement of the lemma holds with B = A (I (0)) . QED

Lemma 5S: Let Assumptions 1m-4m hold, and n and T go to infinity so that n/T
remains in a compact subset of (0,00). Then, for any positive integer r, the joint dis-
tribution of 05/12,71 (7k+1 — MT/2,n) ey O';/lzn (%ﬁr — NT/zm) weakly converges to the
r-dimensional TWy distribution.

Proof: The proof of this lemma is almost identical to the proof of Theorem 1 in
the Appendix. We introduce the following notation to minimize the discrepancies.
Let m = T/2, X =2« [5(1, ,Xm} ,F = \2x[F,,....,F,] and é = 27 [éy, ..., én).

Then, by definition, 7, = \; ( ) for all i = 1, ..., n. The remaining proof of Lemma

2mm
5S repeats the proof of Theorem 1 starting from the second paragraph of that proof
with the following changes: matrices S¢ (wp) and S¢ (wp) must be replaced by ¢

and 2¢

n’

where ¢ = Ee; (n) e} (n); the word “Assumption 3” must be replaced by

12



“Assumption 3m”; the words “by Assumptions 1 and 4” must be replaced by “by
Lemma 4S and Assumption 4m”. QED

Ai—Ait1

ko = = when k& = kg follows from Lemma
0 >\1+1_)\1+2

The convergence of R to maxo<;<g,

5S. When kg < k < ki, R > =1L Therefore, we only need to show that
+ o+
Ve~ Vet1 P

—k Tk — 00. Using notation of Lemma 5S, we have: 7, = ) (%) for all
Ye+1"Vk+2 Tm

i = 1,...,n. Using Weyl’s inequalities for singular values (see Lemma 3), we obtain:

N (EE) = 7 (R | < AV (£2) for i = 1, m, where Ay (£55) = O, (1)

? 2mm ? 2mm

AN
2mm

by Lemma 1. Take i = k. By Assumption 4m and Lemma 4S, A\ (

o0o. Therefore, Ay (;ié;) 2, 0, and hence, Vi 2, 0. Now, take i > k. Then

)\3/2 <M> = 0. Therefore, \; (X—X/> = O,(1), and hence, 7, = O,(1). Sum-

2mm 2mm

. ~ ~ P o~ ~ _ Ye—Vkt1 P
ming up, Y, — Y41 — 00, while §4 1 — Y440 = Op(1). Hence, T AT

QED
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